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ABSTRACT

Ukrainets O. Mathematical Modeling of Natural Processes and Economic
Systems under the Influence of Perturbations. – Qualified scientific work on the
rights of the manuscript.

Thesis for the degree of Doctor of Philosophy (PhD) in specialty 113
– ”Applied Mathematics”. W Yuriy Fedkovych Chernivtsi National University,
Chernivtsi, 2026.

The dissertation is devoted to the construction and study of mathematical
models under multifrequency perturbations with delayed arguments, where the
delays are defined on the interval [0, L] by linearly transformed arguments ωωε ,
ωω < 1, and ϑωε , ϑω < 1; to the mathematical modelling of the human immune
response in infectious diseases and to an epidemic model that accounts for loss
of immunity under the influence of an environmental factor E(t). By the factor
E(t) we mean a weighted sum of various kinds of pollution, both of the physical
environment and of a socio-psychological nature, which adversely aXect the course
of infectious disease and favour the spread of the epidemic. The work also examines
the Arrow–Debreu general equilibrium modelWthe classical microeconomic model
of general equilibrium in which consumers and producers interact on competitive
markets, and equilibrium is characterised by the existence of a price vector that
equates demand and supply for all goods. The dissertation proposes modifications
of the Arrow–Debreu model that incorporate integer commodity stocks and the
influence of wholesale prices, using the theory of ordered vector spaces, vector
lattices, and various generalizations of price functionals.

In this work, on the basis of known mathematical models, new models
are proposed of which the author of the dissertation is a co-author. Each of
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the proposed models describes certain processes in the natural sciences and in
economics. The mathematical models constructed in Chapters 2 and 3 are new and
relevant for solving applied problems in medical practice in the study of infectious
diseases, in epidemiology for the analysis and forecasting of epidemics, and in
biology, ecology, economics and other fields that are subject to multifrequency
perturbations or to the influence of an environmental factor. The generalization
of the Arrow–Debreu model that depends on the influence of the price system and
the distribution of goods may find application in the modern market economy.

The main research methods used in the work are the analytic and qualitative
theory of diXerential equations, computer simulation, and methods of functional
analysis. In Chapter 2, the method of averaging over phase variables on the
cube of periods of these variables and the contraction mapping principle are
applied to prove the existence and uniqueness of solutions. In Chapters 2 and
3, first-approximation (linearization) stability criteria are used to study stability,
and the method of majorant equations is used to prove the existence of solutions
of the constructed models; computer simulation was carried out in Mathematica.
In Chapter 4, methods of functional analysis and topology are used, along with
the properties of orthogonally additive functionals.

The dissertation consists of a table of contents, a list of notation,
an introduction, four chapters, general conclusions, a list of references, and
appendices.

The first chapter provides a review of the literature on the topic of the
dissertation and presents auxiliary concepts and results. A description of models
in immunology is given, with attention to the basic model of immune response due
to G.I. Marchuk and to the works of W. Foryś and M. Bodnar on the modification
of this basic model for the case of seasonal eXects. A review of models of epidemic
processes is given, in particular the classical SIR model, which is a consequence
of the Kermack–McKendrick model, and the model of K. Cooke that accounts for
loss of immunity. This line of research has been developed in many directions, but
it is not known that an environmental factor has been incorporated in such models.
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In addition, the study includes a review of works devoted to the development of
research on the Arrow–Debreu model, the existence of an equilibrium state, and
its properties under various modifications of the conditions and factors of the
model.

Chapter 2 is devoted to the study, by the method of averaging over
phase variables, of the eXect of multifrequency perturbations with delayed
argument on the dynamics of a process described by a system of diXerential
equations with linearly transformed arguments. Such models are widely used
in ecology and are presented in the monographs of Y. Kuang, K. Gopalsamy,
H. Smith, J. Hale, A. Myshkis and V. Kolmanovskii, and many other authors;
however, multifrequency perturbations were not considered in these models. By
multifrequency perturbations we mean a complex oscillatory process comprising
many harmonics, in whose evolution frequency resonance may occur. The research
methodology proposed by A.M. Samoilenko was developed for ordinary diXerential
equations in the works of R.I. Petryshyn. Multifrequency systems of equations
with delayed argument were studied by the averaging method in the works of
Y.Y. Bihun. In the present dissertation, the averaging method is applied to
perturbations whose asymptotics may be fractional as well; an eXective estimate
for the averaging method is obtained that depends explicitly on the exponents of
the asymptotics of the perturbations and on the number of phase variables and
delays in them. The dynamics of the solution is illustrated on a predator–prey
model as a function of the magnitude of the perturbation.

Chapter 3 of the dissertation constructs and studies a model of immune
response and an epidemic model in which the influence of an environmental factor
on the course of the processes is taken into account. Existence and uniqueness of a
solution are proved, and conditions for its nonnegativity are established, which is
important for the adequacy of the models. Stationary solutions are found together
with conditions for their existence, and their medical interpretation is given. In
the immune-response model, coeYcient conditions for local asymptotic stability
of the stationary solution corresponding to the state of a healthy organism are
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established. An estimate is obtained for the level of infection below which the
infectious disease does not develop. In the epidemic model with environmental
influence, the basic reproduction number is derived, and on this basis a result on
the absence of an epidemic is formulated. Computer simulation of the constructed
models is carried out to illustrate the eXect of the environmental factor on the
course of the infectious disease and the spread of the epidemic, which may lead
to a qualitative change in the dynamics of the process.

Chapter 4 is devoted to modifications of the Arrow–Debreu equilibrium
model that take into account the discrete nature of commodity stocks and the
presence of wholesale prices. An approach is proposed in which the role of price
vectors is played by charge functionals on the ordered vector lattice of commodity
vectors, which makes it possible to describe markets with an arbitrary lattice
structure of the commodity set in an adequate way. A general construction of a
conjugate space is given, on which charges are defined that form an order complete
vector lattice and can be interpreted as generalized price vectors. For the proposed
modifications of the model, the existence of an economic equilibrium is proved and
its main properties are studied. The results extend the framework of equilibrium
theory to markets with discrete resources and with the influence of wholesale price
formation, and can be used for further mathematical modelling of modern market
systems.

Theoretical and practical significance of the results. The
mathematical research in the dissertation is both theoretical in character and
applicable to the study of nonlinear mathematical models under multifrequency
perturbations or environmental influences, and to problems of market economy;
it has practical significance in various applied settings. The results of the
immune-response modelling can be used in medical practice for the study and
forecasting of the course of infectious diseases, and in epidemiology for the analysis
and forecasting of epidemics when an environmental factor is present. The new
modifications of the Arrow–Debreu model that allow for integer commodity stocks
and wholesale prices may find application in the modelling of the modern market
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economy under the influence of various external and internal factors. The use
of computer simulation illustrates the theoretical results obtained and supports
their practical application. The results open the way for further generalization of
mathematical models in the natural sciences and in economics.

Key words: mathematical model, stationary solution, discrete model,
bifurcation, dynamical system, stability, time delay, diXerential equation,
population, computer modeling, immune response, Riesz space, lateral order,
orthogonally additive operator, intersection property.
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Information Technologies : proceedings of the International Scientific and
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DEFEGI9 HI#J"KL D#C"!ME"N

N %()D&(" ("#80"+9(&1 ’&3$+;
Z %()D&(" 2i+&1 ’&3$+;
R %()D&(" *i<3(&1 ’&3$+;
R+ %()D&(" [0,+↑);
C %()D&(" 4)%/+$43(&1 ’&3$+;
↓ /)0)D(. %()D&(";
Re(z) *i<3(" ’"3#&(" 4)%/+$43()>) ’&3+" z;
Im(z) 8.-(" ’"3#&(" 4)%/+$43()>) ’&3+" z;
i 8.-(" )*&(&2. (i2 = ↔1);
↗ · ↗ ()0%" - Rn "7) -i*/)-i*(" ()0%" 8 /0)3#)0i %"#0&29;
↗l↗! ϑ1↗k1↗+ · · ·+ ϑq↗kq↗, ϑω → R+, lω → Rm;
In 4-"*0"#(" )*&(&’(" n--&%i0(" %"#0&2.;
C[a, b] /0)3#i0 ($/$0$0-(&1 ;8(42i< (" [a, b], ↗f↗ = max

t→[a,b]
|f(t)|;

Cp
x,y(G, ϱ) /0)3#i0 ;8(42i<, .4i %",#9 ($/$0$0-(i /)1i*(i *) p->)

/)0.*48 -4+,’() 6" 6%i((&%& x, y, #" )7%$D$(i - G 0"6)%
i6 /)1i*(&%& 3#"+), ϱ > 0;

Lp -$4#)0(" I0"#4" 4+"3i- $4-i-"+$(#()3#i -&%i0(&1 ;8(42i<
(" -i*0i648 [0, 1], i(#$>0)-(&1 6i 3#$/$($% p ↘ 1;

≃ 6("4 ($3#0)>)>) ’"3#4)-)>) /)0.*48;
⇐ 6("4 +"#$0"+9()>) /)0.*48 (" -$4#)0(i< I0"#2i;
(G,≃) 4)%/+$%$(#"0(&< /0)3#i0;
L0 -$4#)0(" I0"#4" -3i1 4+"3i- $4-i-"+$(#()3#i -&%i0(&1

;8(42i< (" -i*0i648 [0, 1];
xε(ε) x(ωε), 0 < ε ⇒ 1;
x”(ε) (xε1(ε), . . . , xεn(ε));
(x, y) x1y1 + · · ·+ xnyn;
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i6 ;"4#)0i- #"4&1 6%i(, /i*3&+$(&1 *i.+9(i3#, +,*$<, 5 6"708*($((. *)-4i++.,
3#0$3)-i 3&#8"2i? - 383/i+93#-i, 0i6()%"(i#(i 4)+&-(i /0)2$3&, .4i ($>"#&-()
-/+&-",#9 (" *&("%i48 /)/8+.2i< < $/i*$%i<, i%8((8 -i*/)-i*9 +,*&(&
(" i(;$42i<(i 6"1-)0,-"((., $4)()%i’(i 0&(4&. O"4&< ;"4#)0 -0"1)-"() 8
*&3$0#"2i? - %)*$+.1 i%8(()? -i*/)-i*i #" $/i*$%i<.

J*(i5, 6 )3()-(&1 %)*$+$< i%8(()? -i*/)-i*i +,*&(& /0& i(;$42i<(&1
6"1-)0,-"((.1 5 %)*$+9, 6"/0)/)()-"(" L.I. !"0’84)%. P)6-&#)4 2i5?
%)*$+i -i*)70"D$() - /0"2.1 H. C)0&E, !. M)*("0", T.Q. M)%7&, S.U.
M"0"()-394)>), U.@. !"02$(,4" #" i(E&1, "+$ - i3(8,’& %)*$+.1 ($
-0"1)-"() -/+&- ;"4#)08 6"708*($((., G) )3+"7+,5 -i*/)-i*9 i%8(()?
3&3#$%& +,*&(&. !)*$+i "*"/#)-"(i *+. 0i6(&1 i(;$42i<(&1 6"1-)0,-"(9,
6)40$%", /($-%)(i?, #87$048+9)68, >$/"#&#8 B i C.

@"(*$%i. 4)0)("-i083()? 1-)0)7& COVID-19 3#&%8+,-"+" 0)6-&#)4
()-&1 *)3+i*D$(9 8 %"#$%"#&’(i< $/i*$%i)+)>i?. =) %)()>0";i< 6
%)*$+,-"((. $/i*$%i? "-#)0i- !. !"0’$-)?, C. M0"8$0", J. T0i(), N.
!" i ]. ^i *)*"+&39 ’&3+$((i *)3+i*D$((. -4"6"()? /"(*$%i?, 6)40$%",
- /0"2.1 U. U"(>", H. R8 #" 7">"#9)1 i(E&1, 840"?(394&1 ("84)-2i- I.
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K$3#)084", I. A$0$-4". I6 %$*&’()? /0"4#&4& i, .4 6"6("’$() - %)()>0";i?
P.!. T(*0$03)(" #" P.!. !$., (" *&("%i48 $/i*$%i? -/+&-"5 $4)+)>i’(&<
;"4#)0, .4&< -0"1)-"(&< - %)*$+i $/i*$%i? 8 *&3$0#"2i<(i< 0)7)#i.

=+. "*$4-"#()3#i %"#$%"#&’(&1 %)*$+$< -"D+&-) -0"18-"#& ;"4#)0
6"/i6($((.. H %)*$+i i%8(()? -i*/)-i*i – 2$ ’"3 ;)0%8-"((. 4"34"*8
/+"6%)4+i#&(, - %)*$+.1 $/i*$%i? – 2$ ’"3 -#0"#& i%8(i#$#8 < i(487"2i<(&<
/$0i)*, .4 - %)*$+i %"+.0i? :. :84". C"4#)0 6"/i6($((. 8 %)*$+.1 7i)+)>i?,
$4)+)>i? #" i(E&1 ("84"1 6"/0)-"*D$() 8 /0"2.1 Q. :8"(>", R. S%i#", J.
T0i(), O. F0($843", F. !,00$., !. ^"4E%"("(" #" i(E&1.

‘$ )*(&% ;"4#)0)% -/+&-8 (" $-)+,2i, *&("%i’(&1 3&3#$% 5
7">"#)’"3#)#(i 6780$((., .4i %)D8#9 -/+&(8#& (" *&("%i48 /0)2$38 ("
*)3&#9 -$+&4&1 ’"3)-&1 i(#$0-"+"1. =)3+i*D$((, 7">"#)’"3#)#(&1 3&3#$%
%$#)*)% 83$0$*($((. /0&3-.’$(i /0"2i T.!. S"%)<+$(4", P.I. @$#0&E&(",
*+. 3&3#$% *&;$0$(2i"+9(&1 0i-(.(9 i6 6"/i6($((.% i6 7">"#)#)’4)-&%&
#" i(#$>0"+9(&%& 8%)-"%& – /0"2i Q.V. Mi>8(", I.U. :0"3()48#394)?, I.!.
="(&+,4", I.=. S48#"0..

!)*$+,-"((. $4)()%i’(&1 3&3#$% i /0)2$3i- 5 )*(i5, i6 ("<7i+9E
"4#&-(&1 3;$0 6"3#)38-"((. %"#$%"#&’(&1 %)*$+$< #" "("+i68. !)*$+9
$4)()%i4& F00)8-=$70$ --"D"5#93. ;8(*"%$(#"+9(), %)*$++, 8
%i40)$4)()%i’(i< #$)0i?, .4" -&6("’"5 8%)-&, 6" .4&1 )*()’"3()
-3#"()-+,5#93. 6">"+9(" 0i-()-">" 2i( i )73.>i- -&0)7(&2#-" #" 3/)D&-"((..

T*"/#"2i? #" %)*&;i4"2i? 8%)- %)*$+i F00)8-=$70$ /0&3-.’$() ’&3+$((i
38’"3(i /0"2i, 6)40$%" 8 0)7)#i S. C0"##i(i /0)"("+i6)-"() -6"5%)6-’.6)4
/0)2$(#()? 3#"-4&, /0&78#48 #" 6")G"*D$(9 8 %)*$+i, 8 0)7)#i R. Q(>" i S. ^i
-0"1)-"() ;"4#)0 -&0)7(&2#-", "-#)0i- T. O)*" i :. H)+E 3&3#$%"#&68-"+&
()-i#(i *)3.>($((. G)*) 8(i4"+9()3#i #" %()D&(()3#i 4)(480$(#()? (general)
0i-()-">& 8 %)*$+.1 #" i(.

H *&3$0#"2i<(i< 0)7)#i 0)6>+.(8#) *$.4i %)*&;i4"2i? *"()? %)*$+i,
6)40$%", 6 8%)-), 2i+)’&3$+9()? 4i+94)3#i #)-"0i- #" 6 -&4)0&3#"((.% 6"0.*i-
()0#)>)("+9() "*&#&-(&1 ;8(42i)("+i-) *+. 80"18-"((. -/+&-8 )/#)-&1 2i(
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8 0&(4)-&1 /0)2$3"1. U&4)0&3#)-85#93. /)(.##. 4)%/+$%$(#"0()>) /0)3#)08,
.4$ *)6-)+.5 0)6>+.*"#& 0&(4& 0i6(&1 #)-"0i- .4 6">"+9(iE&< )7’54#.

C8’21(0 )(=(*+ 1 -.50(8+3+ /)(W).3.3+, /6.-.3+, *’3.3+.

=&3$0#"2i. -&4)("(" (" 4";$*0i /0&4+"*()? %"#$%"#&4& #" i(;)0%"2i<(&1
#$1()+)>i< A$0(i-$294)>) ("2i)("+9()>) 8(i-$03&#$#8 i%$(i B0i.
C$*94)-&’" 6>i*() 6 ("84)-)-*)3+i*(), #$%), Z!"#$%"#&’($ %)*$+,-"((.
i ’&3+)-)-"("+i#&’(i %$#)*& *)3+i*D$((. *&("%i’(&1 #" i(;)0%"2i<(&1
/0)2$3i-[, ()%$0 *$0D"-()? 0$53#0"2i? 0121U100117.

I’*. i 1.8@.--2 @(;6i@B’--2. !$#), *&3$0#"2i? 5 /)78*)-"
i *)3+i*D$((. ()-&1 %"#$%"#&’(&1 %)*$+$< ($+i(i<(&1 /0)2$3i- i6
-0"18-"((.% -/+&-8 $4)+)>i’(&1 ;"4#)0i-, 7">"#)’"3#)#(&1 6780$(9 #"
*)3+i*D$((. ()-&1 8%)- 8 %)*$+.1 $4)()%i’()? 0i-()-">& 0&(48.

N"-*"((.%& *)3+i*D$((. 78+" /)78*)-" #" )7I08(#8-"((. ()-&1
($+i(i<(&1 %"#$%"#&’(&1 %)*$+$< i6 -0"18-"((.% 7">"#)’"3#)#(&1 6780$(9
i6 6"/i6($((.%, -/+&-)% $4)+)>i’(&1 ;"4#)0i- - /0)2$3"1 i%8(()? -i*/)-i*i
/0& i(;$42i<(&1 6"1-)0,-"((.1 #" /0)2$38 $/i*$%i? i6 -#0"#), i%8(i#$#8,
)2i(4" -$+&’&(& /)’"#4)-)>) i(;i48-"((. *+. 6"/)7i>"((. i(;$42i<()>)
6"1-)0,-"((., /0)-$*$((. 4)%/’,#$0()>) %)*$+,-"((. /)78*)-"(&1
%)*$+$< - i%8()+)>i? < $/i*$%i)+)>i?, )7I08(#8-"((. i *)3+i*D$((.
%)*&;i4"2i? %)*$+i $4)()%i4& F00)8-=$70$ 6 80"18-"((.% 2i+)’&3$+9()>)
0)6/)*i+8 #)-"0i- #" -/+&-)% )/#)-&1 2i(, "("+i6 i3(8-"((. i -+"3#&-)3#$<
0i-()-">& 0&(48 i6 6"/0)/)()-"(&%& 6%i("%&.

#=’X0* @(;6i@B’--2: 3&3#$%& 6-&’"<(&1 *&;$0$(2i"+9(&1 0i-(.(9 i6
6"/i6($((.% "0>8%$(#8, .4i 5 %"#$%"#&’(&%& %)*$+.%& ($+i(i<(&1 /0)2$3i-
- /0&0)*(&’&1 )7+"3#.1 ($4)+)>i?, 7i)+)>i?, i%8()+)>i?, $/i*$%i)+)>i? #" i(.);
%)*$+9 $4)()%i4& F00)8-=$70$.

D)’@3’* @(;6i@B’--2: /)78*)-" %"#$%"#&’(&1 %)*$+$< #" 8%)-&
i3(8-"((. i 5*&()3#i ?1 0)6-’.64i-, )7I08(#8-"((. %$#)*8 83$0$*($((. 8
%)*$+.1 /i* *i5, 7">"#)’"3#)#(&1 6780$(9, 6("1)*D$((. #" -3#"()-+$((.
8%)- i3(8-"((. i 3#i<4)3#i 3#"2i)("0(&1 0)6-’.64i-, i(#$0/0$#"2i. )#0&%"(&1
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0$68+9#"#i-, 4)%/’,#$0($ %)*$+,-"((. %)*$+$<; 8%)-& i3(8-"((. #"
-+"3#&-)3#i 0&(4)-)? 0i-()-">& - %)*&;i4)-"(i< %)*$+i $4)()%i4&
F00)8-=$70$ 6 2i+)’&3$+9(&% 0)6/)*i+)% #)-"0i- #" 6 -&4)0&3#"((.%
)0#)>)("+9() "*&#&-(&1 ;8(42i)("+i- (" 4)%/+$%$(#"0(&1 /0)3#)0"1.

I’*(@+ @(;6i@B’--2: %$#)*& *)3+i*D$((. 3#i<4)3#i 6" /$0E&%
("7+&D$((.%, %$#)* 40)4i- *+. *&;$0$(2i"+9(&1 0i-(.(9 i6 6"/i6($((.%,
%$#)* 83$0$*($((. 6" ;"6)-&%& 6%i((&%&, %$#)* %"D)0"(#(&1 0i-(.(9,
4)%/’,#$0($ %)*$+,-"((. - 3&3#$%i Mathematica, %$#)*& ;8(42i)("+9()>)
"("+i68 #" #)/)+)>i?.

".50(8. -(8+1-. (*)+3.-+4 )’1567*.*i8. J3()-(i 0$68+9#"#&, .4i
-&6("’",#9 ("84)-8 ()-&6(8 #" -&()3.#93. (" 6"1&3#, #"4i:

1. !$#)*)% 83$0$*($((. 6" ;"6)-&%& 6%i((&%& *)3+i*D85#93. -/+&-
7">"#)’"3#)#(&1 6780$(9 - ($+i(i<(i< %)*$+i i6 6"/i6($((.%, 6"*"(&% +i(i<()
/$0$#-)0$(&%& "0>8%$(#"%&, )#0&%"() 8%)-& i3(8-"((. i 5*&()3#i 0)6-’.648
#" )2i(48 /)1&74& %$#)*8 83$0$*($((., .4" .-() 6"+$D&#9 -i* %"+)>)
/"0"%$#0" i 4i+94)3#i ;"6)-&1 6%i((&1 #" 6"/i6($(9 8 (&1.

2. U/$0E$ /)78*)-"(" %"#$%"#&’(" %)*$+9 i%8(()? -i*/)-i*i )0>"(i6%8
+,*&(& /0& i(;$42i<(&1 6"1-)0,-"((.1 i6 -/+&-)% $4)+)>i’(&1 ;"4#)0i-,
6("<*$() 3#"2i)("0(i 0)6-’.64& #" 8%)-& ?1 i3(8-"((., -4"6"() *)3#"#(i 8%)-&
3#i<4)3#i 0)6-’.648, .4&< -i*/)-i*"5 3#"(8 6*)0)-)>) )0>"(i6%8.

3. !)*&;i4)-"() SIR-%)*$+9 $/i*$%i? (" -&/"*)4 -/+&-8 $4)+)>i’()>)
;"4#)08, )#0&%"() 7"6)-$ 0$/0)*84#&-($ ’&3+) < *)3#"#(i 8%)-& -i*38#()3#i
3/"+"18 $/i*$%i?.

4. H %)*$+i i%8(()? -i*/)-i*i i6 -/+&-)% $4)+)>i’()>) ;"4#)08 6("<*$()
)2i(48 (i%8()+)>i’(&< 7"0’50) *+. -$+&’&(& i(;i48-"((. 8 /)’"#4)-&<
%)%$(# ’"38. Q4G) *)6" i(;i48-"((. ($ /$0$-&G85 i%8()+)>i’(&< 7"0’50, #)
0)6-&#)4 i(;$42i<()>) 6"1-)0,-"((. ($ -i*78*$#93. i -$+&’&(" "(#&>$(" 6
’"3)% /0.%85 *) (8+..

5. N"/0)/)()-"() i *)3+i*D$() %)*&;i4)-"(8 %)*$+9 $4)()%i4&
F00)8-=$70$ 6 8%)-), 2i+)’&3$+9()? 4i+94)3#i #)-"0i- #" )7I08(#)-"()
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i3(8-"((. 0i-()-"D()>) -$4#)08 2i( 8 (i<.
6. @)78*)-"() %)*$+9 $4)()%i4& F00)8-=$70$ 6 -&4)0&3#"((.% 6"0.*i-

()0#)>)("+9() "*&#&-(&1 ;8(42i)("+i-) *+. "("+i68 -/+&-8 )/#)-&1 2i( ("
0&()4 8 6"*"’"1 %i40)$4)()%i’()? #$)0i?.

$’()’*+,-’ *. /).0*+,-’ 1-.,’--2 (*)+3.-+4 )’1567*.*i8.

=&3$0#"2i<(" 0)7)#" %i3#&#9 %"#$%"#&’(i *)3+i*D$((., .4i %",#9
#$)0$#&’(&< 1"0"4#$0, " #"4)D -4"6"(i %)D+&-i 6"3#)38-"((. )*$0D"(&1
0$68+9#"#i- 8 /0&0)*(&’&1 >"+86.1. P$68+9#"#& %)D8#9 78#& -&4)0&3#"(i
/0& *)3+i*D$((i ($+i(i<(&1 %"#$%"#&’(&1 %)*$+$< /i* *i5, 6780$(9 0i6()?
/0&0)*&, " #"4)D *+. "("+i68 8 %"#$%"#&’(i< $4)()%i2i. P$68+9#"#&
0)7)#& %)D8#9 6("<#& 6"3#)38-"((. *+. )/&38 -/+&-8 $4)+)>i’(&1
;"4#)0i- 8 /0)2$3i +i48-"((. i(;$42i<(&1 6"1-)0,-"(9, - $/i*$%i)+)>i?
*+. )/&38 $/i*$%i?, 8 ;i("(3)-)%8 3$4#)0i *+. /)E848 0i-()-">& 0&(48 8
%i40)$4)()%i’(i< #$)0i? 6" *)/)%)>), %)*&;i4)-"(&1 %)*$+$< F00)8-=$70$.
N"/0)-"*D$(&< - 0)7)#i /i*1i* i6 -0"18-"((. $4)+)>i’()>) ;"4#)08 -i*40&-"5
%)D+&-i3#9 86">"+9($((. %"#$%"#&’(&1 %)*$+$< - $4)+)>i?, %$*&2&(i,
)1)0)(i 6*)0)-’. #" i(E&1 /0&0)*(&’&1 )7+"3#.1.

#;(=+;*+? 8-’;(0 1@(=58.,.. N">"+9(&< /+"( i )3()-(&< ("/0.%)4
("84)-&1 *)3+i*D$(9 *&3$0#"2i<()? 0)7)#& 3;)0%)-"() 3/i+9() 6 ("84)-&%
4$0i-(&4)% – /0);$3)0)% Q.V. Mi>8()%. I6 0)7i#, ("/&3"(&1 8 3/i-"-#)03#-i,
*) *&3$0#"2i? 8-i<E+& #" (" 6"1&3# -&()3.#93. +&E$ #i 0$68+9#"#&, .4i
)#0&%"(i "-#)0)% 3"%)3#i<().

M$6/)3$0$*(9) "-#)0)% 6*i<3($():
- "("+i6 -i#’&6(.(&1 i 6"087iD(&1 ("84)-&1 /87+i4"2i< 6 /0)7+$%

%"#$%"#&’()>) %)*$+,-"((., ;8(42i)("+9()>) "("+i68 #" %"#$%"#&’()>)
"("+i68;

- ;)0%8+,-"((. #" %"#$%"#&’(i *)-$*$((. )3()-(&1 #-$0*D$(9 i #$)0$%,
G) 3#"()-+.#9 ("84)-8 ()-&6(8 *)3+i*D$(9;

- 0)60)748 #" #$)0$#&’($ )7I08(#8-"((. %"#$%"#&’(&1 %)*$+$< 6
7">"#)’"3#)#(&%& 6780$((.%& #" 6"/i6($((.%;
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- /)78*)-8 #" "("+i6 %"#$%"#&’(&1 %)*$+$< /)E&0$((. $/i*$%i’(&1
/0)2$3i- i i%8(()? -i*/)-i*i )0>"(i6%8 6 80"18-"((.% $4)+)>i’(&1 ;"4#)0i-;

- *)3+i*D$((. -+"3#&-)3#$< /0)3#)0i- ϖ0 #" F-/0)3#)0i-, /)78*)-8
($/$0$0-(&1 34"+.0(&1 6"0.*i- i "("+i6 i6)%)0;(&1 -4+"*$(9;

- -3#"()-+$((. 8%)- i3(8-"((. #" -+"3#&-)3#$< 0i-()-"> 8 %)*$+.1
$4)()%i4& 6">"+9()? 0i-()-">& #&/8 F00)8–=$70$;

- -&4)("((. 4)%/’,#$0()>) %)*$+,-"((. #" ’&3$+9(&1 $43/$0&%$(#i-
*+. i+,3#0"2i? #" /i*#-$0*D$((. #$)0$#&’(&1 0$68+9#"#i-.

K"84)-i 0)7)#& )/87+i4)-"(i 8 3/i-"-#)03#-i 6 ("84)-&% 4$0i-(&4)%
Mi>8()% Q. V., ("84)-2.%& @)/)-&% !. !., S48#"0)% I. =. #" C)#i5% J.
L.

S/i-"-#)0"%& ("84)-&1 /0"29 5 ("84)-2i, 3/i+9() 6 .4&%& /0)-)*&+&3.
*)3+i*D$((.. H ("84)-&1 /0"2.1, )/87+i4)-"(&1 8 3/i-"-#)03#-i, "-#)08
("+$D&#9 )3()-(&< #$)0$#&’(&< #" #-)0’&< *)0)7)4, 6)40$%" ;)0%8+,-"((.
#" *)-$*$((. 4+,’)-&1 #$)0$%, /)78*)-" /0&4+"*i-, %"#$%"#&’($
)7I08(#8-"((. %)*$+$< i 4)%/’,#$0(" 0$"+i6"2i. ’&3$+9(&1 *)3+i*D$(9.

@)3#"()-4" %$#& #" 6"-*"(9 *)3+i*D$(9, " #"4)D )7>)-)0$((. )#0&%"(&1
0$68+9#"#i- 6*i<3(,-"+&3. 3/i+9() 6i 3/i-"-#)0"%&.

P$68+9#"#& 3/i+9(&1 ("84)-&1 0)7i# -&4)0&3#)-8-"+&3. 8 /87+i4"2i.1 #"
*)3+i*D$((.1 3/i-"-#)0i-.

T-#)0 *)/)-i*"- 0$68+9#"#& *)3+i*D$(9 (" %iD("0)*(&1 840"?(394&1
i 6"087iD(&1 ("84)-&1 4)(;$0$(2i.1, (" ("84)-&1 3$%i("0"1 4";$*0&
/0&4+"*()? %"#$%"#&4& #" i(;)0%"2i<(&1 #$1()+)>i< #" 4";$*0&
%"#$%"#&’()>) "("+i68 A$0(i-$294)>) ("2i)("+9()>) 8(i-$03&#$#8 i%$(i
B0i. C$*94)-&’".

!/)(=.>i2 )’1567*.*i8 @+;’)*.>iA. P$68+9#"#& *)3+i*D$(9
*)/)-i*"+&39 #" )7>)-)0,-"+&39 (" 4)(;$0$(2i.1:

1. VIII !iD("0)*(" ("84)-)-/0"4#&’(" 4)(;$0$(2i. "Scientific research as
a mechanism of eXective human development"(31 3i’(. – 2 +,#)>) 2024 0.,
S);i., M)+>"0i.);
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2. !iD("0)*(" 4)(;$0$(2i. IMCS-60 (10–13 D)-#(. 2024 0., :&E&(i-,
!)+*)-");

3. VII !iD("0)*(" ("84)-)-/0"4#&’(" 4)(;$0$(2i. Z!)*$+,-"((.,
4$08-"((. #" i(;)0%"2i<(i #$1()+)>i?[ (7–9 +&3#)/"*" 2024 0., Pi-($,
H40"?(");

4. XXX K"2i)("+9(" 4)(;$0$(2i. (%iD("0)*($ -&*"((.) "Applications of
mathematics in biology and medicine"(16–20 -$0$3(. 2025 0., Ui4(),
@)+9G");

5. !iD("0)*(" ("84)-)-/0"4#&’(" 4)(;$0$(2i. Z!)*$+,-"((., 4$08-"((.
#" i(;)0%"2i<(i #$1()+)>i?[ (6–8 +&3#)/"*" 2025 0., Pi-($, H40"?(");

6. H40"?(394" %"#$%"#&’(" 4)(;$0$(2i. "At the end of the year 2025"(18–19
>08*(. 2025 0., :&?-, H40"?(").

D5=6i0.>iA. J3()-(i 0$68+9#"#& *&3$0#"2i? )/87+i4)-"(i 8 6.5
/87+i4"2i.1 (=)*"#)4 T): i6 (&1 4.5 )/87+i4)-"(i 8 ;"1)-&1 -&*"((.1, G)
-1)*.#9 *) /$0$+i48 ("84)-&1 -&*"(9 H40"?(& 4"#$>)0i? M, #" 2 /87+i4"2i.1,
)/87+i4)-"(&1 8 ;"1)-)%8 -&*"((i, .4$ ("+$D&#9 *) %iD("0)*()?
("84)%$#0&’()? 7"6& Scopus. =)*"#4)-) 0$68+9#"#& *&3$0#"2i? -i*)70"D$(i 8
2 /0"2.1, .4i *)*"#4)-) -i*)70"D",#9 ("84)-i 0$68+9#"#& *&3$0#"2i?, 6 #$6"1
#" %"#$0i"+"1 4)(;$0$(2i< (=)*"#)4 T (2)).

<*)50*5). *. (=;2W @+;’)*.>iA. =&3$0#"2i. 34+"*"5#93. 6i 6%i3#8,
-3#8/8, ’)#&09)1 0)6*i+i-, 3/&348 -&4)0&3#"(&1 *D$0$+, G) %i3#&#9 115
("<%$(8-"(9. P)7)#" %i3#&#9 33 0&38(4&. @)-(&< )73.> 0)7)#& 34+"*"5 166
3#)0i()4.
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F#COIG 1

#PG&O GI$EF!$HFK $! D#DEFEO"I JIO#I#<$I

1.1. I(@’6:8.--2 8/6+85 ’0(6(Wi,-(W( Y.0*()5

Pi6()%"(i#(i /0)2$3& - $4)+)>i?, %$*&2&(i, $/i*$%i)+)>i? #" i(E&1 >"+86.1
6("1)*.#93. /i* -/+&-)% 6)-(iE(i1 ;"4#)0i- 0i6()? /0&0)*& i -$+&’&(&.
O"4&%& %)D8#9 78#& $4)+)>i’(i ;"4#)0&, ;"4#)0& 3)2i"+9()>) 1"0"4#$08,
-&4+&4"(i /$-(&%& 3#0$3)-&%& 3&#8"2i.%& -("3+i*)4 4"#"3#0);i’(&1 .-&G
’& -i<394)-&1 *i<. H %$*&’(i< /0"4#&2i 3/)3#$0i>"5#93. -/+&- $4)+)>i’(&1
;"4#)0i- (" /$0$7i> 0i6()>) 0)*8 6"1-)0,-"(9, 6)40$%" /0& i%8((i< -i*/)-i*i
)0>"(i6%8 +,*&(& (" i(;$42i<(i 6"1-)0,-"((. #" /).-8 i /)E&0$((. $/i*$%i<
[1], [2], [3].

U/+&- $4)+)>i’(&1 ;"4#)0i- /)-’.6"(&< i6 6"708*($((.% 0i6()? /0&0)*&
i %)D$ 34+"*"#&39 6 7">"#9)1 ’&((&4i- Eω(t), ς = 1, l, .4i 6%i(,,#93. 6
’"3)% t ↘ t0 = 0. C8(42i? Eω(t) %)D8#9 1"0"4#$0&68-"#& 6"708*($((.
/)-i#0., .4)3#i -)*&, 0"*i"2i<()>) ;)(8, 6"708*($((. 1"0’)-&1 /0)*84#i-,
#"4)D -i*($3$%) *) ($>"#&-()>) -/+&-8 3#0$3)-i 3&#8"2i? 3$0$* ("3$+$((. 8
6-’.648 i6 3)2i"+9(&%&, /3&1)+)>i’(&%& #" $4)()%i’(&%& ;"4#)0"%&.

H 0)6*i+i 2 0)6>+.*"5#93. i(#$>0"+9(&< /)4"6(&4 $4)+)>i’()>) -/+&-8 8
-&>+.*i:

E(t) = φ1E1(t) + φ2E2(t) + . . .+ φlEl(t), (1.1)

*$ φω ↘ 0 – -">)-i 4)$;i2i5(#& -/+&-8 4)D()>) ’&((&4", φ1 + . . . + φl = 1,
0 ⇒ Eω(t) ⇒ 1, ς = 1, l.

I3(8,#9 /$-(i ()0%"#&-(i /)4"6(&4& *+. Eω(t), 6)40$%" 6"708*($((.
/)-i#0., .4)3#i -)*&, 0"*i"2i<()>) ;)(8 #)G) [4, 5, 6]. H3$0$*($(&<
()0%"#&-(&< /)4"6(&4 /)6("’&%) ’$0$6 K > 0, 0 < K < 1.

H 6"+$D()3#i -i* *&("%i4& $4)+)>i’()>) -/+&-8 ;8(42i. E(t) %)D$
78#& 0)6-’.64)% )*()>) 6 4+"3&’(&1 0i-(.(9, .4i 683#0i’",#93. -
$4)+)>)-7i)+)>i’(&1 %)*$+.1 [7], 6)40$%" +)>i3#&’()>) 0i-(.((., .4G)
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$-)+,2i. E(t) %)()#)((":

dE

dt
= r

(
1↔

E(t)

K

)
E(t), t > 0, (1.2)

*$ r > 0 – 4)$;i2i5(# +i(i<()>) 0)3#8. !)D(" 6"3#)38-"#& 86">"+9($((.
+)>i3#&’()>) 0i-(.((. [8]:

dE

dt
= r

(
1↔

(
E(t)

K

)ϑ)
E(t), t > 0, (1.3)

.4$ -&4)0&3#)-8-"+)39 /0& %)*$+,-"((i Covid-19.
P)6-’.6)4 0i-(.((. (1.3) i6 /)’"#4)-), 8%)-), E(0) = E0 %"5 -&>+.*:

E(t) = K

(
E0

Eϑ
0 + (Kϑ ↔ Eϑ

0 )e
↔rϑt

) 1
ω

⇑ K, t ⇑ ↑,

< "3&%/#)#&’() ("7+&D"5#93. *) 3#"2i)("0()>) 0)6-’.648 E = K, #)7#)
0)6-’.6)4 E = K >+)7"+9() "3&%/#)#&’() 3#i<4&< *+. E0 > 0.

!"#. 1.1 !"#$%i&$ ’()*’+)&i* ,$&-(’. E(t) .)$/$01#2#(/( ’i*#+##+ 3$-4i#5(#$ 6’"
’i)#"7 )#$42##+7 6$’$%2-’$ ↼.

K"<’"3#iE$ -i*()-+$((. *)-4i++. %"5 4)+&-(&< 1"0"4#$0, " #"4),
-+"3#&-i3#, 6-&’"<(i *&;$0$(2i"+9(i 0i-(.((. ($ -)+)*i,#9. O"4)D /)#0i7()
-0"1)-8-"#& #)< ;"4#, G) -i*()-+$((. 3#"(8 *)-4i++. -i*78-"5#93. ($
%&##5-), " ’$0$6 *$.4&< ’"3 ! > 0. O)%8 5 6%i3# )/&3"#& 6%i(8 ;8(42i?
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E(t) 6" *)/)%)>), 0i-(.((. L"#’i(3)(" [9]:

dE

dt
= r

(
1↔

E(t↔!)

K

)
E(t), t > 0,

E(t) = E0(t), t → [↔!, 0].

(1.4)

@)-$*i(4" 0)6-’.648 0i-(.((. (1.4) /0&(2&/)-) -i*0i6(.5#93. -i*
/)-$*i(4& 0)6-’.648 +)>i3#&’()>) 0i-(.((.. K"-$*$%) /)#0i7(i ("% ("*"+i
-+"3#&-)3#i 0)6-’.648 0i-(.((. [9, 10, 11]:

1. P)6-’.6)4 E = K 0i-(.((. (1.4) +)4"+9() "3&%/#)#&’() 3#i<4&< *+.

0 < φ <
↽

2
, φ = r!.

O)’(iE$ [11, #$)0$%" 2.1]. Q4G) E0(t) ↘ 0 *+. t → [↔!, 0], E0(0) > 0 i
E(t) – 0)6-’.6)4 6"*"’i (1.4), #)

lim
t⇑↑

E(t) = K.

U+"3#&-i3#9 /0)i+,3#0)-"(" (" 0&38(48 1.2 (a).

2. @0& φ > ϖ
2 0i-(.((. (1.2) %"5 ($#0&-i"+9(&< /$0i)*&’(&< 0)6-’.6)4 (*&-

0&3. 1.2 (7)).

3. Q4G) E(0) > 0, #) /0& t > 0 0)6-’.6)4 0i-(.((. E(t) > 0 i )7%$D$(&<,#"
.4 /)4"6"() - [10, +$%" 11.4.2], *+. *)-i+9()>) a ↘ 2

E(t) < max (E(a), eϱ ↔ 1) , a < t < ↑.

4. Q4G) E(0) ↘ 0 i φ > 1, #) %()D&(" (8+i- ;8(42i? E(t) ↔ K ($ 5
)7%$D$(),.

U/+&- 6"708*($((. ("-4)+&E(9)>) 3$0$*)-&G" /0& /$0$*"’i i(;$42i?
($/0.%&% E+.1)% - $/i*$%i’(i< %)*$+i SVEIR (S/0&<(.#+&-&< –
U"42&()-"(&< – R-)0&< - i(487"2i<()%8 /$0i)*i – I(;i4)-"(&< – J*8D"-)
*)3+i*D8-"-3. - /0"2.1 [12, 13] i %)*$+,-"-3. 6" *)/)%)>), )7%$D$()?
;8(42i? ("3&’$((. #&/8 R)++i(>".
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(a) (8)
!"#. 1.2 !"#$%i&$ ’()*’+)&. ’i*#+##+ E(t) 6’" #$8(’i 6$’$%2-’i*:

(a) K = 0.25, r = 1.25,! = 1, E(0) = 0.4; (8) K = 0.5, r = 1.65,! = 1, E(0) = 0.4.

H /0"2i [14], *+. %"#$%"#&’()>) %)*$+,-"((. /"(*$%i? Covid-19
-0"1)-"() 3)2i"+9(&< ;"4#)0 C(t) 8 ;)0%i 3/0&<(.##. >0)%"*394i3#, 0&6&48
G)*) 4i+94)3#i -"D4&1 #" 40&#&’(&1 -&/"*4i- 6"1-)0,-"((. i 3%$0#$<, 8
-&>+.*i

dC

dt
= ⇀I,

*$ I(t) – 4i+94i3#9 i(;i4)-"()>) ("3$+$((..
H /0"2i [15] (" /i*3#"-i SIR-%)*$+i *)3+i*D85#93. ($>"#&-(&<

-/+&- ()-&1 "4#&-(&1 4)0&3#8-"’i- 3)2i"+9(&1 %$0$D /0)0)3i<394)>)
3)2i"+9()-/)+i#&’()>) 3/0.%8-"((. (" >0)%"*3948 *8%48 ("3$+$((. 0$>i)(8
G)*) -3#8/8 H40"?(& - KTOJ i aS.

J#D$, (" /i*3#"-i ("-$*$(&1 %i048-"(9 #" "("+i68 ("84)-&1 /0"29
%)D(" *i<#& -&3()-48, G) -/+&- ;"4#)0i- .4 $4)+)>i’()?, #"4 i 3)2i"+9()?
/0&0)*& *)2i+9() -0"1)-8-"#& /i* ’"3 /)78*)-& %"#$%"#&’(&1 %)*$+$<, G)
< 0$"+i6)-"() - *&3$0#"2i<(i< 0)7)#i.

1.2. I’*(@ 5;’)’@-’--2 5 3.*’3.*+,-+4 3(@’624 /i@ @iX:

=.W.*(,.;*(*-+4 1=5)’-7 i1 1./i1-’--23 .)W53’-*5

K)-), 6"*"’$,, 0)6>+.(8#), 8 *&3$0#"2i<(i< 0)7)#i 5 *)3+i*D$((.
-/+&-8 7">"#)’"3#)#(&1 6780$(9 8 %"#$%"#&’(&1 %)*$+.1. N)40$%", 2$
3#)385#93. %)*$+,-"((. $4)+)>i’(&1 /0)2$3i-, %)*$+i .4&1 0)6>+.*",#93.,
("/0&4+"*, - [9, 11, 16, 17, 18], 8 %)*$+.1 6 -i4)-), 3#084#80), [19].

=+. "*$4-"#()3#i %"#$%"#&’(&1 %)*$+$<, /)78*)-"(&1 i *)3+i*D$(&1
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8 0)6*i+"1 2 i 3, -"D+&-&% 5 -0"18-"((. ;"4#)08 6"/i6($((.. F;$4#
6"/i6($((. /0)*$%)(3#0)-"(&< (" 0i-(.((i (1.4). H %)*$+.1 $4)+)>i? ($)71i*()
-0"1)-8-"#& 6"+$D(i3#9 -i* /$0$*i3#)0i? 0)6-&#48 /)/8+.2i?, -i48 )3)7&(, ’"38
-i*#-)0$((. 0$38038 ’& 3#"(8 $4)+)>i’()? 0i-()-">&. H #$1(i’(&1 6"*"’"1 –
2$ i(;)0%"2i<($ 6"/i6($((., 8 %)*$+.1 i%8(()? -i*/)-i*i – ’"3 ;)0%8-"((.
4"34"*8 /+"6%)4+i#&( #)G).

C"4#)0)% 6)-(iE(9)>) -/+&-8 (" *&("%i’(i /0)2$3& %)D8#9 78#&
7">"#)’"3#)#(i 4)+&-(i /0)2$3& (" *)3&#9 -$+&4&1 ’"3)-&1 i(#$0-"+"1. H
($+i(i<(i< %$1"(i2i 6"*"’i i6 6780$((.%& 0)6>+.*",#93. (" -i*0i64"1 ’"38
[0, L/⇁] "7) R+, *$ %"+&< /"0"%$#0 ⇁ → (0, ⇁0], L = const > 0 [20, 21]. N08’()
/$0$<#& *) /)-i+9()>) ’"38 ε = ⇁t, #)*i ε → [0, L].

:)+&-(i /0)2$3& 7$6 6"/i6($((. )/&38,#93. 7">"#)’"3#)#(&%&
3&3#$%"%& *&;$0$(2i"+9(&1 0i-(.(9 -&>+.*8

da

dε
= X(ε, a,ϕ),

dϕ

dε
=

ω(ε, a)

⇁
+ Y (ε, a,ϕ).

(1.5)

O8# -$4#)0 "%/+i#8*(&1 6%i((&1 a → D, D – )7%$D$(" )7+"3#9 - Rn, -$4#)0
;"6)-&1 6%i((&1 ϕ → Rm, -$4#)0-;8(42i? X i Y W /$0i)*&’(i, 4-"6i/$0i)*&’(i
"7) %"<D$ /$0i)*&’(i 6" 6%i((&%& ϕ, v = 1,m, ω – -$4#)0 ’"3#)#.

R"0"4#$0(), )3)7+&-i3#, 7">"#)’"3#)#(&1 3&3#$% 5 /).-" - /0)2$3i
$-)+,2i? 0$6)("(3i- ’"3#)#, 8%)-" .4&1 - #)’2i ε :

(k,ω(ε, a(ε))) := k1ω1(ε, a(ε)) + · · ·+ kmωm(ε, a(ε)) ⇓ 0, k → Zm, k ⇔= 0.

(1.6)
J34i+94& 3&3#$%" 0i-(.(9 (1.5) 34+"*(" .4 *+. *)3+i*D$((., #"4 i *+.

/)78*)-& ("7+&D$()>) 0)6-’.648, #) 6"3#)3)-85#93. /0)2$*80" 83$0$*($((. 6"
E-&*4&%& 6%i((&%& (" 487i /$0i)*i-, G)7 )#0&%"#& 6("’() /0)3#iE8 3&3#$%8
0i-(.(9 -&>+.*8:

dā

dε
= X0(ε, ā),

dϕ̄

dε
=

ω(ε, ā)

⇁
+ Y0(ε, ā),

(1.7)
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*$

X0(ε, a) =
1

(2↽)m

∫ 2ϖ

0
· · ·

∫ 2ϖ

0
X(ε, a,ϕ1, ...,ϕm)dϕ1 . . . dϕm,

"("+)>i’(&< -&>+.* %"5 -$4#)0-;8(42i. Y0(ε, a).
H 3&3#$%i 0i-(.(9 (1.6) 4)%/)($(#" ā = ā(ε) 6("1)*&#93. ($6"+$D()

-i* ;"6)-)? 6%i(()? ϕ̄. Q4G) 0)6-’.6)4 ā = ā(ε) 6("<*$(), #) 6("1)*D$((.
6-)*&#93. *) 6"*"’i i(#$>08-"((.

ϕ(ε, ⇁) = ϕ(0, ⇁) +

∫ ς

0

(
ω(s, ā(s))

⇁
+ Y0(s, ā(s))

)
ds.

J7I08(#8-"((. %$#)*8 83$0$*($((. *+. 3&3#$%& 0i-(.(9 (1.5) i6
/)’"#4)-&%& 7">"#)#)’4)-&%& i i(#$>0"+9(&%& 8%)-"%& )#0&%"() - /0"2.1
T.!. S"%)<+$(4" i P.I. @$#0&E&(" #" ?1 8’(i- < /i*38%)-"() %)()>0";i? [21].

U-$*$%) /)6("’$((.: F = (X, Y ), W (ε) – -&6("’(&4 U0)(394)>) 6"
3&3#$%), ;8(42i< ω1(ε), . . . ,ωm(ε).

=+. )7I08(#8-"((. %$#)*8 83$0$*($((. 3;)0%8+,5%) ("3+i*)4 i6
#$)0$%& 2.1 %)()>0";i? T.!. S"%)<+$(4" #" P.I. @$#0&E&(" [21].

@0&(2&/)-), 8%)-), 2&1 0$68+9#"#i- 5 8%)-" (" -$4#)0 ’"3#)#, G)7
6"/)7i>#& 6"3#0.>"((, 3&3#$%& - %"+)%8 )4)+i 0$6)("(3i-. K"-$*$%) )*&( i6
0$68+9#"#i- *+. /)-i+9()6%i(()>) -$4#)0" ’"3#)# ω = ω(ε).

$’()’3. 1.1. ,’4$J:

1. 9’";.# 7$:;.; ω → Cm↔1([0, L] i W (ε) ⇔= 0 0#1 ε → [0, L].

2. F (ε, a,ϕ) → C l1
φ (D̄, ϱ), ↼

↼ςF (ε, a,ϕ) → C l2
φ (D̄, ϱ), ↼

↼aF (ε, a,ϕ) → C l3
φ (D̄, ϱ),

min(l1, l2, l3) ↘ m.

3. D53 /:i4 ε → [0, L] i y → D1 ↖ D "#1/$ ā = ā(ε, y) 5’@1;) - D iA

2’3"1C ▷-.".5.C.

H.2i 0#1 2.:1;) C$5.C- ⇁0 > 0 253 ".@&14 ε → [0, L], y → D1, ϕ → Rm
i

⇁ → (0, ⇁0] /1".&-M;):3 .(i&"$:

↗a(ε ; y,ϕ, ⇁)↔ ā(ε ; y)↗+ ↗ϕ(ε ; y,ϕ, ⇁)↔ ϕ̄(ε ; y,ϕ, ⇁)↗ ⇒ c1⇁
1/m,

2’ :;$5$ c1 > 0 i &’ A$5’@1;) /i2 ⇁.
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=)3+i*D$((, 7">"#)’"3#)#(&1 3&3#$% *&;$0$(2i"+9(&1 0i-(.(9 i6
6"/i6($((.% "0>8%$(#8 /0&3-.’$(" *&3$0#"2i. Q.V. Mi>8(" [22], 8 .4i<
0)6>+.(8#i 7">"#)’"3#)#(i 3&3#$%& 6i 3#"+&% i 6%i((&% 6"/i6($((.%, 6)40$%"
+i(i<(&% 6"/i6($((.%, .4$ (" -i*0i648 [0, L] 6"*"5#93. +i(i<() /$0$#-)0$(&%
"0>8%$(#)% ωε, 0 < ε < 1.

H 0)6*i+i 2 6"3#)3)-85#93. )#0&%"(&< - [23] 0$68+9#"# *+.
7">"#)’"3#)#()? 3&3#$%& i6 +i(i<() /$0$#-)0$(&%& "0>8%$(#"%& -&>+.*8:

da

dε
= X(ε, a”,ϕ↽),

dϕ

dε
=

ω(ε, a)

⇁
+ Y (ε, a”,ϕ!),

(1.8)

*$ a → D ↖ Rn, ϕ → Rm, ε → [0, L], ” = (ω1, . . . ,ωp), ϑ = (ϑ1, . . . , ϑq), 0 <

ω1 < ω2 < · · · < ωp ⇒ 1, 0 < ϑ1 < ϑ2 < · · · < ϑq ⇒ 1; a” = (aε1, . . . , aεp),
aεε = a(ωωε), ς = 1, p; ϕ↽ = (ϕ↽1, . . . ,ϕ↽q), ϕ↽ε(ε) = ϕ(ϑωε).

Ui*/)-i*(" 83$0$*($(" 3&3#$%" 6" 6%i((&%& ϕ↽ε (" 487i /$0i)*i- [0, 2↽]mq

%"5 -&>+.*:
dā

dε
= X0(ε, ā”),

dϕ̄

dε
=

ω(ε, ā)

⇁
+ Y0(ε, ā”).

(1.9)

R)’" 3&3#$%" 0i-(.(9 (1.9) 6"+&E"5#93. 3&3#$%), i6 6"/i6($((.%, "+$, .4 i
*+. 3&3#$% 7$6 6"/i6($((., 0i-(.((. *+. ā ($ 6"+$D&#9 -i* ;"6)-&1 6%i((&1
ϕ̄ .

K"-$*$%) #$)0$%8 /0) )7I08(#8-"((. %$#)*8 83$0$*($((. (" -i*0i648
[0, L] *)-i+9()? *)-D&(& *+. 3&3#$%& 0i-(.(9 (1.8), 4)+& /)’"#4)-i 8%)-&
*+. 0)6-’.64i- 3&3#$% (1.8) i (1.9) 67i>",#93.:

a
∣∣
ς=0

= ā
∣∣
ς=0

, ϕ
∣∣
ς=0

= ϕ̄
∣∣
ς=0

. (1.10)

P$68+9#"# #$)0$%& -&4)0&3#"(&< 8 0)6*i+i 2 *&3$0#"2i? /0&
)7I08(#8-"((i %$#)*8 83$0$*($((. *+. %"#$%"#&’(&1 %)*$+$< i6
7">"#)’"3#)#(&%& 6780$((.%& i 6"/i6($((.% "0>8%$(#8.

H /0"2i [22] )#0&%"() ()-8 8%)-8 0$6)("(38 ’"3#)# - #)’2i ε , .4"
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6"+$D&#9 -i* 6"/i6($(9 8 ;"6)-&1 6%i((&1 i ("78-"5 -&>+.*8
q∑

ω=1

ϑω (kω,ω(ϑωε)) = 0,
q∑

ω=1

||kω|| ⇔= 0.

Q4G) q = ϑ1 = 1, #) )#0&%85%) 4+"3&’(8 8%)-8 0$6)("(38 (k,ω(ε)) = 0.

$’()’3. 1.2. ,’4$J [21]:

1. 9’";.#-8-&"(i3 F (ε, ā”,ϕ↽) → Cς,aϑε (D̄, ϱ), ς = 1, p.

2. 9’";.# 7$:;.; ω → Cqm↔1[0, L] i /1A&$7&1" 9#.&:)".?. 0.#32"- mq A$

:1:;’C.6 8-&"(iJ (ω(ϑ1ε),ω(ϑ2ε), . . . ,ω(ϑqε))

W (ε) ⇔= 0, ε → [0, L];

3. 9 .B5$:;i G := [0, L]↙Dp
253 ".’8i(iM&;i/ L-#’M /’";.#-8-&"(i%

F (ε, a”,ϕ↽) :0#$/2@-M;):3 .(i&"$:

∑

k ⇔=0

(
sup
G

↗Fk(ε, a)↗+

+
1

||k||!

(
sup
G

∥∥∥∥
◁Fk

◁ε

∥∥∥∥+
p∑

ω=1

ϑω sup
G

∥∥∥∥
◁Fk

◁aεε

∥∥∥∥

))
⇒ ϱ1,

||k||! = ϑ1||k1||+ · · ·+ ϑq||kq||.

4. I:&-M M21&1J #.A/’3A." ā = ā(ε ; y) #i/&3&&3 0’#N.?. A #i/&3&) (1.9),
y → D1 ↖ D, 3"1J 5’@1;) / D #$A.C iA 2’3"1C ▷-.".5.C.

H.2i A&$J2’;):3 ⇁1 → (0, ⇁0] i c2 > 0 ;$"i, O. 253 ".@&.?. ⇁ → (0, ⇁1]

i:&-M M21&1J #.A/’3A." :1:;’C1 #i/&3&) (1.9) A 0.7$;"./1C1 -C./$C1 (1.10)
i 253 /:i4 (ε, ⇁) → [0, L]↙ (0, ⇁1] i ȳ → D1,0 → Rm

/1".&-M;):3 .(i&"$

||a(ε ; ȳ, 0̄, ⇁)↔ ā(ε ; ȳ)||+ ||ϕ(ε ; ȳ, 0̄, ⇁)↔ ϕ̄(ε ; ȳ, 0̄, ⇁)|| ⇒ c2⇁
1/mq.

!$#)* 83$0$*($((. 0)6-&(8#&< *+. 0i6(&1 4+"3i- 7">"#)’"3#)#(&1
3&3#$%. =+. 3&3#$% 0i-(.(9 (1.9) 6 i%/8+93(), *i5, - /0"2.1 O.!. S)/0)(,4
[24] #" i(., I.!. ="(&+,4" [25] – 6 "3&%/#)#&’() -$+&4&% 6"/i6($((.% ("
[0, L⇁↔1], Q. P. @$#0&E&(" – *+. 3&3#$% 6 i(#$>0"+9(&%& 8%)-"%& [26], Q.V.
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Mi>8(", I.U. :0"3()48#394)?, P.I. @$#0&E&(" – *+. 3&3#$% i6 6"/i6($((.% <
i(#$>0"+9(&%& 8%)-"%& ;0$*>)+9%)-)>) i ($#$0)-)>) #&/8 [27], Q.V. Mi>8("
#" I.=. S48#"0" [28] – *+. 3&3#$% i6 +i(i<() /$0$#-)0$(&%& "0>8%$(#"%& i
+)4"+9()-i(#$>0"+9(&%& 8%)-"%&.

=+. )7I08(#8-"((. %$#)*8 83$0$*($((. 8 0)6*i+i 2 78*$
-&4)0&3#)-8-"#&3. i(#$>0"+9(" ($0i-(i3#9 i6 /0"2i [28]:

G’3. 1.1. ,’4$J c > 0, t0 ↘ 0, J = [t0, T ], Ki → C(J), ki(t) ↘ 0, &’:0$2&i

8-&"(i% φi → C1(J), t0 ⇒ φi(t) ⇒ t, i = 1, q, i

u(t) ⇒ c+
q∑

i=1

ϱ(t)∫

ϱ(t0)

ki(s)u(s)ds, t → J. (1.11)

H.2i 253 t → J /1".&-M;):3 &’#i/&i:;)

u(t) ⇒ c · exp
[ q∑

i=1

ϱi(t)∫

ϱi(t0)

ki(s)ds
]
t.

1.3. I.*’3.*+,-’ 3(@’6:8.--2 ’/i@’3i?

!"#$%"#&’()%8 %)*$+,-"((, /)E&0$((. $/i*$%i? 6" *)/)%)>),
*&;$0$(2i"+9(&1 0i-(.(9 i6 6-&’"<(&%& i ’"3#&((&%& /)1i*(&%& /0&3-.’$("
6("’(" 4i+94i3#9 *)3+i*D$(9, 6)40$%" %)()>0";i? [29, 30, 31, 32]. @$0E&%,
1#) 6"3#)38-"- *&;$0$(2i"+9($ ’&3+$((. *+. %"#$%"#&’()>) %)*$+,-"((.
0)6-&#48 i(;$42i<(&1 6"1-)0,-"(9 78- ="(i$+9 M$0(8++i, .4&< 8 1760 0.
0)6>+.(8- %)*$+9 /)E&0$((. -i3/& [33]. T+$ 3&3#$%"#&’($ %)*$+,-"((.
/0)2$3i- $/i*$%i? 0)6/)’"+)39 6 4+"3&’()? %)*$+i :$0%"4" i !"44$(*0&4"
[34]. H 2i< /0"2i 0)6>+.*"+)39 0i-(.((.:

dS

dt
=

S(t)

N

∫
↑

0
A(ε)

dS(t↔ ε)

dε
dε, (1.12)

*$ A(ε) – 3$0$*(. i(;$4#&-(i3#9 )3)7&, i(;i4)-"()? ε )*&(&29 ’"38 0"(iE$
/) -i*()E$((, *) 6*)0)-)? )3)7&(&. Q4G) A(ε) = 1N exp↔⇀ς , #) --i-E&
/)6("’$((.

dI

dt
= ↔

1

1

∫ t

↔↑

A(t↔ ε)
dS(ε)

dε
dε,
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i *&;$0$(2i,,’& )*$0D"(8 0i-(i3#9 i6 -0"18-"((.% (1.12), )*$0D&%) 3&3#$%8
0i-(.(9 (1.13):

dS

dt
= ↔1S(t)I(t),

dI

dt
= 1S(t)I(t)↔ ⇀I(t),

dR

dt
= ⇀I(t).

(1.13)

K$-i*’5%(i3#9 0)6-’.648 I(t) /0& t > 0 )*$0D85#93. i6 *08>)>) 0i-(.((.
3&3#$%& (1.13), )34i+94&

I(t) = I0exp

(∫ t

0
(1S(z)↔ ⇀)dz

)
↘ 0.

T("+)>i’(), S(t) i R(t) ("78-",#9 ($-i*’5%(&1 6("’$(9 /0& t > 0, .4G) S(0) ↘
0 i R(0) ↘ 0.

O)%8 S ∝(t) ⇒ 0, i /0& /0& t > 0 S(t) ⇒ S(0). :0i% #)>), /0& t > 0

I(t) ⇒ Imax = N ↔ ϱ + ϱ ln
ϱ

S0
.

I6 )7%$D$()3#i 0)6-’.648 3&3#$%& (1.13) (" *)-i+9()%8 i(#$0-"+i (0, t),
-&/+&-"5 i3(8-"((. *&;$0$(2i<)-()>) 0)6-’.648 *+. t > 0.

!)*$+i 6 80"18-"((.% -#0"#& i%8(i#$#8, i(487"2i<()>) /$0i)*8 #" i(E&1
’&((&4i-, /)-’.6"(&1 6 /$0$*i3#)0i5, /0)2$38 /)E&0$((. $/i*$%i?, /0)2$3"%&
8 %$*&2&(i #" -i<394)-i< 3/0"-i [35, 36] )/&38,#93. 0i-(.((.%& i6 6"/i6($((.%
"0>8%$(#8 "7) *&;$0$(2i"+9()-;8(42i)("+9(&%& 0i-(.((.%& [9, 18, 37, 38,
39].

=&;$0$(2i"+9(i 0i-(.((. i6 6"/i6($((.% "0>8%$(#8 *+. %)*$+,-"((.
$/i*$%i? %"+.0i? 6"3#)3)-"() - /0"2i :.:84" [40]. !"#$%"#&’(" %)*$+9 i6
-#0"#), i%8(i#$#8 6" ’"3 ε1 #" -0"18-"((.% i(487"2i<()>) /$0i)*8 ε2 ("78-"5
-&>+.*8:

dS

dt
= ↔1S(t)I(t↔ ε1) + φI(t↔ ε2),

dI

dt
= 1S(t)I(t↔ ε1)↔ ⇀I(t),

dR

dt
= ⇀I(t)↔ φI(t↔ ε2).
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P)6-’.6)4 #"4)? %)*$+i, .4 /0)i+,3#0)-"() - [39, c. 315], %)D$ %"#& /$0i)*&’(i
0)6-’.64&.

SIR - %)*$+i i6 6"/i6($((.% "0>8%$(#i- *)3+i*D8-"+&39 8 7">"#9)1
/0"2.1 [41, 42, 43, 44]. T("+i6 #" *)3+i*D$((. SIR %)*$+i 78+) 60)7+$() 8
($G)*"-(i1 0)7)#"1 I.!. A$0$-4" #" 3/i-"-#)0i- [45], 6)40$%" 6" *)/)%)>),
"+>)0&#%i- %"E&(()>) ("-’"((. [46].

!)*$+i $/i*$%i< #&/8 SEIR, SEIRS -&-’"+&3. - /0"2.1 [47, 48, 49, 50]
#" - 7">"#9)1 i(E&1.

1.4. I.*’3.*+,-’ 3(@’6:8.--2 i35--(A 8i@/(8i@i ()W.-i135

6:@+-+ /)+ i-Y’0>i?-+4 1.48():8.--24

!"#$%"#&’($ %)*$+,-"((. i%8((&1 /0)2$3i- -&4+&4"+) i(#$0$3 .4 *+.
0)68%i((. 3"%)>) /0)2$38 i%8(()? -i*/)-i*i, #"4 i *+. /0)>()68-"((. 0)6-&#48
i(;$42i<(&1 6"1-)0,-"(9. J*(i5, i6 /$0E&1 78+" %"#$%"#&’(" %)*$+9
L.I. M$++" [51], .4" I08(#8-"+"3. (" %)*$+i U)+9#$00&-^)#4&. H 1997 0.
8 %)()>0";i? L.I. !"0’84" [52] )/87+i4)-"(" 7"6)-" %"#$%"#&’(" %)*$+9
i%8(()? -i*/)-i*i /0& i(;$42i<(&1 6"1-)0,-"(9 -&>+.*8:

dV

dt
= (1 ↔ ⇀F )V,

dC

dt
= φ2(m)VςFς ↔ µc(C ↔ C′),

dF

dt
= ▷C ↔ 3⇀FV ↔ µfF,

dm

dt
= ϱV ↔ µmm,

(1.14)

*$ V (t) W 4)(2$(#0"2i. "(#&>$(8; C(t) W 4)(2$(#0"2i. /+"6%"#&’(&1 4+i#&(;
F (t) W 4)(2$(#0"2i. "(#&#i+; C′ – 4)(2$(#0"2i. /+"6%"#&’(&1 4+i#&(
8 6*)0)-)%8 )0>"(i6%i *) i(;i48-"((.; m(t) W -i*()3(" 1"0"4#$0&3#&4"
80"D$((. )0>"(8-%iE$(i; 1 W 4)$;i2i5(# E-&*4)3#i 0)3#8 /)/8+.2i?
"(#&>$(8; ⇀ W 4)$;i2i5(# -6"5%)*i? "(#&>$(8 #" "(#&#i+; µf W 4)$;i2i5(#,
)7$0($() /0)/)02i<(&< ’"38 i3(8-"((. "(#&#i+; µm W 4)$;i2i5(#, )7$0($()
/0)/)02i<(&< ’"38 -i*()-+$((. )0>"(8; µc W 4)$;i2i5(# 6%$(E$((.
4i+94)3#i /+"6%"#&’(&1 4+i#&( 8("3+i*)4 3#"0i((.; ϱ W 4)$;i2i5(#
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E-&*4)3#i 80"D$((. )0>"(8-%iE$(i; ▷ W E-&*4i3#9 8#-)0$((. "(#&#i+
)*(i5, /+"6%"#&’(), 4+i#&(),; 3 - 4i+94i3#9 "(#&#i+, ($)71i*(" *+.
($<#0"+i6"2i? )*(i5? )*&(&2i "(#&>$(8. @$0$*7"’"5#93., G) ;)0%8-"((.
4"34"*8 /+"6%)4+i#&( -i*78-"5#93. /0)#.>)% ’"38 ε .

H %)()>0";i? ("-$*$() #"4)D %"#$%"#&’(i %)*$+i *+. 4)(40$#(&1
i(;$42i<(&1 6"1-)0,-"(9, 6)40$%" -i083(&1 #" 7"4#$0i"+9(&1 i(;$42i<
*&1"+9(&1 E+.1i-, -i083()>) >$/"#&#8 U i S, #87$048+9)68. O"4i %)*$+i
%i3#.#9 7i+9E$ 10 *&;$0$(2i"+9(&1 0i-(.(9 i6 6"/i6($((.%& "0>8%$(#8 i
*)3&#9 34+"*(i .4 *+. *)3+i*D$((., #"4 i 4)%/’,#$0()>) %)*$+,-"((..

!"#$%"#&’(" %)*$+9 (1.14) 86">"+9(,-"+"3. 8 0i6(&1 ("/0.%4"1. H
/0"2i !. M)*("0" i H. C)0&E [53, 54] *)3+i*D$(" %)*$+9 i%8(()? 3&3#$%&,
- .4i< 4)$;i2i5(# 0$"4#&-()3#i φ = φ(t) i 4)$;i2i5(# E-&*4)3#i 8#-)0$((.
"(#&#i+ ▷ = ▷(t) 6"+$D"#9 -i* ’"38, ("/0&4+"*, 6%i(,5#93. /$0i)*&’()
-i*/)-i*() *) 3$6)(i- 0)48.

H /0"2i H. C)0&E [55] 6"/0)/)()-"(" %)*$+9 *&("%i4& i%8(()? -i*/)-i*i
L.!"0’84" *+. %)*$+,-"((. 0)3#8 /81+&(&, 8 /0"2i [56] (" /i*3#"-i 7"6)-)?
%)*$+i *)3+i*D$() i%8((8 -i*/)-i*9 (" 0i3# >+i"+9()? /81+&(&, .4" 5 ("<7i+9E
/)E&0$(&% #&/)% /$0-&(()? /81+&(& >)+)-()>) %)648.

H /0"2i [57] H. C)0&E 0)6>+.(8+" %)*$+9 L.I. !"0’84" 8 -&/"*48 3&+9()?
-i*/)-i*i i%8(()? 3&3#$%& #" *)3+i*D$() >+)7"+9(8 /)-$*i(48 0)6-’.64i-, "
- [58] 7i;804"2i? R)/;" ("0)*D$((. 2&4+i- 8 2i< D$ %)*$+i. =)3+i*D$((.
3#i<4)3#i 0)6-’.64i- 8 %)*$+i /0)#&/81+&(()>) i%8(i#$#8 /0)-$*$(i - /0"2i
U.@. !"02$(,4" [59].

H /0"2i !. S4-)02)-)? [60] %)*&;i4)-"() ;8(42i)("+ ^./8()-"
- :0"3)-394)>) < )#0&%"() *+. %)*$+i (1.14) )2i(4& 0)6-’.64i-, G)
1"0"4#$0&68,#9 E-&*4i3#9 3#"7i+i6"2i? /0& t ⇑ ↑ , #" -4"6"() )2i(4& *+.
/)’"#4)-&1 8%)-, *+. .4&1 0)6-’.64& 67i>",#93. *) 3#"2i)("0()>) 0)6-’.648.

=)3+i*D$((. 0)6/)*i+$()>) 4$08-"((. [61]

u(t) = ↔b

∫ t

0
(F (s)↔ F ′

↔ ⇁) e↔k(t↔s)ds
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*)*"() - 0i-(.((. *+. F 8 %)*$+i (1.14)
dF

dt
= ▷C(t)↔ 3⇀V (t)F (t)↔ µfF (t) + u(t),

*$ F ′ – 4)(2$(#0"2i. "(#&#i+ /0& -i*38#()3#i i(;$42i<(&1 6"1-)0,-"(9.
]&4+ /0"29 S. M"0"()-394)>), T. M)%7& [62], [63], [64] #" i(E&1

/0&3-.’$(&< /)78*)-i %"#$%"#&’(&1 %)*$+9 i%8(()? -i*/)-i*i /0&
i(;$42i<(&1 6"1-)0,-"((.1 6 80"18-"((. *&;86i<(&1 /0)3#)0)-&1
6780$(9, 6"3#)38-"(9 ;"0%"4)+)>i’(&1 6"3)7i-, -/+&-i- i%8()+)>i’()? #"
;"0%"4)+)>i’()? #$0"/i?. !"#$%"#&’(" %)*$+9 /)78*)-"(" 8 -&>+.*i:

◁V

◁t
= (1 ↔ ⇀F )V + ⇁DV

◁2V

◁x2
,

◁C

◁t
= φ2(m)V (t↔ ε)F (t↔ ε)↔ µc(C ↔ C′) + ⇁DC

◁2C

◁x2
,

◁F

◁t
= ▷C ↔ (µf + 3⇀V )F ↔ µfF + ⇁DF

◁2F

◁x2
,

◁m

◁t
= ϱV ↔ µmm+ ⇁2Dm

◁2m

◁x2
,

6" 8%)-

C(x, t0) = C0(x), m(x, t0) = m0(x),

V (x, t̃) = V 0(x, t̃), F (x, t̃) = F 0(x, t̃), t0 ↔ ε ⇒ t̃ ⇒ t0.

N-$0(8#" 8-">" (" #$%/$0"#80(8 0$"42i, )0>"(i6%8 /i* -/+&-)%
"*3)07$(#i- (" *&("%i48 "(#&>$(i-. P.* i(E&1 /&#"(9 -i*)70"D$() -
*)4#)0394i< *&3$0#"2i? S.U. M"0"()-394)>) [65].

1.5. I(@’67 ’0(-(3i0+ E))(5-O’=)’

:+"3&’(" %)*$+9 F00)8-=$70$ 0i-()-"D()? $4)()%i4& 78+" /)78*)-"("
- 3$0$*&(i %&(8+)>) 3#)+i##. - 0)7)#i [66], " 8 1989 0. -&<E+" ’8*)-"
%)()>0";i. [67], - .4i< -&4+"*$() #$)0$#&’(i )3()-& 2i5? %)*$+i. K$6-"D",’&
(" /)-"D(&< -i4, *"(" %)*$+9 6"+&E"5#93. "4#8"+9(&% /0$*%$#)% 7">"#9)1
38’"3(&1 *)3+i*D$(9.

!)*$+9 $4)()%i4& F00)8-=$70$ ("7) %)*$+9 6">"+9()? 0i-()-">&
Arrow-Debreu) -&-’"5, 6" .4&1 8%)- 8 0&(4)-i< $4)()%i2i i3(85 4)(480$(#("
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0i-()-">" – #)7#) #"4" 3&3#$%" 2i( i 0)6/)*i+ #)-"0i-, 6" .4&1 4)D$( ">$(#
%"43&%i685 -+"3(i /$0$-">&, " -3i 0&(4& “)’&G",#93.” (/)/&# *)0i-(,5
/0)/)6&2i?). H %)*$+i ;)0%"+i6)-"() /)-$*i(48 3/)D&-"’i-, -&0)7(&4i-, ?1(i
/)’"#4)-i ("*i+&, /$0$-">&, #$1()+)>i? #" /0)3#i0 #)-"0i-; *"+i 6" *)/)%)>),
%$#)*i- "("+i68 #" #)/)+)>i? *)-)*&#93. i3(8-"((. 0i-()-">&. O"4)D 2.
%)*$+9 *)3+i*D85 -+"3#&-)3#i 0i-()-">&: ? ? )/#&%"+9(i3#9 (6" @"0$#)),
%)D+&-8 %()D&((i3#9, 3#i<4i3#9 #" ’8#+&-i3#9 *) 6%i(& /"0"%$#0i-. N"-*.4&
%"#$%"#&’(i< 3#0)>)3#i %)*$+9 F00)8-=$70$ 5 ;8(*"%$(#)% 38’"3()?
%i40)$4)()%i’()? #$)0i? i )3()-), 7">"#9)1 86">"+9($(9 – -i* $4)()%i4 6
($34i(’$(()--&%i0(&%& /0)3#)0"%& #)-"0i- *) %)*$+$< ($-&6("’$()3#i <
%iD’"3)-)>) -&7)08.

S8’"3(i 0)7)#& - *"()%8 ("/0.%48 3#)38,#93. 6*$7i+9E)>) )#0&%"((.
0$68+9#"#i- i3(8-"((. 0i-()-"D()>) 3#"(8 /0& 6"%i(i 4+"3&’(&1 8%)-
(" /)3+"7+$(i "("+)>&, G) *)6-)+.5 6"3#)3)-8-"#& ()-i 0$68+9#"#& *)
($4+"3&’(&1 3#"(i- %)*$+i.

O"4, - 0)7)#i [68] 2022 0. @)*’$4 i Q(($+i3 *)-)*.#9 #$)0$%8
/0) i3(8-"((. 6">"+9()>) 0i-()-"D()>) (Walrasian) 3#"(8, ("-i#9 .4G)
%()D&(& 3/)D&-’&1 ("7)0i- ($ 5 4)%/"4#(&%&, " +&E$ 6"%4($(i #"
)7%$D$(i 6(&68. :0i% #)>), -)(& -i*%)-+.,#93. -i* #&/)-&1 *+. 4+"3&’(&1
#$)0$% /0&/8G$(9 /0) #0"(6&#&-(i3#9, -/)0.*4)-"(i3#9 "7) ($/$0$0-(i3#9
/$0$-"> – *)/834",#93. ($-/)0.*4)-"(i, -6"5%)6"+$D(i, i()*i ($+i(i<(i
"7) 2i()6"+$D(i /$0$-">&, " #"4)D ($ )7)-’.64)-) i(#$0’50 /)’"#4)-)>)
$(*)-$(#8. O"4&% ’&()%, ?1(5 #-$0*D$((. 6("’() 0)6E&0,5 >(8’4i3#9 %)*$+i
6">"+9()? 0i-()-">&, 0)7+.’& ?? /0&*"#(), *+. E&0E)>) 4+"38 $4)()%i4 6
“($/0&5%(&%&” /$0$-">"%&.

H ("3#8/(i< 3-)?< 0)7)#i 2024 0. 2i D "-#)0& ("-)*.#9 *)-$*$((.
i3(8-"((. 0i-()-">& *+. $4)()%i4& 6 ($34i(’$(()--&%i0(&% /0)3#)0)%
#)-"0i-, 6()-8 /0&/834",’&, G) /$0$-">& ">$(#i- %)D8#9 78#& *&340$#(&%&,
($-/)0.*4)-"(&%&, -6"5%)6"+$D(&%& #" 6"+$D(&%& -i* 2i(. ]$ 86">"+9($((.
)7’5*(85 i /)E&0,5 4+"3&’(i 0$68+9#"#& (("/0&4+"*, *+. i(#$>0"+9(&1 "7)
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7"("1)-&1 /0)3#)0i- #)-"0i-) i )1)/+,5 0"(iE$ -i*)%i #$)0$%&. O"4&% ’&()%,
-)(& /)4"68,#9, G) ("-i#9 8 ("*6-&’"<() 6">"+9(&1 8%)-"1 (($34i(’$(()
7">"#) #)-"0i-, “/)>"(i” -+"3#&-)3#i /$0$-">) %)D$ i3(8-"#& 4)(480$(#("
0i-()-">".

H 3#"##i [69] 2020 0. C0"#i(i "("+i685, .4 8 %)*$+i F00)8–=$70$
-6"5%)/)-’.6"(i /)(.##. /0)2$(#()? 3#"-4&, /0&78#48 #" 6")G"*D$(9 8 3#"(i
6">"+9()? 0i-()-">&. @)4"6"(), G) - 3#"(*"0#(i< -$03i? %)*$+i, *$ -3i *)1)*&
-&#0"’",#93., /)6&#&-(" /0)2$(#(" 3#"-4" i ($(8+9)-&< /0&78#)4 ($38%i3(i
6 /)-(), 0i-()-">),, .4G) ($ --)*&#& %$1"(i6% ("4)/&’$((. ’& %iD’"3)-&1
#0"(3"42i<. S#"##. /i*40$3+,5 4)(2$/#8"+9(8 -i*%i((i3#9 %iD 0i-()-">),
F00)8–=$70$ #" 4$<(3i"(394&%& /i*1)*"%&, 8 .4&1 /0)2$(# i 6")G"*D$((.
%",#9 i(E8 $4)()%i’(8 i(#$0/0$#"2i,.

U 0)7)#i 2023 0. [70] b"0I i U$>1 6"/0)/)(8-"+& "+>)0&#%, .4&< 6("1)*&#9
0i-()-">8 (" 0&(48 )7%i(8 (exchange market) 6 +i(i<(&%& 8#&+i#"%&1 6"
“3&+9() /)+i()%i"+9(&<” ’"3 (#)7#) 6"+$D(i3#9 -i* 0)6%i08 0&(48, " ($
’&3+)-&1 *"(&1). !$#)* 7"685#93. (" %)*&;i4"2i? /)/$0$*(i1 "+>)0&#%i-,
i6 3&3#$%), “-&.-+$(&1 0$7$0” (revealed edges), #)7#) /"0 “">$(#-#)-"0”,
.4i %",#9 ("<7i+9E8 “bang-per-buck” i )7%i( .4&1 %"5 %i32$ - 78*9-.4)%8
0i-()-"D()%8 0)6-’.648. :)D()>) 0"68, 4)+& 6("1)*&#93. ()-$ 0$70),
6"/834"5#93. /i*/0)2$*80", .4" "7) /$0$-i0.5 ’& i3(85 0i-()-">" 6 /)#)’(&%
("7)0)% 0$7$0, "7) E84"5 /0&7+&6($ 0iE$((., G) %i(i%i685 ($-i*/)-i*(i3#9
/)/&#8 i /0)/)6&2i?; 2. /i*6"*"’" 6-)*&#93. *) +i(i<()>) /0)>0"%8-"((.
(LP), .4$ /)#i% "/0)43&%85#93. - ;)0%i 6 *-)%" 6%i((&%& (" ($0i-(i3#9,
G) *"5 %)D+&-i3#9 67$0$>#& 3&+9()-/)+i()%i"+9(8 34+"*(i3#9. ]$ – -"D+&-"
0)7)#" 6 "+>)0&#%i’()? #$)0i? 0i-()-">&, )34i+94& -)(" *"5 /0"4#&’(&<
(4)%/’,#$0(&<) 3/)3i7 6("1)*D$((. 2i(& #" 0)6/)*i+8 8 0&(4"1, .4i
;)0%"+9() -i*/)-i*",#9 %)*$+.% (" 7"6i %)*$+i F00)8-=$70$ 6 +i(i<(&%&
8#&+i#"%&.

S#"##. T(*$03)(", =8"(%8, R"(" i H.(i4" 2022 0. [71] %i3#&#9 ’)#&0&
1!i"i#"$# %&$!i& – ’( )%"*’i+ *,-$.",.&i /0("&i1 % 2,3(!+4 5/0/!6",7 -i1",1/0$ (5,*-(2/, 1 2,3(!i

8--,%–9(:-(), +*/ 2/; !i"i#"% 5/!(<"i.&6 1i3 &,1/-"$4 1(*&,-i1
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#$)0$%& /0) i3(8-"((. Walras-0i-()-">& (6 “free disposal”) - $4)()%i4"1
6 *)-i+9(), (%)D+&-) ($34i(’$((),) %()D&(), ">$(#i- #" 4)%/"4#(&%&
%()D&("%& 3/)D&-’&1 ("7)0i-. O"4)D *)3+i*D$(), G) -i*78-"5#93., .4G)
)3+"7&#& /0&/8G$((. /0) 4)%/"4#(i3#9 %()D&( i ("-$*$() /0&4+"*& #"
4)(#0/0&4+"*&: 6)40$%", /)4"6"(), G) - *$.4&1 -&/"*4"1, ("-i#9 .4G)
;)0%"+9() -&4)(8,#93. 7">"#) 3#"(*"0#(&1 8%)-, 0i-()-">" %)D$ ($
i3(8-"#&. O"4&% ’&()%, 0)7)#" /)>+&7+,5 0)68%i((., .4i 3"%$ %"#$%"#&’(i
8%)-& ($)71i*(i *+. i3(8-"((. 0i-()-">& 8 “-$+&4&1” (%"3"-">$(#(&1 "7)
4)(#&(8"+9(&1) $4)()%i4"1, i .4&% ’&()% “free disposal” (-i+9(" 8#&+i6"2i.
("*+&E4i-) -/+&-"5 (" #$)0i, %)*$+$< F00)8-=$70$.

H 3#"##i [72] 2020 0. Q(> i ^i *)-$*$() i3(8-"((. 4)(480$(#()? 0i-()-">&
(general equilibrium) - $4)()%i2i 6 -&0)7(&2#-)%, ($34i(’$(()--&%i0(&%
/0)3#)0)% #)-"0i- #" /$0$-">"%&, .4i 6"+$D"#9 -i* 2i(. =+. 29)>) "-#)0&
-&4)0&3#)-8,#9 #$1(i’(i i(3#08%$(#&: 6)40$%", ("3&’$(&< -&%i0(&< /0)3#i0
">$(#i- (saturated measure space), -+"3#&-)3#i 3$/"0"7$+9()>) 7"("1)-)>)
/0)3#)08, " #"4)D 0$68+9#"#& (" 4E#"+# #$)0$%& ^./8()-" #" #)’()? -$03i?
+$%& C"#8 *+. ($34i(’$(()-&%i0(&1 /0)3#)0i-. ]$ -"D+&-&< 40)4 8 #)%8,
G)7 /)4"6"#&, G) ("-i#9 8 *8D$ 6">"+9(&1 $4)()%i’(&1 %)*$+.1, *$ 5
-&0)7(&2#-), ($34i(’$((" 4i+94i3#9 #)-"0i- #" 34+"*(i /$0$-">&, %)D("
>"0"(#8-"#& i3(8-"((. 4)(480$(#()? 0i-()-">&.

‘$ )*(" 38’"3(" 1"0"4#$0(" 0)7)#" 8 *"(i< #$%"#&2i – 2$ 3#"##.
^"<#" [73] 2023 0., - .4i< "-#)0 0)60)7+.5 3#0)>&< %"#$%"#&’(&<
"/"0"# *+. %)*$+,-"((. 6">"+9()? 0i-()-">& - $4)()%i2i 6 >$#$0)>$((&%&
">$(#"%&, ($/)-(&%& 0&(4"%& #" -$+&4), 4i+94i3#, #)-"0i-. @)4"6"(),
G) 6" /$-(&1 8%)- (" /$0$-">& #" 3#084#808 0&(4i- i3(85 0i-()-">"
6 2i("%& #" i(*&-i*8"+9(&%& /+"("%& 3/)D&-"((., .4i 5 38%i3(&%& 6
7,*D$#(&%& )7%$D$((.%& ">$(#i- i 0i-()-">), /)0#;$+. 6 7$60&6&4)-),
)7+i>"2i5,. O"4)D 0)7)#" *"5 8%)-& i3(8-"((. 0i-()-">& 8 -&/"*48, 4)+&
0&(4& ;i("(3)-&1 "4#&-i- ($ 6"7$6/$’8,#9 /)-()>) 1$*D8-"((. 0&6&4i-,
G) 5 -"D+&-), 0&3), 38’"3(&1 %"40)$4)()%i’(&1 %)*$+$< (1$*D8-"((.
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0&6&4i- – 2$ ;i("(3)-" 3#0"#$>i. 8/0"-+i((. 0&6&4"%&, G) /)+.>"5 8
-6.##i /0)#&+$D()? /)6&2i? 6" *)/)%)>), /)1i*(&1 ;i("(3)-&1 i(3#08%$(#i-
(;’,’$03&, )/2i)(&) *+. %i(i%i6"2i? %)D+&-&1 67&#4i- -i* ($3/0&.#+&-&1
2i()-&1 4)+&-"(9 "4#&-i-, -"+,#(&1 4803i- ’& i(E&1 0&(4)-&1 ;"4#)0i-, /)
38#i, 3#0"18,’& 3-i< )3()-(&< "4#&- ’& 8>)*8. ]$ *)6-)+.5 “6"%)0)6&#&” 2i(8
"7) 4803, 6"1&G",’& /0&78#)4 "7) 8(&4($((. 67&#4i- 8 %"<78#(9)%8, 4)+&
("3#"5 #$0%i( 0)60"18(48).

S#"##. R8"(>" #" P$7$(#0)3#" [74] 2024 0. /0)/)(85 /$0E&< 4-"(#)-&<
"+>)0&#% *+. )7’&3+$((. 0&(4)-)? 0i-()-">&, .4&< %"5 387+i(i<(8 (8
-i*()E$((i ’&3+" /)48/2i- #" #)-"0i-) ’"3)-8 34+"*(i3#9, G) *"5
/)+i()%i"+9($ /0&34)0$((. 8 /)0i-(.((i 6 4+"3&’(&%& "+>)0&#%"%&.
T+>)0&#% 6"3()-"(&< (" ()-)%8 /i*1)*i: "-#)0& %)*&;i48,#9 4+"3&’(8
”/0)/)02i<()--i*/)-i*(8” (proportional response) *&("%i48, 3#-)0,,’& #"4
6-"(8 ZFaulty Proportional Response (FPR)[ W 6 /)1&74"%&, "+$ 6 >"0"(#i5,
67iD()3#i, i /)#i% -&4)0&3#)-8,#9 4-"(#)-i /0)2$*80& *+. )2i(4& ()0% i
34"+.0(&1 *)78#4i-, G) *"5 /0&E-&*E$((.. T-#)0& #"4)D /0)-$+& ’&3$+9(i
3&%8+.2i? (" 3&3#$%i 6 16384 /)48/2i- i 16384 #)-"0i- i /)4"6"+&, G) ?1(i<
"+>)0&#% 0$"+9() *"5 6("’($ /0&34)0$((. /)0i-(.() 6 4+"3&’(&%& %$#)*"%&
W )#D$ /i*1i* %"5 /)#$(2i"+ *+. -$+&4&1 38’"3(&1 0&(4i- (i(#$0($#-"842i)(&,
0)6/)*i+ 0$3803i- )(+"<( #)G)).

=$#"+9(iE$ /0) 38’"3(&< 3#"( *)3+i*D$(9 /&#"(9, /)-’.6"(&1 6
4)(480$(#(), 0i-()-">), - $4)()%i’(&1 %)*$+.1 ("/&3"() - 3#"##i O)*&
i H)+E" [75] 8 2024 0. ]$ )>+.*)-" 3#"##., 8 .4i< 3&3#$%"#&6)-"()
()-i#(i *)3.>($((. G)*) 8(i4"+9()3#i #" %()D&(()3#i 4)(480$(#()? (general)
0i-()-">& 8 %)*$+.1, /)-’.6"(&1 i6 6">"+9(), 0i-()-">),, -4+,’() 6
-&/"*4"%&, 4)+& i3(85 7">"#) 0i-()-"D(&1 0)6-’.64i-. T-#)0& "("+i68,#9,
.4i 38’"3(i 8%)-& (" /$0$-">&, #$1()+)>i?, 0&(4& ’& 3#084#808 $4)()%i4&
6"7$6/$’8,#9 5*&($ 0iE$((. 0i-()-">&, " #"4)D - .4&1 32$("0i.1 %)D+&-i
%()D&((i 0iE$((., 6 /)>+.*8 #$)0i?, %"#$%"#&4& #" $4)()%i4&. ]. 0)7)#"
4)0&3(" *+. 0)68%i((. #)>), ("34i+94& 3#"7i+9(&% ’& )*()6("’(&% 5
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0)6-’.6)4 8 %)*$+i 0i-()-">& i .4i /"0"%$#0& ’& *)/8G$((. -/+&-",#9 ("
#$, ’& 0i-()-">" Z8(i4"+9("[.

K" ("E /)>+.*, 4+"3&’(" %)*$+9 $4)()%i4& F00)8-=$70$ %"5 /$-(&<
/0)3#i0 *+. 0)6E&0$((. i /)40"G$((..

@)-/$0E$, %)*$+9 F00)8-=$70$ 0)6>+.*"5 +&E$ *i<3()-6("’(i 4i+94)3#i
#)-"0i-, )34i+94& 3/&0"5#93. (" %$#)*& ($/$0$0-()>) %"#$%"#&’()>) "("+i68.
U 0$"+9(i< $4)()%i2i -)’$-&*9 "4#8"+9(&% 5 0)6>+.* 2i+)’&3$+9(&1
4i+94)3#$< #)-"0i-. K"34i+94& ("% -i*)%), #"4)%8 0)6>+.*8 ($ /0&*i+$()
*)3#"#(9) 8-">& - +i#$0"#80i. N)40$%", )3()-(" #$)0$%" F00)8-=$70$ /0)
i3(8-"((. 0i-()-"D()? 2i(& - $4)()%i2i )7%i(8 340i69 0)6>+.*"5#93. *+.
*i<3()-6("’(&1 4i+94)3#$< #)-"0i-. U *"(i< 0)7)#i %& 0)6>+.*"5%) %)*$+9
F00)8-=$70$ i6 2i+)’&3+$((), 4i+94i3#, #)-"0i- i )#0&%85%) ()-8 -$03i,
#$)0$%& F00)8-=$70$.

@)-*08>$, 2i(& - %)*$+i F00)8-=$70$ 5 +i(i<(&%& ;8(42i)("+"%&
-i* #)-"0(&1 -$4#)0i-. H 0$"+9(i< $4)()%i2i 2i(& 6"+$D"#9 -i* 4i+94)3#i
#)-"0i-. O"4&% ’&()%, “)/#)-i” 2i(& ($ 5 +i(i<(&%& ;8(42i)("+"%&, /0)#$
5 "*&#&-(&%& ;8(42i.%& -i*()3() #&1 *)*"(4i-, .4i ("+$D"#9 *) 0i6(&1
>08/ #)-"0i-. a #"4)D /0&4+"*& $4)()%i4, *$ 2i(" (" 7i+9E&1 4i+94)3#.1
#)-"0i- %)D$, ("-/"4&, 60)3#"#&, " ($ 3/"*"#&, .4 /0& 6-&’"<(i< )/#)-i<
#)0>i-+i (#"4i .-&G" %",#9 ("6-8 “($>"#&-(&< $;$4# %"3E#"78” "7) “2i()-"
*&340&%i("2i. 6" 4i+94i3#,”, *&-. [66] *+. *$#"+9(iE)>) 6("<)%3#-". O)%8
%& 0)6>+.*"5%) 6"0.*& (#)7#), )0#)>)("+9() "*&#&-(i ;8(42i)("+&) - 0)+i
2i()-&1 -$4#)0i- 6"%i3#9 +i(i<(&1 ;8(42i)("+i-. K"E" ("3#8/(" %)*&;i4"2i.
/)+.>"5 - #)%8, G) %& 0)6>+.*"5%) 6">"+9(iE&< )7’54#, (iD -$4#)0("
I0"#4", " 3"%$ 4)%/+$%$(#"0(&< /0)3#i0, .4&< %)D$ 78#&, .4 -$4#)0(),
I0"#4),, #"4 i 78+$-&% 4i+92$%, " #"4)D i(E&%& )7’54#"%&. J34i+94&
*&6’,(4#($ )7’5*("((. 4)%/+$%$(#"0(&1 /0)3#)0i- 5 4)%/+$%$(#"0(&%
/0)3#)0)% ("("+)>i’($ #-$0*D$((. ($ %"5 %i32. *+. -$4#)0(&1 I0"#)4), #) 2$
*)6-)+.5 0)6>+.*"#& )7’5*("((. 0&(4i- 8 )*&( -$+&4&< 0&()4 8 -&/"*48, 4)+&
#)-"0& 6 0i6(&1 0&(4i- 5 ($/)0i-(.((&%& 6" 2i("%& ’& G$ .4&%&39 -"D+&-&%&
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1"0"4#$0&3#&4"%&.

J+;-(80+ @( )(1@i65 1

H /$0E)%8 0)6*i+i *&3$0#"2i<()? 0)7)#& ("-$*$() 4)0)#4&< )>+.* 0)7i#,
/0&3-.’$(&1 *)3+i*D$((, -/+&-8 6)-(iE(i1 ;"4#)0i- (" %"#$%"#&’(i %)*$+i
/0&0)*(&’&1 i ;i("(3)-&1 /0)2$3i-.

K"-$*$() -i*)%)3#i 6 %)*$+,-"((. $/i*$%i?, 6-$0(8#" 8-">" ("
%"#$%"#&’(i %)*$+i i6 6"/i6($((.% "0>8%$(#8, 60)7+$() )>+.* /0"29 6
%)*$+,-"((. i%8(()? -i*/)-i*i +,*&(& /0& i(;$42i<(&1 6"1-)0,-"((.1, .4i
I08(#8,#93. (" 7"6)-i< %)*$+i L.I. !"0’84".

@0)-$*$() )/&3 %)*$+i 0i-()-"D()? $4)()%i4& F00)8-=$70$, -+"3#&-)3#i
0i-()-">&: )/#&%"+9(i3#9 (6" @"0$#)), %)D+&-8 %()D&((i3#9, 3#i<4i3#9
#" ’8#+&-i3#9 *) 6%i(& /"0"%$#0i-, .4 6)-(iE(i1 -/+&-i-. K"-$*$()
-i*)%)3#i /0) i3(8-"((. 0i-()-"D()>) 3#"(8 /0& 6"%i(i 4+"3&’(&1 8%)- ("
/)3+"7+$(i "("+)>&, 6)40$%" #-$0*D$((. /0) i3(8-"((. Walras-0i-()-">& #"
38’"3(&< 3#"( *)3+i*D$((. /&#"(9, /)-’.6"(&1 6 4)(480$(#(), 0i-()-">),
- $4)()%i’(&1 %)*$+.1. N"6("’$(), G) 4+"3&’(" %)*$+9 $4)()%i4&
F00)8-=$70$ %"5 /$-(i ($*)+i4& "7) %)D+&-)3#i *+. 0)6E&0$((.. H 0)7)#i
6"/0)/)()-"(" /)78*)-" %)*$+i F00)8-=$70$ i6 2i+)’&3$+9(), 4i+94i3#,
#)-"0i-, G) *"+) 6%)>8 )#0&%"#& ()-8 -$03i, 2i5? #$)0$%&.
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F#COIG 2

H<EFEO"E""& H I!$EI!$KM"KL I#OEG&L DIO OIQR

S!P!$#M!<$#$"KL CSHFE"N IC C!DIC"E""&I

!FPHIE"$H

H *"()%8 0)6*i+i *)3+i*D85#93. -/+&- 7">"#)’"3#)#(&1 6780$(9
- %"#$%"#&’(&1 %)*$+.1 /0&0)*(&’&1 /0)2$3i-. J7I08(#)-"() %$#)*
83$0$*($((. *+. #"4&1 %)*$+$<. J#0&%"() )2i(48 %$#)*8 83$0$*($((., .4"
.-() 6"+$D&#9 -i* %"+)>) /"0"%$#0". P)6>+.(8#) 6"3#)38-"((. )*$0D"(&1
0$68+9#"#i- /0& %)*$+,-"((i -6"5%)*i? /)/8+.2i?.

P$68+9#"#& 0)6*i+8 2 )/87+i4)-"(i - ("84)-&1 3#"##.1 "-#)0" i
3/i-"-#)0i- [76, 77], *)/)-i*"+&39 (" 4)(;$0$(2i.1 #" 3$%i("0"1 (=)*"#)4
T(2)).

2.1. D(;*.-(80. 1.@.,i

P)6>+.*"5#93. %"#$%"#&’(" %)*$+9, .4" )/&385#93. 3&3#$%),
*&;$0$(2i"+9(&1 0i-(.(9 i6 6"/i6($((.% "0>8%$(#8, -&>+.*8

du

dε
= U (ε, u#) , (2.1)

*$ /)-i+9(&< ’"3 ε = ⇁t → [0, L], 0 < ⇁ – %"+&< /"0"%$#0, u → D1 ↖ Rl, u# :=

(u#1, u#2, ..., u#r), u#ω (ε) = u (!ω ε) , 0 < !1 < !2 < . . . <!r ⇒ 1.

Q4G) r = !1 = 1, #) )*$0D85%) 3&3#$%8 6-&’"<(&1 *&;$0$(2i"+9(&1
0i-(.(9. N"/i6($((. 8 3&3#$%i (2.1) 6%i(($ i +i(i<($, )34i+94&

!ω ε = ε ↔ (1↔!ω ) ε,

i (1↔!ω ) ε > 0 /0& ε > 0.
N"8-"D&%), G) *&;$0$(2i"+9($ 0i-(.((. i6 3#"+&% 6"/i6($((.% ϱ > 0

du

dε
= f (ε, u (ε) , u (t↔ ϱ)) , t > 0,

6"%i(), ε = ln (s) , s > 1, y (s) = u (ln (s)), 6-)*&#93. *) *&;$0$(2i"+9()>)

44



0i-(.((. i6 +i(i<() /$0$#-)0$(&% "0>8%$(#)%. S/0"-*i,
dy

ds
=
1

s

du

dε
=

1

s
f (ln (s) , u (ln (s)) , u (ϑs)) =

1

s
f (ln (s) , y (s) , y (ϑs)) , ϑ = e↔⇁ < 1.

K" /0)2$3, .4&< )/&385#93. 3&3#$%), 0i-(.(9 (2.1) %)D8#9 -/+&-"#&
7">"#)’"3#)#(i 6780$((. i6 6"/i6($((.% - "%/+i#8*(&1 i ;"6)-&1 6%i((&1. O"4i
6780$((. -&(&4",#9 -("3+i*)4 3$6)((&1 .-&G, $4)+)>i’(&1, #$1()+)>i’(&1 ’&
i(E&1 -/+&-i-. H 29)%8 -&/"*48 3&3#$%" 0i-(.(9 (2.1) ("78-"5 -&>+.*8

du

dε
= U (ε, u#) + ⇁βV (ε, a”, ϕ!) . (2.2)

O8# 1 > 0, a – -$4#)0 "%/+i#8*(&1, a ϕ – -$4#)0 ;"6)-&1 6%i((&1, .4i
5 0)6-’.64)% 3&3#$%& *&;$0$(2i"+9(&1 0i-(.(9 i6 +i(i<() /$0$#-)0$(&%&
"0>8%$(#"%&

da

dε
= X (ε, a”, ϕ!) , (2.3)

dϕ

dε
=

ω (ε)

⇁
+ Y (ε, a”, ϕ!) , (2.4)

*$ a → D2 ↖ Rn; ϕ → Rm,” = (ω1, . . . , ωp) ,# = (ϑ1, . . . , ϑq) , 0 <

ω1 < . . . < ωp ⇒ 1, 0 < ϑ1 < . . . < ϑq ⇒ 1; a” := (aε1, . . . , aεp),ϕ :=

(ϕ↽1, . . . ,ϕ↽q), aεv(ε) = a(ωvε),ϕ↽v(ε) = ϕ(ϑvε). U$4#)0-;8(42i? V, X i Y

2↽-/$0i)*&’(i 6" 4)%/)($(#"%& -$4#)0i- ϕ↽v , v = 1, q.
J34i+94& 3&3#$%" 0i-(.(9 (2.2)–(2.4) *)3&#9 34+"*(" .4 *+.

"("+i#&’()>) *)3+i*D$((., #"4 i *+. ’&3+)-)>) 0)6-’.68-"((., #) *+.
3/0)G$((. 3&3#$%& 6"3#)3)-85#93. /0)2$*80" 83$0$*($((. 6" E-&*4&%&
6%i((&%& [20, 21, 78, 79, 80].

Ui*/)-i*(" 3&3#$%i (2.2)–(2.4), 83$0$*($(" 6" E-&*4&%& 6%i((&%& ϕ↽v ,
3&3#$%" (" 487i /$0i)*i- ("78-"5 -&>+.*8:

dū

dε
= U (ε, ū#) + ⇁βV0 (ε, ā”) , (2.5)

dā

dε
= X0 (ε, ā”) , (2.6)

dϕ̄

dε
=

ω (ε)

⇁
+ Y0 (ε, ā”) . (2.7)
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Q4G) /)6("’&#& F := (V,X, Y ), #)

F0 (ε, a”) =
1

(2↽)mq

∫ 2ϖ

0
. . .

∫ 2ϖ

0
F (ε, a”, ϕ!) dϕ!.

J7I08(#8-"((. %$#)*8 83$0$*($((. 6("’() 834+"*(,5#93. -("3+i*)4
0$6)("(38 ’"3#)#. H 3&3#$%i (2.3), (2.4) /0& ?? $-)+,2i?, .4 /)4"6"() - [23],
8%)-" 0$6)("(38 - #)’2i ε 6"+$D&#9 -i* 6"/i6($(9 8 E-&*4&1 6%i((&1 i ("78-"5
-&>+.*8

⇀k (r) :=
q∑

v=1

ϑv (kv,ω (ϑvε)) = 0,

*$ kv → Zm, k = (k1, . . . , kq) ⇔= 0.
Q4G) q = ϑ = 1, #) )*$0D&%) 4+"3&’(8 8%)-8 0$6)("(38 [20, 21] -&>+.*8

(k,ω (ε)) = 0, k ⇔= 0,

.4" -i*/)-i*"5 3&3#$%i 0i-(.(9 (2.1).
N"*"’" /)+.>"5 - )7I08(#8-"((i %$#)*8 83$0$*($((. *+. 3&3#$%& 0i-(.(9

(2.1), #)7#) *)-$*$((. i3(8-"((. 5*&()>) 0)6-’.648 3&3#$%&, 6" 8%)-&
i3(8-"((. 0)6-’.648 83$0$*($()? 3&3#$%&, < )#0&%"((. )2i(4& /)1&74& %$#)*8
83$0$*($((., .4" .-() 6"+$D&#9 -i* %"+)>) /"0"%$#0" ⇁.

2.2 #=Z)5-*58.--2 3’*(@5 5;’)’@-’--2.

!$#)* 83$0$*($((. *+. 3&3#$%& *&;$0$(2i"+9(&1 0i-(.(9 7$6 6"/i6($((.
)7I08(#)-"() - /0"2.1 T.!. S"%)<+$(4" i P.I. @$#0&E&(" [21], !.
=)*3)(" [81] #" i(. =+. 7">"#)’"3#)#(&1 3&3#$% i6 6"/i6($((.% *)3+i*D$((.
/0$*3#"-+$() - /0"2.1 Q.V. Mi>8(" [23, 82], P.I. @$#0&E&(" i Q.V. Mi>8(" [83],
Q.V. Mi>8(" i I.=. S48#"0" [28, 84].

N)40$%", *+. *)3&#9 %"+)>) ⇁1 → (0, ⇁0] *)-$*$() i3(8-"((. 5*&()>)
*&;$0$(2i"+9()>) 0)6-’.648 3&3#$%& 0i-(.(9 (2.3)–(2.4) i -3#"()-+$() )2i(48

||a (ε, ⇁)↔ ā (ε) ||+ ||ϕ (ε, ⇁)↔ ϕ̄ (ε, ⇁) || ⇒ c1⇁
ϱ,φ = (mq)↔1, (2.8)

*+. -3i1 (ε, ⇁) → [0, L] ↙ (0, ⇁1], .4G) /)’"#4)-i 8%)-& #)’()? i 83$0$*($()?
3&3#$% 67i>",#93..
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=+. )7I08(#8-"((. %$#)*8 83$0$*($((. ("4+"*$%) 8%)-& (" /0"-i
’"3#&(& 3&3#$% 0i-(.(9 (2.2)–(2.4) i (2.5)–(2.7). U-$*$%) /)6("’$((.: G :=

[0, L]↙Dpn
2 ↙ Rqn, G1 := [0, L]↙Dp, ||k||! = ϑ1||k1||+ ...+ ϑq||kq||.

K$1"< -&4)(8,#93. 8%)-&:

1. U$4#)0-;8(42i. F → C1
ς,av (G, ϱ1), 3#"+), ϱ1 > 0 )7%$D$(" ;8(42i. F #"

?? /)1i*(i 6" 6%i((&%& ε i av, v = 1, p.

2. U$4#)0-;8(42i. ’"3#)# ω → Cqm↔1
[0;L] .

3. N" 3&3#$%), ;8(42i< {ω (ϑ1ε) , . . . ,ω (ϑqε)} -&6("’(&4 U0)(394)>)

V (ε) ⇔= 0, ε → [0, L] .

4. =+. 4)$;i2i5(#i- C80’5 -$4#)0-;8(42i? F 3/0"-*D85#93. )2i(4"
∑

k ⇔=0

(
sup
G1

||Fk (ε, a”) ||+
1

||k||!
sup
G1

||
◁ F k (ε, a”)

◁ε
||

+
q∑

ω=1

ϑω sup
G1

||
◁ F k (ε, a”)

◁aεv

||

)
⇒ ϱ2.

5. I3(85 5*&(&< 0)6-’.6)4 83$0$*($()? 3&3#$%& 0i-(.(9 (2.5) – (2.7) i6
/)’"#4)-&%& 8%)-"%&

Ū |ς=0 = V̄ → D1,0 ↖ D1, ā|ς=0 = ȳ → D2,0 ↖ D2,

.4&< +$D&#9 8 -i*/)-i*(&1 )7+"3#.1 i6 *$.4&% ▷-)4)+)%.

$’()’3. 2.1. [22] ,’4$J /1".&-6;):3 -C./1 1-5, /i20./i2&i :1:;’C$C (2.2),

(2.3) i (2.5), (2.6). H.2i A&$J2’;):3 2.:1;) C$5’ ⇁1 → (0, ⇁0] 253 ".@&.?.

⇁ → (0, ⇁1] ;$"’, O. i:&-M M21&1J #.A/’3A." #i/&3&) (2.2), (2.3) i /1".&-M;):3

.(i&"$ (2.8).

=)-$*$%) ("3#8/($ #-$0*D$((..

$’()’3. 2.2. ,’4$J /1".&-6;):3 -C./1 1-5 253 :1:;’C1 #i/&3&) (2.2)

– (2.4), (2.5) – (2.7). H.2i A&$J2’;):3 ⇁2 → (0, ⇁1] ;$"’, O. i:&-M M21&1J
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#.A/’3A." :1:;’C1 #i/&3&) (2.2) – (2.4) i 253 /:i4 (ε, ⇁) → [0, L] ↙ (0, ⇁2]

:0#$/2@-M;):3 .(i&"$

||u (ε, ⇁)↔ ū (ε, ⇁) || ⇒ c1 e
c2ς ⇁ϱ+β

⇒ c3⇁
ϱ+β,φ = (mq)↔1, (2.9)

2’ c1, c2 > 0 i &’ A$5’@1;) /i2 ⇁, c3 = c1 ec2L, u|ς=0 = ū|ς=0.

D./’2’&&3. I6 0i-(.((. (2.2) i (2.5) )*$0D&%)

u (ε, ⇁)↔ ū (ε, ⇁) =

∫ ς

0
(U (s, u# (s, ⇁))↔ U (s, ū# (s, ⇁))) ds+

+ ⇁β
∫ ς

0
(V0 (s, a” (s, ⇁))↔ V0 (s, ā” (s))) ds+

+
∑

k ⇔=0

∫ ς

0
Vk (s, ā” (s)) exp(i

q∑

ω=1

(kω, ϕ(ϑωs, ⇁)))ds =

= B1 + ⇁β(B1 +B2), i2 = ↔1.

J2i(&%) ()0%8 4)D()>) 6 *)*"(4i- Bω, ς = 1, 3. K" /i*3#"-i 8%)-& 1 %"5%):

||B1|| ⇒ ϱ1

r∑

ω=1

∫ ς

0
||u#ε (s, ⇁)↔ ū#ε (s, ⇁) || ds =

ϱ1

r∑

ω=1

!↔1
ω

∫ #ες

0
||u (s, ⇁)↔ ū (s, ⇁) || ds.

K" /i*3#"-i 2i5? D 8%)-& )*$0D&%) (" (0, ε1) )2i(48 *+. B2 -&>+.*8:

||B2 || ⇒ ϱ1

p∑

ω=1

ω↔1
ω

∫ εες

0
||a (s, ⇁)↔ ā (s) || ds ⇒

c1 c
↔1
2 ϱ1

(
p∑

ω=1

ω↔1
ω

(
ec2εες ↔ 1

)
)
⇁ϱ ⇒ c4 ⇁ϱ,

*$ c4 = c1c
↔1
2 ϱ1

∑p
ω=1 ω

↔1
ω

(
ec2εεL ↔ 1

)
.

=+. )2i(4& B3 6"3#)3)-85%) )2i(48 )32&+.2i<()>) i(#$>0"+" [23]:
∥∥∥∥
∫ ς

0
fk (s) exp

(
i

⇁

∫ s

0
⇀k (z) dz

)
ds

∥∥∥∥ ⇒ ϱ3
(
sup

s→[0,L]
||fk (s) ||+

+
1

||k||!
sup

s→[0,L]

∥∥∥∥
dfk (s)

ds

∥∥∥∥
) (2.10)
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*$ fk → C1 [0, L] , ϱ3 > 0 i ($ 6"+$D&#9 -i* k i ⇁.
I6 -&0"68 *+. B3 i 0i-(.((. (2.4) )*$0D&%):

fk(s, ⇁) = Vk(s, a”(s, ⇁)) exp (i
q∑

ω=1

(kω, 0̄))′

exp (i

∫ ↽εs

0
Y (z, a”(z, ⇁),ϕ!(s, ⇁)) dz).

I6 6)70"D$((. fk -&/+&-",#9 )2i(4&:

↗fk (s, ⇁)↗ ⇒ sup
G1

↗Vk (s, a” (z, ⇁))↗,
∥∥∥∥
dfk (s)

ds

∥∥∥∥ ⇒ sup
G1

∥∥∥∥
dVk (s, a”)

ds

∥∥∥∥+

sup
G1

↗Vk (s, a”)↗

(
q∑

ω=1

ϑω||kω||

)
sup
G

↗Vk (s, a”,ϕ!)↗+

+
p∑

ω=1

ωω sup
G1

∥∥∥∥
◁Vk

◁aεv

∥∥∥∥ ⇒

sup
G1

∥∥∥∥
dVk (s, a”)

ds

∥∥∥∥+
p∑

ω=1

ωω sup
G1

∥∥∥∥
◁Vk (ε, a”)

◁aεv

∥∥∥∥+

ϱ1 sup
G1

↗◁Vk(ε, a”)↗
q∑

ω=1

ϑω||kω||.

K" /i*3#"-i )2i(4& )32&+.2i<()>) i(#$>0"+" (2.9), .4" /0"-&+9(" /0&
-&4)("((i 8%)-& fk → C1[0, L] *+. 4)D()>) ⇁ → (0, ⇁0] i 8%)-& 3, )*$0D&%)

||B3 || ⇒ c5⇁
ϱ
∑

k ⇔=0

(sup
G1

↗◁Vk (ε, a”)↗+
1

||k||!
sup
G1

∥∥∥∥
◁Vk (ε, a”)

◁ε

∥∥∥∥

+
p∑

ω=1

ωω sup
G1

∥∥∥∥
◁Vk (ε, a”)

◁aεv

∥∥∥∥+ ϱ1

q∑

ω=1

ϑω||kω|| sup
G1

↗◁Vk (ε, a”)↗) ⇒

⇒ c5⇁
ϱ
∑

k ⇔=0

(1 + ϱ1) sup
G1

↗◁Vk (ε, a”)↗+
1

||k||!

(
sup
G1

∥∥∥∥
◁Vk (ε, a”)

◁ε

∥∥∥∥

+
p∑

ω=1

ωω sup
G1

∥∥∥∥
◁Vk

◁aεv

∥∥∥∥

)
⇒ c5(1 + ϱ1) ϱ2⇁

ϱ = ϱ6⇁
ϱ.

U0"1)-8,’& )2i(4& *+. B1,B2 i B3, )*$0D&%)

||u (ε, ⇁)↔ ū (ε, ⇁) || ⇒ ϱ2

r∑

ω=1

!↔1
ω

∫ ς

0
↗u (s, ⇁)↔ ū (s, ⇁)↗ ds (2.11)
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+(c4 + c6) ⇁
ϱ+β, 0 ⇒ ε ⇒ ε1 ⇒ L.

N"3#)38-"-E& i(#$>0"+9(8 ($0i-(i3#9 i6 +$%& 1.1, )*$0D&%)

||u (ε, ⇁)↔ ū (ε, ⇁) || ⇒ (c4 + c6) e
⇁2rς ⇒ (c4 + c6) e

⇁2rL, 0 ⇒ ε ⇒ ε1 ⇒ L.

U&7$0$%) ⇁ → (0, ⇁1] #"4, G)7

(c4 + c6) ⇁
ϱ+β e⇁2rL ⇒

▷

2
.

K$0i-(i3#9 -&4)(85#93., .4G)

⇁ ⇒
(
▷
(
2 (c4 + c6) e

⇁2rL
)↔1

) 1
ϖ+ϱ

= ⇁2.

O)*i i3(85 5*&(&< 0)6-’.6)4 u (ε, ⇁) +$D&#9 8 ▷-)4)+i 0)6-’.648
83$0$*($()>) 0i-(.((. (2.5) i *+. -3i1 (ε, ⇁) → [0, L]↙ (0, ⇁3] , ⇁3 = min(⇁1, ⇁2)

i -&4)(85#93. )2i(4" (2.9).

2.3 H3(8+ 81@(8B )(18’2105 5;’)’@-’-(A ;+;*’3+

@0& *)-$*$((i #$)0$%& 2.2 38##5-) -&4)0&3#"(" 8%)-" 4 (" 4)$;i2i5(#&
C80’5 -$4#)0-;8(42i< V, X i Y . U&4)("((. 2i5? 8%)-& -&%">"+)3. - )7+"3#i
G := 0, L↙Dp, G) *)3&#9 34+"*() *+. /$0$-i04&. P)6>+.($%) -&/"*)4, 4)+&
-&4)("((. 2i5? 8%)-& *)3&#9 -&%">"#& 86*)-D 0)6-’.648 83$0$*($()? 6"*"’i
(2.5)–(2.7), "+$ 6" )*(i5? *)*"#4)-)? 8%)-&.

$’()’3. 2.3. ,’4$J:

1. 91".&-6;):3 -C./1 1-3 i 5.

2. D53 ".’8i(iM&;i/ L-#’M /’";.# 8-&"(i% F :0#$/2@-M;):3 .(i&"$

∑

k ⇔=0

(
max
[0,L]

↗Fk(ε, āε(ε))↗ +
1

||k||!
max
[0,L]

∥∥∥∥
◁Fk(ε, āε(ε))

◁ε

∥∥∥∥+

+
q∑

ω=1

ϑω max
[0,L]

∥∥∥∥
◁Fk(ε, āε(ε))

◁āε

∥∥∥∥

)
⇒ ϱ2.
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3. E0#$/2@-M;):3 .(i&"$:

∑

k ⇔=0

||k||max
[0,L]

↗Vk(ε, āε(ε))↗ ⇒ ϱ3.

H.2i A&$J2’;):3 ⇁ → (0, ⇁4] ;$"’, O. i:&-M M21&1J #.A/’3A." :1:;’C1 #i/&3&)

(2.2) – (2.4) i 253 /:i4 (ε, ⇁) → [0, L]↙ (0, ⇁4] :0#$/2@-M;):3 .(i&"$

||u (ε, ⇁)↔ ū (ε, ⇁) || ⇒ c9⇁
ϱ,

2’ c9 > 0 i &’ A$5’@1;) /i2 ⇁, c3 = c1 ec2ς , u|ς=0 = ū|ς=0.

D./’2’&&3. Q4 i /0& *)-$*$((i #$)0$%& 2.2, (" i(#$0-"+i (0, ε1) i6 3&3#$%&
0i-(.(9 (2.2), (2.5) %"5%):

u (ε, ⇁)↔ ū (ε, ⇁) =

∫ ς

0
(U (s, u# (s, ⇁))↔ U (s, ū# (s, ⇁))) ds+

+ ⇁β
∫ ς

0
(V (s, a” (s, ⇁) ,ϕ! (s, ⇁))↔ V (s, ā” (s, ⇁) ,ϕ! (s, ⇁))) ds+

+ ⇁β
∫ ς

0
(V (s, ā” (s, ⇁) ,ϕ! (s, ⇁))↔ V (s, ā (s, ⇁) , ϕ̄! (s, ⇁))) ds+

+ ⇁β
∑

k ⇔=0

∫ ς

0
Vk (s, ā (s, ⇁)) exp

(
i

q∑

ω=1

(kω, ϕ̄(ϑωs, ⇁))

)
ds =

B1 + ⇁β(B3 +B4 +B5).

K" /i*3#"-i 8%)-& 1, .4 i - #$)0$%i 2.2, *+. B1 )#0&%"5%) )2i(4& (2.10) i

||B2|| ⇒ c4⇁
ϱ.

=+. )2i(4& ()0%& B3, -0"18-"-E& ($0i-(i3#9 (2.10) < 8%)-8 3 #$)0$%&
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2.3, )*$0D&%):

||B3|| =

∥∥∥∥∥∥

∑

k ⇔=0

∫ ς

0
Vk (s, ā” (s))

(
exp

(
i

q∑

ω=1

(kω, ϕ̄(ϑωs, ⇁))

)
↔

exp

(
i

q∑

ω=1

(kω, ϕ̄(ϑωs, ⇁))

))
ds

∥∥∥∥∥ ⇒

∑

k ⇔=0

∫ ς

0
max
[0,L]

↗Vk (s, ā”(s))↗ ′
q∑

ω=1

||kω|| ↗ϕ(ϑωs, ⇁)↔ ϕ̄(ϑωs, ⇁)↗ ds ⇒

∑

k ⇔=0

max
[0,L]

↗Vk (s, ā”(s))↗ ′
q∑

ω=1

||kω||⇁
ϱ

∫ ς

0
c1e

c2↽εsds.

J34i+94&, ∫ ς

0
ec2 ↽εs ds ⇒ c↔1

2 (ec2L↔1),

#) - /i*38%48 )*$0D&%)

||B3|| ⇒ c1c
↔1
2 ϱ3

(
ec2L↔1

)
⇁ϱ = c7⇁

ϱ,

*$ c7 = c1c
↔1
2 ϱ3

(
ec2L↔1

)
.

K)0%" B4 )2i(,5#93., .4 i - /)/$0$*(i< #$)0$%i, 6 6"%i(), 8%)-& 4
#$)0$%& 2.2 (" 8%)-8 3 #$)0$%& 2.3. J#D$,

||B4|| ⇒ c8⇁
ϱ, c8 = c5(1 + ϱ1)ϱ3.

J#D$, %"5%) i(#$>0"+9(8 ($0i-(i3#9

||u (ε, ⇁)↔ ū (ε, ⇁) || ⇒ ϱ1

r∑

ω=1

∫ ς

0
↗u#ε (s, ⇁)↔ ū#ε (s, ⇁)↗ ds+

+⇁ϱ+β(c4 + c7 + c8), 0 ⇒ ε ⇒ ε1,

0)6-’.64)% .4)?, (" /i*3#"-i +$%& 1.1, 5 )2i(4"

||u (ε, ⇁)↔ ū (ε, ⇁) || ⇒ ⇁ϱ+β(c4 + c7 + c8) e
rς , 0 ⇒ ε ⇒ ε1. (2.12)

K$1"< c9 = (c4 + c7 + c8). Q4G)

⇁ ⇒
(
▷ (2c9 exp (rL))

↔1
) 1

ϖ+ϱ
= ⇁4,
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#) 0)6-’.6)4 3&3#$%& 0i-(.(9 (2.2)–(2.4) i6 /)’"#4)-&%& 8%)-"%& /0& ε = 0,
.4i 67i>",#93. i6 /)’"#4)-&%& 8%)-"%& *+. 83$0$*($()? 6"*"’i, i3(85, 5*&(&<
i )2i(4" (2.11) -&4)(85#93. *+. -3i1 (ε, ⇁) → [0, L]↙ (0, ⇁4].

C.58.B’--2 2.1. <"O. /’";.#-8-&"(i% V,X, Y – ;#1?.&.C’;#17&i

0.5i&.C1

F := (V,X, Y ) =
∑

||k||⇒N

Fk (ε, a”) exp

(
i

q∑

ω=1

(kω,ϕ↽ε)

)
,

;. / -C./$4 ;’.#’C1 2.2 &’C$M 0.;#’B1 / -C./i 4, $ / ;’.#’Ci 2.3 – -C./$4

4 i 5. E0#$/2i, /i2Ci&&i:;) 2./’2’&&3 ;’.#’C1 2.2 0.53?$M / .(i&(i &.#C1

B3 .

! /10$2"- ;#1?.&.C’;#17&.?. 0.5i&.C$ V C$MC.:

||B3 || ⇒ c5⇁
ϱ

∑

0<||k||⇒N

sup
G1

↗Vk(ε, a”)↗+
1

||k||!
sup
G1

∥∥∥∥
◁Vk

◁ε

∥∥∥∥+

+
p∑

ω=1

ωk sup
G1

∥∥∥∥
◁VK(ε, a”(ε))

◁a”

∥∥∥∥+

+ ϱ1

q∑

ω=1

ϑω||kω||

(
sup
G1

↗Vk(ε, a”)↗

)
= c5

∑

0<||k||⇒N

(
1 +

ϱ1
||k||!

q∑

ω=1

ϑω||kω||

)
+

+
1

||k||!

(
sup
G1

∥∥∥∥
◁Vk(ε, a”(ε))

◁ε

∥∥∥∥+
p∑

ω=1

ωk sup
G1

∥∥∥∥
◁Vk

◁a”

∥∥∥∥

)
⇁ϱ = c10(N)⇁ϱ.

G#1 2./’2’&i ;’.#’C1 2.3 .(i&"$ &.#C1 B4 &$B-/$M /1?532-:

||B4 || ⇒ ⇁ϱ
∑

0<||k||⇒N

max
[0,L]

↗Vk(ε, āε(ε))↗ ′
q∑

ω=1

||kω||(c1c
↔1
2 ϑ↔1

ω

(
ec2↽ες ↔1

)
) ⇒

⇒



c1c2
(
eC2L↔1

) ∑

0<||k||⇒N

||k||!max
[0,L]

↗Vk(ε, āε(ε))↗



 ⇁ϱ = c11(N)⇁ϱ.

2.4 D)+06.@

K" -6"5%)*i, /)/8+.2i< %)D8#9 -/+&-"#& 6)-(iE(i ;"4#)0&, .4i
%",#9 4)+&-(&< 1"0"4#$0, i )/&38,#93. 7">"#)’"3#)#(&%& 3&3#$%"%&
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*&;$0$(2i"+9(&1 0i-(.(9 i6 6"/i6($((.% "0>8%$(#8. P)6>+.($%) -6"5%)*i,
*-)1 /)/8+.2i< #&/8 Z1&D"4-D$0#-"[, .4" I08(#85#93. (" %)*$+i
U)+9#$00&-^)#4& [19]. K$1"< -$+&’&(" /)/8+.2i? D$0#-& u (t), 1&D"4"
ς (t), t ↘ 0. !"#$%"#&’(" %)*$+9 /i* *i5, )*()’"3#)#(&1 6780$(9 ("78-"5
-&>+.*8:

du

dε
= (11 ↔ ⇀1v)u↔ µa+ b1 cos (kϕ+ lϕ↽), u (0) = ū > 0, (2.13)

dv

dε
= (↔12 + ⇀2u) v, v (0) = v̄ > 0,

da

dε
= (↼↔ a) a+ b2 cos (kϕ+ lϕ↽), a (0) = ȳ, (2.14)

dϕ

dt
=

1 + 2ε

⇁
, ϕ (0) = 0

*$ ε = → [0, 1] , µ =
∞
⇁, ↼, 1ω, ⇀ω – *)*"#(i 4)$;i2i5(#&, b1 ′ b2 ⇔= 0, 0 <

ϑ < 1, k + lϑ = 0.
H 3&3#$%i (2.13) – (2.14) *)3.>"5#93. 0$6)("(3 /0& ε = 0, )34i+94&

ω (ε) = 1 + 2ε, ⇀ (ε) = kω (ε) + ϑlω (ϑε) = 2
(
k + lϑ2

)
ε i ⇀(0) = 0.

H3$0$*($(" 6" E-&*4&%& 6%i((&%& 3&3#$%" 0i-(.(9 %"5 -&>+.*:
dū

dε
= (11 ↔ ⇀1v̄) ū↔ µa, ū (0) = ū,

dv̄

dε
= (↔12 + ⇀2ū) v̄, v̄ (0) = v̄;

dā

dε
= (↼↔ ā) ā, ā (0) = ȳ,

dϕ

dt
=

1 + 2ε

⇁
, ϕ (0) = 0.

(2.15)

I6 0i-(.(9 *+. u(ε) i ū(ε) %"5%):

u(ε)↔ ū(ε) = 11

∫ ς

0
(u (s, ⇁)↔ ū (s))ds↔ (2.16)

⇀1

∫ ς

0
((u (s, ⇁) v (s, ⇁)↔ ū (s) v̄ (s, ⇁))) ds+

+ µ

∫ ς

0
(ū (s)↔ u (s, ⇁))ds+ b1

∫ ς

0
cos

(k + lϑ2)s2

⇁
ds.

O"4&% D$ ’&()% )*$0D&%):

v (ε, ⇁)↔ v̄ (ε, ⇁) = ↔12

∫ ς

0
(v (s, ⇁)↔ v̄ (s, ⇁)) ds +

⇀2

∫ ς

0
(u (s, ⇁) v (s, ⇁)↔ ū (s) v̄ (s, ⇁)) ds.

(2.17)
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I6 (2.16) #" (2.17) -&/+&-"5 0i-(i3#9:

w (ε, ⇁) := ⇀2 (u (ε, ⇁)↔ ū (ε)) + ⇀1 (v (ε, ⇁)↔ v̄ (ε, ⇁)) =

= (b1 + µ) ⇀2

∫ ς

0
(u (s, ⇁)↔ ū (s)) ds+ ⇀2

∫ ς

0
cos

(k + l ϑ2)s2

⇁
ds.

K$1"< ↼ = max(b1 + µ, 12). O)*i

|w (ε, ⇁)| ⇒ ↼

∫ ς

0
w (s, ⇁) ds+ ⇀2max

[0,1]

∣∣∣∣
∫ ς

0
cos

(k + l ϑ2)s2

⇁
ds

∣∣∣∣ = d1 + d2. (2.18)

I(#$>0"+ 8 d2 )2i($() (" /i*3#"-i )2i(4& i(#$>0"+" C0$($+. [85].
U&4)("5%) 6"%i(8

s =

∞
⇁

↼1
, ↼1 =


k + l ϑ2.

O)*i
∫ ς

0
cos

↼1

⇁
s2 ds =

∞
⇁

↼1

∫ ς
→
φ

ω1

0
cos z2 dz =

=

∞
⇁

2↼1
+

⇁

↼2
1

∞
2↽

sin
⇁

↼1
=

∞
⇁

2↼1
+ o(

∞
⇁).

N>i*() 6 +$%), L0)(8)++" [85] i6 i(#$>0"+9()? ($0i-()3#i (2.18) )*$0D&%):

w (ε, ⇁) ⇒
⇀2
∞
⇁

2↼1
eϑ + o(

∞
⇁) ∈ ↼2

∞
⇁, ↼2 = ⇀2e

ϑ/(2↼1).

N"8-"D&%), G) 8 )*()’"3#)#()%8 -&/"*48 7$6 6"/i6($((. "0>8%$(#8
/)1&74" %$#)*8 83$0$*($((. %"5 /)0.*)4 ⇁ [79].

Q4G) µ = 0, #) 3&3#$%" 0i-(.(9 *+. ū i v̄ 5 3&3#$%), U)+9#$00&-^)#4&

dū

dt
= (11 ↔ ⇀1v̄)ū,

dv̄

dt
= (↔12 + ⇀2ū)v̄.

S#"( 0i-()-">& (12/⇀2, 11/⇀1) – 2$(#0, -i*/)-i*(" #0"54#)0i. – 2&4+ (0&3.
2.1).
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(a) (8)
!"#. 2.1 (a) !"#$%i&$ ,$&-(’i* ū, v̄. (8) 9$)(*": 6(’-’2- ;0+ (u, v) -$ (ū, v̄).
<$’$%2-’": 11 = ⇀1 = 1, 12 = 1.5, ⇀2 = 1, µ = 0, b1 = b2 = 0.01, ϑ = 0.5,↼ = 1,

u(0) = 1.2, v(0) = 0.8, a(0) = 0.6.

=+. µ ⇔= 0 3#"( 0i-()-">& 6("1)*&#93. i6 3&3#$%& 0i-(.(9

(11 ↔ ⇀1v̄)u↔ µā = 0,

(↔12 + ⇀2ū)v̄ = 0,

(↼↔ ā)ā = 0.

(2.19)

P)6-’.6)4 ā = 0 – ($3#i<4&<. P)6>+.($%) -&/"*)4 ā = ↼ – >+)7"+9()
"3&%/#)#&’() 3#i<4)>) 0)6-’.648 +)>i3#&’()>) 0i-(.((.. =+. ā = ↼ i6 3&3#$%&
(2.19) 6("1)*&%) 3#"( 0i-()-">&:

ū1 =
µ↼

11
, v̄1 = 0, (2.20)

i G$ )*&( 3#"( 0i-()-">&

ū2 =
12
⇀2
, v̄2 =

1112 ↔ µ↼⇀2
⇀112

, (2.21)

.4&< %"5 7i)+)>i’(&< 6%i3# /0& -&4)("((i 8%)-&

µ <
1112
↼⇀2

. (2.22)

"7) *+. %"+)>) /"0"%$#0" ⇁ = µ2 #"4)? 8%)-&:

0 < ⇁ <

(
1112
↼⇀2

)2

.

R"0"4#$0&3#&’($ 0i-(.((. +i($"0&6)-"()? 3&3#$%& 0i-(.(9 (2.15)
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("78-"5 -&>+.*8:
∣∣∣∣∣∣∣∣

11 ↔ ⇀1v̄ ↔ ω↔ ⇀1ū ↔⇀1ū ↔µ

⇀2v̄ ↔12 + ⇀2ū↔ ω 0

0 0 ↼↔ 2ā ↔ ω

∣∣∣∣∣∣∣∣
,

"7), /i3+. )7’&3+$((. -&6("’(&4",

(↼↔2ā↔ ω)
(
ω2

↔ ω(11 ↔ 12 ↔ ⇀1v̄ + ⇀2ū)+

+(11 ↔ ⇀1v̄)(↔12 + ⇀2ū) + ⇀1⇀2ūv̄) = 0.

U+"3($ 6("’$((. ω1 = ↼↔ 2ā = ↔↼ < 0.
=+. 3#"(8 0i-()-">& (2.20) %"5%):

ω2
↔ ω(11 ↔ 12 +

µ↼⇀2
11

) + µ↼⇀2 ↔ 1112 = 0.

J34i+94& *+. -+"3(&1 6("’$(9 ω2 i ω3, .4i 5 4)0$(.%& 1"0"4#$0&3#&’()>)
0i-(.((., -&4)(85#93. ($0i-(i3#9

ω2ω3 = ↔(1112 ↔ µ↼⇀2) < 0

#) /0& -&4)("((i 8%)-& (2.22) 3#"( 0i-()-">& (2.20) ($3#i<4&<.
=+. 3#"(8 0i-()-">& (2.21) 1"0"4#$0&3#&’($ 0i-(.((. ("78-"5 -&>+.*8:

ω2
↔

µ↼⇀2
12

ω+ 1112 ↔ µ↼⇀2 = 0. (2.23)

J34i+94& ω2 + ω3 =
∞
εϑ⇀2
β2

> 0, #) *+. µ =
∞
⇁ 3#"( 0i-()-">& ($3#i<4&<

(0&3. 2.2).

(a) (8)
!"#. 2.2 (a) !"#$%i&$ ,$&-(’i* ū, v̄. (8) 9$)(*": 6(’-’2- ;0+ (u, v) -$ (ū, v̄).
<$’$%2-’": 11 = ⇀1 = 1, 12 = 1.5, ⇀2 = 1, µ = 0.1, b1 = b2 = 0.01, ϑ = 0.5,↼ = 1,

u(0) = 1.2, v(0) = 0.8, a(0) = 0.6.
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Q4G) µ = ↔
∞
⇁, #)

ω2 + ω3 =
µ↼⇀2
12

< 0, ω2ω3 = 1112 +
∞
⇁↼⇀2 > 0.

J#D$, 3#"( 0i-()-">& (2.21) "3&%/#)#&’() 3#i<4&<.
Q4G)

∞
⇁↼⇀2 < 2(1 +


1 + 1112

2),

#) *&340&%i("(# 0i-(.((. (2.23) D < 0 i 3#"( 0i-()-">& 5 3#i<4&% ;)483)%
(0&3. 2.3), i("4E$ /0& -&4)("((i /0)#&+$D()? ($0i-()3#i – 3#i<4&% -86+)%
(0&3. 2.4).

(a) (8)
!"#. 2.3 (a) !"#$%i&$ ,$&-(’i* ū, v̄. (8) 9$)(*": 6(’-’2- ;0+ (u, v) -$ (ū, v̄).
<$’$%2-’": 11 = ⇀1 = 1, 12 = 1.5, ⇀2 = 1, µ = ↔0.1, b1 = b2 = 0.01, ϑ = 0.5,↼ = 1,

u(0) = 1.2, v(0) = 0.8, a(0) = 0.6.

(a) (8)
!"#. 2.4 (a) !"#$%i&$ ,$&-(’i* ū, v̄. (8) 9$)(*": 6(’-’2- ;0+ (u, v) -$ (ū, v̄).

<$’$%2-’": 11 = ⇀1 = 1, 12 = 0.1, ⇀2 = 5, µ = ↔0.1, b1 = b2 = 0.01, ϑ = 0.5,↼ = 10,

u(0) = 1.2, v(0) = 0.8, a(0) = 0.6.

J#D$, -/+&- 6780$((., ("-i#9 - )*()’"3#)#()%8 -&/"*48 6 6"/i6($((.%
"0>8%$(#8, /0&6-)*&#9 *) 7i;804"2i< 3#"(8 0i-()-">& 8 %)*$+i #&/8
U)+9#$00&-^)#4&.
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J+;-(80+ @( )(1@i65 2

P)6*i+ 2 /0&3-.’$(&< )7I08(#8-"((, %$#)*8 83$0$*($((. 6" ;"6)-&%&
6%i((&%& *+. %"#$%"#&’()? %)*$+i, - .4i< -0"1)-"() /$0$*i3#)0i, /0)2$38,
i 6("1)*&#93. /i* *i5, 7">"#)’"3#)#(&1 6780$(9 i6 6"/i6($((.% "0>8%$(#i-.
J*$0D"() #"4i )3()-(i 0$68+9#"#&:

• 6"/0)/)()-"() %"#$%"#&’(8 %)*$+9 /0)2$38 i6 6"/i6($((.%& "0>8%$(#8
/i* *i5, 7">"#)’"3#)#(&1 6780$(9 i6 +i(i<() /$0$#-)0$(&%& "0>8%$(#"%&;

• )7I08(#)-"() %$#)* 83$0$*($((. *+. 6"/0)/)()-"()? %)*$+i ("
34i(’$(()%8 ’"3)-)%8 i(#$0-"+i;

• )*$0D"() )2i(48 /)1&74& %$#)*8 83$0$*($((., .4" .-() 6"+$D&#9 -i*
%"+)>) /"0"%$#0" ⇁ > 0 i "3&%/#)#&4& 7">"#)’"3#)#(&1 6780$(9 ⇁β;

• )7I08(#)-"() %$#)* 83$0$*($((. 6 8%)-"%& -6*)-D 0)6-’.648
83$0$*($()? 3&3#$%& 0i-(.(9;

• /0)i+,3#0)-"() -/+&- 7">"#)’"3#)#(&1 6780$(9 i6 6"/i6($((.% ("
/0&4+"*i %)*$+i #&/8 U)+9#$00&-^)#4&.
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F#COIG 3

I!$EI!$KM"E I#OEGRJ!""& J IIH"#G#PIT $!

EDIOEII#G#PIT IC JF!LHJ!""&I E9#G#PIM"#P#

JDGKJH

H 0)6*i+i 3 78*8,#93. i *)3+i*D8,#93. *-i %"#$%"#&’(i %)*$+i i6
-0"18-"((.% -/+&-8 $4)+)>i’(&1 ;"4#)0i-, .4&%& %)D8#9 78#& 6"708*($((.
/)-i#0., -)*&, I08(#8, 6%i(" 4+i%"#8, .4i3#9 1"0’)-&1 /0)*84#i-, " #"4)D
;"4#)0& 3)2i"+9()>) 1"0"4#$08, 3#0$3)-i 3&#8"2i?, /)-’.6"(i 6 ("*6-&’"<(&%&
/)*i.%& (-i<(", 3#&1i<(i +&1" #)G)). O"4&< -/+&- - %)*$+.1 )/&385#93.
)7’5*("(&% /)4"6(&4)% E(t), .4&< -0"1)-85 3848/(i3#9 $4)+)>i’(&1 #"
3)2i"+9(&1 ;"4#)0i-. =)3+i*D$() %)*$+9 i%8(()? -i*/)-i*i )0>"(i6%8 +,*&(&
(" -i083(8 i(;$42i, i %)*$+9 /)E&0$((. $/i*$%i? - /)/8+.2i?, - .4i< -0"1)-"()
#"4)D -#0"#8 i%8(i#$#8 /i3+. )*8D"((..

P$68+9#"#& 0)6*i+8 3 )/87+i4)-"(i - ("84)-&1 3#"##.1 "-#)0" #"
3/i-"-#)0i- [86, 87, 93, 88, 89, 90, 91, 92], *)/)-i*"+&39 (" 4)(;$0$(2i.1 #"
3$%i("0"1 (=)*"#)4 T(2)).

3.1 I(@’67 i35--(A 8i@/(8i@i ()W.-i135 6:@+-+ -. 8i)5;-5

i-Y’0>i: 1 5).458.--23 ’0(6(Wi,-(W( 8/6+85

3.1.1 E0(6(Wi,-+? Y.0*()

@0&/83#&%), G) -$+&’&(" 6"708*($((. E(t) )2i(,5#93. 8 -i*()3(&1
)*&(&2.1, 0 ⇒ E(t) ⇒ 1, 6%i(,5#93. 6 ’"3)% i 5 38%), 4)%/)($(# Ev(t): E(t) =

a1E1(t)+ . . .+amEm(t), *$ -">)-i 4)$;i2i5(#& av ↘ 0, a1+ ...+am = 1. C8(42i.
E(t) 6" -i*38#()3#i 6("’(&1 6780$(9 %"5 4)+&-(&< 1"0"4#$0 i 3#"7i+i685#93. 6
’"3)% -i*()3() *$.4)>) 6("’$((. K, 0 < K < 1, .4$ -i*/)-i*"5 ()0%"#&-()%8
0i-(, 6"708*($((. *)-4i++., "7) %"5 ($0$>8+.0(&< 4)+&-(&< ’& /$0i)*&’(&<
1"0"4#$0 [4, 5, 6].

O)%8 --"D"#&%$%), G) ;8(42i. E(t) 5 0)6-’.64)% 86">"+9($()>)
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0i-(.((. L"#’i(3)(":

dE(t)

dt
= r

(
1↔

(
E(t↔!)

K

)n)
E(t), t > 0. (3.1)

O8# 0 < r – 4)$;i2i5(# +i(i<()>) 0)3#8, ! – 83$0$*($(&< ’"3 -i*()-+$((.
$4)+)>i’()? 0i-()-">& -i*()3() E = K. @"0"%$#0 n → N *)6-)+.5
"*$4-"#(iE$ %)*$+,-"#& *&("%i48 6"708*($((.. L0";i4& 0)6-’.64i- *+.
0i6(&1 n ("-$*$(i (" 0&3. 3.1:

!"#. 3.1 !"#$%i&$ ’()*’+)&i* ,$&-(’. E .)$/$01#2#(/( ’i*#+##+ 3$-4i#5(#$ 6’" ’i)#"7
)#$42##+7 6$’$%2-’$ n.

@)’"#4)-" 8%)-" *+. 0)6-’.648 0i-(.((. (3.1) ("78-"5 -&>+.*8:

E(t) = E0(t), 0 ⇒ E0(t) ⇒ 1, t → [↔!, 0]. (3.2)

P)6-’.6)4 6"*"’i (3.1), (3.2) ($-i*’5%(&<, G) -&/+&-"5 6 i(#$>0"+9()>)
0i-(.((.

E(t) = E0(0) exp

(
r

∫ t

0

(
1↔

(
E(s↔!)

K

)n)
ds

)

#" 8%)-& E(0) ↘ 0.

I3(8-"((. i )7%$D$(i3#9 0)6-’.648 *)3+i*D$() - 0)7)#"1 [10, 11].
P)6>+.($%) /&#"((. 3#i<4)3#i 3#"2i)("0(&1 0)6-’.64i- E1 = 0 i E2 =

K 0i-(.((. (3.1). P)6-’.6)4 E1 = 0 ($3#i<4&< /0& r > 0, G) -&/+&-"5 i6
($3#i<4)3#i 0)6-’.648 E = 0 +i(i<()>) 0i-(.((.

dE(t)

dt
= rE(t).

N"/0)-"*&%) - (3.1) 3#"(*"0#(8 6"%i(8 [9]

E(t) = K(1 + x(t)), t = ! · s.
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=+. ;8(42i? x(s) )*$0D&%) 0i-(.((.

dx(s)

ds
= ↔rn!x(s↔ 1)↔ F (x(s), x(s↔ 1)),

*$ F (u, v) – ($+i(i<(" ;8(42i. "0>8%$(#i- u i v, F (0, 0) = 0. =+. -i*/)-i*()>)
+i(i<()>) 0i-(.((.

dx(s)

ds
= ↔rn!x(s↔ 1),

($)71i*(), i *)3#"#(9), 8%)-), "3&%/#)#&’()? 3#i<4)3#i 0)6-’.648 x = 0,
-i*/)-i*()>) *) E2 = K, 5 -&4)("((. 8%)-& [93]:

0 < rn! < ↽/2. (3.3)

@0& /$0$1)*i ’$0$6 #)’48 7i;804"2i? r! = ↽/2n -&(&4"5 /$0i)*&’(&<
0)6-’.6)4 (" /i*3#"-i #$)0$%& R)/;" *+. 0i-(.(9 6 6"/i6($((.% [10], G)
/0)i+,3#0)-"() (" 0&3 1.2(") #" 0&3 1.2(7).

K" /i*3#"-i #$)0$%& /0) 3#i<4i3#9 6" /$0E&% ("7+&D$((.% [94]
-&4)("((. 8%)-& (3.3) *)3#"#(9) *+. +)4"+9()? "3&%/#)#&’()? 3#i<4)3#i
0)6-’.648 x = 0, )#D$ i E2 = K.

3.1.2 I.*’3.*+,-. 3(@’67 i35--(A 8i@/(8i@i

H %)()>0";i? L.I. !"0’84" [52] 6"/0)/)()-"() %"#$%"#&’(8 %)*$+9
i%8(()? -i*/)-i*i )0>"(i6%8 +,*&(& (" -i083(8 i(;$42i,, .4" )/&385#93.
3&3#$%), *&;$0$(2i"+9(&1 0i-(.(9:

dV

dt
= (1 ↔ ⇀F )V, (3.4)

dC

dt
= φ2(m)VςFς ↔ µc(C ↔ C′), (3.5)

dF

dt
= ▷C ↔ 3⇀FV ↔ µfF, (3.6)

dm

dt
= ϱV ↔ µmm, (3.7)

*$ 6%i((i /0$*3#"-+.,#9 )3()-(i ;"4#)0& i(;$42i<()>) /0)2$38. I%8(("
-i*/)-i*9 -4+,’"5 -&0)7+$((. 3/$2&;i’(&1 )7’54#i- ("(#&#i+ F (t)),
.4i >$($08,#93. 4"34"*)% /+"6%"#&’(&1 4+i#&( C(t). T(#&#i+" 6*"#(i
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($<#0"+i68-"#& "7) 6(&G8-"#& ’8D)0i*(i %"#$0i"+& ("(#&>$(&), 4i+94i3#9
"7) 4)(2$(#0"2i. .4&1 V (t) 6%i(,5#93. 6 ’"3)% t ↘ t0 = 0. !)*$+9
#"4)D -4+,’"5 -i*()3(8 %i08 m(t) 80"D$((. )0>"(8-%iE$(i, 3/0&’&($()>)
"(#&>$("%&, 86">"+9($(" %i0" .4)>) ("78-"5 -&>+.*8:

2(m) =





1, 0 ⇒ m ⇒ m′;

m↔1
m↑↔1 ,m

′ < m ⇒ 1.

Q4G) m → [0,m′], #) 80"D$((. )0>"(8 ($ -/+&-"5 (" ;8(42i)(8-"((. i%8(()?
3&3#$%&. C"4#)0 6"/i6($((. ε > 0 -i*i>0"5 -"D+&-8 0)+9 *+. %)*$+,-"((.
i%8(()? -i*/)-i*i, )34i+94& 6"*"5 ’"3 -i* %)%$(#8 i(;i48-"((. *) "4#&-()?
i%8(()? -i*/)-i*i )0>"(i6%8, Vς(t) = V (t↔ ε), Fς(t) = F (t↔ ε).

H *&3$0#"2i<(i< 0)7)#i /)78*)-"() i *)3+i*D$() %)*$+9 i%8(()?
-i*/)-i*i )0>"(i6%8 +,*&(& (" -i083(8 i(;$42i,, .4" -0"1)-85 -/+&-
$4)+)>i’(&1 ;"4#)0i-, G) )/&385#93. ;8(42i5, E(t), .4" 5 0)6-’.64)%
0i-(.((. (3.1). H %)*$+i i%8(()? -i*/)-i*i (3.4) - (3.7) -0"185%) ($>"#&-(&<
-/+&- ;"4#)08 6"708*($((. E(t) (" 8#-)0$((. 4"34"*8 /+"6%)4+i#&(, G)
3/0&’&(.5 6%$(E$((. E-&*4)3#i <)>) ;)0%8-"((.. _-&*4i3#9 80"D$((.
)0>"(8-%iE$(i m(t) /0& 29)%8 60)3#"5. @0&/83#&%), G) -/+&- ;"4#)0"
6"708*($((. 5 +i(i<(&% 6 ($-i*’5%(&%& 4)$;i2i5(#"%& -i*/)-i*() ⇁c i ⇁m.
O"4)D -0"185%), G) ($<#0"+i6"2i. "(#&>$(i- V (t) "(#&#i+"%& F (t) %)D$
"*$4-"#(iE$ )/&38-"#&39 8 -&>+.*i *)78#48 V (t)F k(t), *$ k → N. N("’$((.
k > 1 -i*)70"D"5 i(#$(3&-(iE8 i%8((8 -i*/)-i*9 /)0i-(.() 6 k = 1. H
/i*38%48 )*$0D&%) 3&3#$%8 0i-(.(9, G) )/&385 %)*$+9 i%8(()? -i*/)-i*i
)0>"(i6%8 +,*&(& (" -i083(8 i(;$42i, 6 80"18-"((.% $4)+)>i’()>) -/+&-8,
-&>+.*8:

dV

dt
= (1 ↔ ⇀F k(t))V (t), (3.8)

dC

dt
= φ2(m(t))V (t↔ ε)F (t↔ ε)↔ µc(C(t)↔ C′)↔ ⇁cE(t), (3.9)

dF

dt
= ▷C(t)↔ µfF (t) ↔ 3⇀V (t)F k(t), (3.10)

dm

dt
= ϱV (t)↔ µmm(t) + ⇁mE(t), (3.11)
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*$ /"0"%$#0& ("78-",#9 ($-i*’5%(&1 6("’$(9. @)’"#4)-i 8%)-& %",#9
-&>+.*:

V (t) = 0, t → [↔ε, 0), V0 = V (0) ↘ 0;F (t) = F0(t) ↘ 0, F0 → C[↔ε, 0]; (3.12)

C(0) = C0 ↘ 0;m(0) = m0 → [0, 1).

3.1.3 "’8i@’X3-i;*7 )(18’2105 3(@’6i

=+. "*$4-"#()3#i %)*$+i -"D+&-), G)7 /0& t > 0 0)6-’.6)4 3&3#$%&
(3.8)-(3.11) 6 ($-i*’5%(&%& /)’"#4)-&%& 8%)-"%& ("78-"- ($-i*’5%(&1
6("’$(9. J7I08(#8-"((. ($-i*’5%()3#i 0)6-’.648 *)-$*$() - ("3#8/(i<
#$)0$%i.

$’()’3. 3.1. ,’4$J ".’8i(iM&;1 :1:;’C1 #i/&3&) (3.1), (3.8)–(3.11)

i 0.7$;"./i A&$7’&&3 #.A/’3A"- 0#1 t = 0 &’/i2’MC&i, 0#1 t > 0

i:&-M &’0’#’#/&1J #.A/’3A." :1:;’C1 A 0.7$;"./1C1 -C./$C1 (3.12) i

/1".&-6;):3 .(i&"1:

C0 ↘ C′, ⇁c < µcC
′. (3.13)

H.2i #.A/’3A." 0.7$;"./.% A$2$7i (3.8)–(3.12) &’/i2’MC&1J 0#1 t > 0.

D./’2’&&3. K$-i*’5%(i3#9 0)6-’.648 V (t) /0& t > 0, -&/+&-"5 i6 <)>)
6)70"D$((. 8 -&>+.*i

V (t) = V0 exp

(∫ t

0
(1 ↔ ⇀F k(s))ds

)
↘ 0,

.4$ )*$0D85#93. 6 0i-(.((. (3.8). N" 8%)-& V0 > 0 0)6-’.6)4 V (t) > 0 /0&
t > 0.

K$-i*’5%(i3#9 0)6-’.648 6"*"’i (3.1), (3.2) )7I08(#)-"() - /.3.1.1.
J34i+94& V (t) ↘ 0 i E(t) ↘ 0, 4)+& t > 0, #) 0)6-’.6)4 0i-(.((. (3.11)

m(t) = m0e
↔µmt +

∫ t

0
e↔µm(t↔s) (ϱV (s) + ⇁mE(s)) ds ↘ 0, t > 0. (3.14)

K" -i*0i648 [0, ε ], -0"1)-8,’& )2i(4& (3.13), %"5%):

C(t) = C′ + (C0 ↔ C′)e↔µct ↔ ⇁c

∫ t

0
e↔µm(t↔s)E(s)ds ↘ C′

↔
⇁c
µc

> 0.
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Q4G) F (0) > 0, #) F (t) > 0 (" *$.4)%8 i(#$0-"+i (0, t1). K$1"< t1 ⇒ ε ,
F (t1) = 0, #)*i dF (t1)/dt ⇒ 0, "+$ - #)’2i t = t1 %"5%)

dF (t1)

dt
= ▷C(t1)↔ 3⇀F k(t1)V (t1)↔ µcF (t1) = ▷C(t1) > 0,

G) 38/$0$’&#9 /0&/8G$((,. J#D$, F (t) > 0 /0& t → [0, ε ].
J34i+94& 2(m) ↘ 0, #) *+. t → (ε, 2ε ]:

dC(t)

dt
=φ2(m(t))V (t↔ ε)F (t↔ ε)↔ µcC

′
↔ ⇁cE(t) ↘

µc(C(t)↔ C′)↔ ⇁cE(t).

Q4G) C(t2) = 0, ε < t2 < 2ε , #)
dC(t2)

dt
↘ µcC

′
↔ ⇁cC > 0,

G) 38/$0$’&#9 /0&/8G$((,, )34i+94& dC(t2)/dt ⇒ 0. T("+)>i’() *)-)*&#93.,
G) F (t) > 0 /0& t → [2ε, 3ε ] i -i*/)-i*() V (t) > 0, i *"+i (" -i*0i64"1
[ςε, (ς + 1)ε ] , ς ↘ 3.

J#D$, 0)6-’.6)4 %)*$+i ($-i*’5%(&< *+. t > 0 /0& 60)7+$(&1
/0&/8G$((.1.

3.1.4 I;-58.--2 i X@+-i;*7 )(18’2105

P)6>+.($%) /&#"((. i3(8-"((. i 5*&()3#i 0)6-’.648 6"*"’i (3.8)-(3.11).

$’()’3. 3.2. ,’4$J ".’8i(iM&;1 :1:;’C1 #i/&3&) (3.8)–(3.11) i 0.7$;"./i

-C./1 &’/i2’MC&i, /1".&-6;):3 -C./1 (3.13). H.2i 0#1 t > 0 i:&-M M21&1J

#.A/’3A." A$2$7i (3.8)–(3.12), 218’#’&(iJ./$&1J 0#1 t > ε .

D./’2’&&3. K$/$0$0-(&< 0)6-’.6)4 6"*"’i (3.1), (3.2) i3(85 i 5*&(&< /0& t > 0

[9], [11]. K" i(#$0-"+i (0, ε) 0)6-’.6)4 +i(i<()>) 0i-(.((.
dC(t)

dε
= ↔µc(C(t)↔ C′)↔ ⇁cE(t) (3.15)

i3(85 i 5*&(&<. K" *$.4)%8 i(#$0-"+i (0, t) i3(8-"((. 0)6-’.648 i6 /)’"#4)-&%&
8%)-"%& V (0) > 0, F (0) > 0 (" /i*3#"-i #$)0$%& 3.1 )*$0D&%)

dV

dt
⇒ 1V,

dF

dt
⇒ ▷C.
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P)6-’.6)4 )#0&%"()? +i(i<()? 3&3#$%& i6 /)’"#4)-&%& 8%)-"%& V (0)

i F (0) i3(85 /0& t > 0 i ("78-"5 *)*"#(&1 6("’$(9, 4)+& V (0) > 0

i F (0) > 0. J#D$, 0)6-’.6)4 0i-(.(9 (3.8) i (3.9) %)D(" /0)*)-D&#&
(" i(#$0-"+ (0, ε) (" /i*3#"-i #$)0$%& Hi#($0" [94, 3. 42-43]. I3(8-"((.
i 5*&(i3#9 0)6-’.648 m(t) -&/+&-"5 i6 6)70"D$((. (3.14). K" ("3#8/()%8
40)2i (ε, 2ε), /)-#)0&-E& "("+)>i’(i %i048-"((., -3#"()-+,5#93. i3(8-"((.
5*&()>) 0)6-’.648 i6 ($-i*’5%(&%& /)’"#4)-&%& 6("’$((.%& V (t) i F (t) /0&
t → [0, ε ], C(0) > 0 i m(0) > 0. !$#)*)% 40)4i- [9] )#0&%85#93. i3(8-"((.
0)6-’.648 *+. t > 0.

J34i+94& /)’"#4)-" ;8(42i. *+. 0)6-’.648 V (t) 0)60&-(" /0& t = 0, #)
0)6-’.6)4 6"*"’i (3.8)–(3.11) ($/$0$0-(&< *+. t → [0, ε ] i *&;$0$(2i<)-"(&<
/0& t > ε -("3+i*)4 >+"*4)3#i /0"-&1 ’"3#&( 3&3#$%& *+. 6"*"(&1 /)’"#4)-&1
8%)-. a*&(i3#9 0)6-’.648 -&/+&-"5 i6 >+"*4)3#i /0"-&1 ’"3#&( 3&3#$%&
0i-(.(9. P)6-’.6)4 6"*"’i (3.1) - (3.2) *+. ($/$0$0-()? ;8(42i? E0(t) /0&
t → [↔!, 0] i E0(0) = E(0) *&;$0$(2i<)-(&< /0& t > 0 i 6>+"*D85#93. *+.
t > !, t > 2! i #.*. [9].

3.1.5 <*.>i(-.)-i )(18’210+ *. A4 ;*i?0i;*7

S#"2i)("0(&< 0)6-’.6)4 E = K 0i-(.((. (3.1) "3&%/#)#&’() 3#i<4&<
/0& -&4)("((i 8%)-& (3.3). =+. 3&3#$%& 0i-(.(9 (3.8)–(3.11), 3#"2i)("0(&<
0)6-’.6)4 %)*$+i i%8(()? -i*/)-i*i (3.8)-(3.11) %)D$ i3(8-"#&, .4G) %i0"
80"D$((. )0>"(8-%iE$(i ($ /$0$-&G85 m′ > 0, 0 < m′ < 1, #)7#) 4)+&
2(m) = 1. S#"2i)("0(i 0)6-’.64& 6("1)*.#93. i6 ($+i(i<()? 3&3#$%& 0i-(.(9:

(1 ↔ ⇀F k)V = 0,

φV F ↔ µc(C ↔ C′)↔ ⇁cK = 0, (3.16)

▷C ↔ µfF ↔ 3⇀V F k = 0,

ϱV ↔ µmm+ ⇁mE = 0.

S#"2i)("0(&< 0)6-’.6)4, G) -i*/)-i*"5 3#"(8 6*)0)-)>) )0>"(i6%8 6
($6("’(&% 80"D$((.% )0>"(8-%iE$(i m, G) ($ /$0$-&G85 m′, ("78-"5
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-&>+.*8:
V1 = 0, C1 = C′

↔
⇁cK

µc
, F1 =

▷C1

µf
,m1 =

⇁mK

µm
. (3.17)

Ui*6("’&%), G) - %"#$%"#&’(i< %)*$+i (3.4)-(3.7) -i*/)-i*(&< 0)6-’.648
(3.17) 3#"2i)("0(&< 0)6-’.6)4 #"4&<:

V̄1 = m̄1 = 0, C̄1 = C′, F̄1 = ▷C′/µf .

J#D$, -/+&- ;"4#)08 E(t) /0&6-)*&#9 *) /$-()>) 80"D$((. )0>"(8-%iE$(i
m1 > m̄1 = 0 i 6%$(E$((. 4)(2$(#0"2i? /+"6%)4+i#&( C1 < C̄1.

S#"2i)("0(&< 0)6-’.6)4 (3.17) i3(85, .4G) ($-i*’5%(&<, #)7#) /0&
-&4)("((i 8%)-:

⇁c ⇒
µcC′

K
, ⇁m ⇒

µmm′

K
. (3.18)

‘$ )*&( 0)6-’.6)4 %)D$ i3(8-"#&, .4G) V ⇔= 0. H 29)%8 -&/"*48:

F2 =
k


1

⇀
,m2 =

ϱ2V2 + ⇁mK

µm
, (3.19)

" 6("’$((. C2 i V2 5 0)6-’.64"%& 3&3#$%& +i(i<(&1 0i-(.(9

µcC ↔ φF2V = µcC′

↔ ⇁cK,

▷C ↔ 3⇀F k
2 V = µfF2.

N-i*3& )*$0D&%):

C2 =
φµc + 3⇀(⇁cK ↔ µcC′)F k↔1

2

φ▷↔ 3⇀µcF
k↔1
2

, (3.20")

V2 =
▷(⇁cK ↔ µcC′) + µcµfF2

φ▷F2 ↔ 3⇀µcF k
2

. (3.207)

S#"2i)("0(&< 0)6-’.6)4 (3.19), (3.20) -i*/)-i*"5 3#"(8 10)(i’()>)
6"1-)0,-"((. /0& *)/83#&%)%8 0i-(i 6"708*($((. E = K. J#0&%"(&<
0)6-’.6)4 (3.20) %"5 6%i3#, .4G) V2 > 0, )34i+94& i6 (3.20") -&/+&-"5, G)
:

▷C2 = µfF2 + µ⇀V2F
k
2 > 0.

=)*"#(i3#9 V2 6"7$6/$’85#93. -&4)("((.% 3&3#$%& ($0i-()3#$<:

▷(µcC
′
↔ ⇁cK) < µcµfF2, (3.21)
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φ▷ > 3⇀µcF
k↔1
2 ,

"7) 3&3#$%& ($0i-()3#$< i6 /0)#&+$D(&%& 6("4"%&:

▷(µcC
′
↔ ⇁cK) > µcµfF2, (3.22)

φ▷ < 3⇀µcF
k↔1
2 ,

H%)-& (3.21) -i*/)-i*",#9 3#"(8 3&+9()? i%8(()? -i*/)-i*i )0>"(i6%8
+,*&(&, 8%)-& (3.22) - 3#"(8 i%8()*$;i2&#8 [52].

‘$ )*(i5, 8%)-), i3(8-"((. 3#"2i)("0()>) 0)6-’.648 (3.20) 5 8%)-"
($6("’()>) 80"D$((. )0>"(8-%iE$(i, .4$ ($ /$0$-&G85 m′. I6 *08>)? 0i-()3#i
(3.19) )*$0D85#93. )2i(4":

ϱ2V2 + ⇁mK ⇒ µmm
′,

"7) )2i(4& *+. ⇁m:
⇁m ⇒ (µmm

′
↔ ϱ2V2) /K. (3.23)

3.1.6 !;+3/*(*+,-. ;*i?0i;*7 ;*.-5 1@()(8(W( ()W.-i135

H 3&3#$%i 0i-(.(9 (3.4)–(3.7) -&4)("5%) 6"%i(8 6%i((&1:

V = V̄ , C = C̄ + C1, F = F̄ + F1,m = m̄+m1, E = Ē +K.

S&3#$%" *&;$0$(2i"+9(&1 0i-(.(9 *+. ()-&1 6%i((&1 ("78-"5 -&>+.*8:

dV̄

dt
= 1V̄ ↔ ⇀V̄ F k

1 ↔ ⇀V̄ g(F̄ ),

dC̄

dt
= φ2(m)V̄ςFς ↔ µcC̄ ↔ ⇁cF̄ + φ2(m)V̄ς F̄ς ,

dF̄

dt
= ▷C̄ ↔ µf F̄ ↔ 3⇀v̄F k

1 ↔ 3⇀V̄ g(F ),

dm̄

dt
= ϱV̄ ↔ µmm̄+ ⇁mĒ,

*$ g(F̄ ) = F̄ k
↔ kF̄ k↔1F1 + ...+ kF̄F k↔1

1 .
J*$0D"(" 3&3#$%" %"5 #0&-i"+9(&< 3#"2i)("0(&< 0)6-’.6)4 V̄ = C̄ =

F̄ = m̄ = Ē = 0, .4&< -i*/)-i*"5 0)6-’.648 (3.17).

68



Ui*/)-i*(" +i(i<(" 3&3#$%" *&;$0$(2i"+9(&1 0i-(.(9 %"5 -&>+.*:

dV̄

dt
= 1V̄ ↔ ⇀V̄ F k

1 ,

dC̄

dt
= φV̄ςFς ↔ µcC̄ ↔ ⇁cF̄ ,

dF̄

dt
= ▷C̄ ↔ µf F̄ ↔ 3⇀v̄F k

1

dm̄

dt
= ϱV̄ ↔ µmm̄+ ⇁mĒ,

R"0"4#$0&3#&’($ 0i-(.((. *+. +i(i<()? 3&3#$%&, 4)+& 2(m̄) = 1, )*$0D&%),
)7’&3+&-E& -&6("’(&4:

∣∣∣∣∣∣∣∣∣∣∣

1 ↔ ⇀F k
1 ↔ ω 0 0 0

φF1e↔ες
↔µc ↔ ω 0 0

↔3⇀F k
1 ▷ ↔µf ↔ ω 0

ϱ 0 0 ↔µm ↔ ω

∣∣∣∣∣∣∣∣∣∣∣

= 0.

J34i+94& -&6("’(&4 %"5 #0&48#(8 ;)0%8, #) 1"0"4#$0&3#&’($ 0i-(.((.
("78-"5 -&>+.*8:

(1 ↔ ⇀F k
1 ↔ ω)(µc + ω)(µf + ω)(µm + ω) = 0.

:)0$(i 1"0"4#$0&3#&’()>) 0i-(.((.

ω1 = 1 ↔ ⇀F k
1 ,ω2 = ↔µc < 0,ω3 = ↔µf < 0,ω4 = ↔µm < 0.

Q4G) -&4)(85#93. 8%)-"

1 ↔ ⇀F k
1 < 0, (3.24)

#) -+"3(i 6("’$((. %"#0&2i +i(i<()? 3&3#$%& -i*’5%(i.
J#D$, /0& -&4)("((i 8%)-& (3.3) < 8%)- (3.23), (3.24) 3#"2i)("0(&<

0)6-’.6)4 E1 = K i 0)6-’.6)4 ((3.17)) +)4"+9() "3&%/#)#&’() 3#i<4i.

".;6i@(0 2.1. 9#$4./-671 A&$7’&&3 :;$(i.&$#&.?. #.A/’3A"- (3.17),

A$01N’C. -C./- (3.24) - /1?532i

1 < ⇀
▷k

µk
f

(C′
↔

⇁cK

µc
)k.

69



+/i2:1 /1051/$M, O. 0#1 &’/’51"iJ N/12".:;i #.AC&.@’&&3 $&;1?’&$

1 $B. 2.:;$;&iJ ".&(’&;#$(i% iC-&.".C0’;’&;&14 05$AC."5i;1& C′
,

O. /i2B-/$M;):3, A."#’C$, 0#1 /$"(1&$(i%, #.A/1;"- A$4/.#6/$&&3 &’

/i2B-2’;):3.

Q4 i - /0"2i [52], *+. 6"/0)/)()-"()? %)*$+i (3.8)-(3.11) 6("<*$%) -$01(,
)2i(48 V ′ – i%8()+)>i’(&< 7"0’50 *+. /)’"#4)-)>) 6("’$((. i(;i48-"((. V0.
Q4G) V0 > 0 i V0 < V ′, #) i(;$42i<($ 6"1-)0,-"((. %"#&%$ 3874+i(i’(8
;)0%8 i 0)6-&#48 i(;$42i<()>) 6"1-)0,-"((. ($ -i*78*$#93..

$’()’3. 3.3. ,’4$J /1".&-6;):3 -C./1 (3.23), (3.24) J .(i&"1

⇁c ⇒
µcC′

K
, ⇁m ⇒

µmm′

K
, 2 exp (↔µc ε) < 1. (3.25)

H.2i 253 0.7$;"./.?. A&$7’&&3 V0, ;$".?., O. 0 < V0 < V ′
, 2’

V ′ =
1

31

(
▷C′

↔ µf
k


1

⇀

)
+

⇁c▷

31µc
(2e↔µcς ↔ 1), (3.26)

#.A/1;"- i&8’"(iJ&.?. A$4/.#6/$&&3 - ?.:;#iJ 71 4#.&i7&iJ 8.#Ci &’

/i2B-/$M;):3 i /’5171&$ 0.0-53(i% $&;1?’&$ $:1C0;.;17&. AC’&N-M;):3,

;.B;.

lim
t⇑↑

V (t) = 0.

D./’2’&&3. I6 8%)-& (3.24) -&/+&-"5, G) 0)6-’.6)4 V (t) %)()#)(() 3/"*"5 ("
*$.4)%8 i(#$0-"+i (0, t1). H #)’2i t = t1 ;8(42i. V (t) *)3.>"5 %i(i%8%8 i #)*i
1 ↔ ⇀F k(t1) = 0. P)6>+.($%) 3/)’"#48 -&/"*)4, 4)+& t1 < ε . I3(85 i(#$0-"+
(t1, t2), t2 ⇒ ε , (" .4)%8 ;8(42i. V (t) 60)3#"5, #)%8 F k(t) < 1/⇀.

J34i+94& 0 < E(t) ⇒ 1, #) 6>i*() 6 *)-$*$((.% #$)0$%& 3.1, i -0"1)-8,’&
)2i(48 (3.25), )*$0D&%), G) (" 29)%8 i(#$0-"+i:

C(t) ↘
⇁c
µc

e↔µcς +
⇁c
µc

(e↔µct ↔ 1) ↘
⇁c
µc

(2e↔µcς ↔ 1) > 0. (3.27)

I6 0i-(.((. (3.9) i )2i()4 (3.27) -&/+&-"5:

dF (t1)

dt
= ▷C(t1)↔ 3⇀V (t1)F

k(t1)↔ µfF (t1) ↘ (3.28)
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▷(C0 +
⇁c
µc

(2e↔µcς ↔ 1))↔ 3⇀V0
1

⇀
↔ µc

k


1

⇀
.

J34i+94& C0 ↘ C′, #) -0"1)-8,’& 6("’$((. V ′ > V0 i6 (3.26), )*$0D&%)

dF (t1)

dt
↘

▷⇁c
13µc

(
2e↔µcς ↔ 1

)
+

▷C′

31
↔

µc

31
k


1

⇀
= V ′

↔ V0 > 0.

J#0&%"(" )2i(4" 38/$0$’&#9 /0&/8G$((,, G) ;8(42i. V (t) *)3.>"5
%i(i%8%8 - #)’2i t1, #)%8 ;8(42i. V (t) 3/"*"5 (" i(#$0-"+i (0, ε).

K$1"< #$/$0 ε < t1 < t2 ⇒ 2ε . O)*i *+. t → (t1, t2] )*$0D&%)

dC(t)

dt
↘ φV (t↔ ε)F (t↔ ε)↔ µc(C(t)↔ C′)↔ ⇁cE(t) ↘

↘ µc(C(t)↔ C′)↔ ⇁cE(t),

)34i+94& ;8(42i? V (t) i F (t) ("78-",#9 *)*"#(&1 6("’$(9. J#D$, (" i(#$0-"+i
(t1, t2) -&4)(85#93. )2i(4" -&>+.*8 (3.27), #)%8 F (t2) > 0, G) /i*#-$0*D85

3/"*"((. ;8(42i? V (t) (" i(#$0-"+i (ε, 2ε). T("+)>i’(i )2i(4& )#0&%8,#93.
#"4)D i (" i(#$0-"+"1 (kε, (k + 1)ε), k = 2, 3, ..., G) /i*#-$0*D85 -&3()-)4
G)*) i%8()+)>i’()>) 7"0’508 V ′, ($/0)1)*D$((. .4)>) ($ /0&-)*&#9 *)
>)3#0)? ’& 10)(i’()? ;)0%& i(;$42i<()>) 6"1-)0,-"((..

3.1.7. M+;6(8’ 3(@’6:8.--2

N" *)/)%)>), ("7)08 i(3#08%$(#i- *+. "("+i#&’()>) < ’&3$+9()>)
0)6-’.6"((. 3&3#$% *&;$0$(2i"+9(&1 0i-(.(9 8 /0)>0"%()%8 /"4$#i Wolfram
Mathematica (*&-. =)*"#)4 M) /0)i+,3#085%) /)-$*i(48 0)6-’.64i- %)*$+i
i%8(()? -i*/)-i*i (3.8)–(3.11) 6" (".-()3#i i -i*38#()3#i -/+&-8 $4)+)>i’()>)
;"4#)08 E(t).

Q4G) ;"4#)0 E(t) ($ -/+&-"5 (" /$0$7i> i(;$42i<()>) 6"1-)0,-"((.
(⇁c = ⇁m = 0), #) - %)*$+i (3.4)-(3.7) 3/)3#$0i>"5#93. >)3#0" ;)0%"
6"1-)0,-"((. 6 *)3.>($((.% /i4)-&1 6("’$(9 4)(2$(#0"2i? "(#&>$(" V 1

max i
/+"6%)4+i#&( C1

max (0&3.3.2, "-7), /0&’)%8 C(t) ⇑ C′ i6 0)3#)% t i /$0$-&G85
C′.
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(a) (8)

(*) (/)
!"#. 3.2. !"#$%i&$ ,$&-(’i* %(;20i i%.##(= *i;6(*i;i. <$’$%2-’":

1 = 1.2, ⇀ = 0.3,φ = 1.7, µc = 0.1, ▷ = 2.0, C→ = 1.4, µf = 0.15, 3 = 2.0, ϱ = 0.35, µm =

0.2, ε = 4.5,m→ = 0.15, ⇁c = ⇁m = 0. <(4$-&(*i .%(*":
V0 = 0.1, C0 = 1.0, F0 = 0.0001,m0 = 0.

Q4G) 8 0i-(.((i (3.1) /"0"%$#0& ("78-",#9 6("’$(9: r = 0.5, K =

0.2, n = 2, k = ! = 1, " /)’"#4)-" 8%)-" E0(t) = 0.15, t → [↔!, 0], #)
3#"2i)("0(&< 0)6-’.6)4 6"*"’i E(t) = K "3&%/#)#&’() 3#i<4&< (0&3. 3.3 (")),
)34i+94& rn! = 1 < ↽/2.

(a) r = 0.5 (8) r = 0.8

!"#. 3.3. !"#$%i&$ ,$&-(’. )$8’.;#2##+ )(*#i>#1(/( 52’2;(*"?$ E(t).
<$’$%2-’": K = 0.2, n = 2, k = ! = 1.

P)6>+.($%) %)*$+9 (3.8)-(3.11) i6 -/+&-)% ;"4#)08 E(t) (" *&("%i48
i%8(()? -i*/)-i*i (⇁c⇁m ⇔= 0). H 29)%8 -&/"*48 V 2

max > V 1
max, 6("’$((. C(t) i

F (t) ("7+&D",#93. *) 3#"2i)("0(&1 6("’$(9 C1 i F1 /0& t ⇑ ↑, .4i %$(E$
6("’$(9 7$6 -/+&-8 ;"4#)08 6"708*($((. 6)-(iE(9)>) 3$0$*)-&G" (0&3.3.4
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(",7)). @0& 29)%8 6"+&E"5#93. ($6("’($ 80"D$((. m(t) < m′ )0>"(8-%iE$(i
(0&3. 3.4 (>)).

(a) (8)

(*) (/)
!"#. 3.4. !"#$%i&$ ,$&-(’i* %(;20i i%.##(= *i;6(*i;i i) *60"*(% ,$&-(’. )$8’.;#2##+

)(*#i>#1(/( 52’2;(*"?$. <$’$%2-’": ⇁c = 0.25, ⇁m = 0.15.

Q4G) 3#"( 0i-()-">& E = K /)08E85#93., ("/0&4+"*, /0& r = 1.3,
#) 3/)3#$0i>"5#93. )32&+.2i<(" /)-$*i(4" 0)6-’.64i- (3.8)–(3.11). @0& 29)%8
m(t) ⇑ m2 > 0 /0& t ⇑ ↑, #)7#) 80"D$((. )0>"(8-%iE$(i /)-(i3#,
($ 6(&4"5. O"4)D, %"43&%"+9(i 6("’$((. 4)(2$(#0"2i? "(#&>$(" V 3

max i
/+"6%)4+i#&( C3

max /$0$-&G8,#9 -i*/)-i*(i 6("’$((., .4i ("78-",#93. 7$6
-/+&-8 ;"4#)08 6"708*($((. 6)-(iE(9)>) 3$0$*)-&G" (0&3. 3.5 (",7)).
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(a) (8)

(*) (/)
!"#. 3.5. !"#$%i&$ ,$&-(’i* %(;20i i%.##(= *i;6(*i;i i) *60"*(% ,$&-(’. )$8’.;#2##+

)(*#i>#1(/( 52’2;(*"?$. <$’$%2-’": r = 1.3.

J#D$, 6" 0$68+9#"#"%& 0)6>+.(8#&1 /0&4+"*i- %)D(" /0)3+i*48-"#&
-/+&- $4)+)>i’()>) ;"4#)08 (" /$0$7i> i(;$42i<()>) 6"1-)0,-"((.,
/)-’.6"()>) i6 6"708*($((.% 6)-(iE(9)>) 3$0$*)-&G". S/)3#$0i>"5#93. 0i3#
%"43&%"+9()>) 6("’$((. "(#&>$(", )32&+.2i<(" /)-$*i(4" %i0& 80"D$((.
)0>"(8-%iE$(i, 6"/i6($((. - *)3.>($((i %"43&%"+9(&1 6("’$(9 ;)0%8-"((.
4"34"*8 /+"6%)4+i#&( i /)/8+.2i? "(#&#i+.
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3.2 I.*’3.*+,-. 3(@’67 /([+)’--2 ’/i@’3iA 8 /(/562>iA

3.2.1 I.*’3.*+,-. 3(@’67

@)78*85%) i *)3+i*&%) %"#$%"#&’(8 %)*$+9 /)E&0$((. $/i*$%i? i6
-0"18-"((.% $4)+)>i’()>) ;"4#)08 E(t), .4&< 5 0)6-’.64)% 8 6">"+9()>)
0i-(.((. L"#’i(3)(" (3.1) i .4&< ($>"#&-() -/+&-"5 (" /$0$7i> $/i*$%i?.
!"#$%"#&’(" %)*$+9 I08(#85#93. (" 7"6)-i< SIR-%)*$+i [34]

dS(t)

dt
= ↔1S(t)I(t),

dI(t)

dt
= 1S(t)I(t)↔ ⇀I(t),

dR(t)

dt
= ⇀I(t).

(3.29)

i6 -0"18-"((.% *)*"#4)-&1 ;"4#)0i- (0&3. 3.6).

S I R

E(t)↔K

b 1 ⇀(E)

φ

µ µ µ+⇁ ↔⇁

!"#. 3.6. @72%$ %(;20i 6(>"’2##+ 26i;2%i= * 6(6.0+Ai= i) *’$7.*$##+% 2&(0(/i4#(/(
,$&-(’. E(t).

H 0i-(.((i *+. S(t) -0"185%) #"4i ;"4#)0&:

1. I%8(i#$# *) /$0$($3$()? 1-)0)7& -#0"’"5#93. ’$0$6 ’"3 ε > 0 6
4)$;i2i5(#)% φ > 0 i 3/0&’&(.5 E-&*4i3#9 60)3#"((. 4i+94)3#i 31&+9(&1
*) 6"1-)0,-"((. )3i7 S(t).

2. @$0$-&G$((. 6("’$((. ;"4#)08 6"708*($((. *)-4i++. E(t) /)("*
*)/83#&%&< ()0%"#&-(&< 0i-$(9 K #"4)D /i*-&G85 0i3# 4i+94)3#i
31&+9(&1 )3i7 S(t).
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3. K"0)*D8-"(i3#9 6 4)$;i2i5(#)% b > 0 i +$#"+9(i ("3+i*4& - 4)D(i< i6
>08/ ("3$+$((. S, I, R 6 4)$;i2i5(#)% µ > 0 -i*/)-i*().

H /i*38%48 )#0&%"5%) /$0E$ 0i-(.((. %)*$+i:
dS(t)

dt
= b↔ 1S(t)I(t) + φI(t↔ ε) + ⇁(E(t)↔K)↔ µS(t), (3.30)

H 3&3#$%i 0i-(.(9 (3.29) 4)$;i2i5(# ⇀ )7$0($() /0)/)02i<(&< 3$0$*(9)%8
’"38 /$0$7i>8 6"1-)0,-"((. T , #)%8 /$0$-&G$((. /)4"6(&4" E(t) 6" 3$0$*(5
6("’$((. K %)D$ 67i+9E&#& ’"3 T , G) 3/)3#$0i>"5#93. - %$*&’(i< /0"4#&2i
[3], [2]. O)%8 /0&/83#&%), G) 4)$;i2i5(# ⇀ 6"+$D&#9 -i* -i*1&+$((. E(t)↔K

i ("78-"5 -&>+.*8:
⇀(E) =

⇀0
1 + ⇀1(E(t)↔K)

, (3.31)

*$ ⇀0 i ⇀1 – *)*"#(i 4)$;i2i5(#&.
Q4G) ⇀1 = 0 i ($ -0"1)-8-"#& +$#"+9(i ("3+i*4&, #) )*$0D&%) *08>$

0i-(.((. 3&3#$%& (3.29).
O"4i %i048-"((. /0&-)*.#9 *) 0i-(.((. *+. *&("%i4& i(;i4)-"(&1 )3i7:

dI(t)

dt
= 1S(t)I(t)↔ ⇀(E(t))I(t)↔ µI(t), (3.32)

Q4 ("3+i*)4 (3.30) i (3.32) )#0&%"5%) 0i-(.((. *+. R(t):

dR(t)

dt
= ⇀E(t)I(t)↔ φI(t↔ ε)↔ ⇁(E(t)↔K)↔ µR(t). (3.33)

N"*"%) *+. S(t), I(t), R(t) /)’"#4)-i 8%)-&:

S(0) = S0 ↘ 0, I(t) = 0, ↔ε ⇒ t < 0,

I(0) = I0 ↘ 0; R(0) = R0 ↘ 0.
(3.34)

K"*"+i /)78*)-"(8 %)*$+9 78*$%) *)3+i*D8-"#& *+. 7$60)6%i0(&1
-$+&’&(, --"D",’&, G) N(0) = 1, " S(t), I(t) i R(t) – -i*/)-i*(i *)+i
("3$+$((. i -&4)(85#93. 0i-(i3#9

S(t) + I(t) +R(t) = N(t).

I6 0i-(.(9 (3.30), (3.32), (3.33) -&/+&-"5
dN

dt
= b↔ µN, N(0) = 1,
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i 6%i(" 4i+94)3#i ("3$+$((. 6 /+&()% ’"38 /i3+. i(#$>08-"((. ("78-"5 -&>+.*8

N(t) =

(
1↔

b

µ

)
e↔µt +

b

µ
. (3.35)

3.2.2 "’8i@’X3-i;*7 )(18’2105 3(@’6i

P)6>+.($%) /&#"((. /0) ($-i*’5%(i3#9 0)6-’.648 6"*"’i (3.30), (3.32),
(3.33) i6 ($-i*’5%(&%& /)’"#4)-&%& 8%)-"%&, G) -"D+&-) *+. "*$4-"#()3#i
%)*$+i.

$’()’3. 3.4. ,’4$J /1".&-6;):3 -C./1:

1. D53 t > 0 i:&-M M21&1J &’0’#’#/&1J #.A/’3A." :1:;’C1 #i/&3&) (3.30),

(3.32), (3.33) iA 0.7$;"./1C1 -C./$C1 S(0) > 0, I(0) > 0, R(t) ↘ 0.

2. E0#$/2@-6;):3 .(i&"1

b↔ ⇁ϱ > 0, ϱ = max |E(t)↔K| 0#1 t ↘ 0.

3. D53 ".’8i(iM&;i/ 8-&"(i% ⇀(E) /1".&-M;):3 -C./$ φ(1 + ⇀1ϱ) < ⇀0.

H.2i 0#1 t > 0 #.A/’3A." S(t), I(t), R(t) &$B-/$M &’/i2’MC&14 A&$7’&).

D./’2’&&3. I6 0i-(.((. (3.32) /i3+. i(#$>08-"((. )*$0D&%)

I(t) = I(0)exp

(∫ t

0
1S(x)↔ ⇀(E(x))

)
dx.

N-i*3& -&/+&-"5, G) I(t) ↘ 0 /0& t > 0. Q4G) I(0) > 0, #) I(t) > 0 /0&
t > 0. H 0"6i -i*38#()3#i i(;i4)-"(&1 )3i7 /0& t = 0 %"5%) I(t) ∋ 0 *+. t > 0.

K$1"< 0 < S(0) ⇒ N(0) = 1 i t1 → (0, ε) – /$0E" #)’4", 8 .4i< S(t1) = 0.
O)*i S ∝(t1) ⇒ 0. @0& -&4)("((i 8%)-& 2 #$)0$%& )#0&%85%):

dS(t1)

dt
= b+ ⇁(E(t1)↔K) ↘ b↔ ⇁ϱ > 0,

G) 38/$0$’&#9 /0&/8G$((,.
Q4G) t1 ↘ ε , #) -0"1)-8,’&, G) I(t1 ↔ ε) ↘ 0 i 8%)-8 2 #$)0$%& 3.4,

"("+)>i’() )*$0D&%) 38/$0$’(i3#9 i6 /0&/8G$((.% S ∝(t1) ⇒ 0.
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K$1"< t2 > 0 – /$0E" #)’4", - .4i< R(t2) = 0, /0& 29)%8 R∝(t2) ⇒ 0. Q4G)
I(0) > 0 i t2 > 0 – /$0E" #)’4", - .4i< R(t2) = 0, )#D$ R∝(t2) ⇒ 0. Q4G)
t2 < ε , #) R∝(t2) > 0 (" /i*3#"-i 8%)-& 2 #$)0$%&. Q4G) t2 ↘ ε i -&4)(85#93.
8%)-" 3 #$)0$%&, #)

dR(t2)

dt
↘

(
⇀0

1 + ⇀1ϱ
↔ φ

)
min (I(t2 ↔ ε), I(t2)) > 0,

G) #"4)D 38/$0$’&#9 /0&/8G$((,.
J#D$, 0)6-’.6)4 6"*"’i (3.30) – (3.33) i6 ($-i*’5%(&%& /)’"#4)-&%&

8%)-"%& ("78-"5 ($-i*’5%(&1 6("’$(9 /0& t > 0.

3.2.3 I;-58.--2 i X@+-i;*7 )(18’2105

=+. *)-$*$((. i3(8-"((. i 5*&()3#i ($/$0$0-()>) 0)6-’.648 3&3#$%&
0i-(.(9 (3.30), (3.32), (3.33) i6 ($-i*’5%(&%& /)’"#4)-&%& 8%)-"%& 6"3#)385%)
#$)0$%8 i6 %)()>0";i? [95, c.308-309]. P)6>+.($%) 6"*"’8:

du

dt
= F (t, u(t↔ ε1), ..., u(t↔ εm)), t > 0,

u(t) = u0(t), ↔εm ⇒ t ⇒ 0,

*$ 0 ⇒ ε1 < ε2 < ... < εm, u := (u1, ..., un) ↖ D △ R.

$’()’3. 3.5 [95]. ,’4$J /1".&-6;):3 -C./1:

1. 9’";.#-8-&"(i3 F /1A&$7’&$ 253 t > 0 i u → D, &’0’#’#/&$ 253 ".@&.?.

u, 5."$5)&. Pi0N1(’/$ 0. u0.

2. E0#$/2@-M;):3 .(i&"$:

↗ F (t, u) ↗⇒ P (t) +N(t) ↗ u ↗, (t, u) → [0,↑)↙ D, (3.36)

2’ P i Q Q &’0’#’#/&i 8-&"(i% 0#1 t ↘ 0 iA A&$7’&&3C1 / R+.

3. G.7$;"./$ 8-&"(i3 u0 → C[↔εm, 0].

H.2i i:&-M M21&1J &’0’#’#/&1J #.A/’3A." A$2$7i &$ 2./i5)&.C-

i&;’#/$5i (0, t), t > 0.
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b08(#8,’&39 (" #$)0$%i 3.5, *)-$*$%) i3(8-"((. i 5*&(i3#9 0)6-’.648
/)’"#4)-)? 6"*"’i *+. 3&3#$%& (3.30), (3.32), (3.33).

$’()’3. 3.6. ,’4$J:

1. G.7$;"./i -C./1 S(0) > 0; I(t) ↘ 0,↔ε ⇒ t ⇒ 0;R(0) ↘ 0.

2. 91".&-6;):3 -C./1 ;’.#’C1 3.4.

H.2i i:&-M M21&1J &’0’#’#/&1J #.A/’3A." 0.7$;"./.% A$2$7i 253 :1:;’C1

(3.30), (3.32), (3.33) 0#1 t > 0, 218’#’&(iJ./&1J 0#1 t > ε .

D./’2’&&3. J7%$D$(&< ($-i*’5%(&< 0)6-’.6)4 /)’"#4)-)? 6"*"’i (3.30), (3.32),
(3.33) i3(85 /0& t > 0 [9, 10].

Q4 -&/+&-"5 i6 3&3#$%& 0i-(.(9 (3.30), (3.32), (3.33) (" *)-i+9()%8
i(#$0-"+i (0, t) i3(8-"((. 0)6-’.648 2i5? 6"*"’i:

S(t) + I(t) + R(t) = N(t) ⇒
b

µ
. (3.37)

J34i+94& 0)6-’.64& S(t), I(t), R(t) ($-i*’5%(i, #) 4)D$( i6 (&1 )7%$D$(&<
6("’$((.% b/µ (" (0, t).

@)6("’&%) ’$0$6 F := (F1, F2, F3) – /0"-i ’"3#&(& 3&3#$%& (3.30), (3.32),
(3.33). O)*i i6 (3.37) i 8%)-& (2) #$)0$%& (3.6) )*$0D&%):

|F1| ⇒ b+ ⇁ϱ + 1b
b

µ
+ φIς + µS,

|F2| ⇒

(
1b

µ
+

⇀0
1↔ ⇀1ϱ

+ µ

)
I,

|F3| ⇒ ⇁ϱ + b+ (
⇀0

1↔ ⇀1ϱ
)I + φIς + µR.

N"3#)38-"-E& #$)0$%8 3.5 )#0&%"5%) -&3()-)4 /0) i3(8-"((.
($/$0$0-()>) 0)6-’.648 (" *)-i+9()%8 i(#$0-"+i (0, t), )#D$ (" /i-)3i
(0,↑).

@0& t > ε *+. 0)6-’.648 I(t) /)’"#4)-" ;8(42i. ($/$0$0-(" (" [0, ε ],
#)%8 0)6-’.6)4 *&;$0$(2i<)-(&< /0& t > ε [95].
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3.2.4 <*.-+ )i8-(8.W+ 3(@’6i

P)6>+.($%) /&#"((. /0) 3#"2i)("0(i 0)6-’.64& %)*$+i (3.30–3.33), .4i 5
0)6-’.64"%& 3&3#$%& ($+i(i<(&1 0i-(.(9






b↔ 1SI + φI + ⇁(E ↔K)↔ µS = 0,

1SI ↔
⇀0

1 + ⇀1(E ↔K)
I ↔ µI = 0,

⇀0
1 + ⇀1(E ↔K)

I ↔ φI ↔ ⇁(E ↔K)↔ µR = 0.

(3.38)

J*&( i6 0)6-’.64i- 3&3#$%& (3.38), 4)+& E1 = K, ("78-"5 -&>+.*8:

I1 = 0, E1 = K, S1 = b/µ, R1 = 0, (3.39)

i -i*)70"D"5 3#"( -i*38#()3#i i(;i4)-"(&1 )3i7, " )#D$, 3#"()-&G$ $/i*$%i?
-&(&4(8#& ($ %)D$.

Q4G) I ⇔= 0 i E2 = K, #) i6 3&3#$%& 0i-(.(9 (3.38) )*$0D85#93. G$ )*&(
0)6-’.6)4:

S2 =
⇀0 + µ

1
, I2 =

1b↔ µ(⇀0 + µ)

1(⇀0 + µ↔ φ)
, R2 =

(⇀0 ↔ φ)I2
µ

. (3.40)

P)6>+.($%) /&#"((. i3(8-"((. 3#"2i)("0()>) 0)6-’.648 (3.40). K$1"<
-&4)(85#93. )2i(4":

µ(⇀0 + µ) < 1b, (3.41)

J34i+94& φ + φ⇀1ϱ < ⇀0 6>i*() 6 8%)-), 3 #$)0$%& 3.4, #) ⇀0 + µ > φ

i 1b ↔ µ(⇀0 + µ) > 0, #)%8 I2 > 0. N("’$((. R2 > 0, #)%8 G) φ < ⇀0 i
I2 > 0. J#D$, /0& -&4)("((i 8%)-& 3 #$)0$%& 3.4 < )2i(4& (3.41) 3#"2i)("0(&<
0)6-’.6)4 (3.40) i3(85 i /0& 29)%8 S2 < N(↑) = b/µ.

3.2.5 <*i?0i;*7 ;*.>i(-.)-+4 )(18’210i8 i 5-+0-’--2 ’/i@’3iA

Ui*/)-i*(" 3&3#$%i 0i-(.(9 (3.30), (3.32), (3.33) +i($"0&6)-"(" ("
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0)6-’.648 (3.39) 3&3#$%" ("78-"5 -&>+.*8:





dĒ

dt
= ↔rnĒ(t↔ 4),

dS̄

dt
= ⇁Ē ↔ µS̄ ↔

1b

µ
Ī + φĪ(t↔ ε),

dĪ

dt
=

(
⇀0 ↔ ⇀1 +

1b

µ
Ī ↔ ⇀0

)
Ī .

(3.42)

P)6>+.($%) 1"0"4#$0&3#&’($ 0i-(.((. *+. 3&3#$%& (3.42):
∣∣∣∣∣∣∣∣

↔rne↔#ε
↔ ω 0 0

⇁ ↔µ↔ ω βb
µ + φe↔ες

⇀0⇀1 1I βb
µ ↔ ⇀0 ↔ µ

∣∣∣∣∣∣∣∣
= 0.

J7’&3+&-E& -&6("’(&4 )*$0D&%):
(
rne↔#ε + ω

)
(µ+ ω)

(
1b

µ
↔ ⇀0 ↔ µ↔ φ

)
= 0.

:)0$(i 0i-(.((.:
rne↔#ε + ω = 0

+$D"#9 8 +i-i< /i-/+)G&(i, .4G) -&4)(85#93. ($0i-(i3#9 (3.3). I(Ei -+"3(i
6("’$((.:

ω1 = ↔µ < 0,

ω2 =
1b

µ
↔ ⇀0 ↔ µ < 0.

J#0&%"(" )2i(4" *+. ω2 $4-i-"+$(#(" 8%)-i:

R0 =
b1

µ(⇀0 + µ)
< 1. (3.43)

S;)0%8+,5%) *)-$*$($ #-$0*D$((. ("3#8/(), #$)0$%),,
-&4)0&3#)-8,’& -"D+&-8 1"0"4#$0&3#&48 %"#$%"#&’()>) %)*$+,-"((.
$/i*$%i< – 7"6)-$ 0$/0)*84#&-($ ’&3+) R0 [29]-[32].

$’()’3. 3.7. ,’4$J /1".&-6;):3 -C./$ (3.3) i B$A./’ #’0#.2-";1/&’ 71:5.

R0 < 1. H.2i :;$& #i/&./$?1 (3.39) M 5."$5)&. $:1C0;.;17&. :;iJ"1C i

’0i2’Ci3 &’ /1&1"&’.
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R"0"4#$0&3#&’($ 0i-(.((. +i($"0&6)-"()? 3&3#$%& *+. 3#"(8 0i-()-">&
(3.40), *$ E2 = K, ("78-"5 -&>+.*8:

(
e↔#ε + ω

) (
ω2 + (φ + µ)ω+ a(⇀0 + µ↔ φae↔ες)

)
= 0,

*$
a = 1I2 =

1b↔ µ(⇀0 + µ)

⇀0 + µ↔ φ
.

P)6>+.($%) ’"3#&((i -&/"*4&. Q4G) ε = 0, G) )6("’"5 %&##5-8 -#0"#8
i%8(i#$#8, #)*i *+. ω1 i ω2 )*$0D85#93. 1"0"4#$0&3#&’($ 0i-(.((.:

ω2 + (φ + µ)ω+ a(⇀0 + µ↔ φa) = 0.

J34i+94& φ+µ > 0, φ > 0, #) /0& -&4)("((i 8%)-& 3 #$)0$%& 3.4 i )2i(4&
*+. 4)$;i2i5(#i-

φ1I2 < ⇀0 + µ↔ φ

"7)
φ(1b↔ µ(⇀0 + µ)) < (⇀0 + µ)(⇀0 + µ↔ φ),

3#"( 0i-()-">& (3.40) "3&%/#)#&’() 3#i<4&<.
Q4G) i%8(i#$# /i3+. )*8D"((. ($ -#0"’"5#93., #)7#) φ = 0 i -&4)(85#93.

8%)-" (3.41), #) %"5%) 1"0"4#$0&3#&’($ 0i-(.((.:

ω2 + µω+ a(⇀ + µ) = 0,

4)0$(i .4)>) ω1 < 0 i ω2 < 0.
J#D$, /0& -&4)("((i 8%)-& (3.3) *+. n = 1, 8%)- #$)0$%& 3.4 i 8%)-&

(3.41), 0)6-’.6)4 (3.40) +)4"+9() "3&%/#)#&’() 3#i<4&<.

3.2.6 9(3/’:*’)-’ 3(@’6:8.--2

K"-$*$%) 0$68+9#"#& 4)%/’,#$0()>) %)*$+,-"((. *&("%i4& $/i*$%i?
6i 6%i(), $4)+)>i’()>) ;"4#)08 E(t) - 0)6-’.64)% 0i-(.((. (3.1). K$1"<
6"/i6($((. ! = ε = 1, K = 0.25, n = 1, /)’"#4)-i 8%)-&: S(0) = 0.99, I(0) =

0.01, R(0) = 0.
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Q4G) i%8(i#$# ($ -#0"’"5#93. (φ = 0) i -i*38#(i< -/+&- $4)+)>i’()>)
;"4#)08 (" )3i7, 31&+9(&1 *) i(;i48-"((., *&("%i4" /0)2$38 7+&694" *)
*&("%i4& SIR-%)*$+i, S(t) ⇑ 0 /0& t ⇑ ↑ (0&3 3.7 #" 0&3. 3.8).

!"#. 3.7 3’$,i& ’()*’+)&. E(t), r = 1. !"#. 3.8 3’$,i&" ’()*’+)&i* S, I, R.
<$’$%2-’": 1 = 0.5, ⇀0 = 0, ⇀1 = 1, ⇁ =

0,φ = 0, b = 0.005, µ = 0.001.

Q4G) i%8(i#$# -#0"’"5#93. /i3+. )*8D"((. ’$0$6 ’"3 ε = 1, #)
/i* -/+&-)% $4)+)>i’()>) ;"4#)08 6 0)3#)% 4)$;i2i5(#" r 3/)3#$0i>"5#93.
4)+&-"((. ;"4#)0i- S, I #" R. N ’"3)% 5 /0.%8-"((. 6("’$(9 ;"4#)0i-
*) 3#i<4&1 3#"(i- 0i-()-">& (0&3. 3.9), "+$ /0& 29)%8 6"+&E"5#93. *)+.
i(;i4)-"(&1 )3i7, .4" 60)3#"5.

!"#. 3.9 !"#$%i&$ S, I, R i) *’$7.*$##+% ,$&-(’. E(t). <$’$%2-’":
1 = 0.5|0.95, ⇀0 = 0.15|0.5, ⇀1 = 1|0.7, ⇁ = 0.06|0.2,φ = 0.1, b = 0.005, µ = 0.001, r = 1.5.

Q4G) r! = 2 > ↽/2, #) 3#i<4i3#9 3#"(8 0i-()-">& E = K -#0"’"5#93. i
0)6-’.6)4 E(t) %"5 4)+&-(&< 1"0"4#$0 (0&3. 3.10). O"4&< -/+&- $4)+)>i’()>)
;"4#)08 -$*$ *) /$0i)*&’()? 6%i(& 0)6-’.648 %)*$+i (3.30), (3.32), (3.33).
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!"#. 3.10 3’$,i&" ’()*’+)&i* S, I, R i) *’$7.*$##+% &(0"*#(= ;"#$%i&" ,$&-(’. E(t).
<$’$%2-’": 1 = 0.95, ⇀0 = 0.5, ⇀1 = 0.7, ⇁ = 0.2,φ = 0, b = 0.95, µ = 0.4, r = 2

J+;-(80+ @( )(1@i65 3

P)6*i+ 3 /0&3-.’$(&< /)78*)-i i *)3+i*D$((, %"#$%"#&’()? %)*$+i
i%8(()? -i*/)-i*i )0>"(i6%8 /0& i(;$42i<()%8 6"1-)0,-"((i i %)*$+i
/)E&0$((. $/i*$%i? i6 -#0"#), i%8(i#$#8, .4i 6("1)*.#93. /i* -/+&-)%
$4)+)>i’()>) ;"4#)08, G) 5 6-"D$(), 38%), /)4"6(&4i- 6"708*($((.
*)-4i++..

J*$0D"() #"4i )3()-(i 0$68+9#"#&:

• 8 %)*$+i L.I. !"0’84" i%8(()? -i*/)-i*i -0"1)-"() -/+&- $4)+)>i’()>)
;"4#)08 (" E-&*4i3#9 8#-)0$((. 4"34"*8 /+"6%)4+i#&( i 80"D$((.
)0>"(8-%iE$(i;

• *)-$*$() i3(8-"((. 5*&()>) ($/$0$0-()>) 0)6-’.648 %"#$%"#&’()? %)*$+i
#" <)>) ($-i*’5%(i3#9 /0& t > 0;

• 6("<*$() 3#"2i)("0(i 0)6-’.64& #" 8%)-& ?1 i3(8-"((. i *"() ?1 %$*&’(8
i(#$0/0$#"2i,;

• *)3+i*D$() 3#i<4i3#9 3#"2i)("0()>) 0)6-’.648, .4&< -i*/)-i*"5 3#"(8
6*)0)-)>) )0>"(i6%8;

• )#0&%"() )2i(48 -$+&’&(& i(;i48-"((. 8 /)’"#4)-&< %)%$(# ’"38, /0&
-&4)("((i .4)? ($ -i*78-"5#93. 0)6-&#48 i(;$42i<()>) 6"1-)0,-"((.;
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• /)78*)-"(" %"#$%"#&’(" %)*$+9 /)E&0$((. $/i*$%i? i6 -/+&-)%
$4)+)>i’()>) ;"4#)08 (" *)+, 31&+9(&1 *) i(;i48-"((. )3i7 #"
i(;i4)-"(&1 )3i7;

• -4"6"(i 8%)-& i3(8-"((. 5*&()>) ($-i*’5%()>) 0)6-’.648 %"#$%"#&’()?
%)*$+i;

• *)-$*$() +)4"+9(8 "3&%/#)#&’(8 3#i<4i3#9 0)6-’.648 -i*38#()3#i
$/i*$%i’()>) /0)2$38.
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F#COIG 4

O’20i 3(@+Yi0.>iA 53(8 06.;+,-(A 3(@’6i )i8-(8.B-(A ’0(-(3i0+

E))(5-O’=)’

P)6*i+ 4 /0&3-.’$() 0$68+9#"#"%, G) 3#)38,#93. %)*&;i4"2i< %)*$+i
0i-()-"D()? $4)()%i4& F00)8-=$70$. P$68+9#"#& *)3+i*D$(9 )/87+i4)-"(i -
("84)-&1 3#"##.1 "-#)0" [112] i 6i 3/i-"-#)0"%& [98, 103, 110].

4.1 D(;*.-(80. 1.@.,i 3(@+Yi0.>iA 3(@’6i E))(5-O’=)’

Q4 78+) 6"6("’$() - )>+.*i +i#$0"#80&, *$.4i 8%)-& 4+"3&’()?
%)*$+i F00)8-=$70$ /)#0$78,#9 /$0$)3%&3+$((.. N)40$%", *0)7)-i 6("’$((.
#)-"0(&1 -$4#)0i- ($ 6"-D*& 5 /0&<(.#(&%& *+. 6("’()? 4i+94)3#i -&*i-
#)-"0i-. J40i% #)>), )/#)-i 6(&D4&, 7$6 .4&1 -"D4) 8.-&#& $4)()%i48, (i.4
($ )/&38,#93. 6" *)/)%)>), +i(i<(&1 ;8(42i)("+i-. !& -/$0E$ /0)/)(85%)
- 0)+i 2i(& 0)6>+.*"#& 6"0.*& ()0#)>)("+9() "*&#&-(i ;8(42i)("+&) 6"%i3#9
+i(i<(&1 ;8(42i)("+i-, .4i *)70$ "*"/#8,#93. *) )/#)-&1 2i(. :0i% #)>), -
0)+i -$4#)0()? I0"#4& #)-"0(&1 -$4#)0i- %& 0)6>+.*"5%) F-/0)3#i0 L0 -3i1
4+"3i- $4-i-"+$(#()3#i -&%i0(&1 ;8(42i<, .4&< %i3#&#9 .4 -3i 7"("1)-i, #"4 i
-3i %$#0&’(i +i(i<(i /0)3#)0& 4+"3i- $4-i-"+$(#()3#i -&%i0(&1 ;8(42i<.

N"6("’&%), G) /0)3#i0 L0 ($ %)D(" 78+) 0)6>+.*"#&, .4 %()D&(8
#)-"0(&1 -$4#)0i- 8 -&/"*48, 4)+& 2i("%& 78+& +i(i<(i ;8(42i)("+&, )34i+94&
2i(" %"5 ($/$0$0-() 6"+$D"#& -i* 4i+94)3#i #)-"08, - #)< ’"3 .4 (" /0)3#)0i
L0 ($ i3(85 ($(8+9)-&1 +i(i<(&1 ($/$0$0-(&1 ;8(42i)("+i-. K"#)%i3#9 (" L0

i3(8,#9 ($(8+9)-i ($/$0$0-(i 6"0.*&, G) 5 /0$*%$#)% )40$%)>) *)3+i*D$((.
8 /i*0)6*i+i.

K" /)’"#48 0)6*i+8 %& ("-)*&%) ($)71i*(i )6("’$((. #" 4)0)#4&< )/&3
%)*$+i F00)8-=$70$.

H /i*0)6*i+i 4.2 %& 78*85%) -$03i, 4+"3&’()? %)*$+i F00)8-=$70$,
- .4i< 0)6>+.*",#93. +&E$ 2i+)’&3$+9(i 4i+94)3#i #)-"0i-, G) 5
/0&0)*(&% )7%$D$((.% *+. 6("’()? 4i+94)3#i /0"4#&’(&1 6"*"’. K"/0&4+"*,
- "-#)%)7i+9(i< /0)%&3+)-)3#i 0i-()-"D(&< -$4#)0 2i( (x1, . . . , xn) 6
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4))0*&("#"%& xi = mi +
1
2 , *$ mi – ("#80"+9(i ’&3+", ($ *"5 ’i#4)? 3#0"#$>i?

*+. 2i()8#-)0$((. ’& /+"(8-"((. -&0)7(&2#-". J#D$, )7%$D$((. (" #)-"0(i
-$4#)0& %"#& +&E$ 2i+)’&3$+9(i 6("’$((. 4))0*&("# 5 /0&0)*(&% i *)6-)+.5
/)-()-)%8 )3%&3+&#& 6"*"’8 i3(8-"((. 0i-()-"D()? 2i(&.

J3()-(&< 0$68+9#"# *"()>) /i*0)6*i+8 (#$)0$%" 4.7) 3#-$0*D85, G)
4)D(" )*()-">$(#(" ($)4+"3&’(" $4)()%i4" )7%i(8 6 2i+)’&3$+9(&%& 2i("%&
#" 3#0)>) %)()#)((&% i 3#0)>) )/84+&% -i*()E$((.% /$0$-">& %"5
0i-()-"D(&< -$4#)0 2i( (3$(3 -"+90"3i-394)? ’& 4)(480$(#()? 0i-()-">&
/)+.>"5 - )/&3i 3#"(8 0&(48, 6" .4)>) 2i(& -0i-()-"D8,#9 /)/&#
i /0)/)6&2i,). =)-$*$((. 7"685#93. (" >$)%$#0&’(i< -$03i? #$)0$%&
L"("-M"("1", "+$ "*"/#)-"($ +&E$ *+. -&/"*48 )*()>) ">$(#". N"+&E"5#93.
-i*40&#&% /&#"((., ’& %)D(" *"(8 i*$, *)-$*$((. 6"3#)38-"#& *) -&/"*48
*)-i+9()? 34i(’$(()? 4i+94)3#i ">$(#i-.

@i*0)6*i+& 4.3 #" 4.4 #i3() /)-’.6"(i %iD 3)7), 3/i+9(), i*$5,
86">"+9(&#& "/"0"# %)*$+i F00)8-=$70$, 0)6>+.*",’& 6"0.*& (#)7#),
)0#)>)("+9() "*&#&-(i ;8(42i)("+&) - 0)+i 2i()-&1 -$4#)0i- 6"%i3#9 +i(i<(&1
;8(42i)("+i- i ("<E&0E8 6 83i1 %)D+&-&1 -$4#)0(&1 I0"#)4 -&%i0(&1
;8(42i< – F-/0)3#i0 L0 -3i1 4+"3i- $4-i-"+$(#()3#i -&%i0(&1 ;8(42i< – - 0)+i
/0)3#)08 #)-"0(&1 -$4#)0i-. N"6("’&%), G) ($34i(’$(()-&%i0(i /0)3#)0&
#)-"0(&1 -$4#)0i- 0)6>+.*"+&3. 0"(iE$ 0i6(&%& "-#)0"%& (*&-., ("/0&4+"*,
[72], [96], [97]).

@$0E" ’"3#&(" i*$? – -&4)0&3#)-8-"#& 6"0.*& - 0)+i 2i()-&1 -$4#)0i-
6"%i3#9 +i(i<(&1 ;8(42i)("+i- – +$>4) "*"/#85#93. *) *)-i+9()? -$4#)0()?
I0"#4& #)-"0(&1 -$4#)0i-, " *08>" ’"3#&(" – 0)6>+.* L0 - 0)+i /0)3#)08
#)-"0(&1 -$4#)0i- – %"5 3$(3 +&E$ 8 3848/()3#i 6 /$0E), ’"3#&(),, "*D$ ("
/0)3#)0i L0 ($ i3(85 ($(8+9)-&1 +i(i<(&1 ($/$0$0-(&1 ;8(42i)("+i-, /0)#$
i3(8,#9 ($(8+9)-i ($/$0$0-(i 6"0.*& (i3(8-"((.% #"4&1 6"0.*i- /0&3-.’$()
’"3#&(8 /i*0)6*i+8 4.4).

@i*0)6*i+ 4.3 /0&3-.’$(), 6)40$%", )/&38 ("<6">"+9(iE)? 3#084#80&, ("
.4i< %)D(" -&6("’"#& 6"0.*&, G) 8#-)0,,#9 /)0.*4)-) /)-(8 -$4#)0(8
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I0"#48 i %)D8#9 0)6>+.*"#&3. - 0)+i 2i()-&1 -$4#)0i-. O"4), 3#084#80),
5 4)%/+$%$(#"0(&< /0)3#i0, .4&< 78+) 8-$*$() i *)3+i*D$() 8 ("Ei< 3/i+9(i<
0)7)#i 6 !. !. @)/)-&% [98].

O)’(iE$, 4)%/+$%$(#"0(&< /0)3#i0 – 2$ ’"3#4)-) -/)0.*4)-"(" %()D&("
(G,≃) 6 ("<%$(E&% $+$%$(#)% 0 – #"4", G) *+. *)-i+9()>) $+$%$(#" e →

G \ {0} /)0.*4)-&< i(#$0-"+ [0, e] 5 78+$-), "+>$70), 6 (8+$% 0 i )*&(&2$,
e -i*()3() 6-8D$((. /)0.*48 ≃ (" [0, e] (2$ – /0)3#$ $4-i-"+$(#($ )6("’$((.,
$4-i-"+$(#(i3#9 .4)>) *) -&1i*()>) )6("’$((. 5 ($/0)3#), -/0"-),). ="($
/)(.##. 86">"+9(,5 .4 -$4#)0(i I0"#4& (4)D(" -$4#)0(" I0"#4" E 5
4)%/+$%$(#"0(&% /0)3#)0)% -i*()3() +"#$0"+9()>) /)0.*48 ⇐ (" E), #"4 i
78+$-i 4i+92.. Mi+9E #)>), *&6’,(4#($ )7’5*("((. 4)%/+$%$(#"0(&1 /0)3#)0i-
5 4)%/+$%$(#"0(&% /0)3#)0)% -i*()3() i(*84)-"()>) /)0.*48. Q4G) (G,≃) –
4)%/+$%$(#"0(&< /0)3#i0, " F – -$4#)0(" I0"#4", #) -i*)70"D$((. T : G ⇑ F

("6&-"5#93. 6"0.*)%, .4G) T (x ▽▽▽ y) = T (x) + T (y) *+. *)-i+9(&1 x, y → G

#"4&1, G) x ̸̸̸ y = 0. N"0.* T : G ⇑ F ("6&-"5#93.:

• 2.2$;&1C (/)6("’"5%) T ↘ 0), .4G) T (x) ↘ 0 *+. *)-i+9()>) x → G;

• #’?-53#&1C, .4G) T = T1 ↔ T2 *+. *$.4&1 *)*"#(&1 6"0.*i- T1 #" T2;

• C-.BC’@’&1C, .4G) )70"6 T ([0, e]) *)-i+9()>) /)0.*4)-)>) i(#$0-"+8
[0, e] 5 /)0.*4)-) )7%$D$(), %()D&(), - F .

K" %()D&(i -3i1 6"0.*i-, G) *i,#9 6 4)%/+$%$(#"0()>) /0)3#)08
(G,≃) 8 -$4#)0(8 I0"#48 F , .4" )’$-&*() 5 +i(i<(&% /0)3#)0)% -i*()3()
3#"(*"0#(&1 )/$0"2i< 38%& #" *)78#48 (" *i<3(&< 34"+.0, 8-)*&#93.
’"3#4)-&< /)0.*)4 ⇒ 3#"(*"0#(&% ’&()%: S ⇒ T , .4G) T ↔ S ↘ 0.

J*(" 6 )3()-(&1 #$)0$% *"()>) /i*0)6*i+8 (#$)0$%" 4.15), .4"
86">"+9(,5 4+"3&’(8 #$)0$%8 Pi33"-:"(#)0)-&’" [99, Theorem 1.18] #"
#$)0$%8 @+i5-"-P"%*"($ [108, Theorem 3.6], 3#-$0*D85, G) %()D&(" Ar(G,F )

-3i1 0$>8+.0(&1 6"0.*i-, G) *i,#9 6 4)%/+$%$(#"0()>) /0)3#)08 (G,≃) 8
/)0.*4)-) /)-(8 -$4#)0(8 I0"#48 F 5 /)0.*4)-) /)-(), -$4#)0(), I0"#4),,
" I0"#4)-i )/$0"2i? (" Ar(G,F ) 6"*",#93. 6" *)/)%)>), ;)0%8+, /)*i7(&1

88



*) ;)0%8+ T70"%)-&’" [99, Theorem 1.50]. Mi+9E #)>), 6" 2&1 8%)- 6"0.*
T : G ⇑ F 5 0$>8+.0(&% #)*i i +&E$ #)*i, 4)+& T 5 C-)7%$D$(&% (-i*/)-i*(i
)6("’$((. ("-)*.#93. 8 /i*0)6*i+i), #)7#), Ar(G,F ) = Ab(G,F ).

@$0E$ /&#"((. 6 ($)’$-&*(), -i*/)-i**,, .4$ -&(&4"5 /0& 0)6>+.*i
%)*&;i4"2i? %)*$+i F00)8-=$70$ 6 4)%/+$%$(#"0(&% /0)3#)0)% (G,⇒G) -
0)+i %()D&(& #)-"0(&1 -$4#)0i-, #"4$: ($1"< P → Ab(G,R) – 6"*"(" *)*"#("
2i(" #" ≃ – -i*()E$((. /$0$-">& (" G. J1"0"4#$0&68-"#& %()D&(8 -3i1 ω > 0,
*+. .4&1 7,*D$#(" %()D&(" Bε(P ) %"5 -$4#)0 /)/&#8.

S;)0%8+,5%) )3()-(&< 0$68+9#"# /i*0)6*i+8 4.2 – #$)0$%8 4.21.
,’4$J P >> 0 – (i&$ / Ab

(
(Rd)+,R) A "..#21&$;&1C1 8-&"(i3C1

(
ϕ(P )
k

)d
k=1

;$"1C1, O. 8-&"(i3 ϕ(P )
1 M C.&.;.&&.6 i &’0’#’#/&.6. H.2i 253

".@&.?. ω > 0 &$:;-0&i -C./1 ’"/i/$5’&;&i:

(1) B62@’;&$ C&.@1&$ Bε(P ) C$M /’";.# 0.01;- ;

(2) ω → (0, µ), 2’ µ := supϕ(P )
1 (R+) → [0,+↑] ;$ ϕ(P )

1 – 0’#N$ "..#21&$;&$

8-&"(i3 /’";.#- P

(-3i -i*/)-i*(i )6("’$((. ("-$*$(i - P)6*i+i 5).
H /i*0)6*i+i 4.4 %& 0)6>+.*"5%) /&#"((. i3(8-"((. %"43&%"+9(&1

$+$%$(#i- 7,*D$#(&1 %()D&( 8 -&/"*48 4)%/+$%$(#"0()>) /0)3#)08 [0, f0] =

{x → L0 : 0 ⇒ x ⇒ f0}, *$ f0 → L+
0 – *)-i+9(&< $+$%$(# *)*"#()>)

4)(83" -$4#)0()? I0"#4& L0 -3i1 4+"3i- $4-i-"+$(#()3#i -&%i0(&1 ;8(42i<
x : [0, 1] ⇑ R.

@$0E" #08*(i3#9, 6 .4), %& 3#&4"5%)3. /0& 0)6-’.6"((i *"()? 6"*"’i,
/)+.>"5 8 -&7)0i 4)0$4#(&1 2i( *+. /)78*)-& 7,*D$#(&1 %()D&(, "*D$
2i(" p : [0, f0] ⇑ [0,+↑) /)-&((" 78#& ($/$0$0-(&% 6"0.*)%. I(E&%&
3+)-"%&, -&(&4"5 /0)7+$%" /)78*)-& ($(8+9)-&1 ($/$0$0-(&1 6"0.*i- ("
L0 (.4 /0"-&+), ($/$0$0-(i 6"0.*& (" /0)3#)0"1 Lp /0& 1 ⇒ p ⇒ ↑

78*8,#93. 6" *)/)%)>), i(#$>0"+" ^$7$I", .4&< ($ 5 -&6("’$(&% (" L0).
S/)’"#48 %& ("-)*&%) -i*()3() ($34+"*(&< /0&4+"* ($(8+9)-)>) 6"0.*8
p : [0, f0] ⇑ [0,+↑) (*&-. #-$0*D$((. 4.22), .4&< 5 ($/$0$0-(&% - /$-(&1
#)’4"1, "+$ ($ 340i69. @)78*)-" ($/$0$0-()>) 340i69 ($(8+9)-)>) 6"0.*8
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/)#0$785 3/$2i"+9()? #$1(i4&, .48 78+) 0)60)7+$() - 0)7)#i U.U. !&1"<+,4"
#" !.!. @)/)-" [101], 6" *)/)%)>), #"4 6-"()>) )/$0"#)0" ⇁-E#0&18-"((..

U #$)0$%i 4.24 %& ("-)*&%) 4+"3 /0&4+"*i- *)*"#(&1 ($/$0$0-(&1
34"+.0(&1 6"0.*i- p : [0, f0] ⇑ [0,+↑), 6"-*.4& ’)%8 %)D(" 0)6>+.*"#&
%)*$+9 F00)8-=$70$ 6 2i("%&, .4i 5 6"0.*"%& (" 4)%/+$%$(#"0()%8 /0)3#)0i
[0, f0]. H #$)0$%i 4.25 %& 78*85%) i(E&< 4+"3 /0&4+"*i- ($/$0$0-(&1
($(8+9)-&1 6"0.*i- (" L0, .4i 7"68,#93. (" i(E)%8 3/$2i"+9()%8 ($+i(i<()%8
)/$0"#)0i – 8%)-(i< /)0.*4)-i< /0)$42i? Qe, 8-$*$(i< i *)3+i*D$(i< - 0)7)#i
[102]. H /0)2$3i *)-$*$((. %& )#0&%85%) ()-i -+"3#&-)3#i 8%)-()? /)0.*4)-)?
/0)$42i?, .4i %)D8#9 %"#& )40$%&< i(#$0$3 (*&-. +$%8 4.5 #" +$%8 4.6).

@i3+. 0)6-’.6"((. 6"*"’i /0) i3(8-"((. ($(8+9)-&1 ($/$0$0-(&1 6"0.*i-
(" L0 %& *)-)*&%) "("+)> 4+"3&’()? #$)0$%& 1.2.3 6 [67] /0) i3(8-"((.
%"43&%"+9(&1 $+$%$(#i- 7,*D$#(&1 %()D&( – #$)0$%8 4.27, .4" 3#-$0*D85
("3#8/($. =+. *)-i+9()>) f0 → L0, G = [0, f0], *)-i+9()>) e → L1 ̸ G #"
*)-i+9()>) /)’"#4)-)>) #)-"0()>) 6"/"38 ωωω → G i3(85 7e-%"43&%"+9(&<
$+$%$(# x′ 7,*D$#()? %()D&(& B▷▷▷(qe), .4&< %"5 -&>+.*

x′ = ⇀0 · 1[0,1] ∀ f0, ⇀0 → [0,+↑).

N"6("’&%), G) - 8%)-"1 #$)0$%& 4.27, 7e-%"43&%"+9(&< $+$%$(#
7,*D$#()? %()D&(& B▷▷▷(qe) ($ 6"-D*& 5*&(&< 8 -&/"*48, 4)+& e < f0.
K"/0&4+"*, - $43#0$%"+9()%8 -&/"*48 qeqeqe(ωωω) =


[0,1] e dµ 4)D(&< -$4#)0

x → [e, f0] 5 7e-%"43&%"+9(&% *+. B▷▷▷(qe).
K">"*"5%) 6">"+9()/0&<(.#8 #$0%i()+)>i, #" *$.4i )3()-(i *$#"+i

%)*$+i F00)8-=$70$, .4i %& 6"/)6&’&+& 6 /i*08’(&4" T+i/0"(#i3" i
M804i(E"-" [99].

Mi("0($ -i*()E$((. 7 (" %()D&(i P ("6&-"5#93. -i*()E$((.% /$0$-">&
(*&-. [67, Definition 1.1.1]), .4G) -&4)(8,#93. ("3#8/(i 8%)-& *+. *)-i+9(&1
x, y, z → P :

1. x 7 x (0$;+$43&-(i3#9);

2. x 7 y "7) y 7 x (+i(i<(i3#9);
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3. .4G) x 7 y #" y 7 z, #) x 7 z (#0"(6&#&-(i3#9).

J’$-&*(), G) 4)D($ -i*()E$((. ($3#0)>)>) +i(i<()>) /)0.*48 5
-i*()E$((.% /$0$-">&, "+$, ("/0&4+"*, %"43&%"+9($ -i*()E$((. P 2, #)7#),
(∃x, y → P ) x 7 y 5 -i*()E$((.% /$0$-">&, .4$ ($ 5 -i*()E$((.% /)0.*48. N
i(E)>) 7)48, (" ;"4#)0-%()D&(i /) -i*()E$((, $4-i-"+$(#()3#i x ¬ y #)*i
i +&E$ #)*i, 4)+& x 7 y #" y 7 x, -i*()E$((. /$0$-">& i(*8485 -i*()E$((.
/)0.*48. N"/&3 x ⇔7 y )6("’"5 6"/$0$’$((. x 7 y. “S#0)>"” -$03i. -i*()E$((.
/$0$-">& -&6("’"5#93. #"4: x ∅ y )6("’"5, G) x 7 y #" y ⇔7 x. UD&-",#9
#"4)D y ≃ x, .4 0i-()3&+9(8 -$03i, 6"/&38 x 7 y ("("+)>i’($ /0"-&+)
3#)385#93. -i*()E$(9 ∅ #" ⇔7). Ui*()E$((. x ⇔∅ y )6("’"5 6"/$0$’$((. x ∅ y.

K$1"< 7 – -i*()E$((. /$0$-">& (" %()D&(i P . F+$%$(# q0 → Q

/i*%()D&(& Q △ P ("6&-"5#93. 7-%"43&%"+9(&% (’& /0)3#) %"43&%"+9(&%,
.4G) 60)68%i+), /0) .4$ -i*()E$((. /$0$-">& <*$#93.), .4G) ($ i3(85 x → Q

#"4)>), G) x ∅ q0.
:+"3&’(" %)*$+9 $4)()%i4& F00)8-=$70$ [66], [67] 7"685#93. ("

*)*"#()%8 4)(83i Rd
+ d--&%i0()>) /0)3#)08 Pi33" Rd, *$ d → N – 2$ 4i+94i3#9

#)-"0i- *"()? $4)()%i4&. U$4#)0& x = (x1, . . . , xd) → Rd
+ 0)6>+.*",#93. .4

-&7i04& 4i+94)3#$< #)-"0i- i ("6&-",#93. #)-"0(&%& -$4#)0"%&, .4i %)D8#9
-&0)7+.#&3., /0)*"-"#&3., )7%i(,-"#&3. #" 3/)D&-"#&3..

=+. $+$%$(#i- u = (u1, . . . , ud) #" v = (v1, . . . , vd) /0)3#)08 Pi33" Rd

--"D"5#93., G):

• u ⇒ v, .4G) ui ⇒ vi *+. 4)D()>) i = 1, . . . , d;

• u < v, .4G) u ⇒ v #" u ⇔= v.

Ui*()E$((. /$0$-">& 7 (" Rd
+ ("6&-"5#93.:

• %)()#)((&%, .4G) *+. *)-i+9(&1 x,y → Rd
+ 6 8%)-& x > y -&/+&-"5

x 7 z;

• 3#0)>) %)()#)((&%, .4G) *+. *)-i+9(&1 x,y → Rd
+ 6 8%)-& x > y

-&/+&-"5 x ∅ z.
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F+$%$(#& *8"+9()>) /0)3#)08 Pi33" (Rd)∝ -3i1 +i(i<(&1 (" Rd

;8(42i)("+i-, .4&< )#)#)D(,5#93. i6 3"%&% Rd, ("6&-",#93. 2i("%&. O"4&%
’&()%, 4)D(" 2i(" p = (p1, . . . , pd) → Rd

+, .4 ;8(42i. (" E+, -&6("’"5
2i(8 *)-i+9()>) 3#"(8 x → Rd

+ 6" *)/)%)>), -&0"68 p(x), .4&< *)0i-(,5
p(x) =

∑d
k=1 pkxk.

:)D(" ;i43)-"(" 2i(" p → Rd
+ #" ;i43)-"(&< #)-"0(&< -$4#)0 ωωω →

Rd
+ (.4&< ("6&-"5#93. /)’"#4)-&% 6"/"3)%) -&6("’",#9 7,*D$#(8 %()D&(8

#)-"0(&1 -$4#)0i- 6" *)/)%)>), 0i-()3#i:

B▷▷▷(p) :=

x → Rd

+ : p(x) ⇒ p(ωωω)

. (4.1)

L$)%$#0&’(), 7,*D$#(" %()D&(" – 2$ 7">"#)-&%i0(" /i0"%i*", .4" 6"
8%)-& p >> 0 5 4)%/"4#(),2 /i*%()D&(), Rd, i .4" 2i+4)% /0&0)*() %"5
7-%"43&%"+9(i $+$%$(#& *+. E&0)4)>) 4+"38 -i*()E$(9 /$0$-">& 7 (" Rd

+

(*&-. [67, Subsection 1.2]), " /0& /$-(&1 8%)-"1 (" -i*()E$((. /$0$-">&
%"43&%"+9(&< $+$%$(# 5*&(&< [67, Theorem 1.2.3] ((" /0)3#)0i Pi33" Rd

-i*()E$((. (x1, . . . , xd) >> (y1, . . . , yd) )6("’"5, G) xk > yk *+. -3i1 k =

1, . . . , d). J34i+94& 8%)-" p >> 0, .4" 0i-()3&+9(" *) 8%)-& p → IntRd
+, 5,

)’$-&*(), ($)71i*(), *+. )7%$D$()3#i 7,*D$#()? %()D&(& B▷▷▷(p), ωωω → Rd
+,

#) %"43&%"+9(i $+$%$(#& 7,*D$#(&1 %()D&( 0)6>+.*",#93. +&E$ *+. 2i( p

6 -(8#0iE()3#i IntRd
+.

K$1"< 7 – -i*()E$((. /$0$-">& (" Rd
+ #" ωωω → Rd

+ – /)’"#4)-&< 6"/"3.
@)6("’&%) ’$0$6 D

7
▷▷▷ – %()D&(8 -3i1 2i( p → IntRd

+, *+. .4&1 i3(85 5*&(&<
7-%"43&%"+9(&< $+$%$(# 8 7,*D$#(i< %()D&(i B▷▷▷(p), .4&< ("6&-"#&%$%)
-$4#)0)% /)/&#8 -i*()E$((. /$0$-">& 7 /0& *i? 2i(& p i /)6("’"#&%$%) ’$0$6
x▷▷▷(p). Ui*/)-i*($ -i*)70"D$((. x▷▷▷ : D7

▷▷▷ ⇑ Rd
+ ("6&-"5#93. ;8(42i5, /)/&#8,

G) -i*/)-i*"5 -i*()E$((, /$0$-">& 7.
@)6("’&%) ’$0$6 P %()D&(8 -3i1 -i*()E$(9 /$0$-">& (" Rd

+.
2=/0/3/;2,, >, ?i32",<$"/ K ",-2,1/",0, ?-,.&,-% X "/5$1/;&6.+ *,2?/*&",@, +*>, *,<"/

?,.!i3,1"i.&6 (!(2("&i1 K 2i.&$&6 5:i<"% ?i3?,.!i3,1"i.&6 3, 3(+*,0, (!(2("&/ K; / % 1$?/3*% X = Rd

5 :%36-+*,@ ",-2,@ ?i32",<$"/ K ↖ Rd ; *,2?/*&",@ &,3i i !$A( &,3i, *,!$ 1,"/ ; 5/2*"(",@ i
,:2(<(",@.
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K$1"< A – %()D&(" ($+$%$(#& .4)? ("6&-",#93. $?’&;$C1). =)-i+9($
-i*)70"D$((. E : A ⇑ Rd

+ ↙ P ("6&-"5#93. ’".&.Ci".6 .BCi&-.
N("’$((. $4)()%i4& )7%i(8 6"/&38,#9 - i(*$43(i< ;)0%i: *+. 4)D()>)

">$(#" k → A 6("’$((. Ek = (ωωωk,7k) 1"0"4#$0&685 /)’"#4)-&< 6"/"3
k->) ">$(#" ωωωk #" -i*()E$((. /$0$-">& 7k, .4$ -i( )70"-. ="+i 8-)*&#93.
/)(.##. /)-()>) 6"/"38 $4)()%i4&, .4$ *)0i-(,5 ωωω :=

∑
k→Aωωωk. =+. 4)D()>)

k → A ;8(42i. /)/&#8 xk,▷▷▷k : D
7k
▷▷▷k

⇑ Rd
+ -&6("’$(" (" 3-)?< )7+"3#i. O)%8

0)6>+.($%) 3/i+9(8 )7+"3#9 -&6("’$((. $4)()%i4& )7%i(8 E 0i-(i3#, DE :=


k→AD
7k
▷▷▷k

. K"0$E#i, ;8(42i. ("*+&E4)-)>) /)/&#8 5 : DE ⇑ Rd 8-)*&#93. 6"
*)/)%)>), ;)0%8+&

5(p) :=
∑

k→A

(
xk,▷▷▷k(p)↔ωωωk

)
=

∑

k→A

xk,▷▷▷k(p)↔ωωω. (4.2)

U$4#)0 2i( p → DE ("6&-"5#93. 0i-()-"D(&%, .4G) 5(p) = 0.
J3()-($ /&#"((. %)*$+i $4)()%i4& F00)8-=$70$ /)+.>"5 8 ("3#8/()%8.

D)(=6’3. 4.1. +$ 3"14 -C./ &$ ’".&.Ci"- .BCi&- i:&-M #i/&./$@&1J

/’";.# (i&?

=+. ;)0%8+,-"((. #$)0$%& F00)8-=$70$, .4" *"5 /)6&#&-(8 -i*/)-i*9
(" /0)7+$%8 4.1, 70"485 ("3#8/()>) )6("’$((..

#1-.,’--2 4.2. ,’."5$:17&.6 ’".&.Ci".6 .BCi&- &$A1/$M;):3 ;$"$

’".&.Ci"$ .BCi&- E : A ⇑ Rd
+ ↙ P, 253 3".% /1".&-6;):3 &$:;-0&i -C./1:

1. C&.@1&$ -7$:&1"i/ A :"i&7’&&$;

2. ".@&1J -7$:&1" i → A C$M &’&-5)./1J 0.7$;"./1J A$0$: ωi (;.B;.,

ωi > 0);

3. 0./&1J 0.7$;"./1J A$0$: ω =
∑

i→A ωi A$2./.5)&3M -C./-: ω >> 0,

;.B;., /’";.# ω C$M /:i :;#.?. 2.2$;&i "..#21&$;1.

K"3#8/(" 4+"3&’(" #$)0$%" F00)8-=$70$ *"5 /)6&#&-(8 -i*/)-i*9 *+.
($)4+"3&’()? $4)()%i4& )7%i(8 (*&-. [66], [67, Theorem 1.4.9]).
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$’()’3. 4.3 (T$)0$%" F00)8-=$70$). 9 ".@&iJ &’."5$:17&iJ ’".&.Ci(i

.BCi&- i:&-M #i/&./$@&$ (i&$, ;.B;., ;$"1J /’";.# p >> 0, 253 3".?.

5(p) = 0.

4.2 I(@’67 ’0(-(3i0+ E))(5-O’=)’ 1 >i6(,+;’67-+3+

*(8.)-+3+ 8’0*().3+

U *"()%8 0)6*i+i -&-’"5#93. -$03i. 4+"3&’()? %)*$+i F00)8-=$70$, -
.4i< %& 0)6>+.*"5%) +&E$ 2i+)’&3$+9(i 4i+94)3#i #)-"0i-, G) 5 /0&0)*(&%
)7%$D$((.% *+. /0"4#&’(&1 6"*"’. O"4$ )7%$D$((. *)6-)+.5 /)-()-)%8
)3%&3+&#& 6"*"’8 i3(8-"((. 0i-()-"D()? 2i(&. =)-$*$((. 2i+)’&3$+9()? -$03i?
#$)0$%& F00)8-=$70$, 6 )*()>) 7)48, -&>+.*"5 /0)3#iE&%. T+$, 6 i(E)>)
7)48, *)-$*$((., .4$ 7"685#93. (" >$)%$#0&’(i< -$03i? #$)0$%& L"("-M"("1",
>)*&#93. +&E$ *+. -&/"*48 )*()>) ">$(#". N"+&E"5#93. -i*40&#&% /&#"((.,
’& %)D(" *"(8 i*$, *)-$*$((. 6"3#)38-"#& *) -&/"*48 *)-i+9()? 34i(’$(()?
4i+94)3#i ">$(#i-.

4.2.1 J+/.@(0 >i6(,+;’67-+4 *(8.)-+4 8’0*()i8

H *"()%8 /i*0)6*i+i %& 0)6>+.*"#&%$%) -&/"*)4, 8 .4)%8 4i+94i3#9
#)-"0i- ($ %)D$ 78#& *0)7)-),, G) 5 -$+9%& /0&0)*(), -&%)>), *+. 6("’()?
4i+94)3#i /0&4+"*i- /)78*)-& %)*$+i $4)()%i4& F00)8-=$70$ (" /0"4#&2i. K"
2$< -&/"*)4 ("E8 8-">8 6-$0(8- !. !. @)/)-, 6"/0)/)(8-"-E& 3/0)78-"#&
6("<#& 4)0)#4$ *)-$*$((. #$)0$%& F00)8-=$70$ 6" *)/)%)>), >$)%$#0&’()?
;)0%& #$)0$%& L"("-M"("1". Ui( #"4)D 3#-)0&- *+. 29)>) -&/"*48 /$-(8
/)’"#4)-8 7"68 8 -&>+.*i 4i+94)1 #-$0*D$(9, .4i %& -&4)0&3#)-85%) /0&
*)-$*$((i ("E)>) )3()-()>) 0$68+9#"#8 29)>) 0)6*i+8 (#$)0$%& 4.7). K&D’$
%& ("-)*&%) /)#0i7(i #-$0*D$((., G) ("+$D"#9 !.!. @)/)-8, 7$6 *)-$*$(9,
38/0)-)*D8,’& /)3&+"((.%& (" 0)7)#8, - .4i< %)D(" )6("<)%&#&3. i6
-i*/)-i*(&%& *)-$*$((.%&.

J#D$, #)-"0(i -$4#)0& 0)6>+.*"#&%8#93. 8 %()D&(i Nd
0 6"%i3#9 Rd

+, *$
N0 := N▽{0}. O)*i 0)+9 -(8#0iE()3#i IntRd

+ *+. Nd
0 6"%i3#9 Rd

+ -i*i>0"-"#&%$
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Nd. P$E#" /)(.#9 6 /)/$0$*(9)>) /i*0)6*i+8 6"+&E",#93. 7$6 6%i(. N)40$%",
2i(&, .4 i 0"(iE$, 0)6>+.*",#93. 6 *)*"#()>) 4)(838 p → Rd

+.
@)6("’&%) ei = (0, . . . , 0  ︸

i↔1

, 1, 0, . . . , 0) → Nd
0 △ Rd

+ /0& i = 1, . . . , d.

$8’)@B’--2 4.4 (!. !. @)/)-, [103]). D53 2./i5)&.?. &’&-5)./.?.

0.7$;"./.?. A$0$:- ωωω → Nd
0 i 2./i5)&.% (i&1 p = (p1, . . . , pd) → Rd

+ &$:;-0&i

-C./1 #i/&.:15)&i:

(i) B62@’;&$ C&.@1&$ B▷▷▷(p) :"i&7’&&$;

(ii) p >> 0.

$8’)@B’--2 4.5 (!. !. @)/)-, [103]). ,’4$J 7 – /i2&.N’&&3 0’#’/$?1 &$

Rd
+ ;$ ωωω → Nd

0 – &’&-5)./1J 0.7$;"./1J A$0$:. H.2i 253 ".@&.% (i&1 p → Nd

i:&-M 7-C$":1C$5)&1J ’5’C’&; - B62@’;&iJ C&.@1&i B▷▷▷(p). <"O., "#iC

;.?., /i2&.N’&&3 0’#’/$?1 7 M 5i&iJ&1C 0.#32".C, ;. ;$"1J C$":1C$5)&1J

’5’C’&; M21&1J, $ .;@’, D
7
▷▷▷ = Nd

.

4.2.2 9()(*0’ @(8’@’--2 8’);iA *’()’3+ E))(5-O’=)’ @62

8+/.@05 >i6(,+;’67-+4 *(8.)-+4 8’0*()i8

K">"*"5%), G) /i*%()D&(" K △ Rd ("6&-"5#93. )/84+),, .4G) *+.
*)-i+9(&1 x,y → K #" *)-i+9()>) 34"+.08 ω → (0, 1) %"5%) ωx + (1 ↔ ω)y →

K. J/84+" )7)+)(4" convK *)-i+9()? /i*%()D&(& K △ Rd -&6("’"5#93.,
.4 /$0$#&( -3i1 )/84+&1 /i*%()D&( Rd, G) %i3#.#9 K. J/84+" )7)+)(4"
*)-i+9()? /i*%()D&(& 5 4)0$4#() -&6("’$(),. M$6/)3$0$*(9) +$>4) *)-$3#&,
G) convK 5 )/84+), %()D&(),.

Ui*()E$((. /$0$-">& 7 (" Rd
+ ("6&-"5#93. )/84+&%, .4G) *+.

*)-i+9()>) z → Rd
+ %()D&(" {x → Rd

+ : x 7 z} 5 )/84+), - Rd.
=$G) i("4E$ *"5#93. )6("’$((. 3#0)>) )/84+)>) -i*()E$((. /$0$-">&

(*&-. [67, Definition 1.1.5]). Ui*()E$((. /$0$-">& 7 (" Rd
+ ("6&-"5#93. 3#0)>)

)/84+&%, .4G) *+. *)-i+9(&1 x,y, z → Rd
+ 6 8%)- x 7 z, y 7 z #" x ⇔= y

-&/+&-"5, G) *+. *)-i+9()>) ω → (0, 1) %"5%) ωx+ (1↔ ω)y ∅ z.
K"-$*$%) -$03i, )3#"((9)>) )6("’$((., "*"/#)-"(8 *) -&/"*48

2i+)’&3$+9(&1 #)-"0(&1 -$4#)0i-.
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#1-.,’--2 4.6. 9i2&.N’&&3 0’#’/$?1 7 &$ Nd
0 &$A1/$;1C’C. :;#.?.

.0-"51C, 3"O. 253 2./i5)&14 x,y, z → Nd
0 A -C./ x 7 z, y 7 z ;$ x ⇔= y

/1051/$M, O. 253 2./i5)&.?. ω → (0, 1) A -C./1 ωx+(1↔ω)y → Nd
0 /1051/$M,

O. ωx+ (1↔ ω)y ∅ z.

@)6("’&%) ’$0$6 P0 %()D&(8 -3i1 3#0)>) %)()#)((&1 i 3#0)>) )/84+&1
-i*()E$(9 /$0$-">& (" Nd

0.

$’()’3. 4.7. R.@&$ .2&.-$?’&;&$ ’".&.Ci"$ .BCi&- E : {a} ⇑ Nd
0 ↙ P0 A

-C./.6 DE = Nd
C$M #i/&./$@&1J /’";.# (i& p0 → IntRd

+.

=)-$*$((. 7"685#93. (" >$)%$#0&’(i< ;)0%i #$)0$%& L"("-M"("1".

G’3. 4.2 (O$)0$%" L"("-M"("1", [104], c. 280). ,’4$J A,B – &’0’#’;1&&i

.0-"5i 0i2C&.@1&1 2iJ:&.?. &.#C./$&.?. 0#.:;.#- X, 0#17.C- A –

/i2"#1;$ C&.@1&$. H.2i i:&-M &’&-5)./1J 5i&iJ&1J &’0’#’#/&1J 8-&"(i.&$5

f : X ⇑ R ;$ 2iJ:&’ 71:5. ⇀ ;$"i, O. f(x) < ⇀ 253 2./i5)&.?. x → A ;$

f(y) ↘ ⇀ 253 2./i5)&.?. y → B.

D./’2’&&3 ;’.#’C1 4.7. @)6("’&%) E(a) = (ωωω,7); ωωω = (ω1, . . . ,ωd). O)*i
38%" (4.2) 34+"*"5#93. 6 )*()>) *)*"(48, " )#D$, )6("’$((. 0i-()-"D()>)
-$4#)08 p0 6-)*&#93. *) 0i-()3#i

x▷▷▷(p0) = ωωω, (4.3)

.48 /)#0i7() *)-$3#&.
U&6("’&%) %()D&(& A := {x → Rd

+ : x < ωωω}, B0 := {x → Nd
0 : x 7 ωωω} #"

B := convB0. N )/84+)3#i -i*()E$((. /$0$-">& 7 )#0&%85%):

B ̸Nd
0 = B0. (4.4)

N>i*() 6 )6("’$((.%&,

(∃p → Rd
+) x▷▷▷(p) → B0 ̸ B▷▷▷(p), (4.5)

" )#D$, /)4+"-E& B′
0 := {x → Nd

0 : x ∅ ωωω}, )#0&%85%), G) 8%)-" (4.3)
0i-()3&+9(" *) ("3#8/()?:

B′

0 ̸ B▷▷▷(p0) = ↓. (4.3∝)
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P)6>+.($%) Rd, .4 ()0%)-"(&< /0)3#i0, ("/0&4+"* 6 $-4+i*)-),
()0%), ↗x↗2 = x21 + . . . + x2d *+. x = (x1, . . . , xd) → Rd. Ui*40&#i3#9
#" )/84+i3#9 %()D&(& A *)-)*.#93. 3#"(*"0#(), -&4)0&3#)-8,’& +&E$
)6("’$((.. U&7$0$%), 6>i*() 6 +$%), 4.2, ;8(42i)("+ q = (q1, . . . , qd) → Rd

#" *i<3($ ’&3+) ⇀ #"4, G)7 q(x) < ⇀ *+. *)-i+9()>) x → A #" q(y) ↘ ⇀ *+.
*)-i+9()>) y → B. J34i+94& 0 → A, #) 0 = q(0) < ⇀. J#D$, ⇀ > 0.

@)4+"*$%) ωm := 1↔ 1
m #" xm := ωmωωω *+. m = 1, 2, . . .. O)*i limm⇑↑ ↗ωωω↔

xm↗ = 0 #" xm → A. N ($/$0$0-()3#i q #" ($0i-()3#i q(xm) < ⇀ )#0&%85%)
q(ωωω) ⇒ ⇀, " 6 8%)-& ωωω → B – ($0i-(i3#9 q(ωωω) ↘ ⇀. J#D$,

d∑

i=1

qiωi = q(ωωω) = ⇀. (4.6)

J34i+94& *+. 4)D()>) i → {1, . . . , d} %"5%) ωωω ↔ ωiei → A, #)

⇀ ↔ qiωi = q(ωωω ↔ ωiei) < ⇀,

6-i*4& *i3#"5%), G) qiωi > 0, " )#D$, qi > 0. O"4&% ’&()%,

q >> 0. (4.7)

@)6("’&%) ’$0$6 x▷▷▷(q) = (x1, . . . , xd) -i*/)-i*(&< -$4#)0 /)/&#8, .4&<
5 4)0$4#() -&6("’$(&<, 6>i*() 6 (4.7). N %"43&%"+9()3#i -$4#)0" /)/&#8
-&/+&-"5, G) x▷▷▷(q) → B0, " )#D$, q

(
x▷▷▷(q)

)
↘ ⇀. N i(E)>) 7)48, )34i+94&

x▷▷▷(q) → B▷▷▷(q), #) 6 (4.6) *i3#"5%) q
(
x▷▷▷(q)

)
⇒ q(ωωω) = ⇀. O"4&% ’&()%,

q
(
x▷▷▷(q)

)
= ⇀. (4.8)

J#D$, -$4#)0 /)/&#8 x▷▷▷(q) +$D&#9 (" >i/$0/+)G&(i {x → Rd : q(x) =

⇀}. M8*8-"#& E84"(&< -$4#)0 2i(& p0 6 8%)-), (4.3) 78*$%) 6" 0"18()4
“%"+)>)” 6780$((. -$4#)0" q.

Q4G) x▷▷▷(q) = ωωω, #) p0 := q 5 E84"(&% -$4#)0)% 2i( 6 8%)-),
(4.3). P)6>+.($%) -&/"*)4 x▷▷▷(q) ⇔= ωωω. O)*i 6 %"43&%"+9()3#i #" 5*&()3#i
%"43&%"+9()>) -$4#)0" x▷▷▷(q) -&/+&-"5 x▷▷▷(q) ∅ ωωω. Ni 3#0)>)? %)()#)(()3#i
-i*()E$((. /$0$-">& -&/+&-"5, G) i3(85 4))0*&("#" i → {1, . . . , d} #"4", G)

xi > ωi. (4.9)
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U$4#)0 2i( p0 E84"#&%$%) 8 -&>+.*i

pε = (q1, . . . , qi↔1, qi + ⇁, qi+1, . . . , qd), ⇁ > 0. (4.10)

=+. *)-i+9()>) ⇁ > 0 %"5%)

pε(x▷▷▷(q))
(4.10)
= q(x▷▷▷(q))+⇁xi

(4.8)
= ⇀+⇁xi

(4.9)
> ⇀+⇁ωi

(4.6)
= q(ωωω)+⇁ωi

(4.10)
= pε(ωωω),

#)7#), x▷▷▷(q) /→ B▷▷▷(pε), " )#D$, x▷▷▷(q) ($ %)D$ 78#& -$4#)0)% /)/&#8 x▷▷▷(pε)

/0& *i? 2i(& pε. T("+)>i’(), *+. *)-i+9(&1 x = (x1, . . . , xn) → B0 #" ⇁ > 0

-&4)(85#93. i%/+i4"2i.

(xi > ωi) ℜ

(
x /→ B▷▷▷(pε)

)
. (4.11)

=)-$*$%) -4+,’$((.
⋂

ε→(0,1]

(
B′

0 ̸ B▷▷▷(pε)
)
△ B′

0 ̸ B▷▷▷(q). (4.12)

=i<3(), ($1"< y = (y1, . . . , yd) – *)-i+9(&< $+$%$(# B′
0 . Q4G) *+.

*)-i+9()>) ⇁ → (0, 1] -&4)(85#93. y → B▷▷▷(pε), #)

(∃⇁ → (0, 1]) pε(y) =
d∑

j=1

qjyj + ⇁yi ⇒
d∑

j=1

qjωj + ⇁ωi,

6-i*4& /0& ⇁ ℑ 0 *i3#"5%)

q(y) =
d∑

j=1

qjyj ⇒ q(ωωω),

" )#D$, (4.12) *)-$*$(). J34i+94& -3i %()D&(&, .4i ;i>808,#9 - (4.12), 5
/i*%()D&("%& 34i(’$(()? %()D&(& B▷▷▷(p1), #) -3i 2i %()D&(& #$D 34i(’$((i.
O)%8 6 )’$-&*()>) -4+,’$((. B▷▷▷(pε1) ⊤ B▷▷▷(pε2) /0& ⇁1 < ⇁2 -&/+&-"5, G)
3$0$* %()D&( +i-)? ’"3#&(& (4.12), .4i 3#).#9 - /$0$#&(i, 5 ("<7i+9E&< (-
0)68%i((i -4+,’$((.) $+$%$(#. J#D$, 8%)-" (4.12) %)D$ 78#& 0i-()3&+9()
/$0$/&3"(" #"4:

(
⊥⇁0 → (0, 1]

) (
B′

0 ̸ B▷▷▷(pε0)
)
△ B′

0 ̸ B▷▷▷(q). (4.12∝)
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N (4.12∝) -&/+&-"5, G) 4)+& 6" *)/)%)>), 6780$((. qi (" ⇁0 %&
-&4+,’"5%) 6 %()D&(& B′

0 $+$%$(# x▷▷▷(q) ⇔= ωωω, .4&< ($ /)#0"/+.5 *)
%()D&(& 7,*D$#(&1 -$4#)0i- 6780$()>) -$4#)0" B▷▷▷(pε0), %& ($ )#0&%85%)
()-&1 7,*D$#(&1 -$4#)0i-, " )#D$, 4i+94i3#9 $+$%$(#i- %()D&(& B′

0 ̸

B▷▷▷(q) 6%$(E85#93. (" 1. N"+&E"5#93. 0)6>+.(8#& /0& 29)%8 %)D+&-i3#9
/0& ()-)%8 -&4+,’$((i ’$0>)-)>) $+$%$(#8 /)-#)0()>) )#0&%"((. -D$
-&+8’$()>) 0"(iE$. Q4G) (" .4)%839 $#"/i -&+8’$((. -$4#)0" z /0& 6780$((i
/$-()? 4))0*&("#& qs (" *)-i+9($ ⇁ → (0, ⇁∝) 8 -i*/)-i*(i< %()D&(i 7,*D$#(&1
-$4#)0i- 6’.-+.5#93. -D$ -&+8’$(&< (" /)/$0$*(i1 $#"/"1 -$4#)0 u, #) -
29)%8 -&/"*48 -$4#)0 u 5 +i(i<(), 4)%7i("2i5, -$4#)0i- ωωω #" z (i("4E$
-$4#)0& u i z %)D(" 78+) 7 -i*)40$%&#& /0.%),, G) /0)1)*&#9 ’$0$6 -$4#)0&
ωωω, /0& /$-()%8 6780$((i ⇁). J34i+94& (" 4)D()%8 $#"/i -&+8’$((. -i*/)-i*(i
4))0*&("#& -$4#)0" z 6"*)-)+9(.,#9 8%)-8 (4.9), " 6 i%/+i4"2i? (4.11)
-&/+&-"5, G) 4))0*&("#& -$4#)0" u ($ %)D8#9 6"*)-)+9(.#& "("+)>i’(8
8%)-8, #) -$4#)0& z #" u 6("1)*.#93. /) 0i6(i 7)4& /0.%)? -i* #)’4& ωωω.
]$ )6("’"5, G) i3(85 ω → (0, 1) #"4$, G) ωωω = ωz + (1 ↔ ω)u. J34i+94&
z,u → B0 #" z ⇔= u, 6i 3#0)>)? )/84+)3#i -i*()E$((. /$0$-">& 7 -&/+&-"5,
G) ωωω = ωz + (1 ↔ ω)u ∅ ωωω, – 38/$0$’(i3#9. J#D$, 3#0)>" )/84+i3#9
-i*()E$((. 7 >"0"(#85, G) /0& /)$#"/()%8 6780$((i -$4#)0" 2i(& q ("
4)D()%8 $#"/i 78*8#9 -&4+,’"#&3. /) )*()%8 -$4#)08 6 B′

0 ̸B▷▷▷(q), /0&’)%8
($ +&E$ ()-&1 $+$%$(#i- ($ 6’.-&#93., "+$ < ($ /)-$0(8#93. -D$ -&+8’$(i
-$4#)0&. N" 0"18()4 34i(’$(()3#i %()D&(& B▷▷▷(q) /0)2$3 -&+8’$((. /0&6-$*$
*) /)0)D(9)? 8 6"+&E48 %()D&(& B′

0 ̸ B▷▷▷(p0). O"4&% ’&()%, #$)0$%8
*)-$*$().

4.3 J’);i2 3(@’6i ’0(-(3i0+ E))(5-O’=)’ 1 @(8i67-+3+

*(8.)-+3+ 8’0*().3+

P)6>+.($%) %)*$+9 $4)()%i4& 6 ($34i(’$((), %()D&(), #)-"0i-, .4i
%)D8#9 -&0)7+.#&3., /0)*"-"#&3., )7%i(,-"#&3. #" 3/)D&-"#&3.. S+i*8,’&
4+"3&’(&% /i*1)*"% (*&-., ("/0&4+"*, [67]), -&/834 #" /0&*7"((. /0)*842i?
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%",#9 *)*"#(&< 6("4, " /0)*"D #" -#0"#& ’$0$6 )7%i( %",#9 -i*’5%(&< 6("4.
H 4+"3&’(i< %)*$+i F00)8-=$70$ [66] %()D&(" -3i1 #)-"0(&1 ("7)0i- – 2$
34i(’$(()--&%i0(" -$4#)0(" I0"#4" E = Rd, *$ d – 2$ 4i+94i3#9 (-&*i-)
#)-"0i-. @0"-&+" )7%i(8 /0)*842i? 6"*",#93. ;i43)-"(&% -$4#)0)% p =

(p1, . . . , pd) → Rd. O)’(iE$, pi
pj

5 4i+94i3#, #)-"08 j, .4&< %)D$ 78#& )7%i(.(&<
(" )*&(&’(8 4i+94i3#9 #)-"08 i 6" 2i("%& p. O"4&% ’&()%, A&$7’&&3

#)-"0()>) -$4#)08 x = (x1, . . . , xd) → Rd -&6("’"5#93., .4 34"+.0(&< *)78#)4
(p,x) =

∑d
k=1 pkxk ’&, .4 6("’$((. /$-()>) +i(i<()>) ;8(42i)("+8 ("

Rd. J#D$, /0)3#i0 2i( 5 *8"+9(&% +i(i<(&% /0)3#)0)% E ∝ = Rd, .4&< %&
)#)#)D(,5%) i6 3"%&% E 8 34i(’$(()-&%i0()%8 -&/"*48. b0"#4)-" 3#084#80"
)7)1 /0)3#)0i- – /0)3#)08 #)-"0(&1 -$4#)0i- #" /0)3#)08 2i( – 5 *8D$
-"D+&-),, "*D$ .4 #)-"0(i -$4#)0&, #"4 i 2i(& %",#9 78#& /)0i-(.((&%& 6
i(E&%& #)-"0(&%& -$4#)0"%& #" 2i("%& -i*/)-i*(). Ui*()E$((. /$0$-">& ("
%()D&(i -&6("’"5#93., .4 -i*()E$((. +i(i<()>) /)0.*48 (#)’($ )6("’$((.
*&-. 8 0)6*i+i ). H 7">"#9)1 /0&0)*(&1 -&/"*4"1 -i*()E$((. /$0$-">&
6"*"5#93. 6" *)/)%)>), 8-&"(i% ".#1:&.:;i u : X ⇑ R 0i-(i3#, x ≃ y #)*i
i +&E$ #)*i, 4)+& u(x) ⇒ u(y) [67, Theorem 1.1.4]. I3(8,#9 #"4)D %)*$+i,
G) 0)6>+.*",#9 ($34i(’$((i #)-"0(i %()D&(&, " )#D$, i ($34i(’$(()-&%i0(i
/0)3#)0& #)-"0(&1 -$4#)0i-, *&-., ("/0&4+"*, [96], [97], [72].

H *"()%8 0)6*i+i %& /0)/)(85%) /$-(i 6%i(& *) %)*$+i F00)8-=$70$.
J*(" 6 #"4&1 %)*&;i4"2i< /)+.>"5 - 86">"+9($((i ;8(42i)("+i- (" 34"+.0(i
6"0.*& - 0)+i 2i(. S$(3 #"4)>) 86">"+9($((. /)+.>"5 - #)%8, G) - 0$"+9(i<
$4)()%i2i 2i(& %)D8#9 *$E$-E"#& *+. 7i+9E&1 4i+94)3#$< #)-"0i-. J#D$,
“)/#)-i” 2i(& ($ 5 +i(i<(&%& ;8(42i)("+"%&, /0)#$ i(4)+& 5 6"0.*"%& (#)7#),
"*&#&-(&%& ;8(42i.%& *+. #"4&1 *)*"(4i-, .4i ("+$D"#9 *) 0i6(&1 >08/
#)-"0i-). I(E" /$0$-">" #"4)>) /i*1)*8: %& %)D$%) 0)6>+.*"#& *)*"#(&<
4)(83 G = (Rn)+, .4 4)%/+$%$(#"0(&< /0)3#i0 6 +"#$0"+9(&% /)0.*4)% 8
#)< ’"3, 4)+& *"(" %()D&(" ($ 5 -$4#)0(), I0"#4),.
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4.3.1 9(3/6’3’-*.)-i /)(;*()+

@)(.##. 4)%/+$%$(#"0()>) /0)3#)08, .4$ 5 )*(&% 6 4+,’)-&1 8 *"()%8
0)6*i+i, 78+) 8-$*$() i *)3+i*D$() 8 ("Ei< 3/i+9(i< 0)7)#i 6 !. !. @)/)-&%
[98]. K&D’$ %& ("-$*$%) ($)71i*(i -i*)%)3#i /0) *"($ /)(.##..

N"7i>",’& -/$0$*, 6"6("’&%), G) ("<-"D+&-iEi /0&4+"*&
4)%/+$%$(#"0(&1 /0)3#)0i- -4+,’",#9 -$4#)0(i I0"#4& 6 +"#$0"+9(&%
/)0.*4)% #" 78+$-i 4i+92..

4.3.2 G.*’).67-+? /()2@(0 -. 8’0*()-+4 Z).*0.4

:)D(" -$4#)0(" I0"#4" E /0&0)*(&% ’&()% ("*i+$(" ’"3#4)-&%
/)0.*4)%, .4&< -i*0i6(.5#93. -i* *"()>) (-&1i*()>)) /)0.*48 ⇒. @)4+"*",#9
x ⇐ y, .4G) $+$%$(# x 5 8#$?C’&;.C $+$%$(#" y, #)7#), x ℵ y↔x. !()D&("
-3i1 ;0">%$(#i- *"()>) $+$%$(#" e → E /)6("’"5#93. 3&%-)+)% Fe. J’$-&*(),
.4G) e = x + y, #) ("3#8/(i #0& 8%)-& 0i-()3&+9(i: x ⇐ e, y ⇐ e #" x ℵ y.
O"4&% ’&()%, .4G) e =

⊔m
k=1 xk, #) (xk)mk=1 5 *&6’,(4#(&%& ;0">%$(#"%&

$+$%$(#" e. N>i*() 6 [105, Proposition 3.4] (*&-. #"4)D [99, Theorem 3.15]), Fe

5 78+$-), "+>$70), -i*()3() +"#$0"+9()>) /)0.*48 *+. 4)D()>) e → E \{0}.
N *$#"+9(), i(;)0%"2i5, /0) +"#$0"+9(&< /)0.*)4 %)D(" )6("<)%&#&3. 8
3#"##.1 [105] #" [106].

4.3.3 #;-(8-i /(-2**2 *. /(1-.,’--2

S8/0$%8% (’& i(;i%8%) *-)$+$%$(#()? /i*%()D&(& {x, y} ’"3#4)-)
-/)0.*4)-"()? %()D&(& (G,≃) - #$)0i? I0"#)4 /)6("’"5#93. ’$0$6 x A y

(-i*/)-i*(), ’$0$6 x ∀ y). T+$ 8 *"()%8 -&/"*48 #"4$ /)6("’$((. ($608’($,
)34i+94& )*&( 6 )3()-(&1 #&/i- /0&4+"*i- 4)%/+$%$(#"0(&1 /0)3#)0i- 5
-$4#)0(" I0"#4" G 6 +"#$0"+9(&% /)0.*4)% ⇐, 8 #)< ’"3, 4)+& -&0"6&
x A y, x ∀ y - G )6("’",#9 38/0$%8% #" i(;i%8% #i5? D 3"%)? *-)$+$%$(#()?
/i*%()D&(& {x, y} -i*()3() 6"*"()>) /)0.*48 ⇒ (" G. O"4&% ’&()%, *+.
38/0$%8%i- #" i(;i%8%i- 8 4)%/+$%$(#"0()%8 /0)3#)0i %& -&4)0&3#)-85%)
#"4i D 3"%i /)6("’$((., .4 i 8 -&/"*48 +"#$0"+9()>) /)0.*48 (" -$4#)0(&1
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I0"#4"1: ⋃⋃⋃⋃⋃⋃⋃⋃⋃
A :=≃ - supA,

⋂⋂⋂⋂⋂⋂⋂⋂⋂
A :=≃ - inf A for A △ G;

x▽▽▽▽▽▽▽▽▽ y :=≃ - sup{x, y}, x ̸̸̸̸̸̸̸̸̸ y :=≃ - inf{x, y} for x, y → G.

O8# -&4)0&3#)-8,#93. >087i 3&%-)+& 6"*+. -i*%i(()3#i -i* 3&%-)+i-
)7’5*("((. #" /$0$#&(8 %()D&(.

#1-.,’--2 4.8. ,’4$J (G,≃) – 7$:;"./. /0.#32"./$&$ C&.@1&$ A

&$JC’&N1C ’5’C’&;.C 0 ;$ x, y, z → G. S5’C’&;1 y, z C&.@1&1 G

&$A1/$6;):3 -i*)40$%+$(&%& (01N’C. 0#1 ().C- y†z), 3"O. y ̸̸̸̸̸̸̸̸̸ z = 0.

<"O. @ y†z ;$ x = y▽▽▽▽▽▽▽▽▽ z, ;. C1 "$@’C., O. x M /0.%), 38%), ’5’C’&;i/

y ;$ z i 01N’C. x = y B z.

I(E&%& 3+)-"%&, x†y )6("’"5, G) *+. 4)D()>) t → E 6 8%)- t ≃ x #"
t ≃ y -&/+&-"5 t = 0.

H /)*"+9E)%8, G)<() ("/&3"() x B y, %& 0)68%i5%), G) x†y, " #"4)D,
G) 38/0$%8% xB y i3(85.

=+. *)-i+9()? ’"3#4)-) -/)0.*4)-"()? %()D&(& (G,≃) 6 ("<%$(E&%
$+$%$(#)% 0 #" *)-i+9()>) g → G %& /)4+"*"5%) Fg := {x → G : x ≃ g}.

#1-.,’--2 4.9. T$:;"./. /0.#32"./$&$ C&.@1&$ (G,≃) A &$JC’&N1C

’5’C’&;.C 0 &$A1/$M;):3 4)%/+$%$(#"0(&% /0)3#)0)%, 3"O. /1".&-6;):3

;$"i -C./1:

(CS1) 253 2./i5)&14 ’5’C’&;i/ x, y → G A -C./.6 y ≃ x i:&-M ’5’C’&; z → G

;$"1J, O. x = y B z;

(CS2) 253 2./i5)&14 ’5’C’&;i/ x, y, u, v → G A -C./.6 xB y = uB v i:&-6;)

’5’C’&;1 a, b, c, d → G ;$"i, O. x = a B b, y = c B d, u = a B c ;$

v = bB d.

C.58.B’--2 4.1. ,$:;-0&i 0#1"5$21 i56:;#-6;) /$@51/i:;) ;$, -

0’/&.C- :’&:i, .0;1C$5)&i:;) $":i.C (CS1) ;$ (CS2).
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(1) + -C./1 (CS1) &’ /1051/$M -C./$ (CS2). K"3#8/(" %()D&(" /i*%()D&(
%()D&(& $ = {1, 2, 3} 6"*)-)+9(.5 (CS1) -i*()3() -4+,’$((. △ - 0)+i
≃, /0)#$ (" 6"*)-)+9(.5 (CS2):

G =

↓, {1, 2}, {1, 3}, {2, 3},$


.

=i<3(), 8%)-" y △ x -&4)(85#93. +&E$ *+. #"4&1 -&/"*4i-:

($) y = x. O)*i x = y B ↓;

(B) y = ↓ #" x – *)-i+9(&<. O)*i x = ↓ B x;

(/) y – *)-i+9(" *-)$+$%$(#(" /i*%()D&(", x = $. O)*i x = y B z, *$ z

– 78*9-.4" i(E" *-)$+$%$(#(" /i*%()D&(".

J#D$, (CS1) -&4)(85#93.. @)4"D$%), G) (CS2) ($ -&4)(85#93.. !"5%)

{1, 2}B {1, 3} = $ = {1, 2}B {2, 3}, (4.13)

/0)#$ D)*(" 6 *-)$+$%$(#(&1 /i*%()D&( ($ /)*"5#93. 8 -&>+.*i /0.%)?
38%& *-)1 ($/)0)D(i1 /i*%()D&(, " #)%8 (CS2) ($ -&4)(85#93..

(2) + -C./1 (CS2) &’ /1051/$M -C./$ (CS1): 4)D(" +i(i<() -/)0.*4)-"("
%()D&(", .4" %i3#&#9 /0&("<%(i 3 $+$%$(#&, 6"*)-)+9(.5 (CS2) "+$ ($
6"*)-)+9(.5 (CS1).

(3) ! 0#1"5$2i 7$:;"./. /0.#32"./$&.% C&.@1&1 A &$JC’&N1C

’5’C’&;.C, &$/’2’&.C- / 0. (1), 0#1 /1".&$&&i $":i.C1 (CS1) 253

0’/&14 ’5’C’&;i/ y ≃ x i:&-6;) #iA&i ’5’C’&;1 z1, z1, 3"i / 0#3CiJ

:-Ci A ’5’C’&;.C y 2$6;) x, ;.B;., x = y B z1 = y B z2, O. /1051/$M

A (4.13). <" 0."$A-M &$:;-0&’ ;/’#2@’&&3, 0#1 /1".&$&&i $":i.C1

(CS2) ;$".?. &’ B-/$M.

$8’)@B’--2 4.10. ,’4$J (G,≃) – 7$:;"./. /0.#32"./$&$ C&.@1&$ A

&$JC’&N1C ’5’C’&;.C 0, 253 3".% /1".&-M;):3 $":i.C$ (CS2). ,’4$J

’5’C’&;1 e, r, s, t → G A$2./.5)&36;) -C./1 e = r B s = r B t. H.2i s = t.
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D./’2’&&3. U&4)0&3#)-8,’& (CS2) /0& x = u = r, y = s #" v = t, -&7$0$%)
$+$%$(#& a, b, c, d → G #"4i, G)

r = x = aB b = u = aB c,

s = y = cB d,

t = v = bB d.

O)*i b ≃ aB b = aB c = r #" b ≃ bB d = t. J#D$, 6 8%)-& r † t -&/+&-"5,
G) b = 0.

T("+)>i’(), %"5%) c ≃ aB c = aB b = r #" c ≃ cB d = s, " )#D$, c = 0.
O"4&% ’&()%, s = cB d = d = bB d = t.

".;6i@(0 2.2. T$:;"./. /0.#32"./$&$ C&.@1&$ (G,≃) A &$JC’&N1C

’5’C’&;.C 0 M ".C05’C’&;$#&1C 0#.:;.#.C ;.2i i 51N’ ;.2i, ".51 (G,≃)

A$2./.5)&3M (CS2) ;$ &$:;-0&- 0i2:15’&- /’#:i6 $":i.C1 (CS1):

(CS1∝) 253 2./i5)&14 ’5’C’&;i/ x, y → G A -C./.6 y ≃ x i:&-M M21&1J ’5’C’&;

z → G ;$"1J, O. x = y B z.

#1-.,’--2 4.11. ,’4$J (G,≃) – ".C05’C’&;$#&1J 0#.:;i#, x, y → G ;$

y ≃ x. U21&1J ’5’C’&; z 0#.:;.#- G ;$"1J, O. x = y B z, &$A1/$M;):3

/0.%), 0i6(&2$, ’5’C’&;i/ x ;$ y i 0.A&$7$M;):3 ;$": xC y.

O"4&% ’&()%, .4G) (G,≃) – 4)%/+$%$(#"0(&< /0)3#i0, #)

(∃x, y → G) y ≃ x ℜ x = y B (xC y). (2.1)

N"6("’&%), G) .4G) *+. 4)D()>) ($(8+9)-)>) $+$%$(#" e ’"3#4)-)
-/)0.*4)-"()? %()D&(& G 6 ("<%$(E&% $+$%$(#)% 0, /)0.*4)-&< i(#$0-"+
Fe 5 78+$-), "+>$70),, #) (CS1)-(CS2) -&4)(8,#93., " )#D$, G 5
4)%/+$%$(#"0(&% /0)3#)0)%. U&.-+.5#93., G) )7$0($($ #-$0*D$((. #"4)D
-i0($ (*&-. #$)0$%8 4.12 (&D’$).

4.3.4 J.B6+8i /)+06.@+

K&D’$ %& ("-)*&%) -"D+&-i /0&4+"*& 4)%/+$%$(#"0(&1 /0)3#)0i-.
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D)+06.@ 1. R.@&’ B-5’/’ "i5)(’ M ".C05’C’&;$#&1C 0#.:;.#.C.

D)+06.@ 2. R.@&$ 0i2C&.@1&$ G /’";.#&.% I#$;"1 E A /5$:;1/.:;3C1

(1) (∃x, y → G)
(
(y ⇐ x) ℜ (x↔ y → G)

)
;

(2) (∃x, y → G) (x ̸̸̸̸̸̸̸̸̸ y → G)

M ".C05’C’&;$#&1C 0#.:;.#.C /i2&.:&. 5$;’#$5)&.?. 0.#32"- ⇐ &$ E.

D./’2’&&3. (CS1) -&/+&-"5 6 (1). =)-$*$%) (CS2). N";i4385%) *)-i+9(i
$+$%$(#& x, y, u, v → G 6 8%)-"%& e := x B y = u B v - G, " )#D$, e → G.
N>i*() 6 [105, Proposition 3.4], -$4#)0& a := x ̸̸̸̸̸̸̸̸̸ u, b := x ̸̸̸̸̸̸̸̸̸ v, c := y ̸̸̸̸̸̸̸̸̸ u #"
d := y ̸̸̸̸̸̸̸̸̸ v 4)0$4#() -&6("’$(i - E, " 6>i*() 6 (2), ("+$D"#9 *) G. N()-8 6>i*()
6 [105, Proposition 3.4], x = aD b, y = cDd, u = aD c #" v = bDd. N"+&E"5#93.
6"8-"D&#&, G) -&0"6& f D g #" f B g 0i-()3&+9(i 8 -$4#)0(i< I0"#2i.

D)+06.@ 3. ,’4$J $, Y – &’0.#.@&i C&.@1&1 ;$ G – 2’3"$ C&.@1&$

8-&"(iJ f : X ⇑ Y , 2’ X △ $. 91A&$71C. 7$:;"./1J 0.#32." ≃ &$ G,

0."5$/N1 g ≃ f ;.2i i ;i5)"1 ;.2i, ".51 8-&"(i3 g M A/-@’&&3C 8-&"(i%

f . G#10-:;1C., O. 0.#.@&3 8-&"(i3 ↓ : ↓ ⇑ Y &$5’@1;) 2. G, $ ;$".@

/1".&-M;):3 &$:;-0&$ iC05i"$(i3: 3"O. f, g → E A -C./$C1 f : X ⇑ Y ;$

g = f |X ↓ 253 2’3".% 0i2C&.@1&1 X ∝
C&.@1&1 X, ;. h = f |X\X ↓ → G. H.2i

(G,≃) – ".C05’C’&;$#&1J 0#.:;i#.

K"3#8/(" 4)(3#0842i. ("-)*&#9 %"38 ()-&1 /0&4+"*i- 4)%/+$%$(#"0(&1
/0)3#)0i-. K$;)0%"+9() 4"D8’&, *&6’,(4#($ )7’5*("((. 4)%/+$%$(#"0(&1
/0)3#)0i- i6 3/i+9(&% (8+9)-&% $+$%$(#)% 5 4)%/+$%$(#"0(&% /0)3#)0)%.

D)+06.@ 4. ,’4$J
(
(Gi,≃i)

)
i→I

– :iC’3 ".C05’C’&;$#&14 0#.:;.#i/ ;$"$,

O. Gi̸Gj = {0} 253 /:i4 #iA&14 i&2’":i/ i, j → I, 2’ 0 – &$JC’&N1J ’5’C’&;

".@&.?. A Gk, k → I. G."5$2’C. G :=
⋃

i→I Gi i /1A&$71C. 7$:;"./1J

0.#32." &$ G, 0."5$/N1 x ≃ y ;.2i i 51N’ ;.2i, ".51 i:&-M i → I ;$"1J, O.

x, y → Gi ;$ x ≃i y. *7’/12&., (G,≃) M ".C05’C’&;$#&1C 0#.:;.#.C.
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4.3.5 J+=).-i 86.;*+8(;*i 0(3/6’3’-*.)-+4 /)(;*()i8

N>i*() 6 [107], 78+$-" "+>$70" – 2$ *&3#0&78#&-(" I0"#4" 6 *)/)-($((.%&.
T43i)%" (CS2) -&%">"5 %$(E$, (iD *&3#0&78#&-(" I0"#4". @0)#$, 8 3848/()3#i
6 (CS1), 2$ *"5 -3$, G) /)#0$785 78+$-" "+>$70", .4 #) 3#-$0*D85 ("3#8/("
#$)0$%".

$’()’3. 4.12 (!. !. @)/)-, [98]). D53 7$:;"./. /0.#32"./$&.% C&.@1&1

(G,≃) A &$JC’&N1C ’5’C’&;.C 0 &$:;-0&i ;/’#2@’&&3 ’"/i/$5’&;&i:

(1) G M ".C05’C’&;$#&1C 0#.:;.#.C;

(2) 253 ".@&.?. ’5’C’&;$ e → G \ {0} 0i2C&.@1&$ Fe M B-5’/.6 $5?’B#.6.

4.3.6 C.)2@+ -. 0(3/6’3’-*.)-+4 /)(;*().4

N"6-&’"<, /)(.##. 6"0.*8 - %"#$%"#&2i – 2$ 34i(’$(()-"*&#&-(" %i0"
(" -&%i0()%8 /0)3#)0i "7) 78+$-i< "+>$70i. K$;)0%"+9() 4"D8’&, i*$.
"*"/#"2i? /)(.##. 6"0.*8 *) 4)%/+$%$(#"0(&1 /0)3#)0i- /)+.>"5 - #)%8,
G)7 6("<#& ("<6">"+9(iE8 4)(3#0842i, -i*)70"D$(9, .4i 5 "*&#&-(&%&
(" /"0"1 *&6’,(4#(&1 -$4#)0i-. @)*i7(" 4)(3#0842i. -i*)70"D$(9 ("
-$4#)0(&1 I0"#4"1 %"5 ("6-8 ”.#;.?.&$5)&. $21;1/&14 .0’#$;.#i/”. Q4
i *+. -&/"*48 +i(i<(&1 )/$0"#)0i- (" -$4#)0(&1 I0"#4"1, %()D&(" -3i1
)0#)>)("+9() "*&#&-(&1 )/$0"#)0i- 6 /$-(&%& /0&0)*(&%& -+"3#&-)3#.%&
8#-)0,5 -$4#)0(8 I0"#48 )/$0"#)0i-. H *"()%8 /i*0)6*i+i %& 86">"+9(,5%)
)0#)>)("+9() "*&#&-(i )/$0"#)0&, G) *i,#9 %iD -$4#)0(&%& I0"#4"%&, (",
#"4 6-"(i, 6"0.*& (" 4)%/+$%$(#"0(&1 /0)3#)0"1, " #"4)D *)-)*&%) "("+)>
#$)0$%& Pi33"-:"(#)0)-&’" /0) 3#084#808 -$4#)0()? I0"#4& (" %()D&(i -3i1
6"0.*i- 6 /0&0)*(&%& -+"3#&-)3#.%&.

#1-.,’--2 4.13. ,’4$J (G,≃) – ".C05’C’&;$#&1J 0#.:;i# ;$ F –

/’";.#&$ I#$;"$. L-&"(i6 T : G ⇑ F &$A/’C. -$4#)0(&% 6"0.*)%, 3"O.

253 2./i5)&14 ’5’C’&;i/ x, y, z 0#.:;.#- E A -C./.6 x = y B z C$M Ci:(’

#i/&i:;) Tx = Ty + Tz. ! 7$:;"./.C- /10$2"- F = R C1 /1".#1:;./-MC.

;’#Ci& 34"+.0(&< 6"0.* A$Ci:;) “/’";.#&.?. A$#32-”.
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J34i+94& x = 0B x *+. 4)D()>) $+$%$(#" x → G, #) 4)D(&< -$4#)0(&<
6"0.* /$0$-)*&#9 (8+9 /0)3#)08 G - (8+9 -$4#)0()? I0"#4& F .

!()D&(" A(G,F ) -3i1 -$4#)0(&1 6"0.*i- T : G ⇑ F /0&0)*(&% ’&()%
("*i+$(" 3#084#80), -/)0.*4)-"()>) -$4#)0()>) /0)3#)08, i(*84)-"(),
-i*/)-i*(), 3#084#80), -$4#)0()? I0"#4& F .

#1-.,’--2 4.14. ,’4$J (G,≃) – ".C05’C’&;$#&1J 0#.:;i# ;$ F –

/’";.#&$ I#$;"$. 9’";.#&1J A$#32 T → A(G,F ) &$A1/$M;):3:

• *)*"#(&% (01N’C. T ↘ 0), 3"O. Tx ↘ 0 253 /:i4 x → E;

• 0$>8+.0(&%, 3"O. T 2.#i/&6M #iA&1(i 2/.4 2.2$;&14 /’";.#&14 A$#32i/

T = T1↔T2, Ti → A(G,F ), i = 1, 2. F&.@1&$ /:i4 #’?-53#&14 /’";.#&14

A$#32i/ T → A(E,F ) 0.A&$7$M;):3 7’#’A Ar(G,F );

• C-)7%$D$(&%, 3"O. 253 2./i5)&.?. ’5’C’&;$ g → G .B#$A T (Fg) M

0.#32"./. .BC’@’&.6 C&.@1&.6 / F . F&.@1&$ /:i4 C-.BC’@’&14

/’";.#&14 A$#32i/ T → A(G,F ) 0.A&$7$M;):3 7’#’A Ab(G,F ).

Q4G) G – -$4#)0(" I0"#4" 6 +"#$0"+9(&% /)0.*4)%, #) A(G,F )

67i>"5#93. 6 %()D&(), OA(G,F ) -3i1 )0#)>)("+9() "*&#&-(&1 )/$0"#)0i-
T : G ⇑ F .

J’$-&*(), +i(i<(&< /0)3#i0 A(G,F ) 5 -/)0.*4)-"(&% -$4#)0(&%
/0)3#)0)% -i*()3() /)0.*48 S ⇒ T #)*i i +&E$ #)*i, 4)+& T ↔ S ↘ 0

*+. S, T → A(G,F ), " #"4)D %()D&(& Ar(G,F ) #" Ab(G,F ) 5 +i(i<(&%&
/i*/0)3#)0"%& +i(i<()>) /0)3#)08 A(G,F ).

K"3#8/(" #$)0$%", .48 )#0&%"() "-#)0)% *&3$0#"2i? 3/i+9() 6
!. !. @)/)-&% 8 0)7)#i [98], 5 )3()-(&% 0$68+9#"#)% *"()>) /i*0)6*i+8.

$’()’3. 4.15. ,’4$J (G,≃) – ".C05’C’&;$#&1J 0#.:;i# ;$ F – 0.#32"./.

0./&$ /’";.#&$ I#$;"$. H.2i C$6;) Ci:(’ &$:;-0&i ;/’#2@’&&3.

(1) Ar(G,F ) = Ab(G,F ).

(2) Ab(G,F ) M 0.#32"./. 0./&.6 /’";.#&.6 I#$;".6, $ I#$;"./i .0’#$(i%

A$2$6;):3 A$ 2.0.C.?.6 &$:;-0&14 8.#C-5 253 /:i4 S, T → Ab(G,F )

;$ x → G:
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($) (S A T ) x = sup {Sy + Tz : y, z → G ;$"i, O. x = y B z}.

(B) (S ∀ T )x = inf {Sy + Tz : y, z → G ;$"i, O. x = y B z}.

(/) (T+)x = supT (Fx).

(?) (T↔)x = ↔ inf T (Fx).

(2) |T |x = sup {Ty ↔ Tz : y, z → G ;$"i, O. x = y B z}.

(’) |Tx| ⇒ |T |x.

=)-$*$((. 7"685#93. (" ("3#8/(i< +$%i, .4" 3#-$0*D85 "3)2i"#&-(i3#9
)/$0"2i< 38/0$%8%8 #" i(;i%8%8 8 4)%/+$%$(#"0()%8 /0)3#)0i.

G’3. 4.3 (!. !. @)/)-, [98]). ,’4$J (G,≃) – ".C05’C’&;$#&1J 0#.:;i#,

e → E \ {0} ;$ x, y, z → Fe. H.2i

(x▽▽▽▽▽▽▽▽▽ y)▽▽▽▽▽▽▽▽▽ z = x▽▽▽▽▽▽▽▽▽ (y▽▽▽▽▽▽▽▽▽ z);

(x ̸̸̸̸̸̸̸̸̸ y) ̸̸̸̸̸̸̸̸̸ z = x ̸̸̸̸̸̸̸̸̸ (y ̸̸̸̸̸̸̸̸̸ z);

3"O., Bi5)N ;.?., x†y, y†z ;$ z†x ;. (xB y)B z = xB (y B z).

D./’2’&&3 ;’.#’C1 4.15. K"3/0"-*i (1) 5 +$>4&% ("3+i*4)% (2). =i<3(),
-4+,’$((. Ar(G,F ) △ Ab(G,F ) 5 )’$-&*(&%, " 6>i*() 6 (c) #" (d), 4)D(&<
$+$%$(# Ab(G,F ) 5 0i6(&2$, *-)1 *)*"#(&1 -$4#)0(&1 6"0.*i-.

N";i4385%) *)-i+9(i )/$0"#)0& S, T → Ab(G,F ) i *)-$*$%) i3(8-"((.
38/0$%8%8 S A T . =+. 4)D()>) x → G /)4+"*$%)

Rx := sup {Sy + Tz : y, z → G #"4i, G) x = y B z} (3.1)

(38/0$%8% i3(85, )34i+94& S #" T 5 C-)7%$D$(&%& i, /0&("<%(i, )*&( 0)64+"*
i3(85 x = 0B x) i *)-$*$%), G) R 5 -$4#)0(&% 6"0.*)%.

N";i4385%) *)-i+9(i $+$%$(#& u, v, w → G, *+. .4&1 -&4)(85#93. 0i-(i3#9
w = uBv. @)#i% 6";i4385%) *)-i+9(i $+$%$(#& v∝, v∝∝ → G 6 0i-(i3#, v = v∝Bv∝∝.
O$/$0 *+. *)-i+9(&1 $+$%$(#i- u∝, u∝∝ → G 6 8%)-), u = u∝ B u∝∝, 6>i*() 6
+$%), 4.3,

w = (u∝ B u∝∝)B (v∝ B v∝∝) = (u∝ B v∝)B (u∝∝ B v∝∝).
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O)%8, 6>i*() 6 (3.1), %& )#0&%85%)

Su∝ + Tu∝∝ + Sv∝ + Tv∝∝ = S(u∝ B v∝) + T (u∝∝ B v∝∝) ⇒ Rw.

J34i+94& *+. *)-i+9(&1 $+$%$(#i- u∝, u∝∝ → G 6 8%)-), u = u∝ B u∝∝ %&
)#0&%"+& Su∝+Tu∝∝ ⇒ Rw↔Sv∝↔Tv∝∝, #) 6 (3.1) *i3#"5%) Ru ⇒ Rw↔Sv∝↔Tv∝∝,
#)7#), Sv∝ + Tv∝∝ ⇒ Rw ↔ Ru. N *)-i+9()3#i 0)64+"*8 v = v∝ B v∝∝ )#0&%85%)
Rv ⇒ Rw ↔Ru, #)7#),

Ru+ Rv ⇒ Rw. (3.2)

O$/$0 *)-$*$%) )7$0($(8 ($0i-(i3#9. K$1"< x, y → G – *)-i+9(i $+$%$(#&
#"4i, G) w = x B y. U&4)0&3#)-8,’& 0i-(i3#9 w = u B v, -&7$0$%), 6>i*() 6
(CS2), $+$%$(#& a, b, c, d → G #"4, G)7& x = a B b, y = c B d, u = a B c #"
v = bB d. O)*i

Sx+ Ty = S(aB b) + T (cB d)

= Sa+ Tc+ Sb+ Td ⇒ Ru+ Rv.

A$0$6 *)-i+9(i3#9 x, y → G 6 8%)-), w = x B y %& )#0&%85%) Rw ⇒

Ru + Rv. M$08’& *) 8-">& (3.2), %& *i3#"5%) Rw = Ru + Rv, " )#D$, R 5
-$4#)0(&% 6"0.*)%.

Mi+9E #)>), R → Ab(G,F ). =i<3(), 6";i4385%) *)-i+9(&< g → G. O)*i
%()D&(" S(Fg) 5 /)0.*4)-) )7%$D$(), *$.4&% $+$%$(#)% fS → F , " %()D&("
T (Fg) /)0.*4)-) )7%$D$(" *$.4&% $+$%$(#)% fT → F . O)*i *+. *)-i+9()>)
$+$%$(#8 x → Fg #" *)-i+9(&1 $+$%$(#i- y, z → G 6 8%)-), x = y B z %"5%)
y, z → Fg, " )#D$, Sy+Tz ⇒ fS + fT , 6 ’)>) -&/+&-"5 ($0i-(i3#9 Rx ⇒ fS + fT

’$0$6 *)-i+9(i3#9 0)64+"*8 x = y B z.
O$/$0 %& /)4"D$%), G) R = S A T - Ab(G,F ). J’$-&*(), R 5 -$01(9),

%$D$, %()D&(& {S, T}. K$1"< W → Ab(G,F ) – *)-i+9(" -$01(. %$D"
%()D&(& {S, T}. N";i4385%) *)-i+9(&< $+$%$(# x → G. O)*i *+. *)-i+9(&1
y, z → G 6 8%)-), x = y B z %& %"5%)

Sy + Tz ⇒ Wy +Wz = Wx.
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A$0$6 *)-i+9(i3#9 y, z → G %& )#0&%85%) Rx ⇒ Wx. J#D$, R ⇒ W ’$0$6
*)-i+9(i3#9 x → G. O)%8 R = S A T . O"4&% ’&()%, Ab(G,F ) 5 -$4#)0(),
I0"#4), #" 8%)-" (a) -&4)(85#93.. N"+&E"5#93. *)-$3#& /8(4#& (b)-(f).

(b) =+. *)-i+9()>) x → G, 6>i*() 6 [99, Theorem 1.3],

(S ∀ T )x = ↔
(
(↔S) A (↔T )

)
x

= ↔ sup{↔Sy ↔ Tz : x = y B z}

= inf{Sy + Tz : x = y B z}.

J#D$, (b) *)-$*$().
(c) =+. *)-i+9()>) x → G 6 -&4)0&3#"((.% (a) %& )#0&%85%)

(T+) x = (T A 0) x = sup{Ty : y, z → G #"4i, G) x = y B z}

= sup{Ty : y ≃ x} = supT (Fx).

(d) +$>4) -&/+&-"5 6 (c).
(e) *)-)*&#93. 6 -&4)0&3#"((.% (a) /)*i7() *) #)>), .4 %& *)-)*&+& (c).
(f) -&/+&-"5 6 (e).

N"6("’&%), G) #$)0$%" 4.15 86">"+9(,5 4+"3&’(8 #$)0$%8
Pi33"-:"(#)0)-&’" [99, Theorem 1.18] #" #$)0$%8 @+i5-"-P"%*"($ [108,
Theorem 3.6].

4.3.7 I(@’67 *+/5 E))(5-O’=)’ 1 0(3/6’3’-*.)-+3 /)(;*()(3

*(8.)-+4 8’0*()i8

K$1"< (G,⇒G) – 4)%/+$%$(#"0(&< /0)3#i0. F+$%$(#& G 5 ;./$#&1C1

/’";.#$C1, " $+$%$(#& Ab(G,R) 5 (i&$C1. A&3+) P (x) ("6&-"5#93.
A&$7’&&3C #)-"0()>) -$4#)08 x 6" 2i(), P → Ab(G,R). ]i(" P →

A
+
b (G,R) ("6&-"5#93. 2.2$;&.6. ]i(" P ("6&-"5#93. :;#.?. 2.2$;&.6

(/&E$%) P >> 0), .4G) P (x) > 0 *+. -3i1 6("’$(9 x → G \ {0}.
K"0$E#i, 4)%/+$%$(#"0(&< /0)3#i0 G 6 *"(), i(#$0/0$#"2i5, %& ("6&-"5%)
".C05’C’&;$#&1C ;./$#&1C 0#.:;.#.C, "7) 4)0)#4) CC-0#.:;.#.C (-i*
"(>+i<394&1 3+i- “complementary commodity space”).
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N";i4385%) *)-i+9(&< #)-"0(&< -$4#)0 g → G i *)-i+9(8 *)*"#(8 2i(8
P → A

+
b (G,F ).

#1-.,’--2 4.16. M,*D$#(" %()D&(" 253 P , O. /i20./i2$M 71:5- ω > 0,

/1A&$7$M;):3 &$:;-0&1C 71&.C:

Bε(P ) = {x → G : P (x) ⇒ ω}.

#1-.,’--2 4.17. ,’4$J 2$&. /i2&.N’&&3C 0’#’/$?1 ≃ &$ CC-0#.:;.#i G

;$ 0i2C&.@1&$ A △ G. H./$#&1J /’";.# x0 → A ;$"1J, O. x ⇒G x0 253

/:i4 x → A, &$A1/$M;):3 -$4#)0)% /)/&#8 C&.@1&1 A.

J34i+94& -i*()E$((. /$0$-">& 5 +i(i<(&% /)0.*4)% (" G, #) -$4#)0
/)/&#8 5*&(&<, .4G) i3(85.

P)6>+.($%) ("3#8/(8 (3#"(*"0#(8 *+. *)3+i*D$((. %)*$+$< $4)()%i4&
F00)8-=$70$) 6"*"’8.

D)(=6’3. 4.18. ,’4$J (G,⇒G) M CC-0#.:;.#.C, P → A
+
b (G,R) – A$2$&$

2.2$;&$ (i&$ ;$ ≃ – /i2&.N’&&3 0’#’/$?1 &$ G. *4$#$";’#1A-/$;1

C&.@1&- /:i4 ω > 0, 253 3"14 B62@’;&$ C&.@1&$ Bε(P ) C$M /’";.#

0.01;-.

K&D’$ %& 0)6-’.685%) 2, 6"*"’8 *+. CC-/0)3#)08, .4&< 5 *)*"#(&%
4)(83)% -$4#)0()? I0"#4& Rd 6 +"#$0"+9(&% /)0.*4)% #" -i*()E$((.%
/$0$-">&, G) *)0i-(,5 +$43&4)>0";i’()%8 /)0.*48 (" Rd.

K">"*"5%), G) +$43&4)>0";i’(&< /)0.*)4 ≃d (" Rd, d → N -&6("’"5#93.
("3#8/(&% ’&()%: ≃1 67i>"5#93. 6 /0&0)*(&% /)0.*4)% (" R, " *+. *)-i+9(&1
*-)1 $+$%$(#i- x = (x1, . . . , xd) #" y = (y1, . . . , yd) /)4+"*"5%) x Ed y - #)%8
i +&E$ - #)%8 -&/"*48, 4)+& "7) x1 < y1, "7) x1 = y1 #" (x2, . . . , xd) <d↔1

(y2, . . . , yd). ="+i, .4 6-&’"<(), x ≃d y )6("’"5, G) "7) x Ed y, "7) x = y.
P)6>+.($%) *)*"#(&< 4)(83 -$4#)0()? I0"#4& Rd, #)7#), G = (Rd)+ =

{x → Rd : x ↘ 0}, *$ ’$0$6 ⇒ %& /)6("’"5%) 6-&’"<(&< I0"#4)-&< /)0.*)4 ("
Rd, *$ x ⇒ y )6("’"5, G) xk ⇒ yk *+. -3i1 k = 1, . . . , d. O)*i G 5 CC-/0)3#)0)%
/) -i*()E$((, *) +"#$0"+9()>) /)0.*48 x ⇐ y #)*i i #i+94& #)*i, 4)+& x ℵ

(y ↔ x), #)7#), |x| ∀ |y ↔ x| = 0.
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K$1"< P → A
+
b (G,R) – *)-i+9(" *)*"#(" 2i(" #" (ek)dk=1 – 3#"(*"0#(&<

7"6&3 +i(i<()>) /0)3#)08 Rd, #)7#), ek = (0, . . . 0  ︸
k↔1

, 1, 0, . . . 0). N"6("’&%), G)

4)D(&< #)-"0(&< -$4#)0 x = (x1, . . . , xd) → G %)D(" /)*"#& 8 -&>+.*i /0.%)?
38%& x = (x1·e1)B. . .B(xd·ed). J#D$, 6("’$((. #)-"0()>) -$4#)08 x *)0i-(,5
P (x) =

∑d
k=1 P (xk ·ek). U&6("’&%) "..#21&$;&i 8-&"(i% ϕ(P )

k : R+
⇑ R+ 2i(&

P 6" *)/)%)>), 0i-()3#$<

ϕ(P )
k (t) = P (t · ek), k = 1, . . . , d. (4.14)

C"4#&’() %& *)-$+& ("3#8/($ $+$%$(#"0($ #-$0*D$((..

$8’)@B’--2 4.19. +&$7’&&3 2./i5)&.?. ;./$#&.?. /’";.#- x =

(x1, . . . , xd) → (Rd)+ 0. /i2&.N’&&6 2. (i&1 P → A
+
b ((Rd)+,R) 2.#i/&6M

P (x) =
d∑

k=1

ϕ(P )
k (xk),

2’ (ϕ(P )
k )dk=1 – "..#21&$;&i 8-&"(i% P .

=)-$*$%) ("3#8/($ #-$0*D$((..

$8’)@B’--2 4.20.

(1) Vi&$ P → A
+
b

(
(Rd)+,R) M :;#.?. 2.2$;&.6 ;.2i i 51N’ ;.2i, ".51 /:i

"..#21&$;&i 8-&"(i% ϕ(P )
k of P M :;#.?. 2.2$;&1C1, ;.B;. 253 ".@&.?.

t > 0 i ".@&.?. k = 1, . . . , d C$M Ci:(’ &’#i/&i:;) ϕ(P )
k (t) > 0.

(2) L-&"(i% ϕk : R+
⇑ R+

, k = 1, . . . , d M "..#21&$;&1C1 8-&"(i3C1 2’3".%

(i&1 P → A
+
b

(
(Rd)+,R) ;.2i i ;i5)"1 ;.2i, ".51 ϕk(0) = 0 253 /:i4 k.

D./’2’&&3. (1) N>i*() 6 )6("’$((.%, P 5 3#0)>) *)*"#(),, .4G) P (x) > 0 *+.
-3i1 x → (Rd)+ \ {0}, " )#D$, 8%)-" (∃k)(∃t > 0)ϕ(P )

k (t) > 0 5 *)3#"#(9), *+.
*)*"#()3#i P , 6>i*() 6 #-$0*D$((.% 4.19. O$/$0 ($1"< P 5 3#0)>) *)*"#(),
2i(),. O)*i *+. 4)D()>) t > 0 i 4)D()>) k = 1, . . . , d %"5%) t·ek → (Rd)+\{0},
" )#D$, ϕ(P )

k (t) = P (t · ek) > 0.
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(2) K$1"< ;8(42i? ϕk : R+
⇑ R, k = 1, . . . , d 5 4))0*&("#(&%& ;8(42i.%&

*$.4)? 2i(& P → A
+
b

(
(Rd)+,R). N>i*() 6 #-$0*D$((.% 4.19,

P (x) =
d∑

k=1

ϕk(xk), x = (x1, . . . , xd) → (Rd)+. (4.15)

N (4.14) )#0&%85%) *+. 4)D()>) k = 1, . . . , d, -0"1)-8,’&, G) P 5
6"0.*)%:

ϕk(0) = P (0 · ek) = P (0) = 0.

K$1"< ;8(42i? ϕk : R+
⇑ R, k = 1, . . . , d 6"*)-)+9(.,#9 8%)-8 ϕk(0) =

0 *+. -3i1 k. U&6("’&%) E84"(8 2i(8 ;)0%8+), (4.15). =)-$*$%), G) P 5
6"0.*)%. P)6>+.($%) *)-i+9(i *-" *&6’,(4#(i -$4#)0& x = (x1, . . . , xd), y =

(y1, . . . , yd) → G, x ℵ y. =+. $+$%$(#i- -$4#)0()? I0"#4& Rd )3#"((. 8%)-"
)6("’"5, G) A ̸B = ↓, *$

A =

i → {1, . . . , d} : xi ⇔= 0


#" B =


i → {1, . . . , d} : yi ⇔= 0


.

O)%8

P (x+ y) =
d∑

k=1

ϕk(xk) =
∑

k→A

ϕk(xk) +
∑

k→B

ϕk(yk) = P (x) + P (y),

" )#D$, P 5 6"0.*)%.

O$/$0 %& >)#)-i 3;)0%8+,-"#& i *)-$3#& )3()-(&< 0$68+9#"# *"()>)
/i*0)6*i+8.

$’()’3. 4.21. ,’4$J P >> 0 – (i&$ / Ab

(
(Rd)+,R) A "..#21&$;&1C1

8-&"(i3C1 (ϕ(P )
k )dk=1 ;$"1C1, O. ϕ(P )

1 M C.&.;.&&.6 i &’0’#’#/&.6. H.2i

253 ".@&.?. ω > 0 &$:;-0&i -C./1 ’"/i/$5’&;&i:

(1) B62@’;&$ C&.@1&$ Bε(P ) C$M /’";.# 0.01;-;

(2) ω → (0, µ), 2’ µ := supϕ(P )
1 (R+) → [0,+↑] ;$ ϕ(P )

1 – 0’#N$ "..#21&$;&$

8-&"(i3 P .

>i5)N ;.?., /’";.# 0.01;- Bε(P ) C$M /1?532 x0 = (t0, 0, . . . , 0) -

/10$2"- i:&-/$&&3.
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D./’2’&&3. J34i+94& ϕ(P )
1 (0) = 0, #) /0&/8G$((. /0) %)()#)((i3#9 ϕ(P )

1

)6("’"5, G) *"(" ;8(42i. 5 (($ 3#0)>)) 60)3#",’),.
(2) ℜ (1). N";i4385%) *)-i+9() ω → (0, µ). N>i*() 6 ($/$0$0-(i3#, ϕ(P )

1 ,
%()D&(" {t > 0 : ϕ(P )

1 (t) = ω} 5 ($/)0)D(9), i 4)%/"4#(),, " )#D$, %i3#&#9
("<7i+9E&< $+$%$(# t0. @)4"D$%), G) -$4#)0 x0 = (t0, 0, . . . , 0) 5 -$4#)0)%
/)/&#8 Bε(P ). @0&/83#&%), ("-/"4&, G) i3(85 -$4#)0 x = (x1, . . . , xd) → R+

#"4&<, G) x0 <d x #" P (x) ⇒ ω. Q4G) t0 < x1, #) ω = ϕ(P )
1 (t0) <

ϕ(P )
1 (x1) ⇒ P (x), 6>i*() 6 -&7)0)% t0, – 38/$0$’(i3#9. O$/$0 ($1"< t0 = x1 #"

(0, . . . , 0) <d↔1 (x2, . . . , xd). U&7$0$%) k → {2, . . . , d} #"4, G) xk > 0. J34i+94&
P >> 0, #) 6 )3#"((9)? ($0i-()3#i %iD -$4#)0"%& -&/+&-"5, G) ϕ(P )

k (xk) > 0.
O)%8 P (x) ↘ ϕ(P )

1 (x1) + ϕ(P )
k (xk) > ϕ(P )

1 (x1) = ϕ(P )
1 (t0) = ω, – i 8 29)%8

-&/"*48 38/$0$’(i3#9. J#D$, x0 5 -$4#)0)% /)/&#8 Bε(P ).
(2) ℜ (1). @0&/83#&%), -i* 38/0)#&-()>), G) ω ↘ µ (6)40$%", µ < ↑).

K$1"< x0 = (x01, . . . , x
0
d) – -$4#)0 /)/&#8 Bε(P ). P)6>+.($%) -&/"*4&.

910$2." 1: x02 = . . . = x0d = 0. O)*i *+. x1 := (x01+1, 0, . . . , 0) )#0&%85%)
P (x1) = ϕ(P )

1 (x01 + 1) ⇒ µ ⇒ ω #" x0 <d x1, G) 38/$0$’&#9 -&7)08 x0.
910$2." 2: i3(85 k > 1 #"4$, G) xk > 0. @)4+"*$%) ⇁ := ϕ(P )

k (xk).
J34i+94& P >> 0, #) ⇁ > 0. U&7$0$%), 6>i*() 6 ($/$0$0-(i3#, ϕ(P )

1 , ’&3+)
4 > 0 #"4$, G) *+. 4)D()>) t ↘ 0, .4G) |t↔x01| < 4, #) |ϕ(P )

1 (t)↔ϕ(P )
1 (x01)| < ⇁.

O$/$0 /)4+"*$%) t0 := x01 + 4/2. O)*i

ϕ(P )
1 (x01) ⇒ ϕ(P )

1 (t0) < ϕ(P )
1 (x01) + ⇁.

J#D$, *+. x1 := (t0, x02, . . . , x
0
k↔1, 0, x

0
k+1, . . . , x

0
d) %& )#0&%85%)

P (x1)↔ P (x0) = ϕ(P )
1 (t0)↔ ϕ(P )

1 (x01)↔ ϕ(P )
k (x0k) < ⇁↔ ϕ(P )

k (x0k) = 0.

O"4&% ’&()%, P (x1) ⇒ P (x0) ⇒ ω. N i(E)>) 7)48, 6 ($0i-()3#i x01 < t0

*i3#"5%) x0 <d x1, G) 38/$0$’&#9 -&7)08 x0.
N0$E#),, *)-$*$((. i%/+i4"2i? (2) ℜ (1) %i3#&#9 "0>8%$(#, .4&<

3-i*’&#9, G) *)-i+9(&< -$4#)0 /)/&#8 Bε(P ) %"5 -&>+.* x0 =

(t0, 0, . . . , 0).
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4.4 I;-58.--2 3.0;+3.67-+4 *(8.)-+4 8’0*()i8 =:@B’*-+4

3-(B+- 5 /()2@0(8(35 i-*’)8.6i [0, f0], @’ f0 → L0

H *"()%8 /i*0)6*i+i %& 0)6>+.*"5%) /&#"((. i3(8-"((. %"43&%"+9(&1
$+$%$(#i- 7,*D$#(&1 %()D&( 8 -&/"*48 4)%/+$%$(#"0()>) /0)3#)08 [0, f0] =

{x → L0 : 0 ⇒ x ⇒ f0}, *$ f0 → L+
0 – *)-i+9(&< $+$%$(# *)*"#()>) 4)(83"

-$4#)0()? I0"#4& L0 -3i1 4+"3i- $4-i-"+$(#()3#i -&%i0(&1 ;8(42i< x : [0, 1] ⇑

R. @)/$0$*(. #08*(i3#9, 6 .4), %& 3#&4"5%)3. /0& 0)6-’.6"((i *"()? 6"*"’i,
/)+.>"5 8 -&7)0i 4)0$4#(&1 2i( *+. /)78*)-& 7,*D$#(&1 %()D&(, "*D$ 2i("
p : [0, f0] ⇑ [0,+↑) %"5 78#& ($/$0$0-(&% 6"0.*)%. I(E&%& 3+)-"%&, -&(&4"5
/0)7+$%" /)78*)-& ($(8+9)-&1 ($/$0$0-(&1 6"0.*i- (" L0 (.4 /0"-&+),
($/$0$0-(i 6"0.*& (" /0)3#)0"1 Lp /0& 1 ⇒ p ⇒ ↑ 78*8,#93. 6" *)/)%)>),
i(#$>0"+" ^$7$I", .4&< ($ 5 -&6("’$(&% (" L0). @i3+. 0)6-’.6"((. #"4)? 6"*"’i
%& *)-)*&%) "("+)> #$)0$%& 1.2.3 6 [67] (*&-. #$)0$%8 (&D’$).

4.4.1 D)+06.@+ -’-567(8+4 ;0.62)-+4 -’/’)’)8-+4 1.)2@i8 -.

0(3/6’3’-*.)-(35 /)(;*()i L0

K$(8+9)-&< $+$%$(# e -$4#)0()? I0"#4& E ("6&-"5#93. $;.C.C, .4G)
-i( ($ %"5 ($#0&-i"+9(&1 0)64+"*i- (" ;0">%$(#&, #)7#), .4G) *+. *)-i+9(&1
x, y → E 6 8%)-& e = xDy -&/+&-"5, G) "7) x = 0, "7) y = 0. U$4#)0(" I0"#4"
E ("6&-"5#93. 7$6"#)%(),, .4G) E ($ %i3#&#9 "#)%i-, i ("6&-"5#93. ’&3+)
"#)%(),, .4G) 4)D(&< ($(8+9)-&< $+$%$(# f → E %"5 ;0">%$(# e ⇐ f ,
.4&< 5 "#)%)%. K"/0&4+"*, -$4#)0(i I0"#4& Lp = Lp[0, 1] /0& 0 ⇒ p ⇒ ↑

5 7$6"#)%(&%&, " -$4#)0(i I0"#4& ϖp = Lp[0, 1] /0& 0 ⇒ p ⇒ ↑ 5 ’&3#)
"#)%(&%&.

U$4#)0(" I0"#4" L0 -3i1 4+"3i- $4-i-"+$(#()3#i -&%i0(&1 6" ^$7$I)%
;8(42i< f : [0, 1] ⇑ R 6 /0&0)*(&% /)0.*4)% f ⇒ g #)*i i +&E$ #)*i,
4)+& f(t) ⇒ g(t) *+. %"<D$ -3i1 t → [0, 1], f, g → L0 5 8 7">"#9)1
0)68%i((.1 ”("<E&0E),” 6 83i1 7$6"#)%(&1 -$4#)0(&1 I0"#)4 6i 6+i’$((),
-+"3#&-i3#, 38/0$%8%i-, G) 5 I0"#4)-&% "("+)>)% 3$/"0"7$+9()3#i (4"D8#9,
G) -$4#)0(" I0"#4" E %"5 6+i’$((8 -+"3#&-i3#9 38/0$%8%i-, .4G) *+.
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*)-i+9()? /i*%()D&(& A ↖ E, G) %"5 38/0$%8% a = supA i3(85 ($ 7i+9E,
(iD 6+i’$((" /i*%()D&(" A1 △ A 6 #&% D$ 3"%&% 38/0$%8%)% a = supA1).
U)*()’"3, L0 5 F-/0)3#)0)% (#)7#), /)-(&% %$#0&’(&% +i(i<(&% /0)3#)0)%
X 6 %$#0&4), ▷, i(-"0i"(#(), -i*()3() 638-i-: (∃x, y, z → X) ▷(x, y) =

▷(x+ z, y + z)) 6 %$#0&4),

▷(f, g) =

∫

[0,1]

|f ↔ g|

1 + |f ↔ g|
dµ, f, g → L0,

.4&< %"5 2i4"-i /"#)+)>i’(i -+"3#&-)3#i. K"/0&4+"*, i3(85 6"%4($(&<
($34i(’$(()-&%i0(&< +i(i<(&< /i*/0)3#i0 X ↖ L0, - .4)%8 4)D(&< +i(i<(&<
($/$0$0-(&< )/$0"#)0 T : X ⇑ X 5 40"#(&% *) #)#)D()>) )/$0"#)0" IX ("
X (#)7#), T = ωIX /0& *$.4)%8 ω → R), [109, Theorem 3.6].

N i(E)>) 7)48, ”("<E&0E),” 6 83i1 ’&3#) "#)%(&1 -$4#)0(&1 I0"#)4 6i
6+i’$((), -+"3#&-i3#, 38/0$%8%i- 5 -$4#)0(" I0"#4" ϖ0 -3i1 /)3+i*)-()3#$<
x = (xn)↑n=1 *i<3(&1 ’&3$+ xn → R 6 /)4))0*&("#(&% /)0.*4)% x ⇒ y #)*i i
+&E$ #)*i, 4)+& xn ⇒ yn *+. -3i1 n → N, *$ x, y = (yn)↑n=1 → ϖ0. :0i% #)>), ϖ0
5 F-/0)3#)0)% 6 %$#0&4),

▷(x, y) =
↑∑

n=1

2↔n |xn ↔ yn|

1 + |xn ↔ yn|
x, y → ϖ0.

J3()-(&< 0$68+9#"# 3/i+9()? 0)7)#& "-#)0" *&3$0#"2i? 6 !. !. @)/)-&%
#" J. L. C)#i< [110, Theorem 1] 1"0"4#$0&685 F-/0)3#)0&, .4i %i3#.#9
/i*/0)3#i0, i6)%)0;(&< *) ϖ0 (("/0&4+"*, #"4&% 5 L0, - .4)%8 4)D(&<
("<%$(E&< /i*/0)3#i0, G) %i3#&#9 *&6’,(4#(8 3&3#$%8 ($(8+9)-&1 ;8(42i<,
i6)%)0;(&< *) ϖ0). =+. )7I08(#8-"((. i3#)#()3#i 8%)-, .4i ;i>808,#9 -
2i< #$)0$%i, 70"48-"+) 0)6-’.6"((. ("3#8/()? 6"*"’i, .48 3;)0%8+,-"-
!. !. @)/)-.

C.@.,. 1. G.B-2-/$;1 0#1"5$2 &’&-5)./.?. &’0’#’#/&.?. / &-5i :"$53#&.?.

A$#32- &$ L0.

N"6("’&%), G) /)(.##. 6"0.*8 (" -$4#)0(&1 I0"#4"1 67i>"5#93. 6
/)(.##.% )0#)>)("+9() "*&#&-(&1 )/$0"#)0i-. O08*(i3#9 *"()>) /&#"((.
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/)+.>"5 - #)%8, G) )’$-&*(i /0&4+"*& ($/$0$0-(&1 34"+.0(&1 6"0.*i- ("
/0)3#)0"1 Lp /0& 1 ⇒ p ⇒ ↑ -&4)0&3#)-8,#9 i(#$>0"+ ^$7$I" -i* $+$%$(#i-
Lp, " $+$%$(#& L0 6*$7i+9E)>) – ($ i(#$>0)-(i ;8(42i?.

=)70$ -i*)%) (i ($ -"D4) 7"’&#&), G) 67iD(i3#9 /)3+i*)-()3#i (xn)↑n=1 8
/0)3#)0i L0 *) $+$%$(#" x 0i-()3&+9(" 67iD()3#i (xn)↑n=1 *) x 6" %i0),, #)7#):

(∃⇁ > 0) lim
n⇑↑

µ{t → [0, 1] : |xn(t)↔ x(t)| ↘ ⇁} = 0, (4.16)

*$ µ – %i0" ^$7$I".
K"3#8/($ #-$0*D$((. *"5 /)6&#&-(&< 0)6-’.6)4 6"*"’i 1.

$8’)@B’--2 4.22. I:&-M &’&-5)./1J &’0’#’#/&1J / &-5i A$#32 T : L0 ⇑ R.

@$0$* *)-$*$((.% (">"*"5%), G) ()3i5% -&%i0()? ;8(42i? x : [0, 1] ⇑ R
("6&-"5#93. -&%i0(" %()D&(" supp x = {t → [0, 1] : x(t) ⇔= 0}. =+. $+$%$(#i-
/0)3#)08 L0 ()3i<, )’$-&*(), -&6("’"5#93. 6 #)’(i3#, *) %()D&(& %i0& (8+9.

D./’2’&&3. @)6("’&%) ’$0$6 1 = 1[0,1] #)#)D(8 )*&(&’(8 ;8(42i, #"
-&6("’&%) -i*)70"D$((. T : L0 ⇑ R 0i-(i3#,

Tx =

∫

[0,1]
(x ̸̸̸̸̸̸̸̸̸ 1) dµ, x → L0. (4.17)

K">"*"5%), G) x ̸̸̸̸̸̸̸̸̸ 1 – 2$ +"#$0"+9(&< i(;i%8% *-)$+$%$(#()? %()D&(&
{x,1}, "7) i(E&%& 3+)-"%& – ("<7i+9E&< 3/i+9(&< ;0">%$(# $+$%$(#i- x #" 1.
M8*8’& ;0">%$(#)% )*&(&’()? ;8(42i?, ;8(42i. x̸̸̸̸̸̸̸̸̸ 1 5 )7%$D$(), ()34i+94&
6 8%)-& u ⇐ v -&/+&-"5 |u| ⇒ |v|, 6>i*() 6 [105, ]) #" -&%i0(), ("*D$ -)(" 5
$+$%$(#)% L0), " )#D$ i3(85 i(#$>0"+ ^$7$I" -i* *"()? ;8(42i?, " 0"6)% 6 2&%
-i*)70"D$((. T 5 4)0$4#() -&6("’$(&%.

=)-$*$%), G) -i*)70"D$((. T 5 ($/$0$0-(&% - (8+i. K$1"< /)3+i*)-(i3#9
(xn)↑n=1 67i>"5#93. 8 /0)3#)0i L0 *) $+$%$(#" 0 → L0. J#D$, (xn)↑n=1 67i>"5#93.
*) (8+. 6" %i0),. N";i4385%) *)-i+9($ ⇁ > 0 i -&7$0$%) ()%$0 n0 → N #"4,
G) *+. -3i1 ()%$0i- n ↘ n0 -&4)(85#93. 8%)-"

µ(An) < ⇁, *$ An =

{
t → [0, 1] : |xn(t)| ↘

1

2

}
.
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N";i4385%) *)-i+9(&< ()%$0 n ↘ n0. J34i+94& supp (xn ̸̸̸̸̸̸̸̸̸ 1) △ An, #)

0 ⇒ T (xn) = µ
(
supp (xn ̸̸̸̸̸̸̸̸̸ 1)

)
⇒ µ(An) < ⇁.

J#D$, -i*)70"D$((. T 5 ($/$0$0-(&% - (8+i.
@)4"D$%), G) T 5 6"0.*)%. K$1"< $+$%$(#& x, y, z → L0 6"*)-)+9(.,#9

x = y D z #" T2,1x ⇔= 0. N>i*() 6 [111, Theorem 1.6],

x ̸̸̸̸̸̸̸̸̸ 1 = (y ̸̸̸̸̸̸̸̸̸ 1) + (z ̸̸̸̸̸̸̸̸̸ 1),

" )#D$, Tx = Ty + Tz. O"4&% ’&()%, T 5 6"0.*)%.

N"6("’&%), G) 34"+.0(&< 6"0.* T , .4&< 6"*"5#93. 0i-(i3#, (4.17), ($
5 ($/$0$0-(&% - *$.4&1 i(E&1 #)’4"1. @)4"D$%), ("/0&4+"*, G) T ($ 5
($/$0$0-(&% - #)’2i 1. =i<3(), /)3+i*)-(i3#9 xn =

(
1 + 1

n

)
· 1, n → N /0.%85

*) 1 - L0, /0)#$ Txn = 0 *+. -3i1 n #" T1 = 1.
J#D$, /0&0)*() -&(&4"5 ("3#8/(" 6"*"’".

C.@.,. 2. T1 i:&-M &’&-5)./1J &’0’#’#/&1J :"$53#&1J A$#32 &$ L0?

!& *"5%) /)6&#&-(8 -i*/)-i*9 (" *"($ /&#"((., 78*8,’& *-"
#&/& ($(8+9)-&1 ($/$0$0-(&1 34"+.0(&1 6"0.*i- (" L0, 4)D(&< 6 .4&1
-&4)0&3#)-85 3/$2i"+9(i )/$0"#)0& (*"(i 0$68+9#"#& )/87+i4)-"() - 0)7)#i
[112]).

4.4.2 #/’).*()+ ω-[*)+458.--2.

K$1"< E – -$4#)0(" I0"#4". K">"*"5%), G) *+. *)-i+9()>) e → E

%()D&(" -3i1 ;0">%$(#i- $+$%$(#" e /)6("’"5#93. ’$0$6 Fe. ^"#$0"+9(&<
38/0$%8% (i(;i%8%) *-)$+$%$(#()? /i*%()D&(& {x, y} ↖ E /)6("’"5#93.
’$0$6 x ▽▽▽▽▽▽▽▽▽ y (-i*/)-i*(), x ̸̸̸̸̸̸̸̸̸ y). =+. 4)D()>) e → E \ {0} %()D&(" Fe 5
78+$-), "+>$70), -i*()3() +"#$0"+9()>) /)0.*48 6 ("<%$(E&% $+$%$(#)%
0 #" ("<7i+9E&% e [105, Proposition 3.4]. J#D$, *+. *)-i+9(&1 x, y →

Fe i3(8,#9 x ▽▽▽▽▽▽▽▽▽ y #" x ̸̸̸̸̸̸̸̸̸ y, "+$ ($ 4)D(" *-)$+$%$(#(" /i*%()D&("
{x, y} ↖ E 5 +"#$0"+9() )7%$D$(), 6-$018, #)7#), x, y ⇐ e *+. *$.4)>) e

(("/0&4+"*, {x, 2x} /0& x ⇔= 0 ($ 5 +"#$0"+9() )7%$D$(), 6-$018). J’$-&*(),
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4)D(" /i*%()D&(" +"#$0"+9() )7%$D$(" 6(&68 (8+$%. T+$ ($ - 4)D(i<
-$4#)0(i< I0"#2i +"#$0"+9(&< i(;i%8% x ̸̸̸̸̸̸̸̸̸ y (.4&< ;"4#&’() 5 ("<7i+9E&%
3/i+9(&% ;0">%$(#)% $+$%$(#i- x #" y) i3(85 *+. *)-i+9()? /"0& x, y [105,
Example 3.11]. :"D8#9, G) -$4#)0(" I0"#4" E %"5 /5$:;1/i:;) 0’#’;1&i/,
.4G) *-)$+$%$(#(" /i*%()D&(" {x, y} ↖ E %"5 +"#$0"+9(&< i(;i%8% x ̸̸̸̸̸̸̸̸̸ y.
N >)+)-()? /0)$4#&-()? -+"3#&-)3#i *)-i+9()? -$4#)0()? I0"#4& E -&/+&-"5
-+"3#&-i3#9 /$0$#&(i- *+. E [105, Theorem 3.13].

K$1"< E – -$4#)0(" I0"#4" i X – *i<3(&< +i(i<(&< /0)3#i0. Ui*)70"D$((.
T : E ⇑ X ("6&-"5#93. .#;.?.&$5)&. $21;1/&1C .0’#$;.#.C (’&, 4)0)#4),
A$#32.C, - #$0%i()+)>i? [98]), .4G) *+. *)-i+9(&1 *&6’,(4#(&1 $+$%$(#i-
x, y → E, x ℵ y, %"5 %i32$ 0i-(i3#9 T (x+y) = T (x)+T (y). J’$-&*(), 4)D(&<
+i(i<(&< )/$0"#)0 5 6"0.*)%, " #"4)D 4)D(&< 6"0.* T %"5 -+"3#&-i3#9
T (0) = 0. Q4G) E = R, #) 4)D(" ;8(42i. T : E ⇑ X 6 -+"3#&-i3#, T (0) = 0

5 6"0.*)%, )34i+94& 8%)-" x ℵ y *+. x, y → R )6("’"5, G) "7) x = 0, "7)
y = 0. Q4G) E %"5 -+"3#&-i3#9 /$0$#&(i-, #) *+. *)-i+9()>) e → E \ {0}

-i*)70"D$((. Qe : E ⇑ E, G) -&6("’"5#93. 0i-(i3#,

Qe(x) = x ̸̸̸̸̸̸̸̸̸ e, x → E, (4.18)

5 6"0.*)%, .4&< /0)$4#85 E (" Fe (#)7#), (∃x → E)Qe(x) → Fe #" (∃x →

Fe)Qe(x) = x), *&-. [113, Theorem 4] *+. -&/"*48, 4)+& E %"5 >)+)-(8
/0)$4#&-(8 -+"3#&-i3#9 #" [111, Proposition 2.6] 8 6">"+9()%8 -&/"*48. ^$>4)
7"’&#&, G) )/$0"#)0 Qe ($ 5 /)0.*4)-) ($/$0$0-(&% - #)’2i e (7i+9E #)>), -
*)-i+9(i< ($(8+9)-i< #)’2i %()D&(& Fe), "*D$ /)3+i*)-(i3#9 xn =

(
1 + 1

n

)
· e,

n → N /)0.*4)-) 67i>"5#93. *) e, /0)#$ Qe(xn) = 0 *+. -3i1 n, 8 #)< ’"3 .4
Qe(e) = e ⇔= 0.

K$1"< E – -$4#)0(" I0"#4", 0 < e → E #" 0 < ⇁ < 1. *0’#$;.#

⇁-N;#14-/$&&3 Qε
e : E ⇑ E, 0.B-2./$&1J &$ /’";.#i e, -&6("’"5#93.

0i-(i3#,

Qε
e(x) =

1

⇁

((
x↔ (1↔ ⇁) e

)+
∀
(
(1 + ⇁) e↔ x

)+)
, x → E. (4.19)

N i(E)>) 7)48, 6>i*() 6 +$%), 3.1 6 [101], 2$< D$ 3"%&< )/$0"#)0
*)0i-(,5:
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Qε
e(x) =

(
e↔

1

⇁
|x↔ e|

)+

= e↔ e ∀
1

⇁
|x↔ e|. (4.20)

J3()-(i -+"3#&-)3#i )/$0"#)08 ⇁-E#0&18-"((., ’"3#&(" 6 .4&1 ("% 78*$
/)#0i7(),, 3;)0%8+9)-"(i 8 ("3#8/(i< #$)0$%i.

$’()’3. 4.23 (O$)0$%" 3.2, [101]). ,’4$J E – /’";.#&$ I#$;"$, 0 < e → E

;$ 0 < ⇁ < 1. H.2i /i2.B#$@’&&3 Qε
e, O. A$2$&’ 8.#C-5.6 (4.19), M 2.2$;&1C

0.#32"./. &’0’#’#/&1C .#;.?.&$5)&. $21;1/&1C .0’#$;.#.C, O. AB’#i?$M

21A’6&";1/&i:;), 0#17.C- /1".&-6;):3 &$:;-0&i /5$:;1/.:;i.

(i) (∃x → E) 0 ⇒ Qε
e(x) = Qε

e(x
+) ⇒ x+ ∀ e.

(ii) (∃x, y → E) |Qε
e(x)↔Qε

e(y)| ⇒
2
ε |x↔ y|.

(iii) (∃x → Fe) Qε
e(x) = x;

(iv) D53 2./i5)&.?. x → E ;$".?., O. $B. x ⇒ (1 ↔ ⇁) e, $B. x ↘ (1 + ⇁) e,

/1".&-M;):3 #i/&i:;) Qε
e(x) = Qe(x) = 0.

(v) D53 2./i5)&.?. x → E, 3"O. 0 < ⇁∝ < ⇁∝∝ < 1, ;. Qε↓
e (x) ⇒ Qε↓↓

e (x).

(vi) <"O. x↔e – 0#.’";1/&1J ’5’C’&; E, ;.
∧

↑

n=1Q
1/n
e (x) ;$ x̸̸̸̸̸̸̸̸̸e i:&-6;)

i
↑∧

n=1

Q1/n
e (x) = e↔ Px↔e e = x ̸̸̸̸̸̸̸̸̸ e = Qe(x) = x↔ Px↔e x. (4.21)

(vii) ,’4$J e = e∝ D e∝∝. H.2i Qε
e↓(x) D Qε

e↓↓(x) = Qε
e(x) 253 /:i4 x → E. <"O.,

Bi5)N ;.?., e∝ ;$ e∝∝ – 0#.’";1/&i ’5’C’&;1 E, ;. Qε
e↓ DQε

e↓↓ = Qε
e.

U+"3#&-)3#i (v) #" (vi) /).3(,,#9 ("6-8 )/$0"#)08 ⇁-E#0&18-"((.
(+"#$0"+9()>) i(;i%8%8), "*D$ 6 (&1, .4 ("3+i*)4, *i3#"5%) #"4$ #-$0*D$((..

".;6i@(0 2.3. ,’4$J E – /’";.#&$ I#$;"$ A ?.5./&.6 0#.’";1/&.6

/5$:;1/i:;6 ;$ 0 < e → E. H.2i 253 2./i5)&.?. x → E C$MC. Qε
e(x) ℑ Qe(x)

0#1 ⇁ ⇑ 0.
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O"4&% ’&()%, /)0.*4)-) ($/$0$0-(i )/$0"#)0& ⇁-E#0&18-"((. Qε
e

/)#)’4)-) ("7+&D",#9 /)0.*4)-) 0)60&-(&< )/$0"#)0 Qe.

4.4.3 F(18’21.--2 1.@.,i 2.

O$)0$%& 4.24 #" 4.25 *",#9 /)6&#&-(8 -i*/)-i*9 (" 6"*"’8 2.

$’()’3. 4.24. D53 2./i5)&14 e → L+
1 ;$ ⇁ > 0 /i2.B#$@’&&3 pε

e : L0 ⇑ R,

3"’ A$2$M;):3 8.#C-5.6 253 2./i5)&.?. x → L0

pε
e(x) =

∫

[0,1]
Qε

e(x) dµ, x → L0, (4.22)

2’ Qε
e – .0’#$;.# ⇁-N;#14-/$&&3 &$ L0, 0.B-2./$&1J &$ /’";.#i e, M

&’0’#’#/&1C 2.2$;&1C A$#32.C.

D./’2’&&3. N";i4385%) *)-i+9(i e → L+
1 #" ⇁ > 0 i -&6("’&%) -i*)70"D$((.

T : L0 ⇑ R, /)4+"-E& *+. 4)D()>) x → L0

Tx =

∫

[0,1]
Qε

e(x) dµ, x → L0. (4.23)

N>i*() 6 /. (i) #$)0$%& 4.23,

0 ⇒ Qε
e(x) ⇒ x+ ∀ e ⇒ e, (4.24)

6-i*4& *i3#"5%), G) /i*i(#$>0"+9(" ;8(42i. - (4.23) 5 -&%i0(), #"
)7%$D$(),, " )#D$, -i*)70"D$((. T 5 4)0$4#() -&6("’$(&% ;)0%8+), (4.23).

J34i+94& -i*)70"D$((. T 5 4)%/)6&2i5, Int F Qε
e )0#)>)("+9()

"*&#&-()>) )/$0"#)0" Qε
e : L0 ⇑ L↑ △ L0 3/0"-" (" +i(i<(&< )/$0"#)0

Int : L↑ ⇑ R 6+i-", .4&< *)-i+9()%8 $+$%$(#8 z → L↑ 3#"-&#9 8 -i*/)-i*(i3#9

[0,1] z dµ, #) T #"4)D 5 )0#)>)("+9() "*&#&-(&% )/$0"#)0)%. =i<3(), *+.

*)-i+9(&1 x, y → L0 #"4&1, G) x ℵ y, %"5%)

T (x+ y) =

∫

[0,1]
Qε

e(x+ y) dµ =

∫

[0,1]
(Qε

e(x) +Qε
e(y)) dµ

=

∫

[0,1]
Qε

e(x) dµ+

∫

[0,1]
Qε

e dµ = T (x) + T (y).
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=)-$*$%) ($/$0$0-(i3#9 -i*)70"D$((. T . K$1"< x, xn → L0 *+. n → N
#" limn⇑↑ xn = x 6" %$#0&4), L0, " )#D$, 6" %i0),, #)7#), %"5 %i32$ 8%)-"
(4.16).

=)-$*$%) #"4$ #-$0*D$((.:

+ ".@&.% 0i20.:5i2./&.:;i (yn)
↑

n=1 0.:5i2./&.:;i (xn)
↑

n=1 C.@&$

/12i51;1 #i2N- 0i20.:5i2./&i:;) (zn)
↑

n=1 ;$"-, O. lim
n⇑↑

Tzn = Tx0.
(4.25)

]9)>) 78*$ *)3#"#(9) *+. *)-$*$((. ($/$0$0-()3#i, "*D$ (4.25)
;"4#&’() )6("’"5, G) 6 4)D()? /i*/)3+i*)-()3#i (Tyn)↑n=1 /)3+i*)-()3#i
(Txn)↑n=1 %)D(" -&*i+&#& 0i*E8 /i*/)3+i*)-(i3#9 (Tzn)↑n=1 #"48, G)
limn⇑↑ Tzn = Tx0. =+. /)3+i*)-()3#i ’&3$+ 2$ )6("’"5, G) limn⇑↑ Txn =

Tx0. =i<3(), .4G) /0&/83#&#&, G) 2$ ($ #"4, #) %)D(" -&70"#& *i<3($ ’&3+)
4 > 0 #"4$, G) *+. *)-i+9()>) m → N i3(85 n ↘ m #"4$, G) |Txn ↔ Tx0| ↘ 4.
O"4&% ’&()%, i3(85 /i*/)3+i*)-(i3#9 (Tyn)↑n=1 /)3+i*)-()3#i (Txn)↑n=1 #"4", G)
|Tyn ↔ Tx0| ↘ 4 *+. -3i1 n → N. Q3(), G) 6 #"4)? /i*/)3+i*)-()3#i ($ %)D("
-&*i+&#& D)*(8 0i*E8 /i*/)3+i*)-(i3#9 (Tzn)↑n=1 #"48, G) limn⇑↑ Tzn = Tx0,
G) 38/$0$’&#9 8%)-i (4.25). J#D$, 6 (4.25) -&/+&-"5, G) limn⇑↑ Txn = Tx0,
i (" 29)%8 *)-$*$((. ($/$0$0-()3#i T 6"-$0E&#93.. =+. *)-$*$((. (4.25)
6";i4385%) *)-i+9(8 /i*/)3+i*)-(i3#9 (yn)↑n=1 /)3+i*)-()3#i (xn)↑n=1. Q4 i
3"%" /)3+i*)-(i3#9, #"4 i ?? /i*/)3+i*)-(i3#9 (yn)↑n=1 /0.%85 6" %i0), *)
x0. U&7$0$%), 6>i*() 6 [114, O$)0$%" 4, c.40], 0i*E8 /i*/)3+i*)-(i3#9 (zn)↑n=1

/)3+i*)-()3#i (yn)↑n=1, .4" /0.%85 *) x0 %"<D$ 340i69 (" [0, 1]. J34i+94&
/)0.*4)-" 67iD(i3#9 /)3+i*)-()3#$< (" -$4#)0(i< I0"#2i L0 0i-()3&+9(" *)
67iD()3#i %"<D$ 340i69 [115], #) /)3+i*)-(i3#9 (zn)↑n=1 /)0.*4)-) 67i>"5#93.
*) x0. N>i*() 6 #$)0$%), 4.23, )/$0"#)0 Qε

e 5 /)0.*4)-) ($/$0$0-(&%, " )#D$,
/)3+i*)-(i3#9 (Qε

ezn)
↑
n=1 /)0.*4)-) 67i>"5#93. *) Qε

ex0 - L0. N()-8, 6>i*() 6
-&G$6>"*"(&% 40&#$0i5%, (Qε

ezn)
↑
n=1 67i>"5#93. *) Qε

ex0 %"<D$ 340i69. N>i*()
6 #$)0$%), ^$7$I" /0) )7%$D$(8 67iD(i3#9 [114, c. 104], -0"1)-8,’& (4.24),
limn⇑↑ Tzn = Tx0. O"4&% ’&()%, (4.25) *)-$*$().

C.58.B’--2 4.2. D53 /:i4 A&$7’&) e → L+
0 \ {0} ;$ ⇁ > 0 A$#32 pε

e &’

M C.&.;.&&. &’:0$2&1C, .:"i5)"1 e = pε
e(e) > 0 = pε

e

(
(1 + ⇁) e

)
, A?i2&.
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A 00. (3) i (4) ;’.#’C1 4.23, / ;.J 7$: 3" e < (1 + ⇁) e. ,$:;-0&1J

0#1"5$2 &’0’#’#/&.?. A$#32- B-2’ C.&.;.&&. &’:0$2&1C, 3" 0.;#iB&. 253

A$:;.:-/$&) 2. ’".&.Ci"1.

=08>&< /0&4+"* 7"685#93. (" i(E)%8 ($+i(i<()%8 )/$0"#)0i. K$1"< E –
-$4#)0(" I0"#4", e → E+. !C./&$ 0.#32"./$ 0#.’"(i3 Qe : E ⇑ E -i*()3()
-$4#)08 e - 0)7)#i [102] -&6("’"5#93. #"4:

Qe(x) = x+ ∀ e↔ x↔ ∀ e. (4.26)

S$0$* -+"3#&-)3#$< 8%)-()? /)0.*4)-)? /0)$42i?, -3#"()-+$(&1 8 [102],
($%"5 3"%$ #&1 *-)1, .4i ("% /)#0i7(i. O)%8 /)’(i%) 6 *)/)%iD(&1 +$%.

G’3. 4.4. ,’4$J E – /’";.#&$ I#$;"$, u, v, w → E+
;$ u ℵ v. H.2i

/1".&-6;):3 ;$"i #i/&.:;i:

(i) u+ v = u A v;

(ii) (u+ v) ∀ w = (u ∀ w) + (v ∀ w);

(iii) (u+ v)+ = u+ + v+ ;$ (u+ v)↔ = u↔ + v↔.

D./’2’&&3. N"6("’&%), G) *+. *)*"#(&1 u i v 8%)-" u ℵ v )6("’"5 u∀ v = 0.
(i) N>i*() 6 [99, Theorem 1.3 (2)], u+ v = u A v + u ∀ v = u A v, )34i+94&

- ("E)%8 -&/"*48 u ∀ v = 0.
(ii) N 8%)- 0 ⇒ (u ∀ w) ∀ (v ∀ w) ⇒ u ∀ v = 0 -&/+&-"5, G) (u ∀ w) ℵ

(v ∀ w). O)%8, -&4)0&3#)-8,’& *&3#0&78#&-(i3#9 I0"#4)-&1 )/$0"2i< [99,
Theorem 1.8], )#0&%85%)

(u+ v) ∀ w
(i)
= (u A v) ∀ w =

= (u ∀ w) A (v ∀ w)
(i)
=

= (u ∀ w) + (v ∀ w).

(iii) (u+ v)+
(i)
= (uA v)A 0 = (uA 0)A (v A 0) = u+ A v+

(i)
= u++ v+. =08>"

0i-(i3#9 *)-)*&#93. "("+)>i’().
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@$0Ei *-" /8(4#& ("3#8/()? +$%& – 2$ *)70$ -i*)%i ($0i-()3#i Mi04>);",
*&-. #$)0$%8 1.9 (2), [99].

G’3. 4.5. ,’4$J E – /’";.#&$ I#$;"$, u, v, w → E. H.2i /1".&-6;):3 ;$"i

&’#i/&.:;i:

(i) |u ∀ w ↔ v ∀ w| ⇒ |u↔ v|;

(ii) |u A w ↔ v A w| ⇒ |u↔ v|, $ .;@’, |u+ ↔ v+| ⇒ |u↔ v| 0#1 w = 0.

(iii) 3"O., "#iC ;.?., u, v, w ↘ 0, ;. |u ∀ w ↔ v ∀ w| ⇒ |u ↔ v| ∀ 2w ;$

| Qe(u)↔ Qe(u)| ⇒ 2
(
|u↔ v| ∀ 2e

)
= 2 Q2e|u↔ v|.

D./’2’&&3. (iii) J34i+94& |u ∀ w ↔ v ∀w| ⇒ u ∀w + v ∀ w ⇒ w +w = 2w, #),
-0"1)-8,’& (iii), )#0&%85%) |u ∀ w ↔ v ∀ w| ⇒ |u↔ v| ∀ 2w. T )#D$,

| Qe(u)↔ Qe(u)| = |u+ ∀ e↔ u↔ ∀ e↔ v+ ∀ e+ v↔ ∀ e| ⇒

⇒ |u+ ∀ e↔ v+ ∀ e|+ |u↔ ∀ e↔ v↔ ∀ e| ⇒

⇒ |u+ ↔ v+| ∀ 2e+ |u+ ↔ v+| ∀ 2e =

= 2
(
|u↔ v| ∀ 2e

)
= 2 Q2e|u↔ v|.

G’3. 4.6. ,’4$J 0.:5i2./&i:;) (xn)↑n=1 ’5’C’&;i/ L0 ABi?$M;):3 2. x0 → L0

A$ C’;#1".6. H.2i 253 2./i5)&.?. ’5’C’&;- e → L+
1

lim
n⇑↑

∫

[0,1]
|xn ↔ x0| ∀ e dµ = lim

n⇑↑

∫

[0,1]

Qe|xn ↔ x0| dµ = 0.

D./’2’&&3. N";i4385%) *)-i+9($ ⇁ > 0. N>i*() 6 "73)+,#(), ($/$0$0-(i3#,
i(#$>0"+" ^$7$I", -&7$0$%) 4 > 0 #"4, G)7& *+. *)-i+9()? -&%i0()?
/i*%()D&(& A △ [0, 1] -&4)(8-"+"39 i%/+i4"2i.

µ(A) ⇒ 4 ℜ

∫

A
w dµ <

⇁

2
. (4.27)

U&4)0&3#)-8,’&, G) /)3+i*)-(i3#9 (xn)↑n=1 67i>"5#93. *) x0 6" %i0),,
-&7$0$%) n0 → N #"4, G)7&

(∃n ↘ n0) µ(An) ⇒ 4, *$ An =
{
t → [0, 1] : |xn(t)↔ x0(t)| ↘

⇁

2

}
. (4.28)
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O)*i *+. 4)D()>) n ↘ n0 6 -0"18-"((.% (4.27), (4.28) #" ($0i-()3#$<
|xn ↔ x0| ∀ w ⇒ |xn ↔ x0|, |xn ↔ x0| ∀ w ⇒ w *i3#"5%)

∫

[0,1]
|xn ↔ x0| ∀ w dµ =

∫

An

|xn ↔ x0| ∀ w dµ+

∫

[0,1]\An

|xn ↔ x0| ∀ w dµ ⇒

⇒

∫

An

w dµ+

∫

[0,1]\An

⇁

2
dµ <

⇁

2
+

⇁

2
= ⇁.

$’()’3. 4.25. ,’4$J 0 < e → L+
0 . H.2i /i2.B#$@’&&3 qqqe : L0 ⇑ R, O. A$2$&’

#i/&i:;6

qqqe(x) =

∫

[0,1]

Qe(x) dµ =

∫

[0,1]
(x+ ∀ e↔ x↔ ∀ e) dµ, (4.29)

M &’0’#’#/&1C C.&.;.&&. &’:0$2&1C &$ L+
0 A$#32.C.

D./’2’&&3. =)-$*$%) *&6’,(4#(8 "*&#&-(i3#9 qqqe. K$1"< x, y → L0 x ℵ y.
O)*i, -0"1)-8,’&, G) x+ ∀ y+ ⇒ |x| ∀ |y| = 0, " )#D$, x+ ℵ y+ #" "("+)>i’()
x↔ ℵ y↔, )#0&%85%)

qqqe(x+ y) = (x+ y)+ ∀ e↔ (x+ y)↔ ∀ e
!"#$ 4.4 (iii)

=

= (x+ + y+) ∀ e↔ (x↔ + y↔) ∀ e
!"#$ 4.4 (ii)

=

= x+ ∀ e+ y+ ∀ e↔ x↔ ∀ e+ y↔ ∀ e = qqqe(x) + qqqe(y).

J#D$, qqqe 5 6"0.*)%. =)-$*$%) ($/$0$0-(i3#9 qqqe. K$1"< (xn)↑n=1 – *)-i+9("
/)3+i*)-(i3#9 - L0, .4" 67i>"5#93. *) x0 → L0 6" %$#0&4),. =+. 4)D()>) n → N
%"5%)

|qqqe(xn)↔ qqqe(x0)| =

∣∣∣∣
∫

[0,1]

(
x+n ∀ e↔ x↔n ∀ e↔ x+0 ∀ e+ x↔0 ∀ e

)
dµ

∣∣∣∣ ⇒

⇒

∫

[0,1]

∣∣(x+n ∀ e↔ x↔n ∀ e↔ x+0 ∀ e+ x↔0 ∀ e
)∣∣ dµ ⇒

⇒

∫

[0,1]

∣∣x+n ∀ e↔ x+0 ∀ e
∣∣ dµ+

∫

[0,1]

∣∣x↔0 ∀ e↔ x↔n ∀ e
∣∣ dµ

!"#$ 4.5 (iii)
⇒

⇒

∫

[0,1]

∣∣x+n ↔ x+0
∣∣ ∀ 2e dµ+

∫

[0,1]

∣∣x↔0 ↔ x↔n
∣∣ ∀ 2e dµ

!"#$ 4.5 (ii)
⇒

⇒ 2

∫

[0,1]

∣∣xn ↔ x0
∣∣ ∀ 2e dµ
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N )#0&%"(&1 ($0i-()3#$< #" +$%& 4.6 *i3#"5%) limn⇑↑ qqqe(xn) = qqqe(x0).
O"4&% ’&()%, ($/$0$0-(i3#9 qqqe *)-$*$(). N"+&E"5#93. /)4"6"#&, G) qqqe 5
($3/"*(), (" L+

0 . K$1"< x, y → L0 #" 0 ⇒ x ⇒ y. O)*i

qqqe(x) =

∫

[0,1]
x ∀ e dµ ⇒

∫

[0,1]
y ∀ e dµ = qqqe(y),

G) i #0$7" 78+) -3#"()-&#&.

4.4.4 C.;*(;58.--2 @( 3(@’6i ’0(-(3i0+ E))(5-O’=)’

K">"*"5%), G) 2i(), (" 4)%/+$%$(#"0()%8 /0)3#)0i (G,⇐)

("6&-"#&%$%) *)-i+9(&< *)*"#(&< ($3/"*(&< 34"+.0(&< 6"0.* p : G ⇑

[0,+↑). :)D(" ;i43)-"(" 2i(" p #" ;i43)-"(&< #)-"0(&< -$4#)0 ωωω → G ("
4)%/+$%$(#"0()%8 /0)3#)0i (G,⇐), .4&< ("6&-"5#93. 0.7$;"./1C A$0$:.C,
-&6("’",#9 B62@’;&- C&.@1&- #)-"0(&1 -$4#)0i- 6" *)/)%)>), 0i-()3#i:

B▷▷▷(p) :=

x → G : p(x) ⇒ p(ωωω)


.

=+. /)78*)-& %)*$+i $4)()%i4& F00)8-=$70$ -"D+&-&% 5 /&#"((.
i3(8-"((. #" 5*&()3#i %"43&%"+9(&1 (3#)3)-() /$-()>) -i*()E$((. /$0$-">&)
$+$%$(#i- 7,*D$#(&1 %()D&( (*&-. /i*0)6*i+ 1.2 %)()>0";i? [67]).

,.:iMC $+$%$(#" z → L0 ("6&-"5#93. %()D&(" supp z = {t → [0, 1] :

z(t) ⇔= 0}, .4" -&6("’$(" 6 #)’(i3#, *) %()D&(& (8+9)-)? %i0&.
P)6>+.($%) - 0)+i 4)%/+$%$(#"0()>) /0)3#)08 G /)0.*4)-&< i(#$0-"+

[0, f0] 8 -$4#)0(i< I0"#2i L0 6 *)*"#(&% -$4#)0)% f0 → L0, ()3i< .4)>) 5
%"43&%"+9(&%: supp f0 = [0, 1], #)7#),

G = [0, f0] =

x → L0 : 0 ⇒ x ⇒ f0



i ("3#8/($ -i*()E$((. /$0$-">& (" G, 6"+$D($ -i* /"0"%$#08 e → L+
0 , 6"*"($

*+. *)-i+9(&1 x,y → G:

x 7e y G ↗x ∀ e↗ ↘ ↗y ∀ e↗,

*$ F-()0%" ↗ · ↗ 0)6>+.*"5#93. 8 /0)3#)0i L0.
K"3#8/($ )6("’$((. 5 "("+)>)% 3#0)>)? *)*"#()3#i 2i(& *+. -&/"*48

34i(’$(()-&%i0(&1 -$4#)0(&1 I0"#)4.
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#1-.,’--2 4.26. Vi&$ p : G ⇑ [0,+↑) &$ G &$A1/$M;):3 !i"#$%

&%&’($%), 3"O. 253 2./i5)&.% /1Ci#&.% 0i2C&.@1&1 A △ [0, 1] Ci#1 µ(A) >

0 i:&-M ;./$#&1J /’";.# x → G ;$"1J, O. suppx △ A ;$ p(x) > 0.

K"3#8/(&< 0$68+9#"# 5 "("+)>)% #$)0$%& 1.2.3 6 [67] *+. ("E)>) -&/"*48.

$’()’3. 4.27. D53 2./i5)&.?. f0 → L0, G = [0, f0], 2./i5)&.?. e → L1 ̸ G

;$ 2./i5)&.?. 0.7$;"./.?. ;./$#&.?. A$0$:- ωωω → G i:&-M 7e-C$":1C$5)&1J

’5’C’&; x′
B62@’;&.% C&.@1&1 B▷▷▷(qe), 3"1J C$M /1?532 x′ = ⇀0 ·1[0,1]∀f0,

⇀0 → [0,+↑).

=)-$*$((. I08(#85#93. (" *-)1 +$%"1.

G’3. 4.7. D53 2./i5)&.% /1Ci#&.% 0i2C&.@1&1 A △ [0, 1], µ(A) > 0 ;$

2./i5)&.?. x → L+
1 /1".&-M;):3 &’#i/&i:;):

∫

A

x

1 + x
dµ ⇒


A x dµ

1 + 1
µ(A)


A x dµ

. (4.30)

D./’2’&&3 5’C1 4.7. N>i*() 6 -i*)%&%& -+"3#&-)3#.%& i(#$>0"+" ^$7$I",
*)3#"#(9) *)-$3#& (4.30) *+. -&/"*48 /0)3#)? ;8(42i? x → L+

1 . J#D$, ($1"<
x =

∑n
k=1 ak1Ak , *$ ak → [0,+↑), A =

⊔n
i=1Ak. N"6("’&%), G) µ(A) =

∑n
k=1 µ(Ak). H ()-&1 /)6("’$((.1 ($0i-(i3#9 (4.30) ("78-"5 -&>+.*8:

n∑

k=1

akµ(Ak)

1 + ak
⇒

∑n
k=1 akµ(Ak)

1 + 1
µ(A)

∑n
k=1 akµ(Ak)

=

∑n
k=1 akµ(Ak)

1
µ(A)

∑n
k=1(1 + ak)µ(Ak)

. (4.31)

N*i<3(i%) 4i+94" /)3+i*)-(&1 $4-i-"+$(#(&1 /$0$#-)0$(9 ($0i-()3#i
(4.31), .48 /)#0i7() *)-$3#&:

1

µ(A)
·

n∑

k=1

(1+ak)µ(Ak) ·
n∑

i=1

aiµ(Ai)

1 + ai
⇒

n∑

k=1

akµ(Ak) =
n∑

k=1

(1+ak)µ(Ak)↔µ(A);

n∑

k=1

(1 + ak)µ(Ak)↔
1

µ(A)
·

n∑

k=1

(1 + ak)µ(Ak) ·
n∑

i=1

aiµ(Ai)

1 + ai
↘ µ(A);

n∑

k=1

(1 + ak)µ(Ak)

(
1↔

1

µ(A)
·

n∑

k=1

aiµ(Ai)

1 + ai

)
↘ µ(A). (4.32)

127



@)%()D&%) (4.32) (" µ(A) #", 6 80"18-"((.% 0i-()3#i

1 =
1

µ(A)
·

n∑

k=1

1 + ai
1 + ai

µ(Ai),

/$0$/&E$%) (4.32) 8 ("3#8/(i< $4-i-"+$(#(i< ;)0%i:
n∑

k=1

(1 + ak)µ(Ak)
n∑

i=1

µ(Ai)

1 + ai
↘

(
µ(A)

)2
. (4.33)

T+$ ($0i-(i3#9 (4.33) 5 -i*)%), ($0i-(i3#, :)Ei-M8(.4)-394)>)-_-"02"
n∑

k=1

u2k ·
n∑

i=1

v2i ↘

(
n∑

k=1

ukvk

)2

, uk, vk ↘ 0

/0& uk =

(1 + ak)µ(Ak), vi =


µ(Ai)
1+ai

, "*D$ #)*i
∑n

k=1 ukvk = µ(A).

G’3. 4.8. ,’4$J a > 0 – 2iJ:&’ 71:5. ;$ u, v, w → L1 ;$"i ’5’C’&;1, O.

0 < v ⇒ w ⇒ a · 1Y ;$ a · 1X ⇒ u. ,’4$J 253 /1Ci#&14 C&.@1& X, Y △ [0, 1]

/1".&-M;):3 &’#i/&i:;)
∫

X
(u↔ a) dµ ⇒

∫

Y
(w ↔ v) dµ.

H.2i ∫

X

(
1

a
↔

1

u

)
dµ ⇒

∫

Y

(
1

v
↔

1

w

)
dµ.

D./’2’&&3 5’C1 4.8. U&4)0&3#)-8,’& 8%)-& +$%&, 6"/&E$%):
∫

X

(
1

a
↔

1

u

)
dµ =

∫

X

u↔ a

au
dµ ⇒

⇒

∫

X

u↔ a

a2
dµ =

=
1

a2

∫

X
(u↔ a) dµ ⇒

⇒
1

a2

∫

Y
(w ↔ v) dµ =

=

∫

Y

w ↔ v

a2
dµ ⇒

⇒

∫

Y

w ↔ v

vw
dµ =

=

∫

Y

(
1

v
↔

1

w

)
dµ.
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D./’2’&&3 ;’.#’C1 4.27. N";i4385%) *)-i+9(i f0 → L0, e → L1 #" ωωω → G.
N"6("’&%), G) qeqeqe(ωωω) ⇒


[0,1] e dµ i 0)6>+.($%) *-" -&/"*4&.

J+/.@(0 (i)(i)(i): qeqeqe(ωωω) =

[0,1] e dµ. O)*i x0 = f0 5 7e-%"43&%"+9(&%

$+$%$(#)% 7,*D$#()? %()D&(& B▷▷▷(qe), )34i+94& - 29)%8 -&/"*48 f0 → B▷▷▷(qe)

i f0 5 7e-%"43&%"+9(&% $+$%$(#)% G.

J+/.@(0 (ii)(ii)(ii): qeqeqe(ωωω) <

[0,1] e dµ. =+. *)-i+9()>) ⇀ → [0,+↑) /)4+"*$%):

x⇀ = (⇀ · 1[0,1]) ∀ f0.

:0i% #)>), -&6("’&%) ;8(42i, ϕ : [0,+↑) ⇑ R, /)4+"-E& *+. 4)D()>) ⇀ →

[0,+↑)

ϕ(⇀) = qe(x⇀) =

∫

[0,1]
x⇀ ∀ e dµ.

N ($/$0$0-()3#i I0"#4)-&1 )/$0"2i< (" L0 #" i(#$>0"+" ^$7$I" -&/+&-"5
($/$0$0-(i3#9 ;8(42i? ϕ. J34i+94& ϕ(0) = 0 #" lim⇀⇑+↑ ϕ(⇀) =


[0,1] e∀ f0 dµ,

#) i3(85 (($ )7)-’.64)-) 5*&($) 6("’$((. ⇀0 → [0,+↑) #"4$, G) qe(x⇀0) =

qe(ωωω). @)4+"*$%) x′ = x⇀0 i *)-$*$%) %"43&%"+9(i3#9 x′. N>i*() 6 -&7)0)%,
%"5%)

qe(x
′) = qe(ωωω), (4.34)

" )#D$, x′
→ B▷▷▷(qe). P)6>+.($%) *)-i+9(&< x → B▷▷▷(qe) i *)-$*$%), G)

↗x′
↗ ↘ ↗x↗. (4.35)

N 8%)-& x → B▷▷▷(qe) #" (4.34) -&/+&-"5
∫

[0,1]
(x ∀ e) dµ ⇒

∫

[0,1]
(x′

∀ e) dµ. (4.36)

@)4+"*$%)

A := {t → [0, 1] : x′(t) < eee(t)}, AC = [0, 1] \ A.

O)*i
x′

· 1A = ⇀0 · 1A #" x′
· 1AC = f0 · 1AC . (4.37)

P)6>+.($%) *-" /i*-&/"*4&.
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Di@8+/.@(0 (ii.a)(ii.a)(ii.a):

A(x∀e) dµ ⇒


A(x

′
∀e) dµ. J34i+94&


A(x

′
∀e) dµ =


A ⇀0 dµ = ⇀0 · µ(A), #)

∫

A
(x ∀ e) dµ ⇒ ⇀0 · µ(A). (4.38)

J#D$, 6>i*() 6 +$%), 4.7, -&4)0&3#)-8,’& i%/+i4"2i, (.4" 5 *)70$
-i*)%), -/0"-),)

(∃s, t → R) 0 ⇒ s ⇒ t ℜ
s

1 + s
⇒

t

1 + t
, (4.39)

)#0&%85%):

↗(x ∀ e) · 1A↗ =

∫

A

x ∀ e

1 + x ∀ e
dµ

(4.30)
⇒

⇒


A(x ∀ e) dµ

1 + 1
µ(A)


A(x ∀ e) dµ

(4.38)
⇒

⇒
⇀0 · µ(A)

1 + ⇀0
= ↗(x′

∀ e) · 1A↗.

(4.40)

:0i% #)>),

↗(x ∀ e) · 1AC↗ ⇒ ↗(f0 ∀ e) · 1AC↗
(4.37)
= ↗(x′

∀ e) · 1AC↗. (4.41)

K"0$E#i, 6 (4.40) i (4.41) -&/+&-"5:

↗(x ∀ e)↗ = ↗(x ∀ e) · 1A↗+ ↗(x ∀ e) · 1AC↗ ⇒

⇒ ↗(x′
∀ e) · 1A↗+ ↗(x′

∀ e) · 1AC↗ = ↗(x′
∀ e)↗,

#)7#), (x ∀ e) ≃e (x′
∀ e).

Di@8+/.@(0 (ii.a)(ii.a)(ii.a):

φ :=

∫

A
(x ∀ e) dµ↔

∫

A
(x′

∀ e) dµ =

∫

A
(x ∀ e) dµ↔ ⇀0 · µ(A) > 0. (4.42)

@)4+"*$%) B := {t → AC : x(t) < e(t)} i 6"6("’&%), G) µ(B) > 0,
)34i+94& 8 /0)#&+$D()%8 -&/"*48 78+) 7 (x∀e) ·1AC = e = (x′

∀e) ·1AC , G)
0"6)% 6 (4.42) 38/$0$’&+) 7& (4.36). ="+i /)4+"*$%) *+. 4)D()>) s → [0, 1]

As = {t → A̸ [0, s] : (x∀e)(t) > ⇀0} = {t → A̸ [0, s] : (x∀e)(t) > (x′
∀e)(t)}.
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U&6("’&%) ;8(42i, ϕ : [0, 1] ⇑ R, /)4+"-E&

ϕ(s) =

∫

A\As

(x ∀ e) dµ↔

∫

A\As

(x′
∀ e) dµ, s → [0, 1].

N"6("’&%), G) ϕ(0) > 0 6"-*.4& (4.42), " #"4)D ϕ(1) ⇒ 0, 6>i*() 6
)6("’$((.% %()D&(& As. N -i*)%&1 -+"3#&-)3#$< i(#$>0"+" ^$7$I" -&/+&-"5
($/$0$0-(i3#9 ;8(42i? ϕ. T )#D$, -&7$0$%) s0 → (0, 1] #"4, G)7& ϕ(s0) = 0,
#)7#), ∫

A\As0

(x ∀ e) dµ =

∫

A\As0

(x′
∀ e) dµ. (4.43)

O$/$0 /)4+"*$%) 1 = 1[0,1], X = As0, Y = AC , v = (1 + x) · 1AC , w =

(1 + x′) · 1AC , a = 1 + ⇀0, u = (1 + x) · 1As0
. O)*i v > 0, )34i+94& x ↘ 0,

B △ AC i µ(B) > 0. :0i% #)>), 6 (4.37) *i3#"5%), G) v ⇒ w. ="+i, 6 )6("’$((.
f0 -&/+&-"5, G) x′

· 1AC ⇒ ⇀0 · 1AC , " )#D$, w ⇒ a · 1Y . K"0$E#i, 6 )6("’$((.
%()D&(& As )#0&%85%) a · 1X = (1 + ⇀0) · 1AC ⇒ (1 + x) · 1AC = u. O"4&%
’&()%, -&4)(8,#93. 8%)-& +$%& 4.8: 0 < v ⇒ w ⇒ a · 1Y #" a · 1X ⇒ u.

@)6("’&%) z = (x′
∀ e)↔ (x ∀ e). N>i*() 6 (4.43),

∫

A\As0

z dµ = 0. (4.44)

O)%8
∫

Y
(w ↔ v) dµ↔

∫

X
(u↔ a) dµ =

∫

AC

z dµ+

∫

As0

z dµ
(4.44)
=

∫

[0,1]
z dµ

(4.36)
↘ 0.

N>i*() 6 +$%), 4.8, %"5 %i32$ ($0i-(i3#9
∫

Y

(
1

v
↔

1

w

)
dµ↔

∫

X

(
1

a
↔

1

u

)
dµ ↘ 0. (4.45)

N"6("’&%), G) *+. *)-i+9()>) y → L+
0 #" *)-i+9()? -&%i0()? /i*%()D&(&

D △ [0, 1]

↗y · 1D↗ =

∫

D

y

1 + y
dµ =

∫

D

(
1↔

1

1 + y

)
dµ = µ(D)↔

∫

D

dµ

1 + y
.
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I6 -0"18-"((.% )3#"((9)? 0i-()3#i 6"/&E$%):

↗(x′
∀ e) · 1Y ↗ ↔ ↗(x ∀ e) · 1Y ↗ =

= µ(Y )↔

∫

Y

dµ

1 + (x′ ∀ e)
↔ µ(Y ) +

∫

Y

dµ

1 + (x ∀ e)
=

=

∫

Y

(
1

1 + (x ∀ e)
↔

1

1 + (x′ ∀ e)

)
dµ =

=

∫

Y

(
1

v
↔

1

w

)
dµ;

(4.46)

↗(x′
∀ e) · 1X↗ ↔ ↗(x ∀ e) · 1X↗ =

= µ(X)↔

∫

X

dµ

1 + (x′ ∀ e)
↔ µ(X) +

∫

X

dµ

1 + (x ∀ e)
=

=

∫

X

(
1

1 + (x ∀ e)
↔

1

1 + (x′ ∀ e)

)
dµ =

= ↔

∫

X

(
1

u
↔

1

a

)
dµ.

(4.47)

:0i% #)>), 6>i*() 6 +$%), 4.7,

↗(x ∀ e) · 1A\As0
↗ =

∫

A\As0

x ∀ e

1 + (x ∀ e)
dµ ⇒

⇒


A\As0

(x ∀ e) dµ

1 + 1
µ(A\As0)


A\As0

(x ∀ e) dµ

(4.43)
=

=


A\As0

(x′
∀ e) dµ

1 + 1
µ(A\As0)


A\As0

(x′ ∀ e) dµ

(4.39)
⇒

⇒


A\As0

⇀0 dµ

1 + 1
µ(A\As0)


A\As0

⇀0 dµ
=

=
⇀0 · µ(A \ As0)

1 + ⇀0
=

∫

A\As0

⇀0
1 + ⇀0

dµ =

= ↗⇀0 · 1A\As0
↗

(4.37)
= ↗(x′

∀ e) · 1A\As0
↗.

J#D$, *)-$*$() ($0i-(i3#9

↗(x′
∀ e) · 1A\As0

↗ ↔ ↗(x ∀ e) · 1A\As0
↗ ↘ 0. (4.48)

U0"1)-8,’&, G) X D Y D (A \ As0) = [0, 1] i *)*",’& ($0i-()3#i (4.46),
(4.47) #" (4.48), )#0&%85%) ↗x′

∀ e↗ ↔ ↗x ∀ e↗, #)7#), (x ∀ e) ≃e (x′
∀ e).
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C.58.B’--2 4.3. P’?". B$71;1, O. / -C./$4 ;’.#’C1 4.27,

7e-C$":1C$5)&1J ’5’C’&; B62@’;&.% C&.@1&1 B▷▷▷(qe) &’ A$/@21

M21&1J - /10$2"-, ".51 e < f0. ,$0#1"5$2, - /10$2"- (i)(i)(i): qeqeqe(ωωω) =

[0,1] e dµ

".@&1J /’";.# x → [e, f0] M 7e-C$":1C$5)&1C 253 B▷▷▷(qe).

4.5 J+;-(80+ @( )(1@i65 4

1. :)D(" )*()-">$(#(" ($)4+"3&’(" $4)()%i4" )7%i(8 6 2i+)’&3$+9(&%&
#)-"0(&%& -$4#)0"%& #" 3#0)>) %)()#)((&% i 3#0)>) )/84+&%
-i*()E$((.% /$0$-">& %"5 0i-()-"D(&< -$4#)0 2i(.

2. !()D&(" -3i1 0$>8+.0(&1 6"0.*i-, G) *i,#9 6 4)%/+$%$(#"0()>)
/0)3#)08 8 /)0.*4)-) /)-(8 -$4#)0(8 I0"#48 5 /)0.*4)-) /)-(),
-$4#)0(), I0"#4),, (" .4i< I0"#4)-i )/$0"2i? 6"*",#93. 6" *)/)%)>),
;)0%8+, /)*i7(&1 *) ;)0%8+ T70"%)-&’".

3. =+. -0"18-"((. 0&(4)-&1 )/#)-&1 2i( - %)*$+i $4)()%i4& F00)8-=$70$
%)D(" 0)6>+.*"#& 6"0.*& - 0)+i 2i()-&1 -$4#)0i- 6"%i3#9 +i(i<(&1
;8(42i)("+i-. N)40$%", 6" /$-(&1 /0&0)*(&1 8%)- /0& #"4i< %)*&;i4"2i?
4)D(" 7,*D$#(" %()D&(" %"5 -$4#)0 /)/&#8, " *+. -i*()E$(9 /$0$-">&
6 /$-()>) 4+"38 4)D(" 7,*D$#(" %()D&(" %"5 %"43&%"+9(&< $+$%$(#.
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JK<"#J9K

=&3$0#"2i<(" 0)7)#" /0&3-.’$(" /)78*)-i #" *)3+i*D$((, i3(8-"((.,
3#i<4)3#i i ’&3+)-)%8 "("+i68 %"#$%"#&’(&1 %)*$+$< i6 7">"#)’"3#)#(&%
6780$((.%, %)*$+$< i%8(()? -i*/)-i*i /0& i(;$42i<(&1 6"1-)0,-"((.1 i
%)*$+i $/i*$%i? i6 -0"18-"((.% $4)+)>i’()>) ;"4#)08 #" %)*&;i4"2i? %)*$+i
0i-()-"D()? $4)()%i4& F00)8-=$70$.

J3()-(i 0$68+9#"#& *&3$0#"2i<()? 0)7)#& #"4i:

1. =+. %"#$%"#&’()? %)*$+i i6 6"/i6($((.%& "0>8%$(#8, .4" 6("1)*&#93.
/i* *i5, 7">"#)’"3#)#(&1 6780$(9 i6 +i(i<() /$0$#-)0$(&%& "0>8%$(#"%&,
*)-$*$() i3(8-"((. #" 5*&(i3#9 0)6-’.648, )7I08(#)-"() %$#)*
83$0$*($((. 6" ;"6)-&%& 6%i((&%& (" 34i(’$(()%8 ’"3)-)%8 -i*0i648
< )#0&%"() )2i(48 /)1&74& %$#)*8 83$0$*($((., .4" .-() 6"+$D&#9
-i* %"+)>) /"0"%$#0", 4i+94)3#i ;"6)-&1 6%i((&1 i 6"/i6($(9 8 (&1 #"
/)0.*48 "3&%/#)#&4& 8 %)*$+i, .4" 6("1)*&#93. /i* *i5, 6780$((..

2. !"#$%"#&’(8 %)*$+9 SIR i6 -0"18-"((.% -#0"#& i%8(i#$#8 #"
("0)*D8-"()3#i i 3%$0#()3#i - /)/8+.2i? %)*&;i4)-"() i6 -0"18-"((.%
$4)+)>i’()>) ;"4#)08 8 -&>+.*i -i*1&+$((. 86">"+9($()>) /)4"6(&4"
6"708*($((. -i* ()0%"#&-()>) 6("’$((., *)3+i*D$() i3(8-"((., 5*&(i3#9
i ($-i*’5%(i3#9 0)6-’.648, -3#"()-+$() 4)$;i2i5(#(i 8%)-& *)3#"#(9)?
3#i<4)3#i 3#"2i)("0()>) 0)6-’.648, -i*/)-i*()>) -i*38#()3#i $/i*$%i?.

3. H 7"6)-i< %"#$%"#&’(i< %)*$+i i%8(()? -i*/)-i*i /0& i(;$42i<(&1
6"1-)0,-"((.1 -0"1)-"() $4)+)>i’(&< ;"4#)0, *)-$*$() ($-i*’5%(i3#9,
i3(8-"((. i 5*&(i3#9 0)6-’.648, 6("<*$() 3#"2i)("0(i 0)6-’.64& #" 8%)-&
?1 i3(8-"((.. ="() %$*&’(8 i(#$0/0$#"2i, 0$68+9#"#i-.

4. @)78*)-"() )2i(48 V ′ > 0 *+. -$+&’&(& i(;i48-"((. 8 /)’"#4)-&<
%)%$(# ’"38. Q4G) *)6" i(;i48-"((. ($ /$0$-&G85 i%8()+)>i’(&<
7"0’50, #) 0)6-&#)4 i(;$42i<()>) 6"1-)0,-"((. ($ -i*78-"5#93.. N ’"3)%
"(#&>$( -&-)*&#93. 6 )0>"(i6%8 +,*&(& i <)>) -$+&’&(" "3&%/#)#&’()
/0.%85 *) (8+. /0& t ⇑ ↑.
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5. T*"/#)-"() %)*$+9 F00)8-=$70$ *+. -&/"*48 2i+)’&3$+9(&1 #)-"0(&1
6"/"3i-. N)40$%" *)-$*$(), G) 4)D(" )*()-">$(#(" ($)4+"3&’("
$4)()%i4" )7%i(8 6 2i+)’&3$+9(&%& #)-"0(&%& -$4#)0"%& #" 3#0)>)
%)()#)((&% i 3#0)>) )/84+&% -i*()E$((.% /$0$-">& %"5 0i-()-"D(&<
-$4#)0 2i(.

6. !)*&;i4)-"() i *)3+i*D$() %)*$+9 F00)8-=$70$ i6 -0"18-"((.% >(8’4&1
)/#)-&1 2i(. =+. 29)>) 8 0)7)#i - 0)+i 2i()-&1 -$4#)0i- 6"%i3#9
+i(i<(&1 ;8(42i)("+i- 0)6>+.(8#) 6"0.*&. N" /$-(&1 /0&0)*(&1 8%)-
/0& #"4i< %)*&;i4"2i? 4)D(" 7,*D$#(" %()D&(" %"5 -$4#)0 /)/&#8, "
*+. -i*()E$(9 /$0$-">& 6 /$-()>) 4+"38 4)D(" 7,*D$#(" %()D&(" %"5
%"43&%"+9(&< $+$%$(#.
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[55] Foryś U. Marchuk’s Model of Immune System Dynamics with Application
to Tumour Growth. Journal of Theoretical Medicine. 2002. Vol. 4, no. 1. P.
85–93.

[56] Piotrowska M.J., Bodnar M., Poleszczuk J., Foryś U. Mathematical
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HD>)0)*394)>) 8(i-$03&#$#8. S$0i. Z!"#$%"#&4" i i(;)0%"#&4"[. 2025. O. 47,
\ 2. S. 126–135. (9&’:." $/;.#i/: <.=. >i?-&- &$5’@1;) 0.:;$&./"$ A$2$7i

i /1A&$7’&&3 :4’C1 2.:5i2@’&); *.+. !"#$%&(6 &$5’@1;) .BI#-&;-/$&&3,

2./’2’&&3 ;’.#’C ;$ ".C0’6;’#&’ C.2’56/$&&3).
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5. Mi>8( Q. V., H40"?($29 J. N. !"#$%"#&’(" %)*$+9 -/+&-8
6"708*($((. 6)-(iE(9)>) 3$0$*)-&G" (" i%8((8 -i*/)-i*9 )0>"(i6%8 +,*&(&.
M84)-&(394&< %"#$%"#&’(&< D80("+. 2025. O. 13, \ 2. S. 114-124.
(9&’:." $/;.#i/: <.=. >i?-&- &$5’@1;) 0.:;$&./"$ A$2$7i i .B?./.#’&&3

#’A-5);$;i/ 2.:5i2@’&); *.+. !"#$%&(6 &$5’@1;) 8.#C-56/$&&3 ;$

2./’2’&&3 ;’.#’C, ".C0’6;’#&’ C.2’56/$&&3).

,$-"./i 0#$(i - 0’#i.217&14 &$-"./14 /12$&&34, 0#.i&2’":./$&14 -

&$-".C’;#17&iJ B$Ai 2$&14 Scopus:

6. Fotiy O., Popov M., Ukrainets O. A characterization of F-spaces containing
an isomorph of ϖ0. Carpathian Mathematical Publications. 2025. Vol. 17, no 1. P.
146. (9&’:." $/;.#i/: *.K. L.;iJ &$5’@1;) ;/’#2@’&&3 1 i 2, $ ;$".@

0#1"5$2 1; F.F. G.0./- &$5’@1;) 8.#C-56/$&&3 i 2./’2’&&3 H’.#’C1

1; *.+. !"#$%&(6 &$5’@1;) -7$:;) - 2./’2’&i H’.#’C1 1, 8.#C-56/$&&3

0#1"5$2- 2, 0#1"5$2- 3 ;$ %4 2./’2’&&3). (Scopus, Q1 – ht tp s: // ww w. sc

im ag oj r. co m/ jo ur na ls ea rc h. ph p? q= 21 10 09 25 71 0& ti p= si d& cl ea

n= 0 )

".50(8i /).>i, 20i 1.;8i@,5:*7 ./)(=.>i: 3.*’)i.6i8 @+;’)*.>iA:

1. H40"?($29 J. N. H3$0$*($((. - %"#$%"#&’(&1 %)*$+.1 /i* *i5,
7">"#)’"3#)#(&1 6780$(9 i6 6"/i6($((.%. !iD("0)*(" ("84)-)-/0"4#&’("
4)(;$0$(2i. : #$6& *)/)-i*$<, %. S);i., 31 3i’. – 2 +,#. 2024 0. / International
Scientific Unity. !. S);i., 2024. S. 263–266.

2. Bihun Y., Ukrainets O. Mathematical modelling of immune response to
infectious diseases with ecological factor. International Conference IMCS-60 :
proceedings, Chisinau, Republic of Moldova, October 10–13, 2024 / Vladimir
Andrunachievici Institute of Mathematics and Computer Science, Moldova
State University. Chisinau, 2024. P. 151–154. (9&’:." $/;.#i/: <.=. >i?-&-

&$5’@1;) 0.:;$&./"$ A$2$7i i .B?./.#’&&3 #’A-5);$;i/ 2.:5i2@’&),

&$:5i2." 2.1; *.+. !"#$%&(6 &$5’@1;) 8.#C-56/$&&3 ;$ 2./’2’&&3 ;’.#’C

1 ;$ 2)
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3. Bihun Y., Ukrainets O. Mathematical modeling of the body’s immune
response to infectious disease with external factors. Modeling, Control and
Information Technologies : proceedings of the VII International Scientific and
Practical Conference, Rivne, Ukraine, November 7–9, 2024 / National University
of Water and Environmental Engineering. Rivne, 2024. P. 223–224. (9&’:."

$/;.#i/: <.=. >i?-&- &$5’@1;) .B?./.#’&&3 #’A-5);$;i/ 2.:5i2@’&) ;$

&$:5i2."; *.+. !"#$%&(6 &$5’@1;) 8.#C-56/$&&3 ;$ 2./’2’&&3 ;’.#’C,

71:5./’ C.2’56/$&&3 #’A-5);$;i/)
4. Bihun Y., Ukrainets O. Modelling of immune response with ecological

factor. Applications of Mathematics in Biology and Medicine : XXX National
Conference (International Edition), Wikno, Poland, September 16–20, 2025
/ University of Warmia and Mazury; Institute of Applied Mathematics and
Mechanics, University of Warsaw. Wikno, 2025. P. 7–8. (9&’:." $/;.#i/: <.=.

>i?-&- &$5’@1;) -7$:;) - 0.:;$&./(i A$2$7i; *.+. !"#$%&(6 &$5’@1;)

0.B-2./$ ;$ 2.:5i2@’&&3 C$;’C$;17&.% C.2’5i)
5. Mi>8( Q., H40"?($29 J. !"#$%"#&’($ %)*$+,-"((. -/+&-8

6"708*($((. *)-4i++. (" $/i*$%i’(&< /0)2$3. Modeling, Control and
Information Technologies : proceedings of the International Scientific and
Practical Conference, Rivne, Ukraine, 6-8 November / National University of
Water and Environmental Engineering. Rivne, 2025. \ 8. S. 278–279. (9&’:."

$/;.#i/: <.=. >i?-&- &$5’@1;) .B?./.#’&&3 #’A-5);$;i/ 2.:5i2@’&); *.+.

!"#$%&(6 &$5’@1;) 8.#C-56/$&&3 ;$ 2./’2’&&3 ;’.#’C1, ".C0’6;’#&’

C.2’56/$&&3)
6. Bihun Y., Ukrainets O., Patratii M. Asymptotic stability of solutions

to an immune-response model under the influence of an environmental factor.
Ukraine Mathematics Conference At the End of the Year 2025 : proceedings, Kyiv,
December 18–19, 2025 / Taras Shevchenko National University of Kyiv. Kyiv,
2025. P. 90. (9&’:." $/;.#i/: <.=. >i?-&- ;$ F.9. G$;#$;iJ &$5’@$;)

.B?./.#’&&3 0#$";17&.?. A$:;.:-/$&&3 #’A-5);$;i/ 2.:5i2@’&); *.+.

!"#$%&(6 – 0.B-2./$ i 2.:5i2@’&&3 C$;’C$;17&.% C.2’5i)
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".50(8i /).>i, 20i @(@.*0(8( 8i@(=).B.:*7 -.50(8i )’1567*.*+

@+;’)*.>iA:

1. Popov M., Ukrainets O. A maximal Riesz-Kantorovich theorem with
applications to markets with an arbitrary commodity set. Matematychni
Studii. 2024. Vol 62, No 2. P. 199-210. (9&’:." $/;.#i/: F.F. G.0./-

&$5’@1;) 8.#C-56/$&&3 i 2./’2’&&3 H’.#’C 1, 2; *.+. !"#$%&(6 &$5’@1;)

8.#C-56/$&&3 0#1"5$2i/ i -7$:;) - 2./’2’&&i H’.#’C1 3).
2. Bihun Y., Ukrainets O. Mathematical modelling of the immune

response to infectious diseases with the influence of environmental factors.
Acta et Commentationes, Exact and Natural Sciences. 2024. Vol. 18, No. 2.
P. 7-17. (9&’:." $/;.#i/: 0.:;$&./"- A$2$7i ;$ .B?./.#’&&3 #’A-5);$;i/

2.:5i2@’&) A2iJ:&1/ <.=. >i?-&; *.+. !"#$%&’() /1".&$/ 8.#C-56/$&&3 i

2./’2’&&3 ;’.#’C, $ ;$".@ ".C0’6;’#&’ C.2’56/$&&3).
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O#O!$#9 ! (2)

9i2.C.:;i 0#. $0#.B$(i6 #’A-5);$;i/ 21:’#;$(i%:

1. VIII !iD("0)*(" ("84)-)-/0"4#&’(" 4)(;$0$(2i. "Scientific research as
a mechanism of eXective human development"(31 3i’(. – 2 +,#)>) 2024 0.,
S);i., M)+>"0i.), ;)0%" 8’"3#i - *&3#"(2i<(" 6 /87+i4"2i5, #$6.

2. !iD("0)*(" 4)(;$0$(2i. IMCS-60 (10–13 D)-#(. 2024 0., :&E&(i-,
!)+*)-"), ;)0%" 8’"3#i - *&3#"(2i<(" 6 /87+i4"2i5, #$6.

3. VII !iD("0)*(" ("84)-)-/0"4#&’(" 4)(;$0$(2i. Z!)*$+,-"((.,
4$08-"((. #" i(;)0%"2i<(i #$1()+)>i?[ (7–9 +&3#)/"*" 2024 0., Pi-($,
H40"?("), ;)0%" 8’"3#i - )’(" 6 /87+i4"2i5, #$6.

4. XXX K"2i)("+9(" 4)(;$0$(2i. (%iD("0)*($ -&*"((.) "Applications of
mathematics in biology and medicine"(16–20 -$0$3(. 2025 0., Ui4(),
@)+9G"), ;)0%" 8’"3#i - *&3#"(2i<(" 6 /87+i4"2i5, #$6.

5. !iD("0)*(" ("84)-)-/0"4#&’(" 4)(;$0$(2i. Z!)*$+,-"((., 4$08-"((.
#" i(;)0%"2i<(i #$1()+)>i?[ (6–8 +&3#)/"*" 2025 0., Pi-($, H40"?("),
;)0%" 8’"3#i - *&3#"(2i<(" 6 /87+i4"2i5, #$6.

6. H40"?(394" %"#$%"#&’(" 4)(;$0$(2i. "At the end of the year 2025"(18–19
>08*(. 2025 0., :&?-, H40"?("), ;)0%" 8’"3#i - *&3#"(2i<(" 6 /87+i4"2i5,
#$6.
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O#O!$#9 S

Gi;*+-W /)(W).3 5 ;’)’@(8+\i Wolfram Mathematica, 20i =56+

)(1)(=6’-i 8 @+;’)*.>i?-(35 @(;6i@B’--i

Pi:;1&? 1. G#.?#$C&1J ".2 253 C.2’56/$&&3 21&$Ci"1 71:5./.?. #.A/’3A"-

-A$?$5)&’&.?. #i/&3&&3 K$;7i&:.&$.

Manipulate[

Module[

{kappas = {0.5, 1, 2}, sols},

sols = Table[

NDSolveValue[

{

e'[t] == r (1 - (e[t]/K)^\ kappa) e[t],

e[0] == e0

},

e,

{t, 0, tmax},

Method -> {"StiffnessSwitching"}

],

{\kappa , kappas}

];

Plot[

Evaluate@Table[sols[[i]][t], {i, Length[kappas ]}],

{t, 0, tmax},

PlotRange -> {0, All},

AxesLabel -> {"t", "E(t)"},

PlotLegends -> (Row[{"\kappa!=!", #}] & /@ kappas),

ImageSize -> Large

]

],

{{r, 1, "r"}, 0.01, 5, Appearance -> "Labeled"},

{{K, 10, "K"}, 0.1, 50, Appearance -> "Labeled"},

{{e0 , 1, "E(0)"}, 0.001 , 50, Appearance -> "Labeled"},
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{{tmax , 20, "tmax"}, 1, 200, 1, Appearance -> "Labeled"}

]

Pi:;1&? 2. G#.?#$C&1J ".2 253 C.2’56/$&&3 C’;.2- -:’#’2&’&&3 253

C.2’5i ;10- 9.5);’##1-P.;"1.

Manipulate[

Module[

{

phi , F,

ddeSol , uDDE , vDDE , aDDE ,

uAVG , vAVG , aAVG

},

phi[t_?NumericQ] := (t + t^2) /\[ CurlyEpsilon ];

F[t_?NumericQ] := Cos[k*phi[t] + l*phi[t - \[ Theta ]]];

(* --- "#$%&’#(% )#*+,- (DDE) --- *)

ddeSol =

Quiet @ Check[

NDSolveValue[

{

u'[t] == (\[ Beta]1 - \[ Gamma ]1 v[t]) u[t] - \[Mu] a[t

] + b1 F[t],

v'[t] == (-\[Beta]2 + \[ Gamma ]2 u[t]) v[t],

a'[t] == (\[ Kappa] - a[t]) a[t] + b2 F[t],

u[t /; t <= 0] == u0 ,

v[t /; t <= 0] == v0 ,

a[t /; t <= 0] == a0

},

{u, v, a},

{t, -\[Theta], tmax},

MaxSteps -> Infinity ,

AccuracyGoal -> 10,

PrecisionGoal -> 10,

MaxStepFraction -> 1/1000

],

$Failed
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];

(* --- ./+0+*1+1% )#*+,- (AVG) --- *)

{uAVG , vAVG , aAVG} =

NDSolveValue[

{

ub '[t] == (\[ Beta]1 - \[ Gamma ]1 vb[t]) ub[t] - \[Mu] ab

[t],

vb '[t] == (-\[Beta]2 + \[ Gamma ]2 ub[t]) vb[t],

ab '[t] == (\[ Kappa] - ab[t]) ab[t],

ub[0] == u0 ,

vb[0] == v0 ,

ab[0] == a0

},

{ub , vb , ab},

{t, 0, tmax},

MaxSteps -> Infinity

];

If[

ddeSol === $Failed ,

Style["2+!(*%,#/-!3)#*+,4(%&5!*,6!*%1#7#!1%8#09!:%0%)+&0i("

, Red , 16],

{uDDE , vDDE , aDDE} = ddeSol;

Row[

{

Plot[

{uAVG[t], vAVG[t]},

{t, 0, tmax},

PlotRange -> All ,

AxesLabel -> {"t", "u(avg),!v(avg)"},

PlotLegends -> {"u!(avg)", "v!(avg)"},

ImageSize -> 800

],

Spacer [20],
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ParametricPlot[

{

{uDDE[t], vDDE[t]},

{uAVG[t], vAVG[t]}

},

{t, 0, tmax},

PlotRange -> All ,

AxesLabel -> {"u", "v"},

PlotLegends -> {"(u,v)!DDE", "(?,v?)!avg"},

ImageSize -> 400,

Epilog -> Module[

{uStar , vStar , aStar},

aStar = \[ Kappa ];

uStar = \[Beta ]2/\[ Gamma ]2;

vStar = \[Beta ]1/\[ Gamma ]1 - (\[Mu] aStar)/(\[ Gamma

]1 uStar);

{Red , PointSize [0.02] , Point [{uStar , vStar}], Black

}

]

]

}

]

]

],

(* ================= "%0%)+&05 ================= *)

{{\[ Beta]1, 1}, 0.1, 3, Appearance -> "Labeled"},

{{\[ Gamma]1, 1}, 0.1, 3, Appearance -> "Labeled"},

{{\[ Beta]2, 1.5}, 0.1, 3, Appearance -> "Labeled"},

{{\[ Gamma]2, 1}, 0.1, 3, Appearance -> "Labeled"},

Delimiter ,

{{\[Mu], 0.1}, 0, 5, Appearance -> "Labeled"},

{{\[ Kappa], 1}, 0.1, 3, Appearance -> "Labeled"},

Delimiter ,
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{{b1 , 0.01} , 0, 0.2, Appearance -> "Labeled"},

{{b2 , 0.01} , 0, 0.2, Appearance -> "Labeled"},

Delimiter ,

{{\[ Theta], 0.5}, 0.01, 2, Appearance -> "Labeled"},

{{\[ CurlyEpsilon], 1}, 0.2, 3, Appearance -> "Labeled"},

Delimiter ,

{{k, 1}, 1, 5, 1},

{{l, 1}, 1, 5, 1},

Delimiter ,

{{u0 , 1.2}, 0.1, 3},

{{v0 , 0.8}, 0.1, 3},

{{a0 , 0.6}, 0.1, 3},

{{tmax , 30}, 5, 60, 1},

TrackedSymbols :> {

\[Beta]1, \[ Gamma]1, \[Beta]2, \[ Gamma]2,

\[Mu], \[ Kappa], b1 , b2 ,

\[ Theta], \[ CurlyEpsilon], k, l,

u0 , v0 , a0 , tmax

}

]

Pi:;1&? 3. G#.?#$C&1J ".2 253 C.2’56/$&&3 -A$?$5)&’&.?. #i/&3&&3

K$;7i&:.&$ A #iA&1C1 A&$7’&&3C1 0$#$C’;#$ n.

r = 0.5;

EStar = 0.25;

delta = 1;

initCond = 0.5;
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tmax = 50;

solutions = Table[

NDSolve[

{

En '[t] == r*(1 - (En[t - delta ]/ EStar)^n)*En[t],

En[t /; t <= 0] == initCond

},

En ,

{t, 0, tmax}

],

{n, {1, 2, 3, 4, 5}}

];

plotStyles = Join[{ Thick}, Table[Automatic , {4}]];

Plot[

Evaluate[En[t] /. solutions],

{t, 0, tmax},

PlotLegends -> ("n!=!" <> ToString [#] & /@ {1, 2, 3, 4, 5}),

AxesLabel -> {"Time!t", "E(t)"},

PlotRange -> All ,

PlotStyle -> plotStyles ,

ImageSize -> Large

]

Pi:;1&? 4. G#.?#$C&1J ".2 253 C.2’56/$&&3 21&$Ci"1 SIR-C.2’5i A

’".5.?i7&1C 8$";.#.C ;$ #iA&1C1 A&$7’&&3C1 0$#$C’;#i/.

Manipulate[

Module[

{\[ Gamma], eqns , hist , vars , sol , R0 , S2 , I2 , R2},

\[ Gamma ][E_] := \[ Gamma ]0/(1 + \[ Gamma ]1 (E - K));

(* History for t <= 0 *)

hist = {

s[t /; t <= 0] == s0 ,

i[t /; t <= 0] == i0 ,
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r[t /; t <= 0] == r0 ,

ecology[t /; t <= 0] == e0

};

(* Model equations (DDE) *)

eqns = {

s'[t] ==

b - \[Beta] s[t] i[t] + \[ Alpha] i[t - \[Tau]] +

\[ Sigma] (ecology[t] - K) - \[Mu] s[t],

i'[t] ==

\[Beta] s[t] i[t] - \[ Gamma ][ ecology[t]] i[t] - \[Mu] i[t],

r'[t] ==

\[ Gamma ][ ecology[t]] i[t] - \[ Alpha] i[t - \[Tau]] -

\[ Sigma] (ecology[t] - K) - \[Mu] r[t],

ecology '[t] ==

rEc (1 - ecology[t - \[ CapitalDelta ]]/K) ecology[t]

};

vars = {s, i, r, ecology };

sol = First @ NDSolve[

Join[eqns , hist],

vars ,

{t, 0, T}

];

(* Derived quantities *)

R0 = (b \[Beta])/(\[Mu] (\[ Gamma ]0 + \[Mu]));

S2 = (\[ Gamma ]0 + \[Mu])/\[ Beta];

I2 = \[Beta]*b - (\[Mu ]*(\[ Gamma ]0 + \[Mu])/\[ Beta]) (\[ Gamma ]0

+ \[Mu] - \[ Alpha ]);

R2 = (\[ Gamma ]0 - \[ Alpha ]) I2/\[Mu];

Grid[

{

{Style[";51%)i’%!SIR", 14, Bold]},
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{

Plot[

Evaluate [{s[t], i[t], r[t]} /. sol],

{t, 0, T},

PlotLegends -> Placed [{"Susceptible!(/<5,-1i)", "Infected!(

i1=i’#(%1i)",

"Recovered!(#*9>%,5)"}, {0.85 , 0.8}] ,

Frame -> True ,

FrameLabel -> {"time!($%/)", "population!(:#:9,6?i6)"},

PlotRange -> All ,

ImageSize -> 520

]

},

{Style["@’#,#7i$15A!=%’&#0!E(t)", 14, Bold]},

{

Plot[

Evaluate[ecology[t] /. sol],

{t, 0, T},

PlotLegends -> {"@’#,#7i$15A!=%’&#0"},

Frame -> True ,

FrameLabel -> {"$%/", "E(t)"},

PlotRange -> All ,

ImageSize -> 520

]

},

{Style["B%3#(+!0+:0#*9’&5(1+!$5/,#!R0", 14, Bold]},

{Style[Row[{"R0!=!", NumberForm[R0 , {5, 4}]}] , 14]},

{Style[".)#(%!r!\[ CapitalDelta]!<!\[Pi]/2", 14, Bold]},

{Style[

Row[{"r!\[ CapitalDelta]!<!\[Pi]/2!(5’#19C&-/6:!",

NumberForm[rEc *\[ CapitalDelta] < Pi/2, {5, 4}]

}],

14

]},

{Style[".)#(%!\[Mu](\[ Gamma ]0+\[ Mu])!<!\[Beta]!b", 14, Bold
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]},

{Style[

Row[{"\[Mu](\[ Gamma ]0+\[ Mu])!<!\[Beta]!b!(5’#19C&-/6:!",

NumberForm [\[Mu ]*(\[ Gamma ]0 + \[Mu]) < \[Beta]*b, {5, 4}]

}],

14

]},

{Style[".)#(%!b!-!\[ Epsilon ]\[ Sigma]!>!0", 14, Bold]},

{Style[

Row[{"b!-!\[ Epsilon ]\[ Sigma]!>!0!(5’#19C&-/6:!",

NumberForm[b - \[ Sigma ]*Max[e0 - K] > 0, {5, 4}]

}],

14

]},

{Style[".)#(%!\[ Alpha ](1+\[ Gamma ]1\[ Sigma ])!<!\[ Gamma ]0", 14,

Bold]},

{Style[

Row[{"\[ Alpha ](1+\[ Gamma ]1\[ Sigma ])!<!\[ Gamma ]0!(5’#19C&-/6

:!",

NumberForm [\[ Alpha ]*(1 + \[ Gamma ]1* Max[e0 - K]) < \[ Gamma

]0, {5, 4}]

}],

14

]},

{Style["S2 ,!I2 ,!R2", 14, Bold]},

{Style[

Row[{

"S2!=!", NumberForm[S2 , {5, 4}],

",!!I2!=!", NumberForm[I2 , {5, 4}],

",!!R2!=!", NumberForm[R2 , {5, 4}]

}],

14

]}

},

Spacings -> {2, 1}

]

161



],

(* Controls *)

{{T, 100, "7#053#1&!$%/9!T"}, 10, 500, 1, Appearance -> "Labeled

"},

Delimiter ,

{{\[ Beta], 0.3, ":+0+*%$%!\[Beta]"}, 0, 2, Appearance -> "

Labeled"},

{{\[ Gamma]0, 0.08, "8%3#(+!#*9>%116!\[ Gamma]_0"}, 0, 3,

Appearance -> "Labeled"},

{{\[ Gamma]1, 0.5, "(:,5(!+’#,#7iD!\[ Gamma]_1"}, 0, 5, Appearance

-> "Labeled"},

{{\[ Alpha], 0.05, "(&0%&%!i)91i&+&9!\[ Alpha]!(R->S,!i3!3%&05)’#4

)"}, 0, 1, Appearance -> "Labeled"},

{{\[ Sigma], 0.2, "(:,5(!+’#,#7iD!\[ Sigma]!(S/R!<->!E)"}, 0, 1,

Appearance -> "Labeled"},

{{b, 0.005 , "1%0#*>9(%1i/&-!b"}, 0, 1, Appearance -> "Labeled"},

{{\[Mu], 0.001 , ":050#*1%!/)+0&1i/&-!\[Mu]"}, 0, 1, Appearance

-> "Labeled"},

Delimiter ,

{{rEc , 1., "30#/&%116!+’#,#7iD!r"}, 0, 3, Appearance -> "Labeled

"},

{{K, 0.25, ")i/&’i/&-!/+0+*#(5E%!K"}, 0.05, 2, Appearance -> "

Labeled"},

{{\[ CapitalDelta], 1, "3%&05)’%!+’#,#7iD!\[ CapitalDelta]"}, 0,

20, 0.5, Appearance -> "Labeled"},

{{\[ Tau], 1, "3%&05)’%!(&0%&5!i)91i&+&9!\[Tau]"}, 0, 20, 0.5,

Appearance -> "Labeled"},

Delimiter ,

(* History values *)

{{s0 , 0.99, "S(t<=0)"}, 0, 1, Appearance -> "Labeled"},

{{i0 , 0.01, "I(t<=0)"}, 0, 1, Appearance -> "Labeled"},

{{r0 , 0., "R(t<=0)"}, 0, 1, Appearance -> "Labeled"},

{{e0 , 0.01, "E(t<=0)"}, 0, 1, Appearance -> "Labeled"},
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TrackedSymbols :> True

]

Pi:;1&? 5. G#.?#$C&1J ".2 253 C.2’56/$&&3 21&$Ci"1 iC-&&.% /i20./i2i

.#?$&iAC- 5621&1 A ’".5.?i7&1C 8$";.#.C

Xi[m_ , threshold_] := If[m > threshold , 1, (m - 1)/( threshold

- 1)];

initialV[t_] := 10^ -6;

initialCn[t_] := 1;

initialF[t_] := 1;

initialM[t_] := 0;

initialEn[t_] := 0.5;

timeline := 30;

Manipulate[

Module [{eqns , sol , curves , labels , styles},

eqns = {

V'[t] == (\[ Beta] - \[ Gamma] F[t]) V[t],

Cn '[t] ==

\[ Alpha] Xi[m[t], mthreshold] F[t - \[Tau]] V[t - \[Tau]] -

\[Mu]c (Cn[t] - Cp) - \[ CurlyEpsilon]c En[t],

F'[t] == \[Rho] Cn[t] - (\[Mu]f + \[Eta] \[ Gamma] V[t]) F[t],

m'[t] == \[ Sigma] V[t] - \[Mu]m m[t] + \[ CurlyEpsilon]m En[t

],

En '[t] == r (1 - (En[t - \[ CapitalDelta ]]/ En1)^n) En[t],

V[t /; t <= 0] == initialV[t],

Cn[t /; t <= 0] == initialCn[t],

F[t /; t <= 0] == initialF[t],

m[t /; t <= 0] == initialM[t],
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En[t /; t <= 0] == initialEn[t]

};

sol = NDSolve[eqns , {V, Cn , F, m, En}, {t, 0, timeline }];

curves = {V[t], Cn[t], F[t], m[t], En[t]};

labels = {

"V(t)!F!(+,5$51%!:#:9,6?iD!%1&57+1%",

"Cn(t)!F!(+,5$51%!:#:9,6?iD!:,%3)#’,i&51",

"F(t)!F!(+,5$51%!:#:9,6?iD!%1&5&i,",

"m(t)!F!)i0%!90%>+116!#07%19 -)iG+1i",

"En(t)!F!)i0%!(:,5(9!+’#,#7i$1#7#!=%’&#09"

};

styles = {Red , Blue , Green , Orange , Purple };

Column[

{

Column[

MapThread[

Plot[

Evaluate [#1 /. sol],

{t, 0, timeline},

PlotRange -> All ,

PlotLabel -> #2,

PlotLegends -> None ,

ImageSize -> 520,

PlotStyle -> #3

] &,

{curves , labels , styles}

],

Spacings -> 1.2

],

Column[

{

Style[";51%)i$1i!9)#(5", 16, Bold],

Dynamic @ Style[

{

"r!n!\[ CapitalDelta]!<!\[Pi]/2:!" <>
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If[r*n*\[ CapitalDelta] < Pi/2, "True", "False"],

"\[ Alpha ]\[ Rho]!>!\[Mu]c!\[Eta]!\[ Gamma ]:!" <>

If[\[ Alpha ]*\[ Rho] > \[Mu]c*\[ Eta ]*\[ Gamma], "True", "

False"],

"\[Rho ]\[ Gamma ]\[Mu]c!Cp!<!\[Mu]c\[Mu]f\[Beta]!+!\[Rho

]\[ Gamma ]\[ CurlyEpsilon]c!En1:!" <>

If[\[ Rho ]*\[ Gamma ]*\[Mu]c*Cp <

\[Mu]c*\[Mu]f*\[ Beta] + \[Rho ]*\[ Gamma ]*\[

CurlyEpsilon]c*En1 ,

"True", "False"],

"Cp!\[Mu]c!>!\[ CurlyEpsilon]c!En1:!" <>

If[\[Mu]c*Cp > \[ CurlyEpsilon]c*En1 , "True", "False"],

"\[ CurlyEpsilon]m!En1!\[ LessEqual]!\[Mu]m!mthreshold:!"

<>

If[\[ CurlyEpsilon]m*En1 <= \[Mu]m*mthreshold , "True", "

False"]

},

14

]

},

Spacings -> 0.6

]

},

Spacings -> 1.5

]

],

{{\[ Beta], 0.6, Style["0#3)1#>+116!(i09/9!(\[ Beta])", 13]}, 0,

10, 0.01} ,

{{\[ Gamma], 0.2, Style["A)#(i01i/&-!1+A&0%,i3%?iD!%1&57+19!(\[

Gamma ])", 13]}, 0, 10, 0.01} ,

{{\[ Alpha], 0.9, Style["3i&’1+116!%1&57+1–%1&5&i,#!(\[ Alpha ])",

13]}, 0, 10, 0.1},

{{\[Mu]c, 0.5, Style["1/ &05(%,i/&-!>5&&6!:,%3)#’,i&51!(\[Mu]c)",
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13]}, 0, 1, 0.05} ,

{{Cp , 1, Style["1#0)%,-15A!0i(+1-!:,%3)#’,i&51!(Cp)", 13]}, 0,

1, 0.05} ,

{{\[ CurlyEpsilon]c, 10^-6, Style["(:,5(!+’#,#7iD!1%!Cn!(\[

CurlyEpsilon]c)", 13]}, 0, 1, 0.01} ,

{{\[ Rho], 0.9, Style[":0#*9’?i6!%1&5&i,!#*1iC4!:,%3)#’,i&51#4!

(\[ Rho])", 13]}, 0, 1, 0.05} ,

{{\[Mu]f, 0.17, Style["0#3:%*!%1&5&i,!(\[Mu]f)", 13]}, 0, 1,

10^-9},

{{\[ Eta], 0.8, Style["%1&5&i,!1%!1!%1&57+1!(\[ Eta])", 13]}, 0,

100, 0.5},

{{\[ Sigma], 0.35, Style["’#+=i?iC1&!90%>+116!#07%19!(\[ Sigma ])",

13]}, 0, 100, 1},

{{\[Mu]m, 0.4, Style["(i*1#(,+116!#07%19:!1/ :+0i#*!(\[Mu]m)",

13]}, 0, 1, 0.05} ,

{{\[ CurlyEpsilon]m, 0.01, Style["(:,5(!+’#,#7iD!1%!90%>+116!(\[

CurlyEpsilon]m)", 13]}, 0, 1, 0.01} ,

{{r, 0.5, Style["+’#,#7i$1+!30#/&%116!r", 13]}, 0, 2, 0.1},

{{En1 , 0.25, Style["1#0)%!+’#,#7iD!(En1)", 13]}, 0, 1, 0.1},

{{n, 1, Style[":#’%315’!n", 13]}, 1, 5, 1},

{{\[ Tau], 3, Style["3%&05)’%!=#0)9(%116!:,%3)#’,i&51!(\[ Tau])",

13]}, 1, 10, 1},

{{\[ CapitalDelta], 1, Style["+’#,#7i$1%!3%&05)’%!(\[ CapitalDelta

])", 13]}, 1, 10, 1},

{{ mthreshold , 0.5, Style[":#0i7!90%>+116!mthreshold", 13]}, 0,

1, 0.1},

TrackedSymbols :> True

]
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