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8



[TepenmoBa

JlocnmipkeHHsT MaTeMaTUIHUX MOJIeNiel y PI3HOMaHITHUX Tally3sX 1 po3B’s-
3yBaHHS NIEPEBAYKHOI OUTBIIOCTI MPUKIIATHUX 3a7a4 HEMOXKIIMBE 0€3 3aCTOCYBaHHS
YHCIOBUX METOJIB. TOMy cTyeHTaM, SIK 31 CrielialbHOCTI MPUKIIaJHA MaTeMaTHKa,
TaK 1 CYMDKHHUX CIEIIaJbHOCTeH, y TIPOIeCi KOMIT IOTEPHOTO MOJCIIOBAaHHS
HEOOX1THO BOJIOAITH JOCTATHHO MOBHUM apCEHAJIOM YHUCIOBHUX METOIIB, YMITH iX
3aCTOCYBaTH, aHAII3yBaTH Ta MOAU(IKYBaTH.

VY Garatpox 3aKiajax BHUIOI OCBITH YKpaiHW BUAHI MIAPYYHHKH 1 MOCIO-
HUKH SIK 13 YHCIIOBHX METOAIB (OOYMCIIIOBAIbHUX, HAONKEHHMX), TaK 1 iX 3ac-
TOCYBaHb y Pi3HUX ray3sx. YacTHHA 3 HUX BUHIILIA IPYKOM Jiemio panime [15, 16,
39, 40], iami moctymHi nepeBakHO cryaeHTam 3BO, B SIKHX BOHH BHIABaIuCh [9,
27,37, 43, 54, 55, 78-80, 82] Ta iH., 1 TUpaX IX JOCUTH OOMEKCHHUI.

Jlanuii MOCIOHMK TPYHTYETHCSA HA JIEKIISAX, SKI MPOTATOM 0aratbox pOKIB
aBTOp YWTA€ CTYJCHTaM pPI3HUX CHeIabHOCTEH (aKyJIbTeTy MaTEeMaTHKU Ta
iHpopmaTukn B UYepHiBeIbKOMY HalllOHaJbHOMY YyHiBepcuteTi iMmeHi FOpis
®deapkoBuda. CkimamaeTbes MOCIOHUK 13 15 po3miiiB, CIUCKY BUKOPHUCTAHHUX JIKE-
pen (108 HaiimMeHyBaHb), KOPOTKHX BiIOMOCTEW MPO BUEHHUX, SIKI 3TagylOThCS Y
MOCIOHMKY, Ta JOJIATKIB.

Poznin 1 mpucBsiueHuit aHamizy MOXHOOK M OCOOIMBOCTSM KOMIT IOTEPHOL
apudMeTuKH, 30KpemMa peanmizaiii OOYHUCIIOBATBHUX AJITOPUTMIB y cHUCTEMax i3
IUIABAIOYOI0 KPamKoKw. Y HACTYMHHX TPbhOX PO3JLIaX PO3MIIANAIOTHCS MPsAMI
METOJI PO3B’A3YBAaHHS CHCTEM JIHIMHHMX anreOpaidHuX PiBHSHB, aHAII3 MOXUOKU
PO3B’SA3KY Ta 3aCTOCYBaHHA IT€pAllliHUX METOJIB BiAMOBIIHO. 3BEPHYTO yBary Ha
ocobmuBocTi po3B’si3yBaHHs CJIAP, a Takoxx Ha moOyaoBY pO3B’SI3KIB CUCTEM 13
NPSIMOKYTHUMH MaTPHIISIMH.

ITepamiiiHi MeToAW pO3B’SA3yBaHHS HENIHIMHUX PIBHSHb PO3TJSHEHI B
po3aim 5. HaBeneHo HU3KY METO/IIB, OCHOBHA yBara 3BepHeHa Ha Metoa HeroToHa
Ta ioro moaudikamii. Meronam ananizy Ta HaOIM>KEHOMY OOYHMCICHHIO KOPEHIB
anreOpaiuHux pIBHSIHb MPUCBSUCHUN po3ain 6. Y po3auni 7 po3risnaroThes
1Tepalliiiii METOAN PO3B’sI3yBaHHs CUCTEM HEJIHIMHUX PIBHSHD 1 METOAM 3BEJCHHS
iX 710 3a7a4 OnTHUMI3AIl].

BaxnuBoro 1 CKIaaHOO 33/1auet0 0O0YMCIIOBAILHOI MaTeMaTHKU € 3HaXOJI-
JKEHHsI BJIACHMX 3HA4Y€Hb 1 BJIACHMX BEKTOPIB MaTpuill. MeToau 3HaXOKEHHS
CIEKTpa MAaTpHill, HAWOUIBIIMX 3a MOJIYyJIEM BIJIACHUX 3HAa4Y€Hb 1 BIJMOBITHUX
BJIACHUX BEKTOPIB HABEACHI B pO3/iii 8.

VY posaini 9 BUKkiIaaeHO METOAM HAOIMKEeHHS (DYHKINN OJHIET 3MIHHOI IHTEP-
noJsuiiHuMU MHorousneHamu Jlarpaka, Heiotona Ta Epwmita, niniliHUMu Ta
KyOIYHUMH CIUIaiiHaMH, a TaKoXX MOOYJIOBY HaWIINIIMX CEPeIHbOKBAIPATUUHHUX
HaOJIMKEHb METOJI0M HAaWMEHIITUX KBaJpaTiB.
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®opmynu yucnosoro audepenuitopanis (OGYJ) ckmanators po3an 10. YV
HACTYMTHOMY DO3JUII po3risiHeHo kBaapaTypHi (opmynun (K®) oOuucneHHs
BU3HAUYCHHUX IHTETpasiB 1 KyOarypHi ¢opmynu, 30kpema meton Monte-Kapo,
HaOJIMKEHOTO OOYMCIICHHSI KPaTHUX 1HTErpaIiB.

Pozninu 12-15 mpucBsiyeHl 4UCIOBOMY PO3B’S3YBAHHIO 3BHYANHHUX aude-
penuianbHux piBHsAHb (3P). V posauni 12 neranbHO pPO3TASHEHO SIBHI OJIHO-
KpokoBi Metoau Pynre—KyrTu. baraTokpokoBi siBHI 1 HEsBHI MeTonu Amamca,
[lItepmepa Ta iH. HaBeJAeH1 B po3auti 13, mpoBeIeHO MOCHIIKEHHS 1X CTIMKOCTI Ha
MOJICJILHOMY PiBHSHHI.

Uncto HEsBHI pi3HUIEBI cXxeMH 1 HesBHI metoau PyHre—Kyrru Ta ormsig
IHIIMX METOJIIB YKMCIIOBOTO IHTETPYBAaHHS XKOpPCTKUX cucteM 3/IP posrisiHeHo B
po3aini 14. B ocramHboMy po3naiii 15 HaBemeHo moOyaoBY Ta AOCTIIKECHHS
CTIMKOCTI 1 30DKHOCTI PI3HHUIIEBHX CXEM IS JIHIMHUX 1 HEMHIHHAX JTOTOYKOBHX
KpaioBux 3ana4. [lokazano moOyn0oBy PI3HUIIEBUX CXEM 1HTETPO-IHTEPIIOSIIITHIM
METO/IOM.

Koxxen po3ain MICTUTH pO3B’SA3yBaHHS TUIIOBHX 3aJad Ta HU3KY 3aBJaHb
Pi3HOI CKJIAAHOCTI JJIA caMOCTiiHOI poOoTH. Y JojaTkax HaBeACHO Koe(illieHTH
aBHUX MeToniB Pynre-Kyrru mopsaky 1-8 1 10 Ta nmeskux KiaciB HESBHHX
OJIHOKPOKOBHUX METO/IIB Ta 6bararokpokoBux PC.

KopoTki BizoMocTi Mpo BYEHHX, SIKI 3TaAylOThCsl B MOCIOHUKY 1 3pOoOwIN
BHECOK Y PO3BUTOK UHCJIOBUX METO/AX, HABEJICHI B aBTOPCHKOMY MOKA3HUKY .

VY nmaHoMy MOCIOHMKY BHUKOPHUCTAHO MaTepiaid 3 TMOCIOHHKIB, BUAAHUX Y
CMIBaBTOPCTBI 3 BHKJIaJauaMu Kadeapu MpuKiIagHOl MaTeMaTUKu Ta iHpopMariii-
Hux TtexHouorii Ineccoro Kpacuokyrcokoro (Bepe3oBcbkoro) — [7] Ta Jlimiero
Cepreesoro — [8].

ABTOp BHUCJOBIIOE IIUPY TOJSKY 3aBiTyBauy KOMII IOTEPHOI JiabopaTtopii
Haranii PomManeHko 3a MOCTiiiHY yBary A0 MiATOTOBKH Ta KOMII IOTEPHY BEpPCTKY
nociOnuka. [lomimmeHHI0 MOCIOHMKA TOCHPUAIU TOOaXaHHS 1 3ayBaKEHHs
JOTIEHTIB KadeIpu MNPHUKIAAHOI MaTeMaTHKH Ta 1HOOPMAIIMHUX TEXHOJIOTIN
Bacuns Manenka i Ineccu KpacHOKYTCBHKOI, 3a 110 iM aBTOP BHCIIOBIIIOE CBOIO
BIsUHICTh. ABTOp BAsuHMi TetrsHi Kuirniupkii 1 Jlapuci biryx 3a HaOip TekcTiB 1
nornoMory B opopmieHHi, AHacracii FOpiituyk — 3a BUKOHAHHSI YaCTUHU PUCYHKIB,
a TAaKOX PEICH3CHTaM 3a MPUXUIBLHE BIIHOIICHHS 10 MOET TIparil.

[TociOHuK Oyae KOPUCHUM CTYACHTaM, Kl HAaBYAIOThCS 3a CICI1aIbHOCTIMHU
NpUKJIaJHa MaTeMaTHUKa, KOMIT I0TEPHI HAyKH, CHCTEMHHI aHasli3 Ta 1HII, a TaKOX
(daxiBIsIM, SIKI Yy CBOIX JOCHIDKEHHSX BHKOPHUCTOBYIOTH 4YHCIIOBI MeToau. CBOi
3ayBOKCHHS, TPOMO3MWINI Ta 3alWTaHHA TMPOIIY HAJACWUIATH 33 aJpPEcoro
eJIeKTPOHHOI mortu yaroslav.bihun@gmail.com.
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Pozaia 1. Teopis moxudok i koM’ rorepHa

apu(pMeTUKa

[To3umiitHi cuctemu yucnenHs. Jxepena moxubok Ta ix kmacudikaris. AGco-
JroTHa 1 BigHOcHa moxuOKu. [loxmOka QyHKIIT Ta MOXMOKM BUKOHAHHS
apupMETHIHNX oneparliii. 3aokpyrieHHs ynces. OcoOIUBOCTI MaTUHHOT apud-
METHKU JUisi ducend y ¢opmi 3 (ikcoBaHOIO Kpamkor. CuctemMu uucen 3
IUTABAIOYOI0 KPAINKOIO, OIlIHKA IMOXUOKMA 3a0KPYIJICHHA, NOXuOka apume-
TUYHHX OIepalliii Ta 0cOOIMBOCTI peaizallii anropuTMIB y IIMX CUCTEMaX.

Jlitepatypa [5, 6, 13, 14, 30, 32, 43, 73, 74, 83, 93]

1.1. 3o0paskeHHs TIMCHUX YKMCEJ Y MO3UUIHHUX CHCTEMAX

CTaHI[apTHa HOSHHiﬁHa CHCTEMa BH3HAYAETHCI OCHOBOIO [ € N )

P =2, 1 HabopoM 0a3UCHUX YUCEN O, ..., 4, K1 3aJOBOJIBHSIIOTh

p-1°
YMOBH:
o €Z, lo|<p-1 k=0,p-1 (1.1)
300pakeHHs yuciaa X € R B MO3UIIMHIN CUCTEMI 32 OCHOBOIO P 1
3 0A3UCHUMHU YUCIAMH ), O ,-.., &, , HAOYBAE BUTIISY

x=2(h,p"+b,,p" +...+bp+by+b pt+..) (1.2)
a00 B TAaKOMY 3aIlHCl
X:i(bni"'lbllbOl"')1
ne b e {ao,...,ap_l}, TOOTO € CKIHUEHHUM a00 HECKIHYEHHUM APOOOM

3a OCHOBOIO . Haltyacriiie 3aCTOCOBYIOTHCSI CUCTEMH 3a OCHOBOIO
p=2,8,10 abo 16. bazucHuMHU YHUCIIaMHU ABIMKOBOI CHCTEMH CIyKaTh
mappu 0 1 1, nmecsatkoBoi cucremu — 0, 1, ..., 9, Hampukian
(3.8125),=3-10"+8-10"+1-10° +2-10°+5-10", (11.1101), =
1.2 +1-2°+1-.27+1-2°+0-2° +1-2".  Skwmo p =16, TO
oasucuumu enementamu € Muoxuna {0,1,2,...,.9,A, B, C, D, E, F}.
HecsTkoBa cuctema yucieHHsi oOrpyHToBaHa CimoHoM CteBi-
HOM y 1585 p. y TpakTari 3 apudmeruku. Ilepmmii aHamiz ABIMKOBO1
cuctemu omnyoOaikoBanuii y 1670 p. B Icnanii, ajne 3arajibHe BU3HAHHSA
0 1€l cucteMu Opuinuio micns myosmikamii Jleitonina B 1703 p.
BiciMkoBy cucteMy BuHaimoOB y 1717 p. mBeacekuii kopoab Kapn
XIl, sxuit maB Hamip 3anpoBaautu ii y IlBemii sik nepxaBHy. Y
BICIMKOBIH CHCTEMi BKa3yIOTh IIPaBO JOCTYIy 1 Komanau chmod B
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Unix-moxiOHuX omepariiHux cucreMax. Y IMIiCTHAIIMTKOBIM CHCTEMI
YUCJICHHS KOAYIOThCS TOMUJIKH MPOTPaMHHMX MPOAYKTIB, ISl CHCTEMA
BHKOPHCTOBYETHCS Y HH3BKOPIBHEBOMY MpOrpaMyBaHHI Ta KOMII IO-
TEpHINA JOKYyMEHTali, Py poOOTI 3 MOBAMHU BHCOKOTO PiBHS, OCKLIb-
KJ YHCJIa B LI CHUCTEMI 3a JOIOMOIOI0 CIELIaJILHOI TaOJIHIl BIAIIO-
B1JTHOCTI JIETKO IIEPEBOISATHCS B JBIKOBY CHUCTEMY.

CucrteMy 3a ocHOBOIO P =3 1 0azucHumu yuciamu —1, 0 11 3an-

ponionyBaB y 1840 p. Jleon Jlayman. ¥V 1945-1946 pp. taka cucrema
po3msinanack B [HCTUTYTI Mypa sk
aJIbTEpPHATHBA JI0 JBIMKOBOI CUCTEMU
- npu  po3podbii  mepmux EOM.
CkopoueHa cHCTeMa BUMAarae Ha
IN2/In3~0.63, T00TO Ha 63%
U(PPOBUX TO3MINNA MEHIIE, HIK
nivikoBa. Ilg  cucrema  Oyma
MOKJaJeHa B OCHOBY PaJsSHCHKOI
EOM «CETYHb» y 50-x pokax MUHYJIOT'O CTOJIITTS.

HetanpHima iHGOpMaIlid PO CUCTEMH YMCICHHS K TPaIuIIiiHI,
TaK 1 3 BIJ €EMHAMH Ta KOMIUICKCHUMH OCHOBAaMH HaBejcHA B
MoHorpadii [32].

[Mutanns icHyBaHHS 300pakeHHs (1.2) mis MIMCHUX dYucen W
aJICOPUTM HOTo TIOOYI0BH JIA€THCSA TaKoI0 Teopemoro [14].

Teopema 1.1. Hxwo {0,1,..., p—l} — MHOJMCUHA OA3UCHUX Yucell,

mo 0 6y0b-aK020 OIlCHO20 YUCIA ICHYE 300pANCEHHS 3A OCHOBOIO
p > 2e6uensody (1.2). m

3ayBaXUMO, 110 Take 300paKEHHS MOXXE OYyTH HE €IUHHUM.
Cnpasnai, 1=1.00... ado 1=0.999...

Osnauenns 1.1. 3uauywumu yugpamu 6 uucai (1.2) nasusaiomo-
cs 6ci koeghiyienmu b, nouunarouu 3 nepuioeo Henyrbo6020 31isa.

Takumu € miakpecneni uudpu B uncnax: 1.24600, 0.00420, 1350

1.2. A0cCOIIOTHA i BITHOCHA MOXHOKH

[ToxuOka, sika OJEPKYEThCA MPU PO3B’SA3yBAHHS 3ajJladyl 3yMOB-
JIeHa K1JJbKOMa MPUYMHAMU.

1. MaTemaTUYHUN OMKC 3aJladyl HETOUHHUMN, 30KpeMa mapamMeTpu

MaTeMaTUYHOI MOJEIl MOXYTh 3aJaBaTUCS 3 MOXHOKaMHu (HEYyCyBHa
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https://uk.wikipedia.org/wiki/%D0%9C%D0%BE%D0%B2%D0%B0_%D0%BF%D1%80%D0%BE%D0%B3%D1%80%D0%B0%D0%BC%D1%83%D0%B2%D0%B0%D0%BD%D0%BD%D1%8F_%D0%B2%D0%B8%D1%81%D0%BE%D0%BA%D0%BE%D0%B3%D0%BE_%D1%80%D1%96%D0%B2%D0%BD%D1%8F
https://uk.wikipedia.org/wiki/%D0%94%D0%B2%D1%96%D0%B9%D0%BA%D0%BE%D0%B2%D0%B0_%D1%81%D0%B8%D1%81%D1%82%D0%B5%D0%BC%D0%B0_%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D0%BD%D1%8F

noxubka). Hanpuknag y Moaenl KOJIMBaHHS TUIOCKOTO MaTeMaTHhy-
HOTO MasTHHKA
U+w’sinu=0, u0)=u, u)=u,

TaKUMU MOXKYTh OyTH 3HaUEHHS 4aCTOTH @, OYaTKOBUX YMOB U, i U, .

2.1loxunOka, BUKJIMKAaHA 3aCTOCYBAHHSIM HAOIMKEHUX aJlTOPUTMIB
(moxubxa merony). Hanpuknan, moxubka oOUHUCICHHS HAOJIMKEHOTO
sHaueHHs Sin U uist |u| < 7z /6 3rigro 3 dopmymoro U —u’/6+u°/120,
He nepeBuirye 1.5-107°,

3. BBeneHHs 1 BUBEJCHHS JaHUX, BUKOHAHHS apu(PMETHUHUX
orepailiii Ha KOMIT'IOTepl CYNPOBOIKYIOTHCS 3a0KPYTJICHHSIM YHCEeT
(oGuucoBasIbHA MOXKOKA).

CyuacHe mnporpamMHe 3a0€3Me4eHHs JO03BOJISIE MIATPUMYBATH

«TOYHY apu(METHKY», TOOTO V3 — e cripaBil /3, a me 1.7320508...
3 MEBHOIO KuIbKicTIO mudp. HemomikoMm Takoro migxoay € BEJIbMH
CyTTEBE 3HWKEHHS IIBUAKOCTI OOYHUCIEHb, OCKUIBKM TOYHA
apudMeTuka anapatHo He miaTpumyetbes.1.7320508...

Y OIbLIOCTI BUMAJAKIB 3aMICTh TOYHOTO 3HAYEHHS YHClIa X
B1JIOMO MOT0 HAOJIMKEHE 3HAUYCHHS X .

Osnavenns 1.2. Bequuuna A(X), npo axy éioomo, wjo
‘x—x*‘SA(x), (1.3)
HA3UBAEMbCS ADCOTIOMHOI0 NOXUOKOIO HADAUINCEHO20 SHAUCHHS. X .
TaxuM YMHOM, TOMHNM 3HAYCHHAM € X =X+¢&, ae |g| <A(X), a

& — TOYHA MOXMOKA HAOJIMKEHOTO 3HAYEHHS X. 3HAUEHHS IMOXUOKH
A(X) HEOJHO3HAYHE, TOMY BOHA BHUOUPAETHCS HAWUMEHIIOK 3 YCiX

MOJKJIMBHX 3HAYCHb, 1110 33]J0BOJILHAIOTH HEPIiBHICTH (1.3).
Osnauenns 1.3. Bequuuna o (X) npo 5Ky 8i00MO, WO
X—X
X

<8(x),x=0,

HA3UBAEMBCA BIOHOCHOIO NOXUOKOIW HAOIUNCEHO20 3HAYCHHA X .
Jl1st BigHOCHOT TOXHOKK MaeMo (hopmyity

5(x)=%,x¢0. (1.4)
BUKOPHCTOBYETHCS Taka (popMa 3aIucy:
X' =Xt A(X)= x(li 5(x)).
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BignocHa moxmubOka BiJirpae rojoBHY pOJb Y XapaKTEPUCTHII TOU-
HOCTI 4nclia X.

Osnavenns 1.4. 3uauywa yudpa 6 3anuci wucna (1.2) nasu-
8AEMbCS NPABUNLHON, SAKWO AOCONOMHA NOXUOKA YUCIa He nepe-
BUULYE NONOBUHU OOUHUYL PO3PAOY, WO BION0BIOAE Yilli YUPpi.

s uncna 0.3421 i abcomotrHoi moxubku A =0.004 npaBuiib-
Humu OyayTth tubpu 3, 4 1 2. Sxmo x A=10", To BCi 3HaYyII
nudpy yuciaa npaBUiIbHI.

1.3. IToxndka apupMeTUIHUX OnepaIin

3HaifieMo MoXUOKHU onepaliiil HaJl 1BOMa HAOJMKEHUMH YHCIIaMuy
X, 1 X,. IIpu ntomaBaHH1 ynces MaeMo

X A% =(X+&8)+(X%+&)=(x+X%)+(&+&).
3BIJICM BHIUIMBAE, IO TOYHE 3HAYEHHS NOXUOKU NOPIBHIOE & +&,,
a 111 abCONIOTHOT MOXUOKA CyMU MAaeEMO

A(X +%,)=A(%)+A(X,).
Sxmo X + X, # 0, To BitHOCHA MOXHOKa
A(Xl)_'_A(XZ) — |X1| 5( )+ |X2| 5()(2).
X, + | | X, + | X, + X,
Mt cymu  y=aX +..+a X, B HAKIl KOe(QIUIEHTH «,

S(%+X,)=

n
O0YHCITIOIOTHCS TOYHO, a0cooTHA ToxuoOka A(Y) = Z‘ai ‘Ai :
i=1

Taki x GopMyu paBWIIbHI 1 JJIs1 BIAHIMAHHS YKCEIl. 3ayBaXXUMO,

IO NPU BiNHIMAaHHA ONM3BKMX 4YHCEN X, 1 X, OJHAKOBUX 3HAKIB

MOXJIMBE 3POCTaHHS BITHOCHOI MOXHUOKU Yepe3 MAIICTh 3HAMEHHUKA.
. . 2 .

Hanpuknan, xopeHi piBHIHHA X —2pX+(0=0  1OpiBHIOIOTH

p+yp>—q. Hexait p,q>0 i < p’>. YHacmigox BimHiMaHHS
OIMM3BKUX IUCEN P 1 +f p® — (0 MOXIHBA BTPATa TOYHOCTI JUI KOPEHS

P—+/ P’ — 0. Tounimuii pe3ynbTaT OAepKUTCS, IKIIO0 OOYNCITIOBATH
KOpPIHb 3T1JTHO 3 (OPMYJIIOIO:
q
= :
VP -q+p
[Toxubxka omneparii MHOKEHHS
X X = XX = (X + &) (X + &)= XX, = XE, + X6 +EE, .

14
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JI1s1 aGCOMOTHOT MOXUOKU OJEPKYETHCS OIIHKA
‘xlx2 - xixz‘ <Ix|A +(%|A, +AA,.
OTxe, 1151 omepaliii MHOKEHHs aOCOIFOTHA MOXHUOKa
=|%|A; +%,|A, +AA,.
BigHocHa moxuOxa MHOXKEHHS
5(%X,)=06(%)+5(%)+8(x)5(X,).
Ipu ninenHi uncen X, 1 X, # 0 maemo

ﬁ_ﬁ: & _ﬁz X6 —X&
X X, XtE X Xp(XtE)
Hexait |x,|>A,. Toxi omep’umo OLiHKY a0COTIOTHOT HOXHOKH

I

xl(x-4,)
JI1s1 BITHOCHOT TOXHOKH MaEMO

5[%:5(&%5(&),

X, 1-6(x,)

1.4. IloxnOka pyHKuii
Hexait ¢ynkuis y = f(X,...,X,) Bu3Hauena B obmacti G cR",
X=(X,...,X ) 1B Iiif 00JacTi ICHYIOTh HENEPEePBHI YACTUHHI MOXIHI
of /Ox , sixi oOmeskeni cramumu M. . Hexail 3amMicTh TOUHHX 3HAYEHb
X' Bimomi HaOnmxeHi 3HaueHHs X, € G 3 moxubkamu A :
‘xi —xi*‘SAi,i =1n.
OoOuuciumo 3HadeHHs Y = f(X) 1 moOyayemo B obiacti G OIlIHKY

HOXHUOKH

ly—y|=|f(x)

Ha migcraBi TeopeMu npo CKIHYEHH1 TPUPOCTH MAEMO
* * n af * *
-y =T(x) - T(x )=Z&(X+6’(X = X)X = %),
i=1 O%

ne 0 e (0,1). 3BiJICH OJIEPKUMO

1<IMA,

xeG

of (x
-yl max=

15



Omxe, [y—y|<a,, A, :Zn:MiAi = A,
i=1

Osnauennss 1.5. Bemuuuna A(y) = rrzlaéx\y— f(Z)‘ HA3UBAEMbCS

abcomomnoro epanuunoro noxuoxor @Gynxyii y=~1(x) 6 G, a
A(Y) / | y| — BIOHOCHOI0 2PaHUYHOI noxuoKoio, skuwo Y #0.

3posyminio, mo A(Y) < A,. I3 HeepepBHOCTI YaCTUHHUX MOXIiJI-
of

HUX — (X) BHILIHBAE, 110

%(X +0(X —Xx)) = %(X) +p,(X=X),

e p.(z) >0, npu z—>0. Orxe,

y—y*—Z—(x)(x =X )+Z(X -X)p(x=X).

—1

g Manux A, = MOKHA 3HEXTYBaTH JIPYTrOK CYMOIO B

MpaBiil YaCTUHI ¥ OJiepKaTh HAOJIMXKEHY OLIIHKY MOXUOKHU:

ly- y\<Z A&, (1.5)
Benuunna
0/ N |OF (X)
A% =25 A (16)

HA3UBAETHCA JIIHIMHOIO OLIHKOI a0COJNIOTHOI MOXUOKW (DYHKIIII.
[TepeBaroto ominku (1.6) B ToMy, IO JOCHUTh OOYMCIMTH 3HAYCHHS
MOXIJHUX Yy TOYIll X, @ HE OI[IHIOBATH Il MOX1aHi. Po3risitHeMo nesiki
MPUKJIAIH.

Npuxaax 1.1. Hexait y=x"+x5, X =X, =1, A, =2A =0.2.
O6unciuMo i1 HAOJMIKEHOTO 3HAYeHHA Y =2 OIIHKH MOXHOKHU
A, (Y), A(Y) i A(y) B pamoxyTauky G =[0.9;1.1]x[0.8;1.2]. Maemo

a _ 2x, < 2.2, oA 2X, < 2.4,
OX OX

1 2

Tomy ominka (1.5) A, =2.2-01+24-0.2=0.7. Jliniiina ouiHka
noxubku  A’(y) =2X A, +2X,A, =0.6. I'pannyna abcosroTHA TO-
xubka A(y) = max 2 —(Xl2 + X2 )‘ JIOCATa€ThCA HA TpaHMI Py TodIi
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i3 koopauHatamu (0.9;0.8) i A(y) =0.65. Omxke, MaeMo OIlIHKH
AN (Y)<A(Y)<A,(y)=0.7. Hexaii X =(10.8), Toxui

=|2—2.65| =0.65 1 HalikpaIlllol0 € rpaHWYHA a0COJIIOTHA TMOXUOKa, a

JiHIAHA MOXUOKA — 3aHMXKEHOIO.
IMpukaang 1.2. 3xaiinemMo JiHIAHY TOXUOKY 17151 QYyHKIIT

=X X", p,eR, i=1n,
BH3HA4YEHOI B Aeskii obnacti G, mpuuomy X, # 0. Hexait Bimomi abco-
JIIOTHI MOXUOKU A, 3 SKUMHM OOUYUCIIOIOTBCA apryMeHTH X, abo ix

BinHOCHI oxubku &,. Haragaemo, mo &, = A, /|x|. Tozxi

A°(Y) = | Byl e P x| A =D |- y|-2 | IVIZI pi| ;-
i=1 i=1
3BiJICH OJICP>KUMO JIIHINHY OI[IHKY BIJTHOCHOT OXHOKHU
5 =Ynls. (L.7)
i—L

Hanpuknas, s pyskuii Y = X X,°X;° Maemo 8°(Y) =3, + 26, +35,.
Hpuxaanx 1.3. /g diHIAHOT BIIHOCHOI MOXMOKM MHOXKEHHS 1
JUJICHHS Ha mijcTaBi oKy (1.7) MaeMo

5 (x)=38(x)+35(x,).

JIiH1MiHA a0COIIOTHA IMTOXUOKA MHOXKECHHS

A (%%, ) = 3° (X%, )| XX | =X | A (%) + X |A(X, ).

Jlns onepartii aieHHS
o[ 2] 00y 00)) - 508 Bl

X, %, |
Ipuxknaag 1.4. OOuucaumo JiHIMHI a6con10THy 1 BIJIHOCHY

X A/ X
noxmOKIt -yl Y=§—ﬁza aamo X =X, =1, A, =A,=0.1
X +X
Maemo:
R e G e e B
- 2 27| 2| X

1 1 A, +A, 1
<=(0.1+=-01+2—*)< —(0.15+—(x12 20, + X2 -26,)) =0.175.
2 2 2 2 2

Jlinitina BimHocHa moxuoka O° = A’ / ‘ y\ ~ 0.35 abo 35%.
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1.5. O0epHena 3a1a4ya B Teopii MOXUOOK

3ajgaya moJArae B 3HAXOJ/KEHHI OI[IHOK IMOXHWOOK apryMEHTIB,
TaKuX, IO MOXUOKa oOumcieHHs 3HadeHHs QyHKmii Y = f(X,...,X )
HE TICPEBUINYE £ .

Jns  ¢yHkmii  Big omgHOro aprymenty (n=1) moxuOka
A, (Y)=MA(X)<¢g, ne ‘f’(x)‘ <M, a omHKa I TOXHOKH
A(X)<&/M. Hexait n>1. Toxi MOXIHBI pi3Hi MiIXOqu 10 PO3B’S-
3yBaHHS 3aja4l.
1. IlpunycTumo, 110 B moXuOIl GyHKINT 01 KOKHOTO apTyMEHTY OJ-

HakoBa, T06T0 M. A, =const. Toxi A(Y) < Z MA =nMA <¢. 3Bia-
cu BummBae, mo A, <g/nM,, i=1n.

2. Hexaii moxubku apryMeHTiB (yHKIli oOMmexeHi ctanow A. Toxi

A(Y) <AY M. < ¢. 3Biacu MaeMo OIIHKY I HOXHOOK apTyMEHTIB
i=1

A <A IS M <M,
i=1 i=1

3. Hexaiti mmsa mnoxubku QyHkiii Bigoma QyHKIIS ,,BapTOCTi”
F(A,,...,A), sKa BpaxoBye Bary KOXHOi i3 TOXHOOK A ..., A .

n

Opep:xuMo 3a7a4y 3HaXOKEHHS YMOBHOT'O MIHIMyMY
F(A,....,A,) = min,
kot MA +..+M A <¢ 1 A >0. 3actocyeMo METOJ MHOKHUKIB
Jlarpanka. {1 100 po3riistHEMO (QYHKIIIIO
DA, A A)=F(A,...A)+AU(e—-MA, —...—M A).
3 HEOOX1JHUX YMOB eKCTpeMyMy QYHKIIT @ MaeMO:

6l . —
—=0,1=1n,
a i

<
oD
—=0.
oA

3B1ACH OJEPKUMO CUCTEMY PIBHSHB JUJIS 3HAXOJKEHHA A

f—mi =0, i=1n;
O, (1.10)

g—AA —..—AA =0, A >0.
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Ipuxkaan 1.5. Hexaii F(A,A,)=0.2A"+0.8A°, 2A =A =4,
£ =0.1. Cuctema piBHsinb (1.10) HaOyBae BUTIISIAY:

0.4A, —24 =0,
1.6A, —44 =0,
2A, +4A,=0.1.

3Bincn A, =54, A, =251. I3 Tperboro piBHAHHA 3HAXOIUMO
A4=0.003. Tom A, =0.025 A,=0.0125, BianoBiiHO 10 Baru
noxubok aprymentiB pyHkuii F(A ,A)).

1.6. 3aokpyrJieHHsI YUCeI

[Iporiec 0O4YHMCIEHHP HAa KOMIT' IOTEPl CYMPOBOIKYETHCS 3a0K-
PYTJICHHSIM YHCEJ 3 JICSIKO MOXHOKOI. SAxkumMu 6 mManuMu He Oyiu
NMOXUOKU 3a0KPYTJICHHS, 10 BUHUKAIOTh NPH BUKOHAaHHI apudme-
TUYHUX OMEpallii, iX mosiBa 3MIHIOE MaTEMAaTUYHI BJIACTUBOCTI CaMMX
onepaiiiid. TouHi onepariii MHOKEHHS 1 I0JJaBaHHS € KOMYTaTUBHUMU,
acoI[laTUBHUMHU 1 TOB’sI3aH1 MK COOOI0 BJIACTUBICTIO JUCTPUOYTHUB-
HOCTI. [Ipy BUKOHaHHI OOYKCIIEHb HA KOMII I0TE€P1 BTPAYaIOThCS Bllac-
THUBOCTI aCOIIIaTUBHOCTI Ta AUCTPUOYTUBHOCTI apuMETUUHUX OIie-
pauiii. MoBU mporpaMyBaHHSI CBOEKD MAaTEMATHYHOI) CHUMBOJIKOIO
CTBOPIOIOTH MOJIOHICTh MI’)K MAaTEMaTUYHUMU 1 KOMIT FOTEPHUMHU OIle-
palisiMu, ajie pe3yJIbTaTH iX BUKOHAHHS MOXYTh BIAPI3HITHUCH.

Kpim BUKOHaHHS apu(METUYHUX omepaliid, JKEepeaoM NoXHOOK
Ipy OOYMCIICHHSIX Ha KOMIT IOTEP1 € MEePEeB1]] YKCeN 13 OJIHI€T CUCTEMHU
B 1HIIY. PO3riisHEMO MpUKIIaa. Y YUCIOBHUX METOJax 4acTO BUKOPHC-
ToByIOThCs umcaa 107, K >1, sk kpok citku. Y nIBIHKOBi# cucTemi

gyucino 0.1 He 300paxkyeTbesi CKiHUeHHUM JipoooM, ockinbku (0.1) , =
=(0.00011001100...),. Hexaii uucno po3psniB y manrtuci 40, Toxi
(0.1), =27°*0.11001100...001100 |11... ~0.11001100...001100*2"®,

40 40
KO  3a0KPYIJICHHS  BiAOYBa€eTbCs  BIAKWUIAHHSIM  PO3PSIIB.
[ToMHOXHUBIIN ojiep>kaHe HaOJMkeHe 3HaueHHs Ha 10 1 BiAHSABIIN Bij
1 omepxxumo 27, a He 0.
1.6.1. Cmnocoou 3aoxpyriaenns. J[lnus uwmcma X=b..bb ..

3aokpyrieHe yucno X, =D ..b 0... cmocobom «BigkumaHHs» OJep-
KyeThes nuLsixoM 3aminu b, b, ... Hymsamu. [lepeBara nporo crocoOy
— mpocTta peamizamisg. Hemomikom Te, M0 TMOXHUOKa 3a0KPYTJICHHS
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E|SPp°, ne &, =X —X. Kpim Toro, mnsgs X>0 maemo ¢, <0, a qus

X<0 mnoxmbka & >0. Orxke, OOYMCIEHHS HaJ YHUCIAMH OJHOIO

3HAKy MO)KE€ IIPMBECTH J0 HarpoOMaJKCHHsA OOYHMCIIOBAJIBLHO]
noxuOKH. PiBHICTB |¢,|= P° HOCAraeThCs, KOMM X HECKIHYCHHHI Api6

Burisiay b ...b (p—-D(p-12)...
[Hmwmit crocib, Axkuid Mae Ha3By ‘“‘TpaBWIbHE 3a0KPYTJIEHHA,
MOJISITAE OCh Y YOMYY:
X,, AKWO ‘Xs — X‘ <0.5p’;
X, =9X_+ p°, Ko ‘XS —X‘ >0.5p°;
X, abo X + p°, akuwo ‘Xs — X‘ =0.5p°.

Ha mosi Ci 2/3=0.6...67. IlepeBaror Takoro croco0y 3a0Kpyr-

JICHHS € yJBIYl MEHIIA OIiHKa IS MOXMOKH, a TaKOX Te, IO 3HaK
yucia X 1 MOXMOKM &, HE 3alexaTh OAWH BiA oxHoro. Hepomik
MOJISITa€ B TOMY, II0 TPUOJIM3HO B IOJOBHHI BHUITQJIKIB BUKOHYETHCS
omieparlis J0JaBaHHA 1 KOXKEH pa3 MmopiBHAHHA. o Toro » motpibHO
3’COBYBaTU NMUTAHHS 13 HEBU3HAYEHICTIO ‘XS — X‘ =0.5p°, Hanpuknam,
BUIMAJKOBO BUOMPATH TOM YU 1HIIUKM BapiaHT.
1.6.2. 3aokpyrjieHHs1 B CKOPOYEHHX CHCTeMaX. 3ajaya MoJisirac B
00’€/THaHHI TIepeBar KOXKHOro 13 cnoco0iB. ToOTO, 3a0KPYTIWBIIH
IUISIXOM 3aM1HU 3Ha4€eHb y po3psanax S, S—1,... HynsMu, rapanTyBaTH
JJ1s1 TOXUOKHU OILITHKY

X, — X s%ps. (1.11)

[lboro MoOXHa HOOCSITTH BHOOPOM OCHOBU P 1 Oa3MCHUX YHCEN
Qy.oy &, . Jlna BukoHanHs HepiBHOCTI (1.11) HeoOXimHO 1 HOCHTS,

mo06 Bci wncma 0...0b_b_,... mo mogymo He mepeBumyBamu 0.5p°.
OcCKUIBbKH ‘bi‘ < p—1, To HEOOX1IHO 1 JOCUTH, 100
max|cz, spT_l. (1.12)

0<k<p-1!
Hampuknan, ams p=10 ymoBa (1.12) HE BUKOHYETBHCS, OCKUIBKHU
o, | >% s Q, =5,9.
Hexait p=2m. Tomi (p—-1)/2=m-1/2. ba3zucHux yucen, sKi

3a0BOJIBHSIOTE yMOBY (1.12) € Timpkm 2(M—-1)+1=2m-1<2m.
OTtxe, ocHOBa MOXe OyTu Xi0a IO HEMapHUM YHUCIOM P =2m+1.
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Tomi (p—-1)/2=m. MHoxuHa Oa3MCHUX YMCEI CKJIAJA€ThCA 13
2m+1 gucen 0,£1,...,£ m. CucremMu 3 TAaKOO OCHOBOK 1 MHOKHUHOIO

0a3UCHUX YHCe Ha3UBAIOThC ckopouenumu [14, 32].
Hpuxkaaa 1.6. HaliMeH111010 OCHOBOIO Y CKOPOUEHUX CHUCTEMaX €

p =3, 6asucaumu ynciaamu: 0,1,+1, 1e 1:=-1, HaMpUKIIAA, YUCIIO

(7/27),=1-3"-1-3° +1.3°=(0.111),. Y nmecarkoBiii cucremi
7/27 ~0.259259...=0.(259). Skmo 3a0KpyrioOBaTd O  JABOX
3Hauymwmx udp, To X, =0.25 1 x—x, =0.0092...>0.210".

Y ckopoueniit cucremi X, =0.111 Xx—Xx_, =0.001=1/27<1/2-37% =

=1/18. 3BayBaxmmo, mo —7/27=-3"+37"-3°=0.111. Tobro
3HAK YMCJIA y CKOPOYEHIA CHUCTEM1 BU3HAYAETHCS 3HAKOM IMEpIIOi
3Hauyn[oi HU¢pH, a 3MiHa 3HAKY YKCIIa PIBHOCUIIbHA 3MIHI 3HAKIB YCIX

3HAUyIIUX UG,

1.7. 3aokpyrJieHHs B cucTeMax 3 (PIKCOBAHOK KPANKOI0

B mam’saTi KOMIT'foTepa KOKHE YHCJIO PO3MIIIYEThCS B MAIIIWH-
HOMY CJIOBI 31 CBOiM 3HakoM 1 (DIKCOBaHOIO KIUIBKICTIO U
(po3psaaiB). B omHoMy 3 Takmx cmoco0iB mig JApoOOBY 4YacCTHHY
BUJIUISIETHCA CTpOro (¢hikcoBaHa KUIbKICTh Iudp. Lle 300pakeHHs 13
(h1KCOBaHOIO KPAIKOI XapaKTepU3y€eThCsl TPhOMa MmapameTpamu: P —
OCHOBa CHCTEMH YHUCIEHHS, I — KUIBKICTh pO3pAIIB JJIs1 300pa’KEeHHS
ypcna i f — KiIbKICTh po3psdiB, BiABEeACHUX IS IPOOOBOI YaCTHHH.
[To3HaunMoO TaKky cHUCTEMY uepes

F(p,t, ). (1.13)
Hanpuknan, F(10,6,3). Tyt 131404 F, a 11.40438 ¢ P. Yucia,
posmimieHi  piBHoMipHO i3 Kpokom 107°. Haiibingpime dwHCIiIO
009.999 =10°"° —10°°, maiimenme pnomatHe uyucio 0.001=10°. V
3araiibHOMY BHmaaky cucremu (1.13) x _=p~"'—p' =p ' (p' -1,
O<x. =p ' — kpok. Kinbkicte uncen y cucremi (1.13) mopiBHioe
2(p' =) +1=2p"'—1. Sxmo X €[-M_,M_], 1o iioro 306paxenus
no3Haunmo yepe3 fix(X). [Ina xeP maemo fix(X) = X, inakiie
x— fix(x)|<p~' /2. (1.14)

Otxe, abconoTHa MoxuOKa 3aokpyryeHHs B cuctemi (1.13) He

3QJICKUTH B X. BigHOCHA moxuOka
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X — fix(x)| _1p”
o2
HEpIBHOMIPHA I10 BiHOIICHHIO 10 X.
Omnepaiii “+” 1 “~" B cuctemi (1.16) BUKOHYIOTBCSI TOUHO, SKIIO
HE BUHHKae mnepenoBHeHHsA. Omepamii “+” 1 “/” B 3araJbHOMY
BUIAJIKY BUKOHYIOTHCS 13 MOXHUOKOI0, TPUUIOMY
fix(xey)=xoy+v, [v|<0.5p™".

X#0

1.8. CucreMHu 3 IJIABAK4Y0I0 KPANKOI0

B cucremi umncen P(p,t,L,U) i3 mmaBam4orw Kpamkow P —

OCHOBAa CHUCTEMM 4YHUCIEHHs, t — KUIbKICTh LH(p (po3psAliB),
BiABeAeHUX uid MaHTHCH, L 1 U — MeX1 3MIHM 3HA4Y€Hb IMOKAa3HUKA
crerreHs uncen. st moBiaeHOro X € P, X # 0, Maemo 300paxeHHs

X:J—F(E+b—22+---+&tjx p',L<I<U,
P P P

abo x==Db..0b x p', ne 1<b <p-L,0<b<p-1i =2_,t. Yucio
0 € P 300paxkyersest y Burimsiai 0=+.0...0x p".

Uucna B cucremi P po3milieHl HEPIBHOMIPHO. Y CHCTEMI
P(10,2,—-11), s sixoi M_=0.99%10", O<x_. =0.10*%10". [Toxat-
Hi uncna po3Mimeni piBHOMipHO Ha Bimpizkax: [0.010;0.099] i3 kpo-
xom 0.001, [0.1;0.99] i3 kpoxom 0.01 i [1;9.9] i3 xpoxom 0.1. V 3a-
TraJIbHOMY BHUMAJKy MAEMO

M =+.(p-1..(p-D)xp’, 0<x_  =+.10...0x10".

JI1s KoXKHOTO | uHciIa po3MilleHi piBHOMipHO 3 KpokoM h=p'™.
Yucno w:=X_ >0 Ha3uBaeTbcsi MaIIMHHUM HyJE€M, a MHOXXHHa
(—@,0) U (0, w) — 0bmacTio MaltmHHOTO HYJIS.

300pakeHHsl AIMCHOrO 4Mcia X y cucteMi P mo3HaumMmo udepes
fl(x). KinbKicTh unceNn y CUCTEMI 3 IJIaBalOYOI0 KPAIKOK JIOPIBHIOE

2U -L+D)(p-1)p~ +1. Bigcranb & MK 1 i HACTYIIHUM YHCIOM
cucteMu P Ha3uBaeThcs ,,MamuHHUM ercuion” (anri. Machine epsi-
lon). HacTymHe micas oguHMI Yncao gopiBHIoE 1+ p'-p'=p' ' +1.
Tomy

e=p . (1.15)
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[lepure 3miBa Biag OAUHHUIN YuCIO AopiBHIOE 1—p'. Omxe,
BIJICTAHb MIXK HUM ¥ oquHuiero ckimagae P =¢/ p (puc. 1.1).

elp &
f_H—)%
! ! ki 1+ ¢

Puc. 1.1. MammunHe encuiion
300pakeHHST ABOX YHCEN 301ra€ThCs, SKIIO BOHHU BIAPIZHAIOTHCS
Ha BEJIMYMHY, SIKa MCHIIIA TI0 MOJIYJIIO, HiXK MamuHHe encioH (1.15).
Ha moBi C icaytors rpanndsi craigi FLT _EPSILON mus tumy float i
nopiBaroe 1.2E-7 ta DBL_EPSILON tumy double i mae 3HaueHHs
2.2E-16.

Hexait X € P. Bigcranp Mk X 1 CyCIIHIM YMCJIOM 3aJI0BOJIbHSIE

HEPIBHICTH
ﬂ£|x—y|£g|x|.
p

Xx—y|=p " =e-p<elXi|x-y|=¢- p"lzfp' 2£|x|.
p

Ha cporogni 3araneHonpuitHatuii IEEE-cTangapT nABIMKOBOI
apudmeTuku. Bin peanizoBanuii Ha pobounx ctanuisx Sun, DEC, HP,
IBM a Ttakoxx Ha Bcix mnepcoHalbHMX KoMl totepax. IEEE-
apudmMeTuKa nependadae aBa TUIHA YKCEN 13 TJIABAIOYOI0 KPAIKOIO:
gyuciaa 31 3BUYAHOIO TOYHICTIO (32-0iTOBe 300pa’keHHS) 1 4HCIa
noABIMHOT To4yHOCTI (64-0iToBe 300pakeHHs). dDopmaT ywHcen
nokaszaHuii Ha puc. 1.2.

Cnpagni,

1 8 . 23
3HAK ITOKa3HHUK L MaHTHCa
JIBIMKOBA TOYKa
Puc. 1.2a. IEEE-uncio 3Bu4aifHOl TOYHOCTI
1 11 ) 52
3HaK I[OKa3HHUK | MaHTHCa

NIBIIIKOBA TOYKa
Puc. 1.26. IEEE-uucio noaBiiHOT TOYHOCTI

Hexait B 300paxenHi IEEE-uucna 3Bu4yallHOI TOYHOCTI S —
ongHoOiTOBMI 3Hak, f — 8-OitoBuit mokasuuk 1 f — mamruca, f <1.

Tomi umcno popiaioe (—1)°-2"**'(1+f). a o6macts nOmATHHUX
HOPMaJIi30BaHMX 4YKCEI 3HAXOAUTHCA B JiamasoHi Bixm 27 (mopir
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MAIIMHHOTO HyIs1) g0 2°'(2—27") =~ 2™ (mopir mepenoBHEHH:), a0o,

HabmxkeHo, Big 10°° no 10%,

AHQJIOTIYHO JJIsI 4YMCJIa 13 TOABIMHOK TOYHICTIO MAa€eMO
(<1)° -2 (1+ f). MakcuManpHa BiZHOCHA MOXMOKA 300paKCHHS
nopiBaroe 2° =107, a rpanmii 001acTi HOPMaIi30BaHHX YHCEI
CKJIQIafoTh 2 ° (IOpir MamMHHOTO HyJIs) 1 2°77°(2—27%) ~ 2 (mopir
nepenoBHeHHs), Habmmkeno 107 1 10°. 3ayBaxumo, 0 YHHKHYTH
aBapiiHUX CUTyallli MomnajaHHs B 00JaCTh MAIIMHHOI'O HYJISI MOXHA,
MEBHUM YMHOM KOHCTPYIOIOYH O0YHCIIOBATIbHHUN alITOPUTM.

1.9. Oninka noxudKH B CHCTEMI 3 IVIABAI0OY0I0 KPAINKOI0

Skmo xeP, to fl(x)=x. Skmo x w<|X<M_ i xeP, 10

YHUCIIO0 300paXKy€EThCS 3 JEIKOI0 TOXMOKO, OJIEP’KaHOI0 BHACIIIOK
3a0KpYIVICHHsT MaHTHCH 10 t-ro po3psay. [Toxubka fl(X)— X HepiBHO-
MipHa BiTHOCHO X . Hexai
fI(x) — x
5()() — L’ X

X

= 0. (1.16)
Tomi
fl(x) = x(1+ o(x)).

OrminnMo ToxuOKy O(X) IS BHITAIKy MPaBUIBHOTO 3a0KPYTIICH-
Ha (moxubka He mepeBumiye P /2). Sxkmo X==xb..b*p', To
b ...b, > p~, ockinbku b, >1. Tomy |X| >pt-p =p'". 3Bincn Maemo
|5(X)| <(pt-p")/@2p' ™) =p""/2. Orxe, mig S(X) cHpaBIKYEThCS
OITiHKa

[6()|[<p /2 (1.17)
a0o |5 (X)| <&/l 2. 11 3a0KpyIJICHHS CIIOCOOOM ,,BiJIKMJIaHHSI Ma€eMO
5(x)| < e.

Akmo x X=0, To mokmamemo O =0. Jlna umcen 3 obiacti
“marmuaHOTO HyJIs”, Ko 0< |X| <w, maemo fl(X)=0 1 B mpomy
Bunaaky o(x)=-1.

Takum 4rHOM, BITHOCHA MOXMOKA 3a0KPYIJICHHS HE 3aJICKUTh BiJl

caMoro 4ucja, a BU3Ha4YaeTbes mapamerpamu P it (abo &) cucremu 3
MJIaBAIOYO0I0 Kparnkow P
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S(x)) < gl 2, onsa npasunvnozo 3a0Kpyenenns;
| (X)| | &, 3aokpyenenns "eiokudannam".

Hexait cuMBOJI o 03Ha4ae oJHy 13 O1HapHUX omeparliil +, —, * abo
/ Haa uuciamu x 1 y. SIkino ToyHe 3HaueHHs XoY ¢ P, To mepi, Hixk
3amucaTd WOro B mam’siTb ab0 pericTp, pe3yibTaT anpOKCHUMYEThCS

neBHuM yucioM fl(Xeoy) i3 P. Pizauns fl(Xoy) —(Xo y) Ha3uBaeThes
noxuokoro 3aokpyrieHns. B cranmapri IEEE fl(Xoy) — Haitbmmxue
0 XoY YHCIO, TOOTO 3a0KPYIJICHHS MpaBHIbHE. SIKIIO YMCIIO XoY
3HAXOJUTHCS TOYHO TMOCEPEIMHI MIX JIBOMa CYCITHIMH YHCIaMH 3
IUTABAIOYOI0 KPAIKOI, TO 3 JBOX MOXUIMBHUX 3HaueHb misa fl(Xoy)
IEEE-apudmernka BUOMpae 4UCIO 3 HYJbOBUM OCTAHHIM PO3PSIOM
MaHTUCU (3a0KpyrJieHHS 10 HauOnmxyoro mapHoro). I[EEE-
aprudMeTrKa 3abe3meuye TakoXK Te, IO fl(\&) =/x (1+0), 6 <05¢.
IEEE-apudmeTnka oXoIuioe Takox cyOHOpMasbHI Ynciia, TOOTo
HEHOPMAJII30BaHI 4YuCla 3 IUJIABAlOYOK0 KpaNKoOw, SKI MaroTh
HaMEHIIMNA MOXJIMBUN MOKa3HUK. L1 yncia 3HaXoAsThCs MK HYJIEM
1 HAfMEHIIIUM HOPMaJIi30BaHMM YHCJIOM SIK ITOKa3aHo B [23, c. 21] Ha
puc.1.4, ne nius MaHTUC TPUIHATO 3-01TOBE 300paKEHHH.
IEEE-apudmernka nependavae takox cumpoian +oo i NaN (Not
a Number — ne wuyucno). CumBonu + 00 TEeHepyIThCA IMpHU
IICPEIIOBHEHHI 1 HaJam 3a0BOJIbHAIOTH IpaBmia: X/ +oo=0 VX e P;
X/0=40VxeP\ {0}; +00+00=+00 TOImO. Byap-ska omeparis, pe-
3yJbTAT AKOI CKIHYEHHHI a00 HECKIHUCHHUH, aje HE BU3HAYEHUM KO-

o0 .
pexTHo, renepye cuMBos NaN, nanpukian, oo —oo, —, NaN o X ta 1H.

o0
37126 2% (2.28,
2 MOPIT MALIHHAOT O Mopir NepenoBHeHHA
HyMA
. £ B+ 125 124 128
128 21 I l ) 2 l 2
3, T A A g
. r. | ,!'\ (IR RN ||||||l||||luu|m|"||!!!!!!!! I it*% ‘ * i -\' :!_'H‘
> | L Trrrred |'||||||| [LLLRRE . .
HOpMani0BaH CyBHOPMANBH HOPMANIZ0BaHI o0aTH
Eif'eMHI YHCna yMCna HHcna

Puc. 1.4. JlilficHa yncioBa npsma, Ha AKid 4Kclia 3 MJIaBaI040I0 KPAMKOIO
MOMIYEH] CYyUUJIbHUMHU ITPUXAMHU
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Y KOXHOMY 13 HACTYyIHUX BHUIIAJIKIB
apudpmMeTHyHa  omepallis  HEKOpEeKTHa 1
nopokye NaN: BigOysioch MNEepEeNnOBHEHHS;
3yCTPUIOCh JIJIEHHS Ha HYyJb, BHACIIJOK YOTO
IFEHEPYETbCA 100; OAEpKaHWW MAlIMHHUU
HYJIb, — BUCTABIISE€THCS 1HAMKATOP OCOOIUBOTO
Bumaaky (exception flag). Hamani cran inguka-
TOpa MOXE MEPEBIPATUCH MPOTPAMOIO KOPUCTY-
Bava. [ ocoOmuBICTH apuPMETHKH T03BOJISE
pO3pO0IATH HAAINHINIT MPOrPaMH, OCKUIbKH
mporpamMa CaMOCTIMHO MOXKE€ BHSBUTH 1
BUIIPAaBUTH OCOOJIMBI BHUMIAJKH, 3aMICTh TOTO,
mo0 MPUNMHUTH CBOE BUKOHAHHA. Takox
@l porpaMa BHUKOHYETHCS IIBHJIIE, OCKIIBKH

g MO)XHA YHMKHYTH YHUCJICHHUX MOJJIMBHX, aje
MaJIOMMOBIPHUX 0COOIMBUX BuUMaakiB. Hempa-
BUJIbHA 00poOKa 0COOJIMBOTrO BUMAIKY B apud-
METHIIl 3 TIUIaBAIOYOI0 KPAIKOK IIpHBENIa JI0
karactpodu 5 uepBHsa 1996 p. paketu Ariane 5
€BpOIENCHKOr0 KOCMIYHOTO areHTCTBA, OCKUIBKHM CTajacs MOMHJIKA
IIpU MEPETBOPEHHI 64-pO3psIHOTO YKCia 3 TJIaBal0Y0l0 KPanKow Ha
16-po3psigue mite. Haaro Benwke 3HaYeHHS MIMCHOTO 4YHCIa HE
BMICTUJIOCH Y 16 po3psinax, 10 CIPUYUHIIIO NTEPETIOBHEHHS.

Y MoBax mporpamyBaHHS MAIIMHHUM 4YHCJIaM 3BHYaWHOI 1
MOJIBIHHOI TOYHOCTI BiANOBIAalOTh CBO1 THUIM 300pakeHHs JaHux. Ha
C —float i double. Kpim nmux cTangapTiB KOMIT IOTEPHOTO 300payKeHHS
TIHACHUX YHCEN, K1 MIATPUMYIOTBCS arapaTHO, MOBH MPOTpaMyBaHHS
J03BOJISIIOTH ~ OMEPYyBaTH 3 MAIIMHHUMHM YHUCJIaMHU  MiABUIIEHOT
TOYHOCTI B PO3IMIMpPEHOMY Aiana3oHi. Hampukian, mig ducia TUITY
long double B C Bumingerbcs 10 OaiiTiB mam’sTi, IO BIAMOBiga€c

18-20-po3psaHiii MaHTHCI, HWDKHS TPaHMI Jlama3oHy JOJATHHUX
0—4932.

Puc. 1.3. Pakera Ari-

ane 5 (¢oro 3 Biki-
e i)

qucen SKo1 ckianae mpubauzuo 1.2-1

1.10. OcobanBoCTi KOMIT’'IOTEPHOI ApUPMETHUKH Y CHCTEMI
3 IJIABAKY 010 KPANKOI0

29

Hexait ,,0” — 3Hak Jjeskoi apudMeTHYHOI omeparii i

Xoy & (—w,0)U(0,w). Tomi
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fl(xoy) =(xo y)1+5), |5 <05p*".
PosrnsHemMo Ha mOpukiIagax €Skl OCOOJMBOCTI  BHKOHAHHS
apu(pMETUYHUX OTepallii, I SIKUX MOXKYTh OPYITyBaTHUCS BJIACTH-
BOCTI aCOI[IaTUBHOCTI 1 AUCTPUOYTHUBHOCTI.
Ipukaan 1.7. Hexait S = X+ Y+ zZ. Maemo:

a) (X+yY)+2)=X+y)A+0)+z2—>(x+Y)2L+5,)+2)(1+0,) =
=(X+y+z2+(X+Vy)o)1+5,) = fl(x+y)+12);

6) X+ (Y+2) > X+ (y+2)1+ ) = (x+(y+2)(1+06.)(1L+ 5;) =

=((X+y+z+(y+2)0.)A+35.) = fl(x+(y+2)).

VY 3arasibHOMY BUMAAKY PE3YJIbTATH MOXKYTh BIAPI3HSITHUCH.

HenanifiHicTh OOUYMCIIOBAILHOTO AJTOPUTMY JIEKOIU 3YMOBIIIO-
€THCS 3A0KPYTICHHSIM OKPEMHX YHCEN 3 BIJMOBITHOIO BTPATOI KPH-
TUYHO BaXJIMBOiI 1HQopmarliii. OaHa 3 MOXIMBUX TPUYUH — BiJIHI-
MaHHS OJIM3bKUX YHCEIL.

Ipukaan 1.8. [lle oquuMm nmpukiagoMm GopMyBaHHS MOXUOKH 3a-
JEXHO BiJi BUOOPY OOYHUCIIOBAIBHOTO alIrOPUTMY CIYKUTh OOYHC-
JIEHHsI 3a po3kiaaom y psia Teitnopa GyHkiii

2 n

e’ zl—x+x——...+(—1)"x—.
2! n!

SIkmo X >0, To Tounime obuuciaoBaTH €° 3a popmynor 1/e*,

OCKUIbKU TOJI PAI JJisi € He OyJlle 3HaKONMEPEMDKHUM 1 MPH BIJIHI-
MaHHI 4YHCEJl HE BTPA4yalOTbCsl 3HAYEHHS B MOJIOAIIMX pO3pALax.
Hanpuknan, as n=5, x=1.5 i tunry gamux real y Ilackam moxuOka
obunciens ckiaagae 0.01297, tomi sx mis 1/6° maemMo mOXHOKy
0.00998.

Hpuxaan 1.9. [Ipu nogaBaHHi yucen y CUCTEMI 3 IJIaBaOYOIO
KpPanKOI HE BUKOHYETHCSI BIIACTUBICTH ACOLIIATUBHOCTI, TOMY 3aJI€XK-
HO BIJ] MOPSAJKY CYMYBaHHS TOPOJKYETHCS CiM’si OOUUCITIOBAIBHUX
anroput™MiB. Hampukian, nns sminaux tamy double ma moBi C ms

n=10°

S = ...(}ﬁjﬁ o +3z21.3004815023485,
1 2) 3 n-1) n
Sy = ...(1+ 1 j+ L i +1|+1~213004815023461.
n n-1) n-2 2
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Pesyneratn BimpizHsatotees Ha 2.4-107%. Jina n=10° moxuOka
MeHIna i gopiBaioe 7.8-107", a 3i 36inmpmenHam N go N =10" 3pocrae
10 4.4-10. BUHUKAOTH MUTAHHS: YOMY MOPYIIY€EThCS BIACTUBICTH
acoI[laTUBHOCTI Ta SIK MPOBOJWUTH CyMyBaHHS, 100 moxuOka Oyra
SIKOMOT'a MEHIIIOI0?

[IpoaHanizyeMo MOXUOKY OOYMCIECHHS CYMU YUCET

S =a+a+..+a, a>0. (1.18)
Hns nosimpHEX @, 1 &, maemo, fl(a, +a)=(a +a)1+9), ne
|5| <0.5p"". Ockinbku a >0, To & #—1. Hexail cymyBaHHs BinOy-

BA€ETHC 31 30UIBIIICHHAM 1HAeKCYy. Tol
fIS,)=(..(a,+a,)1+0,)+a,)1+0,)+..+a)1+0) =

=(a,+8,)[[@+8) +a[[@+8)+..+a,0+5,)=3a (L+E,).(1.19)
=2 i=3 =
Tyr E =E,1+E =1+6,+...4+0,+6,0; +...+0, 0, +...+0,...0,,.
OCKUIBKH |§|| 30.5,01_t <1, TO 3aNMIIMBIIM TUIBKM JIHIMHI JOJAaHKU
o0, omepxmumo E, =6, +..+0,, E =0, +..+0, nna ] =3,n. Omxe,
E|=|E,|<[5)+...+]5|<0.5(n-1) p**;
[E;|<05(n—j+1)p*", j=3n.
Tenep i3 (1.18) i (1.19) maemo fI(S,)-S, =Y aE, i

1(S,)-S,|<YaE|<05p[(a +a,)(n-1) +a,(n-2)+..+2a,, +a,].

I3 onepkaHOi HEPIBHOCTI BUILIMBAE, 110 MOXUOKA 3aJICKUTh Bl
nopsAKy noAaBaHHs yuces. OliHKa BITHOCHUX 30ypeHb EJ. Mae Hau-

OUIbIII MHOXHUKHU IS MEPIIUX JOJAHKIB y CyMl 1 HallMeHuI s
ocTaHHIX. TOMYy JJi 3MEHIIIEHHSI 00UYHCIIOBAILHOT MOXHUOKHU MOTPIOHO
MOYMHATH CYMYBaTH 3 HaWMEHIIMX 3a a0COIIOTHOK BEJIMYMHOKO
JOJIAaHKIB, a 3aKiH4yBaTH HaWOupmuMu. [Ipu popmyBanHi cymapHOi
MOXMOKK KOXKEH JOJaHOK Oepe ydyacTh y CyMyBaHHI OJHWH pa3, a B
YTBOPEHHI TIOXMOKHU pe3ysbTaTy CTUIbKKM pa3iB, CKUIBKA pa3iB
JOAAI0THhCSl YACTUHHI CYMH, 3aJI€KH1 BiJl I[LOTO JI0JJaHKa.

Hexait n=2". I1[o0 yHUKHYTH HEPIBHONPABHOCTI JOAAHKIB MOXK-

=a +a

Ha CIOYaTKy OOYUCIHUTH & I=1n-1 motiMm oGuwncIO-

i,i+l i+

I0ThCA A . +a 1 T.4. Koxken nomaHok OGepe yyacTb B YTBOPEHHI

i,i+l i+2,i+3

OXUOKU PIBHO K pa3iB, TOMy B KiHIIEBOMY Pe3yJIbTaTi
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fI(S,) =Ya,@+E,),[E,|<05p k.

OTxe, OOUH 1 TOM K€ METOJ MOXKHa peai3yBaTH Ha KOMII IOTEpi
PI3HUMH OOYHUCITIOBAIbBHUMU aJTOPUTMAaMHU, SIK1 BIJIPI3HAIOTHCS OJIMH
Bl OJHOTO TOPSIAKOM BHUKOHAaHHS apuMETUYHUX Olepailiii, aie
pe3yapTaTy ixX peanizalii B OJHOMY M TOMY X OOYHCIIOBaJILHOMY
CepeIOBHIII MOXKYTh Biapi3usatuce [14, 32, 56, 97, 100].

Ilpukyaaam po3B’si3yBaHHs THIIOBHUX 3a/1a4

3agaua 1. 3HalTH OIiHKY aOCOJIIOTHOI MOXMOKK (DYHKINH U=SiN X i
u=Inx.

Po3p’si3yBannsa. Maemo ‘u‘ = ‘COS X‘ <1=M. Tomy ‘u - u*‘ <A =A,,
TOOTO TOoXHOKa oO4uciIeHHs (QYHKIIT HE TEPEBUILYE MOXUOKH apry-
meHTa. [ ¢yHkmii U = In X gixifiHa a0COMI0THA MOXHOKa JIOPIBHIOE
BIIHOCHI# MOXHOIIi aprymeHTy, ockimbku A'(U) =A /X =7,.

3agaya 2. OOuuciauTH JiHIAHY aOCOMIOTHY 1 BIAHOCHY MOXHUOKH
byHKIIT U= XZ\/V(Z+4) y TOYII (— 2, 4,—8), AKIO A = 2Ay =0,02,
a o, =0,01.

Po3B’s13yBaHHs. Ha I1JICTaBi dhopmynu (1.4)
A = ‘Z‘é‘z =2-0,01=0,02, o6,=0,02/2=0,01, ¢6,6=0,01/4=0,0025,

0,,=A,,1 | Z+ 4| =0,005. 3actocysaBiu dhopmyny (1.7), onepxumMo
5°(u)=2/x5, +%M5y tlz+a

N (u):\u\5°(u):4T2-0,075: 0,15.

0,,=4-0,01+2.0,0025+4-0,005=0,075;

3amaya 3. OOUMCIUTH BIIHOCHY JIIHINHY MOXUOKY 3HAYEHHS (PyHKIIIT
U=xXX y touui (37.100,9.870, 6.052) 3 moxubkamu apryMeHTiB

A(%)=0.3, A(x,)=0.111 &(x,)=0.0011.

Po3p’si3yBanHst. O6uncinmo BigHocHi moxubku J(x )=0.3/37.1~
~0.0081, §(x,)=0.11/9.87 ~0.0112. Toxi &°(u)=35(x)+25(x,)+
+35(%;) =0.0226 a6o 2.26%.
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3anaya 4. Hexali nogaTtHe HaOMMKEHE YHUCIO X Mae M MPaBUIbHUX
udp. [Mokaszatu, mo 118 HOro BIAHOCHOT MOXHMOKU O BUKOHYETHCS

ouirka & < p"/(2b,), xe b, — nepuwa snauyma undpa unca.
Po3p’sisyBannsi. Ockineku X=b p"+b _ p"*+..+b__ p"™, To
iioro abcomorna noxudka A <0,5p" ™. Tomy BigHOCHA TOXHOKA
n—m+1 n—m+1 1-m
s _A L 0,5p n—m+1£0,5p _ S
b.p 2b

N <
X bp"+..+b,_..P
3ayBasKMMO, 110 JUTS P =2 BiJHOCHA MOXUOKA O, ~ 2.

n

3apava 5. 3HaiTH JiHIAHY OLIHKY MOXUOKHU IPU OOYMCIICHH] HEABHOT
byHKIi (p(u, Xy Xy peeny Xn): 0, sKmoO BigOMa TOYKA HAOIMKEHHS
(Xl, ) S Xn), 3Ha4YeHHs (QYHKIIII U B 11 TOYI 1 TOXUOKHU apryMEHTIB
ALA,,. A

Po3p’sizyBannsa. JludepeHuiooun QyHKIIIO ¢ 100 X, OAEPKUMO

-1
8(0. o +8(0 =0, 3BigKu o :_8§0 8(0 . 3HaueHHd U MO’KHa
ou oOx, — OX OX OX; \_ou

|
3HAWTH, PO3B’S3aBIIM PIBHSIHHS (p(u;xl,xz,...,xn):O VIS 3aJIaHuX

X,y X, y.rey X . OOUMCIMBIIM 3HAYEHHS IMOXITHHUX au(u; Xy Xy peeey X )/ OX.
onepKUMO NiHiitHy moxudky A’(U) srizHo 3 popmymnoro (1.6).

3amaya 6. OOuucnuTu MOXMOKY KOPEHIB KBAJPATHOTO PIBHSIHHS
go(u; P, q) =U’+ pu+Q=0, akmo 3amaHo koediuieHty P, d, Ta ix
MOXUOKH A( p) i A(q).
Po3p’sa3yBannsa. OO0UnMCIUMO MOX1AHI
ou _ _6(p(6¢]1 u(2usp)t X _G(p(&ojl (uep)t
op op aq oq \ ou
Ha miacragi ¢popmynu (1.6) BiiHOCHA JTiHIITHA TOXHUOKA KOPCHIB
s2(0) AP+ A(0)
2u+ p|
Hexait p=5, q=-0, A( p) = A(q) =0.001. st po3B’ 3Ky piBHSHHS
6-0.001+0.001

u=-6 maemo 6°(-6) = ~ 0.00041 a6o 0.041%.
2-6+5
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3agaua 7. Jlus oGuMCIeHHS eBKIIZOBOI HOpMH ||X[| =X +...4 X,
X. €(w,Nw), w<1, Bektopa X mMoOyIyBaTH aJrOpUTM OOYHCICHHS

|X| Tax, mo6 fl (||X||) = 0.

Po3p’si3yBanHs. Ockineku X € (@°,®), TO fl(‘ XH) =0, xoua HXH > .

- 2 2%
IToxnanemo azmax‘xi‘ 1 o0YncIuMO HXHza (ﬁj ++(£j} .
a a

2
Toni m > 9 - Jo, Tomy (ﬁj > . OTKe, XH > 1 fI(HXH) = 0.

a o a
MosxHa nokasaru [29], mo f|(HXH)= HXH(1+ E), E|< nf:t(s ob,

3apaua 8. Ilokazaru, mo y ¢opmaTi yucen 3 MIaBalOY0I0 KPAKoko 3
OCHOBOIO 10, 4OTHUPUPO3PSTHOIO MAHTHUCOIO, JOJATKOBUMHU YOTHUPMA
OlTaMM NpU BUKOHAHHI OOYMCIIEHb 1 MPAaBWIBHUM 3a0KPYTJICHHSIM

pe3yabTaT obuncienHs supasy 0.1456-10° —0.1455-10° +0.1231-10*
3aJICKUTh BiJ MOPSIKY BUKOHAHHS OTEpallii.

Po3p’sizyBanns. OOuucnuBim a—b, a motTiM 1oAaBIIH C, 0JIEPKUMO
a—b=0.0001-10° —0.1000-10° :=d,; d, +Cc =
=(0.00001000+0.12310000)-10"
=0.12311000-10" — 0.1231-10" :=S, =c.

Tenep o6uncamo crioyatky C—b, a morim gomamo a.
Onepxumo
(0.123110000 - 0.0145500) .10* =0.10855000-10" — 0.1085-10*.

HacryrHa omeparist (0.01456000 +0.10850000) 10% =
=0.12301000-10* —0.1230-10* #c.

3agaua 9. Pagiyc kyni R=10 i Bumipaauii 3 moxubkoro A, =107,

3HaAWTH OILIIHKY aOCOJIIOTHOI 1 BITHOCHOI MOXUOKH 00YUCIIEHHS 00’ €My
kyni. B 3Hauenni 7 =~ 3.1416 Bci nudpu € npaBUILHAMU.

Po3B’sizyBanns. Ockinbku V = 47Z'R3/ 3, TO JIHIiHAa BITHOCHA IMOXUO-

ka &, =4(5,+35;)/3. BigsocHi noxuGku HaGyBAarOTb 3HAYCHB
5, =A,/r=10"/(2-3.1416)~0.0002, &, =A,/R=10". Tomy
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8, =0.0007 ab6o 0.07%. Jliniiina aGcomoTHa ToXuOKa Al =
=6, -V =4-3.1416-1000-0.0002/3 = 0.8378.

3aBIaHHA TA 3aNIUTAHHA JJISI CAMOCTIMHOI po00oTH

1. Sk knacugikyroTbcs MOXUOKH MU po3B’si3yBaHH1 3a1au? HaBectu npukiiaam.

2. SIxi € cmocoOu po3B’si3yBaHHA OOEpPHEHOI 3a7adl B TEOpii MOXHUOOK IS
GbyHKIT N 3MIHHUX, KOJIK N> 27

3. Sk 300pakaroThcs Yuciaa y cUCTeMI 3 (PIKCOBaHOIO KparKo Ta K1 OCHOBHI
XapaKTEePUCTUKHU 3a0KPYTICHHS B HINA?

4. TToscHuTH 300paKeHHS YHUCEIl y CUCTEMI 3 TJIaBal0u0l0 KParKow, OCHOBHI Xa-
PAKTEPUCTUKH II€] CUCTEMH, 3a0KPYTJIEHHS i 0COOIMBOCTI BUKOHAHHS apU (-
METUYHUX ONeparii y Hii.

5. BuzHauuTu 3HauyIll Ta NpaBuibHI HUGPH YUCEN
a =0,0443, a, =0.04432100, sxmo A(a,)=0,002-10",k =0,3.

6. Jlnst cucremu 3 dikcoBanoto kpankoo P(10,2,—-11) ob6uucinT napamerp:
o, &, M_, KITbKICTh uncen y P Ta O1IHKY BITHOCHOI TOXUOKH O (X)

7. Ins cucremu 3 (pikcoBaHOW Kpamnkowo F (10,6,4) OOYHUCIUTH TIApaMETPU:

X, >0, M_, KUIBKICTB 4KCelN, OLIHKY a0COIIOTHOI OXHOKH.

8. ITokazaTu, mo s Oyab-SIKOTO CIIOCcO0y 3a0KPYTJCHHS B CUCTEMI 3 IJIaBafo-
YO0 KpamKow ofeparlii JoAaBaHHS 1 MHOXKECHHS HE € acOlIaTUBHUMH 1 HE
3B’s13aH1 MK COOOI0 3aKOHOM JUCTPUOYTUBHOCTI.

9. IlpoanamnizyBaTy BiJTHOCHY MOXUOKY 3a0KpYTIIECHHS IJIsl NIMCHUX TUITIB JAHUX
B OJIHII 3 MOB MMPOTPaMyBaHHS.

10. ChopmymtoBaTH BIACTUBOCTI CKOPOUYCHHUX CHUCTEM Ta 3a0KPYTJICHHS B HUX.

HaBecTtu npukiagy CKOpOUYEHUX CUCTEM 3 OCHOBOIO P =3 1 5.
11. Ckmactu Ha moBi C, C++ ab6o Python mporpamy oOGYHCIICHHS MalIMHHOTO
CTICHJIOH.

12. Onepxatu OWiHKY BiHOCHOI MOXWOKH i X / X,. IIopiBHATH pe3ynbTar 3
JIHIAHOK BIJHOCHOIO ITOXHOKOIO.

13. O6uncmoerscst 100yTOK N yncen P =X -X,-...- X , cepell AKUX € TOCUThb
MaJi 1 TocuTh Benuki uucia. [loOyayBatu anroput™M MHOKEHHS YHCEII, SKUH
HE MPUBOJUTH JI0 3HUKHCHHS MOPSAKY YU MEPEITOBHCHHS, SKIIO 3HAYCHHS P
— JOITYCTUME YHCIIO.

14. BukopHCTOBYIOUHM Pi3HI CIIOCOOM PO3B’sI3yBaHHS OOEPHEHOI 3ajayl B Teopii

NoXHOOK 3HANTH OLIHKKM TTOXMOOK apryMeHTiB QyHKIiH Y =CoS(X. + X —2) i
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15.

16.

17,

18.

19.

20.

21,

22.

23.

y=log,(X} +x), saki oGuMcmIOKTbC Npu X =X, =1, A,=0.001 i 3na-
4yeHHs X; Ta X, 3MiHIOIOThCs Ha nmpoMixkky [0.5;1.5].

OO4YUCTUTH BITHOCHY MOXUOKY 3HaueHHs PyHKIIT U (X, Y, Z) =xy* /2%, axmo
samano X=12, y=34,z=45, A =01, 6,=0,01, 6, =0,02.

OuiHuTH aOCOMIOTHY Ta BIAHOCHY MOXUOKHU 00UMCIIEHHS (DYHKIIIT:
1) f(x,y,2)= In2 npu  Xx=2,34+0,01, y=1,25+0,02, z=3,05+0,02;
yA
2) T(x,y,2)=, ,ﬁ npu X =0,757+0,001, y=21,7+0,05, 2z=1,84+0,05;
YA

3) f(xyz)—\/—\/_ npn X =4+0,1, y=3+0,05, z=1+0,08.
4

Hexait a, b 1 ¢ — mificui uncna, a#b, €0 1 111 HUX BIZOMI BIZHOCHI
. . . —D . a .
HOXHOKH O,, O, 1 0,. dnd saxoi 3 GpyHKIIN U= 1 V=——— BIIHOCHA
c C

MOXMOKa HaOJMKEHOT0 OOYMCIICHHS i1 3HaYEHHS MOKe OyTH O1JIbIII00?
n
Hexai ‘X‘ <1. ¥V gkoMmy mopsuaxy Jimiie 0OUUCIIOBATH CyMY Zxk, 100
k=0
3MEHIIUTHA 00UYKCITIOBANIBHY TOXUOKY? BiAmoBiabs 0OTpyHTYBaTH.
3 AKUM YHCIIOM MPaBUIBHUX LU(PP MOTPiOHO B3ATH Ig2, m00 ob0uuciuTu
KOpeHi piBHAHHA X° —2X+192 =0 i3 yoTMpMa MpaBUILHUMU LUppamu?

[Toka3satH, 110 MPY BiICYTHOCTI MEPEHOBHEHb | MAIIMHHUX HYJIIB,
n n
1-t
A0 xy) =2 %y, A+3), 1e [5|<ne, e=p
i=1 i=1

Biacranb, npoiijieHa BUIBHO MaIal0YUM TIJIOM Y BaKyyMi, OOUMCITIOETHCS 3a
dopmyioro S =gt®/2, 1e § —Ipu CKOPEHHS BUIBHOTO MafiHHsA, Ae t —vac 3
novatky maxinas. Hexaii g = 9.81m/cex” TouHe, a t BAMIPIOETBCS 3 TOUHICTIO
10 0,05 cek. ITokasaru, 1m0 3 pocToMm t abcoroTHA TOXHOKA OOYMCIICHHS S
30UTBIITY€THCA, & BIJIHOCHA TTOXMOKA 3MEHIITYEThCS.

Bucora 3pi3zaHoro koHyca BUMipsiHa 3 BiIHOCHOIO oxuOkow O =0.001 i no-
piBHioe 10 cm. Paniycu ocHoB R=20cm 1 r=5cu Bigomi 3 aOCONIOTHOIO
noxubOkoro A=0.02. 3HailTH OIIHKK a0CONIOTHOI 1 BIHOCHOI MOXHOOK
oOuncieHHs 00’ eMy KOHYca, ko 7 ~ 3.1416.

Hexait yucna a 1 b 3amani touno, a>b>0. Iloka3aru, [0 BHACIIIOK

MOXUOOK 3a0KPYTJICHHS OOYHMCIEHHS JIiBOi 1 MpaBOi YaCTHMHU TOTOXHOCTI

a+b= (a2 —b® ) / (a — b) MOXYTh BIJIPI3HITUCH. PO3IIIIHYTH BUIAJOK, KOJIU
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a=3.14159 i b=3.14158, BHKOPHCTOBYIOUU JIECSITKOBY apu(PMETHKY 3
IIiCTbMa 3HAYyIIUMU U paMHU.
24. TlopiBHATH pe3yJbTaTH HAOIIKEHOro oOdYuciIeHHs €° 3a QopMmynaMu

2 3 4 5
e rle x4+t f XX el x|+ 5142 I+§(L+§j :
21 31 41 b5l 2 3 4 5

st Xx=1, —1, 0.1 1 —0.1. 3poOuTH BUCHOBOK I[OI0 TOYHOCTI OOYMCIICHHS.

25. O0YUCINUTH 3 TPOCTOIO 1 MOABIIHOIO TOUHICTIO IHTErpal

1
E, = [x"e*"dx,n =110,
0

srigzHo 3 pexypeHTHEHMH (opmymamu E =1-nE ,,n=210E =1/e i
E..,=0-E)/nn=20,2, E, =0. lopiBHATH OfepKaHi pe3yJIbTaTH 1010
iX CTIHKOCTI 10 00YMCIIOBAIBHUX OXUOOK. Y 3HadueHH1 E, = 0.0838771 Bci

3HAUYIIl HUPPU MPABUITBHI.
26. Po3B’s3aTu aHAOTTYHY 3aJ1ayy 3 OOYMCICHHS 1HTerpaia
n

1
l,= [———dx,n=120,
, X+10

3aCTOCYBAaBIIIN PEKYPEHTHY (GOPMYITY
., =-101_,+1.1k =1n, l,=In1.1=0,0 953 101 798...,
n=5,10,15,20 Ta a1y ¢popmyiny
l,,=@10-1,)/10,k=m,m-1,...,n+1,1_~0.
27. IlpoanamnizyBatu pe3yiabTaTH OOUYHUCICHD 13 IPOCTOIO 1 OABIHOIO TOYHICTIO
sHaueHb QyHkmin f(X) = (x+1/3)—(x—1/3) nns 3HaucHb
x=1,10,k =3,6,9,10 i 11 Ta dpynxuii g(x):=(3+x*/3)—(3-x*/3))/x’
s Xx=10°, k =—6,0. Touni 3uauenns f(X)=2/3 ws Bcix X € R,
g(x)=2/3 gna x=0.

28. IleperBoputu ¢yHKmii 1—cosx i € —1 mis X =0 Tak, uo0 o0UncaeHHS iX
3Ha4YCeHb OYJIO CTIMKUM 10 moxuOok. Hampukiazn, i BenuKux

IX+1=x =1/(x+1+/X).
29. Hexait f(X)=(n+1)x—1. Posrasuemo iteparii
% = (%1, k=LK; %, =1/n.
Axum Oyzae pe3yiabTaT OOYUCIICHB 13 MMPOCTOI0 U MOABOEHOIO TOYHICTIO IS

n=15 K =10,20 i 407
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30. V cucremi MathCad a6o Mathematica nmpoananizyBatu TO4HICTH 0O4YFC-
JieHHs QYHKIIM Ha PI3HUX MHOYKWHAX 3HAYCHB:

1 1-x

f(x):= —
a) 1) 1+2x 1+Xx
6) f(X)=vXx+1/x-+/x=1/x ms1<x<10i 2-10" <x<2-10°

31. Iloka3zaru, MmO MHOKMHA KOMII-

s —1<x<1i ‘X‘ <107™;

JICKCHHUX YHUCEJ, TIOPO/IKCHA CHCTE-
MO0 3a OCHOBOIO 2—i Ta 0Oasuc-
guvmu ynciaamMu 01 1, € 3aMKHEHA

MHOJKHHA, SIKa MICTUTH JESIKUH OKLI
MoYaTKy KOOpAMHAT W yTBOPIOE
bpakTaabHy MHOXHWHY, SKa Ha3H-
BAa€TbCA  “/IBOrosioBUM  ApaKoH”
(puc. 1.5) [32].

Yu Oyab-sike KOMIUIEKCHE YHCIIO
Maec “NBIHKOBE 300pakeHHs”’

(6a3ucHi yuca 0 1 1) B mo3umiHINA Puc. 1.5. @paxran “/[poronosuit
IpakoH”  (mpakoH XapTepa—

Xeiiryes)
32. ChopmyBaTH HECKIHUCHHO OaraTo IIIJIUX YHCEN, TPIMKOBE 300paK€HHS

CHUCTEMI 32 OCHOBOIO 2417

SAKUX BUKOPUCTOBYE TIIbKH HYJ1 i OAMHMII, & 300paKEHHS 32 OCHOBOIO 4 —
TIJIBKW HYJI, OJMHMIN Ta aABiiiku [32].

33. Hexaif X,y 1 Z —yucna B MammmHi 31 32-po3psaAHOI0 MaHTHCOR0. OIHUTH
MOXUOKY MPH 00YMCICHHI 3HaUYeHH (X + Y)Z.

34. Hexait ‘X‘ <1,n — nocuth Benuke. B sskoMy mOpsiIKy OOYHCIIIOBATH CyMy

n
Z X" 3 METOIO 3MEHIIIEHHS O0UHCITIOBAIBHOT TOXHOKH?
k=1

35. Yu 3aBx1M NpaBUIIbHO, 1110
ﬂ(“;ﬂ) ela, B1?

36. [ToGymyBatu cuctemu uncen urasany +(0.0b,)x 2%, ne
a) ke{-10}; 6) ke{-10,1}; B) ke{-2,-1,0,12}.
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Po3zaia 2. IIpsami metoau po3s’sisyBannsa CJIAP

Meton Tayca Ta ioro momudikarii. Cxema 3 BUOOPOM TOJOBHOTO €JIEMEHTA.
OOGrpyHTyBaHHs MeToqy layca, aHaii3 MOXMOOK METOLY Ta OCOOJIHMBOCTI HOro
peanizamii. O6uncneHHss oOepHEHOi MaTpHIll Ta BU3HAYHUKA. MeToa KBaji-
patHoro kopeHs aia CJIAP 13 cumerpuunoro marpuiero. QR-mMeron ta meron
optoronamizaiii. Meton nporonku anst CJIAP 13 TpuaiaroHaibHOIO MaTPHUIIEIO.

Jlirepatypa [5, 13, 14, 20-23, 36, 43, 56, 59, 73, 79, 80, 100]
Enexrponni mxepena [1032—107]

2.1. Ilpuxknaau CJIAP

Posristnemo CJIAP 3 kBaipaTHOIO HEBUPOKEHOIO MATPHUIICIO
Ax=D (2.1)
a00 B pO3rOPHEHOMY BUTJISAII
a X +a,X, +..+a x =b,

a, X +a, X, +..+a,x =b, (2.2)

ax+a,X +..+a x =b

n2"%2 nn’'n n*

VY npsMux MeToaax pO3B’SI30K CHUCTEMHU PIBHSIHb OAEPXKYEThCA 3a
CKIHUCHHY KUIBKICTh apu(METHUHUX omnepalii. Jlo npsMux MeTojiB
HajexaTh MeToja layca Ta Horo Mmoaudikamii, METOJ KBaJpaTHOrO
kopenst miist CJIAP 13 cuMeTpuyHUMH a00 €pMITOBUMH MATPUIISIMU,
MeToJi opToroHamizamii, QR-meToa, MeTol MPOTrOHKH JJisi CUCTEM 3
TPUAIarOHAIBHUMHU MATPUISMH Ta 1HIII.

[Ipsami mMeTonu 3acTOCOBYIOTHCA ISl po3B’sizyBaHHs CJIAP nHe
Iy’K€ BUCOKOI'O MOPSAKY, OCKIIBKM MPH iX PO3B’SI3yBaHHI MOTPIOHO
30epiraT MaTpUIIO0 1 pe3yJabTaThd MPOMIKHUX OOUYHCIIEHb B Ollepa-
TUBHIA maM’ATi KOMI'toTepa. TakoX Moke BIIOYTUCh Harpomaji-
YKEHHS TIOXUOKH y TIPOIIEC] PO3B’SI3yBaHHS, OCKUIBKH B OOYHCIICHHSIX
Ha KOXHOMY €Talll BUKOPHCTOBYIOTHCS PE3YJIbTATH IMOIEPEIHIX
omepaliid, BUKOHAHUX 13 3a0KpyrieHHsM, 3o0kpema st CJIAP 3
oraHo 0OyMOBJICHOIO MaTPHIIEIO.

o CJIAP 4vacTo 3BoAuTHCSI HAOMMKEHE PO3B’sI3yBaHHs qudepeH-
MIAJIbHUX 33J1ad [UIIXOM PI3HUIIEBOI ampOKCUMAIlli MOXIJHUX, MpHU
noOyIOB1 1TepaliiHUX HAOJIWKEHb PO3B’A3KY HENIHIMHUX CHCTEM.
Taki cuctemMu cCiykaTb MaT€MaTUYHUMH MOJACISIMU PI3HOMAHITHUX
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MIPOIIECIB, HAMIPUKJIIAI, MOJAEIb JICOHThEBA JIIHIMHOTO MIDKTally3eBOTO
OanmaHcy B MaTpuuHii (hopmi HaOyBae Burisiny [42]

X=Px+Yy,
ne P — marpuiist NxN koedilieHTiB NPAMUX 3aTpaT, IIyKaHUN BEKTOP
X —00cAr BUpPOOIEHOT NPOAYKIIi (BEKTOpP BallOBOIO BHITYCKY),
N —BEKTOp Y BU3HAYa€ 0OCST MPOAYKIIli KIHIIEBOI'O CIIOKMBaya.

Jl1s1 naHirora, 300pakeHoro Ha puc. 2.1, IpyHTYIOUHCh Ha 3aKOHI

R1 RZ
SR YYV VY S ——S VYV YV —
+ - +
E—— h —— &
/T2\y
R4 RS
@ VWV P WV L
Y
VWAV
Rs
Puc. 2.1

Kipxroda, onepxxyerbest Taka CJIAP 1151 3HaX0PKEHHS 3HAaYEHb
cTpyMiB | :

(R+R,+R)I, + R,I, + I, =E,
RI,+(R,+R, +R)l,— 1,=E,,
R,I,-R]I,+(R,+R,+R;)I, =0.

2.2. Meroa I'ayca

2.2.1. Cxema meroay. Meroj momisirae B IMOCTIJJOBHOMY BUITy4YE€HHI
HeBigomMux. PosrisitHeMo cxemy edunoco Oinenmus. llpuriyctumo, 110
det A= 0. Hexaii a, # 0, iHakmie Mo)KHa TMMOMIHSATH MICISIMU TepIe

piBHsHHS 3 I-M, Ae @, # 0. [loxinumo mepiie piBHAHHA HA @, (Ha3u-
BaTUMEMO HOT0 8edyuum elemeHmoM), a 3 PEUITH PIBHAHDb BHIIYYUMO
X,, TIOMHOXHUBILN TIEPETBOPEHE Meplie piBHAHHI Ha 4, i=2,n, ta
BiJTHSIBIIIA HOTO BiJ I-TO piBHAHHA. OJEPKUMO CUCTEMY PiBHSIHb

X +Uu,X, +...+U, X =Y,

(1) (1) _Kh®
a,; X, +..+a,’x =b”, (2.3)

avx, +..+a’x =b"?,
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e

u,=a,/a, y,=bla,; j=2n; (2:4)
aigl) :aij _ail.ulj’ fi(l) =bi —a,-Y, I’J =2,n. (25)
Hexaii &), Tozi aHanoriuHi nepeTBOpeHHs MOKHA BUKOHATHU s

nigcuctemu (2.3), sika MICTUTh HEBIIOMI X, X,,..., X . SKkmo Taki

n

MEPETBOPEHHSI MOKHA MPOJAOBXUTH 10 N-TO PIBHSIHHS, TO B MIACYMKY
OJIEPKUMO CUCTEMY 3 BEPXHBOK TPUKYTHOK MATPULICHO BUTJISLY
X +U X, +U X, +...+U, X =Y,
X, +U, X, +...+U, X =Y,
.................................................. (2.6)

X =

n n*

Hexait algjo) =ay; K, :1,_n. Ha k-tomy kpomi, k=1,n-1 koedi-

I[IEHTH TIEPETBOPEHOI CUCTEMU OOUYHUCITIOIOTHCS 3a (hOpMYyIaMU:

U, =ay " /ay™”, j=k+1n; (2.7)
al) =al ¥ —u,-al™?; i, j=k+1,n. (2.8)

[IpaBi yacTUHH:

y, =b""lag™; (2.9)
b =b* —a'? .y i=k+1n. (2.10)
Ha octanHbOMy KpoOIli 3HAXOJIUMO
y =b"?/a"?, (2.11)
Onucanuii mOpolec MOXKIUBHM, SKIIO BCl BEAydl EJIEMEHTH

iE:—l) 7&0’ OCKUIbKA B XOIl npouecy Biﬂ;6yBa€TLC$I JUJIEHHS Ha I

k!

a
ejieMeHTH. [3 cuctemu (2.6) MOCI1IOBHO 3HAXOAUMO HEBIAOMI:
X =Y, X=Yy-U,X,—.—UX, I=n-11

i+17 T+l

[Ipotiec 3Hax0MKeHHS KOE(ILIEHTIB TPUKYTHOT CUCTEMU HA3UBAETHCS
npsaMuM, a TPOILEC OTPUMAHHS 1i PO3B’SI3KIB — 0OEpHeHUM XOOOM
merony layca.

[TocnigoBHE BUIIYyYEHHS HEBIJIOMHX, WI0 MEPETBOPIOE JaHY
CUCTEMY Yy CHUCTEMY 3 TPUKYTHOIO MaTPHUIEI0, MOXKHA MPOBOAUTH i 3a
IHIIUMU ~ OOYHUCITIOBAIBHUMU CXeMaMU. Y CXeMl OileHHA ma
BIOHIMAHHA HA KOKHOMY KpOLl TIISTHCS BCl PIBHSHHS Ha KOCQILIEHT
Ipu 3MIHHIM, $Ka BHJIY4YaeTbCcs, a IMOTIM caM€ BUJIYyYEHHS
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3MIMCHIOETHCA BIJHIMAHHSAM OJIHOTO DPIBHSHHS BIJl PEIITH PIBHSIHB.
VY cxeMl MHodceHHs ma 6i0HIMaHHA Ha NEPIIOMY KpOIl HeBlIOMA X,

BIWJIYYa€TbCSl 3 i-FO PIBHAHHSA 32 JONOMOIOK0 MHOXEHHS LbOro
pIBHSHHSA Ha @, 1 BiIHIMaHHA 1-ro pIBHAHHS, IOMHOXXEHOTO Ha 4.

Ha HacTymHuX Kpokax 3aCTOCOBYETBCS LEW K€ MPUKMOM, TaK IO

xoeilicHTH  JOMOMDKHMX piBHAHR &,° Ha K-omy kpoumi

OOYHUCITIOITHCA 3a hopMyTIaMu

a‘ij(k) — a.k(kkfl)a.ij(kfl) _ a.il(<k71)a.k§kfl), bik — a.k(kkfl)t)i(kfl) _ a”((kfl)bk(kfl).
2.2.2. Ouinka ckaaanocti meroxy Iayca. OuiHmmo ckmagHicTh
Merony layca 3a KinbKicTO apuMeTUUHUX oOmepaliif, 30Kpema,
MHOKCHHS 1 JIJIeHHS, SKI HeOoOXigHl s peanizamii meromy. Jis
3BEJICHHI cuctemu (2.1) A0 cuctemMu 3 TPUKYTHOK MaTpUICIO Ta 1l
PO3B’s13aHHS HEOOX1JHO BUKOHATU

S, = E(2n2 +9n+1)= L sn I O(n’) onepariii MEOKEHHS 260
6 3 2 6
n3
S ~—. 2.12
r 3 ( )

JIns1 MOpIBHSIHHSL OLIHUMO CKJIaAHICTh po3B’si3yBaHHa CJIAP 3a
npasuioM Kpamepa:
x =20 i=in,
A
ne A — TOnoMiXHI BU3HAYHUKHA. OOYMCIICHHS BU3HAYHUKA 3T1IHO 3
o3HauenHsM Bumarae N(n—1) mHOkewb. ToMmy oGuHMCIEHHS 3a
dopmynamu Kpamepa sumaratume S, = (n+1n!(n—1)=(n* —1)n!
orepariii MHO>KEHHS.

Sk1110 Ha KOMIT' FOTE€pl BUKOHYETHCSI MUTBHOH Omepalliii MHOYKEHb
a0o JIJIEHb 3a CEKYHIY, TO IJISl 3HAXO/X)KEHHS PO3B’SI3KYy 3a MPABUIIOM
Kpamepa morpi6ro 0.0003 cexkymmu, 3a merogom layca — 8-10°°
cekynz, skmo N=5, s n=10 sigmosimro 36 i 5-10™ cekynn, a
st N =15 ke 170 1161 1.5-107° cexyHa BiAmMOBIIHO.

2.3. Cxema Uopaana

Ha mnepmomy kpowl NOpsMOro XOIy BHIIYYaeTbcs X, 3 YyCIX
PiBHAHB, KpIM nepioro. Ha npyromy kpori X, BHIYYa€ThCS TAKOXK 3
yCIX PIBHSIHB, KPIM JPYroro, i cuctreMa Ha0yBa€e BUTIISIAY
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X, +arx, +..+a?x =b"?,

1

(2) (2) —h®
X, +a,, X, +..+a,’X =b,",

avx, +..+a”x =b".

Ha ocraHHpOMY KpoOILll X BHIIy4Ya€eThCs 3 nepiinx N—1 piBHAHS.
VY pe3ynbrari OIEpKYEMO PO3B’A30K X, = bv(”), v=1n, cucreMu
PIBHSIHB.

V cxemi HMopnana matpuis A y cucremi (2.1) ekBiBajieHTHHMU
NEPETBOPEHHSIMU  3BOJMUTHCS N0 OJUHWUYHOI MaTpuii [, 10
PIBHOCWJIBHO MHOXEHHIO MaTpullli 4 Ha oOepHEeHY Marpulio. Tomy,
BUKOHABIIM IIl K TIEPETBOPEHHS HAJa MaTpHIeio [, OIepKUMO
obepHeHy MaTpuIo A .

2.4. Metoa I'ayca 3 BUOOPOM I'0JIOBHOIO €J1€MEHTA

KokHy 13 OnmMcCaHUX CXeM MOKHA 3aCTOCOBYBATH JJIS BHIIYYEHHS
HEBIJOMUX SIK 3 Hamepe] BU3HAYEHHUM MOPSAKOM, TaK 1 BUOWparouu
NOPSIIOK BUIIYYEHHSI B XOJ1 MpOIECy. 30Kpema, y CXeMl €JIUHOTO
JIJEHHS TOTpiOHO BUMaraTu, IO00 yci Beaydl €JIeMEHTH Oyiu
BIZIMIHHUMM B1Jl HYJIS1. BIIM3BbKICTh BEAYyUYHMX €JIEMEHTIB JI0 HYJISI MOXE
OyTH TPUYMHOIO HArpOMAJKEHHA OOYHUCIIOBAIBHOI MOXUOKH,
3MEHINUTU Ky MOKHA 3a JOIOMOrol MeTogoM layca 3 BHOOpOM
201081020 enemenma. Ilpu BUOOP1 TOJIOBHOTO €JIEMEHTA B CTOBIL Ha
K-My Kkpori mpsiMOro Xomy 3a Beayduil OepeThCsl HaWOUTBIIWN 3a
a0COJIFOTHOIO BEJTMYMHOIO C€IIEMEHT Yy TepeTBOPIOBaHii "acTuHi K-ro
CTOBIIIIS, TOOTO

i=k+1n.

3rigHo 3 iHIIMM crmocoOoM Ha K-my Kpolli BeydnM BHOMPAETHCS
HaOIBIIMM 32  aOCOJIOTHOK  BEJIUYMHOK  €JIEMEHT Y
NEepPETBOPIOBaHIN YaCTUHI MaTpHlIi, TOOTO

mex(a,|, i, j=k,n.

‘akk‘ = mgx\aik\,

kk‘ -
VY nepimoMy cmocoOi KUTbKICTh TMOPIBHSHB YHCENI Ta OOYHCIICHb
abcoiroTHUX BeawuuH ckmamae (2n—1)+(2n—3)+...+3=n° -1,

1[0 Ha MOPAIOK MeHIIe, HiX y MeToai [ayca. SIkmio BuGip Beay4oro
€JIEMEHTA 3/[IMCHIOBATH B MaTPHIIl, TO YUCIIO TAKUX OIEpaIliii cKiajie
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(@2n —1)+ (20 -1) 1)+ ...+2-2° -1=2(0 + 2* +..+n’)—n—1=
= (2n3 +3n°—2n-— 3)/3 ~ 2n° /3, TOOTO Takwmii XKe HOPAIOK SIK B METOII
Tayca.

2.5. O6rpynrysanus meroay I'ayca

SIkmio npsamuil xig meroxy Iayca 3aBepuienuii, To cucrema (2.1)
3BOJAUTHLCS /10 CUCTEMU PIBHSIHb BUTJISITY

Ux=y (2.13)
3 BEPXHBOIO TPUKYTHO MaTPHILECIO )
1 u, .. u,
o 1 .. u,
U= :
0O 0 .. 1

Enementu npaBoi yactunu (2.1) mepeTBoproloTHCA 32

dbopmynamu:
— — @
bl - ailyl’ bZ - a21y1 + a‘22 y2 1hrny bk = Iklyl .t Ik,k—lykfl + Ikk Yies
1€ ...l 4 — nesxi xkoedinientu, mpudomy
_ 1 —a® A
l,=a,#0; l,,=a,,#0; I, #0, k=3,n.
Tomy
Ly =b, (2.14)

ne L — HuKHS TpuKyTHaA MaTpuld 3 JlarOHAJbHUMU €JIEMEHTAMHU, SIKi
HE JIOPIBHIOIOTH HYIIIO, 1 MA€ BUTJIS

, 0 .. O

11

L, L, .. 0 C
L= L£0, i=1n.

nl n2 ' nn

[TincraBupmm y 3 (2.13) B (2.14), onepxxumo
LUx=Db. (2.15)
[3 mopiBHsAHHS cucTeM piBHSAHB (2.1) 1 (2.15) BumnuBae, o pea-
mizanis merony Iayca piBHOCHIBHA PO3KIany MaTpuli A Ha 100YTOK
matpunb L 1 U :
A=LU, (2.16)
ne matpuili L 1 U 3a10BOIBHSAIOTH 3a3HAa4Y€HI BUILE YMOBH, BIJTaK /10
pO3B’si3yBaHHA JABOX cucTeM: (2.14) 3 HWXHBOIO TPUKYTHOIO
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MaTpuIlel0  JUIl 3HAXOJDKEHHS BekTopa Y 1 cuctemu (2.13) 3

BEPXHbOIO TPUKYTHOIO MaTpuiero U, 3 sSKoi MpOCTO ojepxatu
PO3B’SI30K X.

Enementn marpunb L 1 U MoxHa 3HAWTH 3 MaTpUYHOTO
PIBHSIHHS

all a12 e aln Ill 1 ulZ e uln
aZl a22 e aZr‘l _ |21 IZZ 1 " u2n
a, a, .. a. | [l 1, .. 1| 1
3simen maemo: I, =a,, I =1,n; l,u;, =a,;,omxe, U, =a, /l, j=2,n
i1 _
a; =li+> Lu;, i=2n
j=1
Bpaxosyroum, mo U, =0 mma kK > jil, =0 gna k > i onepxumo:

i—1
uij:(a“—ZIikuik,]/I”, i=2,n-1 j=i+ln;

k=1

i—-1
Iij:(aji—;Ijkukj,J/I“, i=2,n-1 j=i+Ln
=1

Pesynbrar dakropuzamii matpumi A y Bumsiai nooytky LU
3py4HO 30epiratv B OJHINA MaTpUIll BUTIISATY

ljg Uy Uz Uy,

Iy 1y, Upz-e Uy,

Inl In2 |n3 Inn

[To3HaunMo "epe3 A, — TOJIOBHUN MiHOp TOPSAKY | MaTpuii A:

a, 4,
d a

21 22

A =a, A, = oy A =detA.

Teopema 2.1 (meopema npo LU — posknao) [59]. Axwo eci
20]106HI MiHOpu mampuyi A He O00piGHIOOMb HYII0, MO ii MOJCHA
300pazumu y euensioi (2.16), oe L — HuodicHsa mpukymua mampuys 3
HeHYTbosUMU Oia2oHanbHumMu enemenmamu, U — eepxus mpuxymmua
mampuysi 3 OOUHUYAMU HA 20a06HIU Oiaconani. Taxuil po3kiao
EOUHULL.

JloBenenns. JloBeaeHHs MPOBEAEMO METOJIOM MaTEeMaTH4HOI 1H-
nykiii. Jlast n =2 maemo
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Ill O 1 u12 _ all a12
I12 I22 O 1 - a'21 a22 -

Hns 3naxomxensuss | ,l1,,1, 1 U, oxepxumo cucremy mTiHIHHHX
PIBHSIHB
- all’ IllulZ a12 '
l,,=a,, Lu,+l, =
3Biacu 3HaX0,Z[I/IMO eJIeMEeHTH MaTpullb L 1 U :
_all’ I :aZl’ ulZ :a12/a11’

I22 - a22 21 12 - (all 22 - a21a12)/a11 - (det A)/all i O
Hexail TBepJKEHHS TEOPEMU CHPABIKYETHCS JJIsI MaTpHIIi
nopssaky K—1l<n. [loBeaemo, IO BOHO NpPaBWIBHE JUISI MaTPHIl
nopsaaky K. 3amuimeMo MaTpuio A y BUIJISIL

A ‘ a, a, T
N P R N ,
fo, | a, Q11 - Ay
Ein Sy
C P fle

A1k e
3rifiHO 3 MIPHUITYIIICHHSIM
AL.=L U,

U, , 3a70BOJIBHAIOTh YMOBH, TaKl XK SIK JJII MaTpHUIIb

1 marpuni L,
L 1 U . Hexai

k-1

L 0 ||U u
A:LkUk:L“ | M 0 ﬂ
k-1 kk

T . .
pe =g by ) Uy = Uyl ) — HEBIOOMI HOKH IO
BekTOpH. Takox moTpiOHO 3HaiTH yucio |, . Maemo
LU + e =860 Ui = T Lo =a .
Matpumi L', i U, ", icHyr0Tb, TOMY
=L a |, =f U

k-1""k-11

k-1 Ikk =&, — Ik—luk—l'
HepeBipHMo, mo |, #0. CnpaBm,
det A=detL , -detU , =detL, -detU, =(detL )I,.

Ockinpku detl, , #01idetA=0,10 |, #0.
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JHloBenemo enuHicTh po3kiany (2.16). Hexait marpuiio 4 MoxxHa

PO3KJIACTH Ha JiBa JOOYTKHU:
A=LU, 1 A=LU,.

Toni LU, =LU,, 3Bizkm UU," =L 'L,. HeBaxko nepeBipuTH, 110
MaTpullsl B JIIBI YaCTUHI — BEPXHsS TPUKYTHA, a B MpaBiil yacTUHI —
HUKHSA TPUKYTHa. Taka pIBHICTb MOXKJIMBA, SKIIO JiBa 1 MpaBa
YaCTUHU OJIepKaHO1 PIBHOCTI — JlaroHaJbHI MaTpuill. Aje aiaro-
HanpHi emementd UU. =L'L =1, ne | — oguHWYHA MaTpUILL.

Tomy U, =U,, L =L, ToOTo po3kiaz equHUI. n
2 1
Mpukaan 2.1. s matpuii A = {3 4} noOy1yemMo po3Kiia

(2.17). Maemo: |, =2,u,,=1/2,1,, =3, 1,, =5/2. Otxe,

IR A

1 2 0
puxknag 2.2, Hexait A=|1 3 6|. Tyr w™miHOopHu
4 5 2

A =A,=1>0, A,=detA=20>0, omxe, ymoBu Teopemu 2.1
BHUKOHaHI. [3 po3kiiany

l, 0 O|1 u, u, 1 20
,, I, 00 1 wu,|=|1 3 6
l, I, 1,JjO O 1 4 5 2
onepxumo | =1,=1 | =4, u,=2, u,=0, Lu,+1,=3
Lu,+lu. =6 Lu,+1,=5 Lu,+lu, +I, 6 =2 Po3p’s3aBmmu
cucremy, aicramemo |, =1, u,=6, |,=-3, |, =20. Orxe,
1 0 O 1 2 0
L=|{1 1 0| U=|01 6
4 -3 20 0 01

PosrissaeMo Tenep meton [ayca 3 BHOOPOM TOJIOBHOTO €JI€MEHTa
y croBmi. Skmo Ha i-My kpoii, 1 <1< n—1, BUOUpaeThCs TOJOBHUM
exeMeHT 3 K-ro psnaka, 1+1<k <n, To moTpiOHO MOMIHATH MiCIISIMU
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psaaku 3 HoMepamu K Ta i. Ile BUKOHY€TbCS MHOXCHHSM IEPETBOPIO-

BAHOI MaTPHIl HA MATPHUIIIO EIEMECHTAPHHUX MTEPECTaHOBOK

1 |
1

|
| |
0 1
_ | |
ik | 1 |
1 0
| |
| |
I

k

Matpuust P, oxepkyeTbcs 13 OAMHUYHOI MaTpulll | mepecTaHOBKOIO
psaakiB 3 Homepamu K Ta i. Hampukian, mo0 moMiHaTH Micisamu 1-i i
3-U pSAJKU:

0 0 1|4 -1 -1 2 -1 1
0101 2 -2|=11 2 -2|
1 0 02 -1 1 4 -1 -1

Mosxna nokaszatu [10], mo Merox Tayca 3 BHOOPOM T'OJIOBHOTO
eJIEMEHTa PIBHOCHJIBHUI IIBOMY K METOAY, SIKUA 3aCTOCOBYETHCS IO
cuctemu PAX=PDb, ne P — neska MaTpuIls IEPECTAHOBOK, OJcpKaHa
3 oaMHMYHOI Martpuii. CxemMa 3 BHOOPOM TOJIOBHOTO €JIEMEHTA
OOTPYHTOBYETHCS HACTYITHOIO TEOPEMOIO.

Teopema 2.2 [59, c. 65-67]. Axwo det A= 0, mo icnye mampuys
nepecmanosox P maka, wo mampuys PA mae 2ono6ui minopu, sKi He
oopieniooms HYAt0, | cnpasodcyemovcs poskiad PA=LU, de L —
HUJICHSL MPUKYMHA MAMPUysi 3 GIOMIHHUMU BI0 HYAa OiA2OHATbHUMU
eremenmamu, U — GepxHs mpukymHa mampuys 3 OOUHUYHOIO
20I08HOI0 OIA2OHANIIO. |

2.6. AnaJjisz moxubok y meroai I'ayca

[pynryrouncs Ha Qopmynax (2.18) i, sk mokazano B [29, 35],
MO>KHa OJIEp>KaTHU OLIIHKA MOXUOOK BUIIYUYE€Hb HEBIJIOMHX 32 CXEMOIO
Tayca. Hexaii B apudpmeruui P(p, t, L, U) ne BimOysaerbcs
nepenoBHeHh 1 MammHHMX HY’iB, fl(X oy.)=(X oVy.)A+5), ne

‘5‘ <p~ =2¢.Toni
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fl(ixiyi):zn:xiyi(l+5i), ne |6 <nel2.
i=1 i=1

HACJIJIOK MOXHUOOK 3a0KpyriaeHs [29, 33] marpung A= LU + A,
IPpUIOMY ||A|| < n5|| L|| : ||U ||, ne |||| — JIesiKka HopMa MaTpHIIi, HAIPUKJIa]l

n
||A|| = (Z aif)%. PosristHeMo, sIK 11e BIUIMBA€E HAa PO3B’A3yBaHHS 3a1a4i
i,j=1
LUX =D, sKkimo po3B’s3yl0ThCsA OKPEMO CHCTeMH PiBHSAHBL Ly =D i
Ux =Y. Po3p’s3aBmu cuctemy (2.14), onepx yeTrbcsi HAOIMKEHUN
pO3B’s30K Y , skmii 3amoBonbHse cucremy (L+dL)Y =D, ne
oL <ne|

BEKTOp X , sikuid 3agoBoubHsie cucremy (U +8U)X = i [8U[|<ngU|.

LH Amnajnoriuno, po3s’s3ytoun cucremy UX =Y, ogep:Kumo

OO0’enHyI0UH 111 CHIBBIAHOIICHHS, OJIEPKUMO
b=(L+)y=(L+L)U+)X=(A+NA)X,
ne AA=—E+L-JU+L-U+d-MJ.
Ha miacraBi omiHok misi OU,dL,E 1 HepiBHOCTI TpUKyTHHKA
OLIIHUMO HOpMY OA:
oA < [E] +]L- U] +]oL-U oL - U] <
<3ng|L|-U]+n%?L]- V] = 3nglL - U]
OmxKe, BUIyYEHHsT HEBiIOMUX 3rifiHO 3 MeTogoM [ayca € cTiikum
aJTOPUTMOM, SIKIIIO MTPABUIIBHE CITIBB1THOIIICHHS
3néY- U] =0C)|A-
Came TO/I1 BeTMYMHA H&N‘/HN‘ =0(e).

SIK miATBEPIKYETHCS 00UYMCITIOBATIBHOIO IPAKTHKOI0, MeTO Tayca
3 BUOOPOM T'OJIOBHOTO €JIEMEHTA Y CTOBMI[I MailkKe 3aBk U 3a0e3meuye
BUKOHaHHs criBBinHomenus ||LJ|-|U|~|A|. Merox rapantye, mo

‘lij‘ <1.V [33, 35] Busnauenuit koediuient pocry g, =|U| _ /|A| __,

ne |Al_ = max‘aij‘. To6TO CTIHKICTH METOLY PIBHOCHIILHA TOMY, ILO
1]

qhcio g, Maie abo MoBUILHO pocTe i3 3pocTaHHsM N. Ha mpakTuii

g,, Malxe 3aBKA1 He NePEBUIIYE N.

MoxHa TpUIyCTUTH, IO B CEPEIHBOMY TIOBEMiHKA {,,

onucyeThes pyukmicro ¥/n° abo i Jn. Ane ICHYIOTh TIPUKJIAIN, KOJIU
9,,=2"" [20].
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Bukopucrasiim OIiHKA HLHOo <ni HU HOO < ngppM
[6A],, <3gy,me A

3poOuMO JiesiKi BUCHOBKH.

1. JloBempeHno [56], mio moBHMII BHOIp BEAydYOro e€JIEeMEHTa €
HAJIIMHOIO CTPATETi€10, OCKUIBKM MOXHOKA 3pOCTa€E HE JAy>KE CUIIBHO 1
Koe(IIieHT 3pOCTaHHS HE MEPEBUIILYE

f(n)=(n-2-3".4%. .p/e )”2.

[Toxubka B Koe(ilieHTaX CHUCTEMU YU TIOXMOKa B Mpoleci
o04nClIeHb, AKa BIUIMBAE Ha pPO3B’sA30K, MHOKUThCS Ha f . HaBememo

_, OJIEPKYEMO

sHadeHHs f(n) s geskux N
n 2 10 15 20 30 50 80
f 5,7 18,3 39,1 69,8 155,5 | 536,2 | 1915,5

n

100
3552,4

2. B oOuucnioBaibHIN TpakTUIl WMOBIPHICTh 3HAYHOT'O 3pOC-
TaHHS TOXMOKHU MpU BUOOPI BEAYyHOro €JIEMEHTa B CTOBIIII JOCHTH
Maja i He nepeBuinye B 2-4 pa3u 3HadeHHs f(n).

3. TlobynmoBana cucrtema piBHSHb, Ui SIKOi BUOIp BEAYYOTO
€JIEMEHTa B CTOBIIII J1a€ KOe(IIlieHT pocTy MOXHMOKH, IO JOPIBHIOE
2". Ina n=10, e 1024 pa3, n=20 — Ginpme 10°, a mus n =100
BXke ckiamae ~10%.

4. be3 meBHOro BHOOpPY BEIy4yOro e€JEMEHTa MOXuOKa
3a0KpYIJIEHHST MO€ 3HA4HO 3pOCTU. 30Kpema IOKa3aHo, W0 MJIs
cucTteMH mopsaky 20, MOXHA O4YiKyBaTH 3pocTaHHs moxuOku B 107 i
Oinbire pasiB. Ilpm BUKOHAHHI mHpsAMOro xomy Meroxy layca
3pOCTaHHS MOJYJIIB €J1E€MEHTIB LIFOCTPY€E MEPETBOPEHHS MAaTPHUIIi:

1 0 0 1] [1 0 0 1]
-1 1 0 1 010 2
-1 -1 1 1 0 0 1 4f
-1 -1 -11] |0 0 O 8]

5. B amropurmi meromy layca 3miliCHIOETBCS II€peBipKa Ha
JTOPIBHIOBaHHS HYJIIO BEAYy4yOoro ejeMmeHTta. Ajne B apudMeTuil 3
MJIABAIOYOI0 KPANKOK 4YMCia, SIKI MalOTh OYTH HYJSAMHU y 3BUYANHIN
apu(pMeTHIll, Mai>ke 3aBXKIM HE JOPIBHIOIOTH HYJIIO BHACIIJIOK MMOXU-
00K 3aokpyriieHHS. ToMy MNOTpiOHO BpaxOBYBaTH SIK 300pa’KeHHS
YuCel y CUCTEMI PIBHSIHb, TaK 1 YKMCEJ] NpPH peanizalli Mmporpamu.
Akmo Ha KOMIT'IOTEpi BUKOHYIOTBCS 1ii 3 t=10 npecsaTkoBUMH
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3HakamMu, TO Benyumii emement 1.5*107° MokHa BBaXKaTH
PEe3yIAbTATOM 3a0KPYTJICHHS 1 MPUCBOITH oMy 3HadueHHs 0. ko x
eJIEMEHTH MATPUIi MaroTh mopsaok 107, To OO CTBEPIKYBATH BIKE
He MoOkHa. Tomy JoIiIbHO MaciTaOyBaTH cucTeMy AX=0D,
HaIpUKIaJ], TOMHOXKHUTH €JIEMEHTH PIBHSIHb Ha JEIKUM MHOKHHK TaK,
1100 HOB1 3HAYEHHS Manu MopsaoK 1. MokHa TTOMHOXHUTH CTOBIIIII
MaTpuili, W0 BIJAMNOBIJA€ 3MIHI OJWHUIL BUMIPY HEBIJIOMUX,
HaMpuKiIajd, Mepexid Big MeTpiB 10 MumiMeTpiB. HaBememo Takuii
TIPUKIIAI;

107 10 -10" 1 10 -1

10° 15 10" |—>|10 15 0.1

10° 20 10° 0.1 20 104
ne y, =10"x,y, =10"x,, y, =107x,.

JlomiapHUM ~ criocoOoM  MaciiTa0yBaHHS € MHOXXEHHS  Ha

BIAMOBIAHUM MHOXKHHUK TakK, 1100 HAWOLIbIIMN €JIeMEHT psaKa
nopiBHioBaB 1. [lepeBipka Ha HyJIb BEIy4OTO €JIEMEHTA 3111CHIOETHCS

TOPIiBHAHHAM 3 YHCIOM C- P ', e P— OCHOBA CHCTEMH YMCIIEHHS, t —

KUIBKICTh 3HAaKIB TICIAs KOMH TIpU peali3ailii ajlroputMy Ha
KOMIT'I0Tep1, C — ACsKEe HEBEIIMKE YUCIIO0, SIKE 3pOCTaE 31 30LIBIIICHHIM
mopsaky N. OCKUIBKH HaJ KOXKHHM EIICMCHTOM &; BHKOHYETBCS

HaiOIbIIe 2N° apuMETHYHUX OIeparlii, TO HailOiIbIIe 3HaYeHHS C,
sSIK€ BApTO PO3MIIAAATH, HOpiBHIOE N°. [TOXHOKK 3a0KPYyIJIEHHS Maiike
B32€MHO 3HUILYIOTHCA, TOMY C =N a00 JOBLIbHE HEBEIIMKE YHCIIO.

2.7. O04KcIeHHS BU3HAYHUKA i 00epHEHOI MaTpui

Cxemy wMerony layca MoxxHa 3acTocyBaTd i OOYMCIICHHS
BU3HAYHUKIB. 3yIMHUMOCH Ha cxeMi einHoro AuteHHs. Hexait a, # 0,

TOM1

11 12 " aln 12 bln
a21 a22 e a2n aZl a22 a2n
A = = all
anl anz a'nn anl anz a'nn

Hami, Big KOXHOTO psiAKa BIAHIMEMO TEpPUIMNA  PSIJOK,
MOMHOKEHHI BIJMOBIAHO Ha TMEPIIMM €JIEMEHT IbhOTO PsIKa.
Otpumaemo

48



(1) (1)
1 b12 ) bln a22 * aZn
0 a2Y..al| | .
A = all = all
(€} (1) (1) 1)
O anz e ann an2 ann

VY BuszHauHHUKY (N—1)-TO MOPSJIKY BUKOHAEMO aHAJIOTIYHI TIEPeT-
BOpeHHs, sKkmo Tineku a) #0. TIpomoBkyrouu meil mporec,
OTPUMAEMO

A=a® a®.a" a”=a,.

1117722

SIkmio Ha meskomy kpori 2’ =01 a'™ =0, k<i, 0 A=0.
OnTtumManbHUM pe3yiabTaT OJEPKYETHCS TPH 3aCTOCYBAaHHI CXEMU
Tayca 3 BUOOPOM rooBHOTO eneMenTa. KinbKicTh MHOXKEHB 1 [IiJIEHb,
HEOOX1THUX 151 OOUUCIICHHSI BUBHAYHUKA N-TO TOPSAKY, JOPIBHIOE

nN+(n-1)°+..+2°+n-1=(n-1)(2n* +5n+12)/6.

3ayBaXUMoO, 110 B IIbOMY BHUMAJKy TMOTPIOHO BpaxyBaTU 3HAK
BU3HAYHUKA B1J] IEPECTAHOBKH PSJIKIB.

3anava po3B’sizyBanHs CJIAP 1 3amada oOuucieHHsS 0OEpHEHOI
MaTpHIll OB’ sA3aHil Mixk co00r0. CripaB/ii, SKIIO I MaTpull A Bigoma
il oOepHEeHa MaTpULIsl, TO OTPUMAEMO

= A"b.
Hapnaku, BU3Ha4€HHS €JIEMEHTIB 00CpHEHOT MATPHUIll MOXHA 3BECTH
JI0 PO3B’SI3yBaHHS N CUCTEM PiBHSHb BUTJISTY
AX =g, i1=1n,

ne X — i-ii ctoBneus marpuii X =AY, € — i-il cTOBICNb OIU-
HUyHOi Matpuii /. OcCTaHHE BUIUIMBA€ 3 O3HAYEHHS OOEPHEHOi
marpuii AA' =1 1 mpaBuia MHOXEHHS MaTpuib. lIpu IBOMY
3BOJAUTU MATPUIIO0 A JI0 TPUKYTHOTO BUTIISAY MOTPIOHO TUIBKU OJUH
pas.

YucioBe po3B’si3yBaHHS N CUCTEM PIBHSIHD, 110 JAIOTh €JIEMEHTHU
00OCpHEHOI MaTpHIll, MOXXHA 3MIHCHUTH, HaMNpPUKIAdA, 3a CXEMOIO
€IUHOrO MIJEHHS JJIs JIEKUIBKOX CHCTEM 31 CIUIBHOK MaTpPHIICHO
Koe(iieHTiB. Y pe3yabTaTi OTPUMAEMO MATPHINIO, SIKa CKIATAEThCA 13
PAIKIB OOCpHEHOI MaTpHIl, PO3MIIICHUX Y HpOTI/IJIC)KHOMy MOPSJIKY.
Jlms mpsAMOro Xo4y HOTpiOHO BMKOHAaTH N° /3 [ilf MHOXKEHHS i

JJIEHHS. OO6epHeHUi X111 BUMAarae 3I1MCHEHHS
n(n+1) n(n-1) , . ..
n 5 + 5 =N oncpanid MHOXCHHSA 1 J1IJICHHA. OT)KG,
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3arajibHa KiIbKICTh oOIepaliii CTaHOBUTh mpubau3Ho 4n°/3. [ns
KOHTPOJIIO OOYHMCJICHHS 1 OIIHKA TOYHOCTI PE3yJabTaTy MOXHa
3MiicHATH MHOXEeHHS AHa A™.
3ayBaxxenns 2.1. Icuyrome imepayiuni memoou 3HAXOOHICEHHS
obeprnenoi mampuyi. Hasedemo o00un 3 Hux, 8i0oMull K Memoo
1 . . : : : i :
Llynvya™. Hexaii mampuyi U i Y, maxi, wo icnye U', ¥, =1 — AU, i
H\I’OH <1. Tooi icnye mampuys A™ i 0o nei 36i2aemobcs NOCAIO08HICMb
mampuys U, , usnauenux imepayitinum npoyecom
Y =1-AU,U_=Ul+Y¥Y +..+¥"), m>1k=0,1,..
Hatiuacmiwe suxopucmosyemocs memoo opyeoeo nopsoxky (m=1),
npu ybomy
U ok
HAfl _UkH = 1 H \O{HI HLPOH '
—[[ %

Hemanvhiwe memoo naseoeno 6 [13].

2.8. MeToa KBaJIpaTHOT0 KOPEHs

Lleit meTon € momudikamiero meroxy layca Ha BUIAJOK CHCTEM
JIHIAHUX PIBHSAHB 13 CUMETPUYHOIO (y OUIbII 3arajibHOMY BHUMAAKY
epMiTOBOIO) MaTpHIleto, ToOTo komun A’ = A 8; € R. Cumerpuu-

HICTh MATPHIIl 103BOJISIE OACPKATH PO3KIIa] MATPHUIll Y BUTIISIII
A=S'DS, (2.17)

ne S — BepxXHS TPUKYyTHA MaTpuIlsl 3 JOJATHUMH JiarOHaJbHUMHU
enemeHtamu, D — glaronansHa Matpuils 3 enemeHtamu +1. Matpuns
D notpibnHa st TOoro, mod eneMeHTH S; OyJiu AINMCHUMH YUCIaMHU.
Posknan (2.17) € wnachmigkom Tteopemu tnipo LU -poskmax nns
CUMETPUYHOI MaTpuill A, KOJIU BCl TOJIOBHI MIHOpU MaTpuil A, fKi
HE IOPiBHIOIOTH HYJIO [25, 73].
Cucremy (2.1), BpaxyBaBmu (2.17), MOKHa 3amucaTd y BUTIISII
IBOX CUCTEM:
S'Dy =b, (2.18)
Sx=yY. (2.19)

! Schulz G. Iterative berechnung der reziproken matrix / ZAMM. — 1933, Nel13. — P. 57-59.
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[lepmia i3 HUX — cHCTEeMa 13 HIDKHBOIO TPUKYTHOIO, a JApyra — 3
BEPXHBOIO TPUKYTHOIO Martpuriero. Po3B’s3yBanHs cuctem (2.18) 1
(2.19) Bumarae  2(1+2+..n)=n’+n omepaiiii MHOXCHHS 1

TJIEHHS.
Po3risiHemMo peaizalito METOy Il CUCTEMH APYTroro MopsikKy.

Maemo
a, a, s, 01](d 0]|]|s, s,
I e R
[Tokaxxemo, mo npu BukoHanHi yMoB &, #0 1 det A= 0 moxna

niniopatu S, >0 1 d, ==£1, i =12, Tak, 0100 BUKOHyBaJIach PiBHICThH
(2.17). BukoHaBIIM MHOEHHSI B TIpaBiii YaCTHHI, OJIEPIKUMO

2
|: S11 SllsIZdl :| — |:a11 a12 :|
2 2 )
SllsIZdl SlZdl + 822d2 a12 a22

[IpupiBHSABIIM BIAMNOBIJHI €JIEMEHTH MAaTPHUllb, OTPUMAEMO
CUCTEMY PIBHSAHB ISl 3HAXOKEHHSI MaTpuilh S 1 D:

S121dl =y, S11512dl =8y, S122dl + 8222d2 = ay,.
Hexait d, =sign(a,,). Toxi s’ =a.,d >01i
S, = «/dlaﬂ >0. (2.20)
Hami,
S, =y, /Slldl’ Szzzdz =ay — S122dl .
Bisememo d, =sign(a,, —s5d,). Toxi
Sy = \/(azz - S122dl)dz .

3ayBaxkumo, 1o a,,—S.,d, =a,, — % (a,a,—-a))/a,=a, detA=0,
a,

12
1

oTXe, S,, >0.
Posrnsinemo cucrtemy mnopsiaky N>2. Hexail ronoBHI MiHOpH

A #0,i :1,_n. Jlmst  3HAXOMKEHHS CJICMCHTIB S, OIEPXKY€ETHCS

cucTeMa piBHSIHb

-1 n _
Zs,is,jd, +5;8;; + Zs,isljd, =a;, i,j=1Ln
1=1 |=i+1

BpaxoBytoun, mo S; =0 mms | > i, ogepxumo

i i) i

i-1
5;S; i + D sy =2y, i1<j. (2.21)
1=1
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Jns 1 =1 3Hauenns d; 1 S;; BU3Ha4Yar0ThCsA 3riHO 3 (2.20), a

Sij =& /311d11 J :ﬂ-

i1 i1
d; = sign(a _Zslzidl)l S = \/aii _Zsﬁdl ’
=1 =1

[Tpu i < J 13 (2.21) BummuBae

i-1
s; = (8 — .88 d)/ (syd;), j=i+1n.
1=1

i-1
Skmo i = j>2,10 sid; =a; - > sid,, To6T0
1=1

I
N
>

EnemenTn BekTOpa y BUBHAUAIOTHCA 32 PEKYPEHTHUMU (DOPMYIaMu:

bl_ bi_IZ;:Sviyv J—
Y=o Y=, i=2n.
S S

11 ii

Po3B’s130K cucTemMu piBHSIHB Ax = b3HaxoauThes 3a GopMyiaMu

yi o i Sivxv

x =0y = v=iil i=n-11

n ! 1

S S..

nn [l

OOGepHeHuit X111, IKUW ToJisirae B po3B’si3yBaHH1 cucteM (2.18) 1
(2.19), BuMmarae n°+n omnepailii MHOXeHHS 1 aieHHs. [loOynoBa
poskiaany (2.17) — n(n—=1)(n+4)/6 Takux omepariii i N omneparii
OOUHCIICHHSI KBAJpPaTHOrO KOpEHs.3arajbHa KUIbKICTh 3a3HAYEHUX
oriepariii ckiagae
n(n—1)(n+4) e n(n’ +9n+2)

6 :
Jlst Benukux N 1e npubnusno N° /6, mo Maike BABIYI MEHIIIE, HIXK Y
merozi [ayca.

n(n+1)+

2.9. QR-meTO7

Cepen MeTOIB, IS peamizalii sKux moTpioHo mpudauszuo 4n°/3
onepariid, QR-MeTox Ha JaHW Yac HAMOUIBIN CTIHKUI 1O HarpoMa-
YKEHHSI 00UMCITIOBAIBHOT TTOXUOKH.

Merton rpyHTyeTbesi Ha po3knaal matpuil CJIAP Ha moOyTok
OpTOTrOHaJIbHOI MaTpulll Q 1 BEpXHbOI TPUKYTHOT MaTpulll R:

A=QR. (2.22)
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OpTOroHaJIBHO HA3UBAETHCSA MATPHIIS, IJIs IKOT BUKOHYETHCS YMOBA
QQ=1I,
abo Q" =Q~. Hampuxkiiam, MaTpulls, IO 3aJa€ Ha IUIOIIKHI IEPETBO-
PEHHS IIOBOPOTY Ha KYT @
Cosp —Sing
sing  cosg |
Teopema 2.2 [19, 23]. byos-sKy OilicHy HeBUPOOINCEHY MAMPULIO
MOJICHA PO3KAACMU HA 00OYMOK OPMO2OHANLHOL MAMpuyi HA Npaey
MPUKYMHY MAMPUYIO. m
BakIMBOIO BJIIACTHBICTIO OPTOrOHAIBHOIO IEPETBOPEHHS € TE, 110

BOHO HE€ 3MIHIOE €BKJIIJJOBY HOPMY IMEPETBOPIOBAHOIO BEKTOPA.
Cnpasgi, ko Q — opToroHajibHa MaTpUIls, TO

1 Qx[l;= (@) (Qx) =x"Q"Qx = x"x = x[; .

3BIJICH BUIUIMBAE, IO 3BEJCHHS MATPULl A0 TPUKYTHOTO BUTJISIY
MOCIJIOBHICTIO OPTOTOHAJIBHUX IEPETBOPEHb BEKTOP-CTOBIIIIB, HE
oyne ,,miacuIoBaTh’ MOXUOKHU 3aJJaHHS €JIEMEHTIB CUCTEMU Ta 00UKC-
TroBaNIbHI MOXUOKU. TOOTO Taki anropuTMH CTIHKIII MOPIBHIHO 3 TH-
MU, 110 TPpyHTYIOThCS Ha LU — po3sknazi, Xxod 1 BUMararoTh OUIbIIO]
KIJIbKOCTI OIepalrii.

VY ubomy Metoai Matpuiigd A cuctemu (2.1) 3BOAUTHCS 10 BUTIISATY

Rx=Q'b, (2.23)

ne R — BepxHs TpukyTHA, a Q — opTOroHajibHa MaTPUILIS.

OmHuM 13 MOXJIUBHX Ccroco0iB  mobdynoBu QR —poskiany

Matpuili A € BUKOPUCTaHHS MEPETBOPEHHS Xaycxoiaepa, SKe J03BO-
JIsl€e IEPETBOPUTH B HYJIb TPYITY MIJIIIarOHAIBHUX €JIEMEHTIB CTOBIILIS
Matpuii. [lepeTBOpeHHs] 3A1MCHIOETHCS 3 BUKOPHCTAHHSM MaTpHIIl
Xaycxonzlepa2

2

H= Ww (2.24)

B 2
wi;
pi(v W—HeHy.TIbOBHI\/’I BGKTOp'CTOBHeHB, WWT —KBa)IpaTHa ManHI_IH I10-
pHI[Ky n. ManI/I]_[H H —CI/IMeTpI/ILIHa, OCKiHbKH
(WWT )T — (WT )T WT — WWT 1
d TaKOXK OPTOrOHAJIbHA.

2 Householder A.S. Unitary Triangularization of a Nonsymmetric Matrix // Journal ACM. —
1958. — 5 (4). — P. 339-342.
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Hexait qns sektopa Y =(Y,...,Y,)", VY, #0, meperBopenusIm
Yy =Hy morpi6ro onepxaru Bektop Y =(¥,,0,...,0)". Pesyabrar
JOCSITAETHCS, SKILO BUOpaTH

w=y+sign(y,)|y|,e. & =@0,...,0)".

3acTocyeMo Take MepeTBOpeHHs i ¢dakTopuzalii Martpuil A
no surisapy (2.22). Hexan A=A, A =H,A, ne matpuna H, B
(2.24) Taka, 10 BCl1 €IEMEHTH IEPIIOrO CTOBIL MATpULl A, KpiMm
nepmioro, gopisnoTs Hymo. Toxi y=(al,al?,...,a?), a xommo-
HEHTHU BEKTOpa W OOUYHCITIOIOTHCS TaK:

@ _ (0) (0) (0)
w? =af +sign(a?)[a?|.
w®=a®, i=2n,
(0) — (0) _
Ac a alj’ (ail’ 210 a )
Ha npyromy kpori mMatpuimio H, moTpiOHO 3amatv Tak, 1100

(2.25)

OTPUMATH HYJI1 B IPYrOMY CTOBIIII HUXKYE TOJOBHOI AlaroHaini. Hexai
— (1) (l) MNT
y=a,’, =(0,a,,,...,a;) .

(2) _ (2) _ 4 Y]] (2 _ 0 7 _
w” =0, w,” =a,, +sign(a,, )Ha2 H2 W =a,’, 1= 3n.

SIKuo mepeTBOpeHHs BIOAEThCS BUKOHATH N—1 pa3, TO oaepK umo
mykaHuid posknan (2.22). Po3p’s30k 3naxogumo 13 CJIAP (2.23) 13
TPUKYTHOIO MaTtpulero R=A |, matpuns

Q=(H_H_ ,..H) =HH,...H__.

3ayBaxkumo, 110 neperBopeHHs Marpuii A B QR —Mmeroai BigOy-
BA€THCSl AaHAJIOTIYHO AK y MeroAl ['ayca, ajme 3 IOMOMOrow OpToro-
HaJIbHOTO TepeTBOpeHHsA. Ha BiaMiHYy Big merony Sko01, HAa OAHIN
iTepallii IKOro yTBOPIOETHCS JIBA €JIEMEHTH, IO JOPIBHIOIOTH HYJIIO,
ajie B HACTYIHUX ITEpalliiX BOHM MOXYTh CTaTH HEHYJbOBUMH, B
MeTO/II XaycXoJepa Ha KOXKHIii iTepallii yTBOPIOETHCS KIJIbKA HYIIB,
K1 HE 3MIHIOIOTh HACTYTHI ITepalrii.

Momudikamnii QR-poskiany matpuili HaBeneni B [80, posmin
4.2.1; 20, 1. 5].
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2.10. MeToa oproronaJizamii

[um wMetomom wmoxHa po3B’a3zyBatu sk CJIAP 3arampHOTO
BUTJISIY, Tak 1 3HAYHO €(EKTUBHIIIE CHUCTEMH 3 CHUMETPUYHUMHU
JOJATHO BHU3HAYEHHMMHU MaTtpulamu. Po3B’s30k cucremu (2.1)
Oyay€eThCs y BUTJISII

x=>Cx", (2.22)
k=1
ne C,..,C — HeBigoMI Koe]ili€HTH, X ox - N -BUMIpHI

BCKTOpH, 10 3aJ0BOJIBHAOTE YMOBHU
(Ax<k>,x<'>) =0, komu K >1. (2.23)

Hexali HEeHyJIbOBI BEKTOpH X(l), X(Z),...,X(”) Bke 3HaigeHi. Iloka-
&KeMo, sk o0umncintu koedinientu C, . I3 (2.1) 1(2.22) ogepxumo

(Axx) =3, (A x)=(0.x"), 1=1m

BpaxyBaBmm ymoBu (2.23), komu |=1,...,n, oxepxumo mis
3HaxomkeHHa C, cucreMy JIHIMHUX PIBHAHb 13 TPUKYTHOIO
MaTPULEIO

(Ax(l) ’ x W )C1 — (b, x Y )’
(AX(l), X(Z))Cl + (AX(Z) 1 X(Z))C2 — (b’ x ) ),

(AX? x)C, + (AX? x)C, +...+ (AX", x")C. = (b,x™).

ko (Ax(k), X(k)) =0,k =1,...,n, To crcTeMa Ma€ €QUHHUIA PO3B’I30K.
Hexait A — cumerpuuna matpuils. Toxi

(AX(k), X(I)) _ (X(k), AX(')) _ (AX('), X(k)).
Tomy 3 ymoB (2.23) BumiauBae, 110 (Ax(k),x('))=0, | =k, k,I =ﬁ, 1
cucrema (2.24) Habynae BUTIISATY
G, (A, x9) = (b,x" ), k=1

3BiJICH OJICPKUMO

Jns nobymosu cucremu BektopiB X7,.., X" BizpMeMO nedKy
CUCTEMY JIIHIHHO He3aJIeKHUX BEKTOPIB, HAITPUKIIA,
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=(10,...,0), e” =(0.1,...,0),..., " =(0,0,...,1).
Po3rn5{HeMo CIIOYATKy BUIAJIOK, KOIU A — I0JaTHO BH3HA4YEHA
matpuus (A>0), To6to (Ax,X)=0 VxeR"; (AXx }y=0<& x=C
Hexait XV =e®, a x? =e® +a1(2)x(1), a1(2) — Jeskuil koedinieHt. I3
ymoBu (x?, AX”) =0 maemo
(Ax(l) e ) n al(Z) (Ax(l), X(l)) —0,

3BIJIKM 3HAXOIAMO

NG
2) :_(AX e?)
1 (Ax(l) X(l)).
3ayBaXUMO, 1110 X %0, ockimpku e? i e® - OPTOTOHAJIbHI.

a

Jamni, mrykaemo X y BUIJISIAI
x® — @ 4 al(S) x4 043))((2)_
CKUIbKHU =01 =0, To
o) (x?, Ax?)=01i (x*¥, Ax?)=0,
@ ) 2 Q)
o (Ax"e%) L (Ax®.e)
X T T A y) P T T A @)
(Ax®,x") (A, x?)
VY 3aragpHOMY BUNAJAKY MAa€MO
XU =% 1 X 4+ X,

3ayBaxumo, mo (Ax",x*)#= 0, ockimeku A>01i x* #0.
Hexaii temep A4 — MaTpuIld 3arajibHOTO BHUTIBIAY TOPSAKY N,
xY =e® j BEKTOpH X(l),...,x(k) Bke mooOynoBaHi. [llykaemo x kD y

BUTJIAOI

k+1 k+1 k+1
'+ Z

JInst 3HaxXoMKeHHSI KOe(illI€HTIB ;/i( ), i=1n, OJIEPKUMO CHUCTEMY

PIBHSIHB

K _ _
Zj/(k+1)(AX() U )) _ —(Ae(k+1),X(J)), i=1 k. (2.25)
i=1

Ha miacraBi ymoBu (2.23) matpuia cuctemu (2.25) TpUKyTHA 1
nabysae Burnamy (AX®,x®)y& D = (At xO),

(AXD, X@) D 1 (AXD D)0 = _(pesd 5@
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(Ax(l) , X(k))j/l(k+1) + (AX(Z) ’ X(k))yékﬂ) + o+ (Ax(k) , X(k))]/ékm —
— —(Ae™ x®) k=1 n—1.

2.11. MeToa NPOrOHKH /IJIsi CUCTEM PiBHSIHb

i3 TpUAIarOHAJBHUMH MATPULAMU
2.11.1. ITocrtanoBka 3agaui. Posrinsinemo CJIAP Burisny
—CoYo + boyl == fo’
qYin—GY; + bi Yin=- fi’

ayYya—CyYn =Ty
Marpuns cuctemu TpualaroHaidbHa, nopsaaky N +1 1 HaOyBae
BUTJISAY

i=LN -1 (2.28)

—C, b, 0 0 0 0 0 |
a —C, b, 0 0 0 0
A 0 a, —C, b, 0 0 0
0 0 0 0 a,, —C. b,
0 0 0 0 0 a, —¢C, |

Marpuiti, AJis1 SIKUX €JIEMEHTH TOJOBHOI 1 KUIBKOX MOOIYHUX Hia-
rOHaJIel HE JOPIBHIOIOThH HYIIIO, HA3UBAIOTHCSA CHIPIUKOBUMU.

Cucrema (2.28) oziepKyeThcsi, 30KpeMa MPU YUCIOBOMY PO3B’SI3Y-
BaHH1 KpalloBOi 3a/1a4i

u"(x) —g(u(x) = - (x),
u(0) = 4o, u(l) = 44,

AKOI0 MOJICIIOEThCS CTAIllOHAPHUN PO3MOT Telmjaa y TOHKOMY
crepxui posxkuHoo |. Ha Bigpizky [0,1] moOymyemo piBHOMIpHY

O<x<l;

citky X, =ih, i=0,N, 3 kpokom h=1/N. ¥V koxHOMy Bys3mi X:,
i=1 N, anpokCHMyeMO MOXiAHY u’'=u"(X) pI3HUIEBOIO TOXiTHOIO
u'~(U_, —2u, +U. )/ h*. Onepxumo pisHULIEBY 32124y

(Yia =2¥; + ¥ I 0° =Gy ==, i =L N =1y, = 14, Yy = 4,

a00, MICIIs MPOCTUX NEPETBOPEHD,
Yo~ (2 + hzqi)yi Y= —h? fi d
Yo =Ho Yn = H4

iI=1,N-1
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Otxe, maemo CJIAP 13 TpuaiaroHanbHOI MaTPHUIICIO, 1€
b=a,=1 a=b=1 i=1L,N-L c =2+h’g, i=0,N.
SIKI10 Ha KIHISX CTEP)KHS 3aJ]aHO KPaoBl YMOBU
!/
u'(0) = —v,,—u'(l) =—v,,
TO, allpOKCUMYBABIIHY MMOX1TH1
u'(0)=(u,—-u,)/h, u'(l)=(u,—-u,,)/h,
JOTIOBHUMO cucteMy (2.53) 11e 18oMa piBHIHHAMHU
Yot Y. = _hvo' Yva= YN = _hvl'
EdexTuBHUM METO0M PO3B’si3yBaHHS CUCTEMHU (2.28) CIIy>KUTh
mogu(ikamis Meromy Ilayca, ska Ma€ Ha3By MmemoO HNPOTOHKU.
KinbkicTh apupMeTUIHUX Omnepaliid y MeTO/ll MPOTOHKHU MPOMOpIIiiiHa
nopsinky cuctemu. Kpim Toro, i3 (N +1)° enementiB matpuri A
30epiratu notpidHo TUbkH 3N +1. Sxmo N =1000, To HeHyIbOBUX

esieMeHTiB He Oubiie 0.29%.
2.11.2. Metox npasoi nporonku. Hexaii ¢, # 0. 3acrocyemo cxemy

Tayca, B3sBIIM 3a BEIYYHil €IEMEHT C,. 3 MEPIIOro PiBHAHHS 3HAXO-

b0 fO b fo .
Mo Y, :C_yl +C—- Hexait o, =2, p, =C—. Toni

0 0 0 0
yo = alyl +181'

ITincraBumo Yy, y IOpyre piBHsAHHS cuctemu (2.28). OmepxKumMo
(31051 _Cl)yl + b1y2 - _a1ﬂ1 - fl' Skio n=0—-ao# O’ TO

b ap +f
Vo=ay+Boea, =t fp=2PrL
Vi /4
Hexait Bukonano I kpokiB, 2<1<N —1. ¥ cucremi piBHIHb
yi—l :aiyi +ﬁ|’
ay.,—Cy + bi Yia =~ fi
BUJIyYMMO 3 APYroro piBHsAHHA (2.55) Yy, . Jnsd mporo BBEAEMO
: b, f+ap
NO3HAaYeHHA: y, =C —aa, 1 a,,=—, = —ﬂ, akmo y, # 0.
7i Yi

Toni
Yi = Yin + B 1=LN -1
3anuuaeTbes 3HAUTH Y, 13 CHCTEMH P1BHSHb

yN—l:aNyN + N?
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aNyN—l _CNyN :_fN'
Hns Y, onepKUMO
yn =(fn +ayBu) /ey —ayay).
Otmxe, npsaMUA X1 METOAY IPOTOHKU IIOJIAraE B OOYHMCIICHHI
KO€(ILIEHTIB

(@3
—

0[1=C—, ﬂlzc_o;

f. B —
n=C-aa, o <% 1:La|/”n,|=1,|\|—1. (2.29)
Vi I+ 7i

B o6epHeHOMY X011 3HAXOIMMO PO3B’ 30K CUCTEMHU:
yn =(fn +anBu) /ey —anan),
Yi =&, Y. T P =N -10. (230)
OOGuucneHnHs 3a ¢opmynamMu MeTony mporoHku umarae 8N +1
apuMEeTHIHUX omepaliiid, 13 Hux SN +1 mireHs 1 MHOKEHBD.
3ayBaikenns 2.2. Koegiyicumu o, ne 3anexcamv 8i0 npagoi
yacmunu cucmemu pisHaHb (2.28) i 6usHauaromvcs uyepe3 3HA4eHHs
a, b, c.. Tomy, axwo nompiono poss’szsamu xinoka CJIIAP i3 pisnumu
NpasuUMu YACMUHAMU, ale 3 OOHIEK I MIEK IHC MPUOIA2OHANLHOINO
mampuyero, mo Koegiyienmu o, 00YUCTIOIOMbCA MITbKU OOUH pas, a
Koegiyienmu [, i 3HauUeHHs pO36 A3KY Y, 00UUCTIOEMbCA O KOHCHOL
i3 cucmem 3 8iONOBIOHOI NPABOIO YACMUHOIO.
2.11.3. O0rpyHTYBaHHSI MeTOAY NPaBoi Nporouku. ®opmynu (2.29)
MaroTh 3MicT, skmo C, #0 1 y, #0, i=1,N. 3HauyeHHs pO3B’S3KY
OOUHCIIOETHCST 3a peKypeHTHow (opmyrnoro (2.30), mpu 1pOMY
MOXYTh HarpoMaJ)KyBaTUCh TOXUOKM 3aoKkpyrieHHs. Cropasii,
OPUITYCTUMO, IO «;,, 1 [, 3HAXOIATbCA TOYHO, a B OOYUCIEHH] Y, ,

JolylnieHa MoxuoOka ¢&,,. Toal 3aMiCTh Y, ONEPKUMO 3HAYCHHS
V.=a (Y., +&,)+ [ [loxubka & = ¥. — Yy, 3a10BOJIbHSE PIBHSIHHS
gl :al+18|+l, I — N _1,0.

ko |e,| > 1, o || > |&,,| 1 ans Bemukux i mouarkosa moxuGka

MOK€ CUJIBHO 3pOCTH. SKII0 X ‘aiﬂ‘ <1, o ‘gi‘ < ‘SM

, TOMy Harpoma/i-

JKEHHS MOXUOKH HE BIAOYACThCS. Y IIbOMY BHUITQAKY KaXyTh, IO
METOJI IPABO1 NPOTOHKH CIUKULL.
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Hactynmaa Teopema mae AgocTaTHI YMOBH KOPEKTHOCTI METOIY
paBoi MPOTOHKH, TOOTO, IO ICHYE €IWHHM PO3B’A30K CHCTEMU
(2.28), sxmii oOumcmoeTbes 3rigHo 3 Gopmynamu (2.29), (2.30) i
METO/I IPOTOHKHU CTINKHI 10 MOXUOOK OOUHCIICHHS KOS(IIIEHTIB.

Teopema 2.3 [59, 60]. Hexaii koegiyicumu cucmemu (2.28) 3a0o-
BOJIbHAIOMb YMOBU.

a =0, i=LN; b=0, i=0,N-1, (2.31)
c|>|a|+|b|, i=LN-1; (2.32)
o = by, en]=an], (2.33)

npuyomy xou 6 o0na 3 HepisHocmel (2.32) abo (2.30) euxonyemwvcs
cmpoeo (A —mampuysi i3 0ia2oHAILHON Nepesazoro).
Tooi ancopumm memooy Npagoi NPOSOHKU KOPEeKMHUL, mMoOmMo

7, #201|er| <1, i=1N.

Hosenennsi. Ockinsku || = |b|/|c,

, TO 3 mepmioi 3 ymoB (2.31)
BUILINBAE, 1110 ‘al‘ <1. Hexaii ‘ai‘ <1 i<N-1 Toni

‘%‘ - ‘Ci _aiai‘ = ‘Ci‘ _‘aiHai‘ = ‘bi‘ +‘ai‘(l_‘ai‘) = ‘bi‘ >0.
—b|/y|<b|/b|=1 i=LN-L

3anuuaeTsCcs AoBecTH, WO ¥, =C, —a, «, #0. Cxopucraemocs

Orxe, 7, #0 i |a

i+1

YMOBOIO, III0 BUKOHYETHCSI CTPOTO X04a O oaHA 3 HepiBHOCTeH (2.32)
a6o (2.33). Hexaii |c|>|ay|. Tomi |yy|>]ay|@—|ey|) =0. Sxmo x

it geskoro  k, 1<k<N-1 wmaemo [c|>|a|+|b,

, TO

7|=lc.—aa,|>b|>0. Tomy |«

=|b,|/|y,|<1.  Meronom
MaTe€MaTU4YHOI 1HAYKII MPOCTO NEPEeBIPUTH, 110 W ‘ai‘ <1 nmus
I >k +1. Orxe,

Tomy |a,| <1 st i > 2, a Takox |, | <11y, #0. n

a,|<1itomy y, #0. ko x |c,|>|b,

, 1o o, <1 i

3ayBaxkenns 2.3. Ymosu (2.31)-(2.33) € minbku docmamuimu.
Axwo oesaxuii koeghiyienm a, uu b, 1<K <N, dopisuroe nynio, mo
cucmema (2.28) poznadaemuvcs Ha 08I cucmemu maKo2o Hc Buisioy.
Jlo xoorcHOi 3 HUXx MoodicHa 3acmocysamu Gopmynu eueandy (2.29),
(2.30).

3ayBakenHs1 2.4. [lpu euxkoHauHi yM08 nonepeoHvboi meopemu
cucmema (2.28) mae eounuii pose’szox. Yepez L i U nosnauumo
mampuyi nopsaoxy N +1 euenaoy:
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"¢, 0 0 0 0 0]
=y 0 0 o0 0
0 a — 0 0 0
| — 2 V2 ’
0 0 0 a,, —Vya 0
0 0 0 0 a -y
"1 —a 0 0 0 0]
1 —a 0 0 0
0 0 1 0 0 0
U=
o 0 0 . 0 1 -a
‘0 0 o0 . 0 0 1

Axwo nomuoorcumu mampuyro L na U, mo odepofcwwo_ PpO3K1a0
LU =4. Ockineku ¢, #0i y, #0, 1=1LN, mo det A=detL-detU =

n
= (—1)N+1COH 7, 0. Omoice, po3s 3ok cucmemu pieHAHb (2.8) icHye i
i=1
E€OUHULL.
2.11.4, MeTtoa JiBOi Ta 3yCTPiYHOI NMPOroHOK. Y METOnl .1i80i
NPO2OHKY 3HAUCHHSI PO3B’ 3Ky 3HAXOASTHCS 32 PopMyIaMu
Yo="or Yir =GuYi + 1=LN-1,
niciig OOYMCIICHHS KOE(ILIEHTIB

gN:aN/CN’ §|:Cl_b|§|+1’ §|:a|/5|, iZN—l,li

my=Tt/cy, m=(f+bn,)/6, 1=N-10
Sxmio noTpiOHO 3HaWTH oxHe HeBigome Y., 1<m<N -1, abo

IpyIy HEBIJOMUX, SIKI PO3MIIIECHI MIAPSA, TO 3PYYHO BHKOPUCTATH
MeTon 3ycmpiunux tmporoHok [59, 60]. Lleii meron onaepxKyeTbes
KOMO1HAIII€0 TPaBoi 1 JIIBOT IPOrOHOK. DOPMYIJIM METOY 3YCTPIUHUX
MPOTOHOK HA0YBaIOTh BUTJISIAY:

al=g; y,=C —aaq, ang, I=1Lm-1
C 7i
f +apf .

ﬂ1:_0;ﬁi+1: fl+alﬂl’ |=1,m—1;
C Vi
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§N :i_N' é‘l =C, _bi§i+1i’ él =i’ =N -1 m,

Y=, Y., +IBi+l’ I=m -1,0;

yi+1 :ﬂiﬂyi +77i+1’ i = m’ N _1’ ym :Lé:mﬂm'
1_§mam

2.11.5. MeToa uMKJIi4HOI NPOroHKHU. Po3risHemMo Taky cucremy:
ay.,+cy —by =1,
alyl—l_C|y|+b|y|+1:_f|’ |:0,i1,i2,...
Koe(iIieHTH 1 MpaBa YacTUHA SIKO1 niepioAnyHi 3 iepiogom N :
a=a,, b=b ,c=c,, f="Ff_ . (234)
CucrteMn Takoro BHUIJSIY OJIEPKYIOThCA, HAMPUKIAJ, MpPH
pO3TJsA/ll TPUTOUKOBUX PIZHUILIEBUX CXEM, SIKI BUHHUKAIOTh MPH
3HaXOJPKCHH1 MEPIOIMYHUX PO3B’SI3KIB 3BUYAHHUX AUGEpeHITIATbHUX
PIBHSIHb APYTOTO MOPAJIKY, @ TAKOXK MPHU HAOIM>KEHOMY PO3B’sI3yBaHHI
PIBHSHb 3 YAaCTMHHUMHU MOXIJHUMU B IWNHAPUYHUX 1 cPepuuHHMX
KOOpJMHATAX.
[Ipu BuKOHaHHI YMOB (2.34) po3B’A30K CHUCTEMHU PIBHSHb, SKIIO
BIH ICHY€, Takox Oyne nepioguunuM 3 mepiogoMm N . ToMmy nocuthb

i+N ! i+N ! i+N !

3HaiiTH po3B’si30k Y, Hampukiaax npu 1 =0,N —1. V npomy Bumaaxy
3a71a4y MO>KHA 3aMycaTy TakK:
a,y,,+CYy, —by =",
ay.,—cy +by, =-f, I=1L,N-1,
Yn = Yo
ANTOpUTM PO3B’SI3yBaHHS 1Ii€1 3a7advl, SKAA HOCUTh Ha3BY
Memo0y YUKNTYHOI NPO2OHKU, TAaKUH:

a,=blc,p="11c, y,=alc; A:r’k:]_’—N

a,=b16, B.=(G+aB)/6, rn.=aylé, 1=2,N.
Uys =Ly Vna=0ay +7y;
U = Uiy + B Vi =% Vig i I=N-21
yo_ ﬁN+l+aN+lul ’ yi:ui+yovi’ izl,N—l.

1= 7w~V
Jlns peanizariii anropuTMy HHMKJIIYHOI TPOTOHKU MOTPIOHO BUKOHATU
14N —8 apudmeTnuHNX Onepariu.

62



S0 HE BUKOHYIOTHCS YMOBH II€peBaru roJIOBHOI JliaroHajii B
Matpuii A, TO MOXYTb 3’SIBUTHUCS 3HAMEHHHMKHU, IO JOPIBHIOIOTH
HyJI10 a00 OJU3bKI 10 HyJs. Y TaKuX BHUMIAJKaX BUKOPHUCTOBYETHCS
METOJ, HEMOHOTOHHOI MporoHku. Llel mMeTon rpyHTyeThCS Ha BHOOPI
TOJIOBHOTO €JIEMEHTA MO PAJKaX, SIK Y METOJl BUIYUYCHHS] HEB1JIOMHX
Tayca. Y TakoMy aaropuTMi MOHOTOHHUI HOPSI0OK BU3HAYEHHS HEBi-
JOMHX Y., MO€ MOPYILIyBaTUCh, TOMY BiH 1 Ma€ Ha3By HEMOHOTOHHOI

IIPOTOHKH.
Metoa nporoHku Moau(p1KOBaHUMN JJIE CUCTEM 3 I ATHAlaroHa b-
HAMHM MAaTpPUIISIMHA Ta 1HIIAX CHCTEM JIHIWHUX PIBHAHB CIEIiaJbHOI

CTPYKTYPH 13 PO3pIIKEHUMHU MaTpuIlsiMu. Ha3BaH1 MeToiu HaBEICH] B
[24, 53, 60, 81].

2.12. Po3B’sAi3yBaHHA JIIHIHHUX CUCTEM

i3 IPAMOKYTHUMH MATPUISIMH
2.12.1. TIceBaopo3B’sizoxk CJIAP. Posrnsnemo CJIAP
Ax=D (2.35)
ne A — (mxn)-matpunsg, b i X BiAMOBiIHO M 1 X-BUMIpHI BEKTOP-
CTOBIIII, TOOTO

a, a, ... a b, X,
A a, a4, ... a, b— b, ‘- X,
_aml amz e amn_ bm_ _Xn_

[Ipu m>n cucrema nepeBu3HaueHa. Takl CUCTEMHU 3yCTPIUAIOTh-
Csl, 30Kpema Ipu oOpoOIlll AaHUX, OOCAT SKUX IEPEBUILYE KIJIbKICTh
HEBIJOMUX KOE(ILIEHTIB (PYHKIII, 32 JOMOMOTO SIKOI 3/IIMCHIOETHCS
arpoKCUMaIIis.

O3nauvenns 2.1. Ilcesooposs’sizkom cucmemu (2.35) Hazusaemo-

0 .« .
cia N-eekmop X=X maxkuu, u,o e6K11008a Hopma

m 2

||Ax—b||§ =D | 2 ax—h
k=1

i=1 =
MA€e HauMeHwe 3HA4YeHHs | ceped YCIX 8eKmopié X, Ol AKUX Ue
0 o
3HAYEHHSL 00CAAEMBCS, BEKMOP X MAE HAUMEHULY O08IHCUHY, MOOMO

02 o NOu0N2 i N 2
Hx H2 '_Z(Xi) _mxlnzllxi .
1= 1=
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Hoseaeno [25, 80], mo cucrema (2.35) 3aBkau Ma€ TIIbKH OJUH
TICEBAOPO3B’A30K, SKUM O0UHCITIOETHCS 3T1THO 3 (POPMYIIO0

x° = A'b, (2.36)
ae A" — (nxm)-marpui, sfKa HA3UBAETHCI NCE8000OEPHEHO0I0 IO
Matpuiii 4.

3ayBaxxumo, 1mo g cuctemu (2.1) 13 KBaJapaTHOIO
HEBUPOKCHOIO MATPHIICIO IICEBIOPO3B 130K X° 30iraeThes i3 €MHAM
po3B’s3koM cuctemH (2.35). Y mpoMy Bumagky X=A"bi A" =A™,
IToxkaxxemo, 1110 HAX — bHi JocsAra€ HaMuMeEHIIOro 3Ha4YeHHs TO/l,
Ko matpuist A’ opToroHambHa a0 HeB si3ku  F(X) =b— AX mis
pO3B’sI3Ky X = X°, TOOTO Ayt X = X°
A'(b—AX)=Ar(x")=0.
Hexaii x — nesikuii po3s’s30k cucremu (2.35), X = X", Toni
r(x) = (b — Ax®) + (AX° — Ax) = r(x°) + A(x* — x).
Ha migcTaBi yMOBH OPTOTOHAJIBHOCTI OJICPIKUMO

T ()r(x) = (Ax=x"))" +r" ONAX=X") +r(x)) =
= (A=) (AX=xD) + 17 ()r(x°) = Ax=x)[ +[r ), > [rx)][.

2
O1xe, r(x)||§ > HI’(XO)H2 1715t Oy Ib-SIKOTO PO3B’SI3KY X # X',

[3 yMOBH OpPTOroHaJbHOCTI mpu N <M oOAEPKUMO TaK 3BaHY
HOPMAbHY CUCMEMY PIGHAHb
(A" A)x = Ab. (2.37)
Martpuns A" A — cuMeTpuuHa, ii MOPAAOK N 1 paHT JTOPiBHIOE N,
skio panr matpuili rang(A) =n. To0To, SKIO CTOBMII MaTpuili A
TiHIKHO He3anekHi, To icHye (ATA)™ i IceBI0pO3B 30K

x=(A"A)"A'b. (2.38)
3BIJICH BUILIMABAE, IO MCEBIO00OEPHEHA MATPUILS
AT =(ATA)AT. (2.39)
2.12.2. O04HCIeHHS MCeBA000EPHEHOI MATPHILi
Osnavennss 2.2. [lcesooobepnena mampuys A — ye

HEemMOmOoJCHe NnepemeopeHHs mampuyi A, aKe 3a0080J1bHAE MAKI

VYMOBU:
1. AAA=A 2. AAA =A"; 3. (AA) =A'A
4. (AA') = AA".
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Skmo psakyu matpuii A JHIAHO HEe3aJaeXKHi, TO MaTpHIls AAT
Mae oOepHeHy. B 1bomy pasl IiceBaooOepHEHAa MaTpulld O04YuC-
JTIOETHCS 32 (HOPMYIIOIO

A" =AT(AAT)T (2.40)

SIkmo croBmil MaTpuill A JIiHIMHO He3aJIeXKH1, TO ICHy€e 0OepHEeHa

MaTpHIIS A0 MaTPHII A"AiB IbOMY BUMNAJKy
A" =(A"A)TA" (2.41)

Skmio 1 cToBmii 1 pAAKKA MaTpuill A JHIAHO He3ajexkHi (1o

CIIPaBIKYETHCS IS KBaIPaTHUX HEBUPOXKICHUX MATPHIIh), TOI
A=A

Hexaii kK — panr marpurni A. Toxai A MoxkHa 300pa3uTH sK J100Y-
Tok BC, ne B — marpunsg posmipy mxk, a C — kxn. V mpomy
BUIIAJIKY

A"=C'(CC")(B'B)'B".

Hagpenemo nipukiaj 3actocyBanHs ¢popmynu (2.41).

Mpuknan 2.3. PosrisiHeMo cucteMy piBHSIHB [32]

X, — X, +2X, =3,
— X, +2X, —3X, + X, =0,
X,— X, +X,=0,
13 MaTpHUIICIO

1 -1 2 0
A=|-1 2 -3 1|
0O 1 -11

OCKUIBKM TPETIN PAIOK MATpulll A € CyMOIO MEPIINX ABOX PSIKIB 1

1 =
1 21‘=3¢0, TO panr matpuili 2. 3a B Bi3bMeMO mepin jJBa

croii matpuii A. Tomi

1
1 0 1 1
A=BC=-1 2 :
01 -11
0 1

B B= ) (B B) = ’
-3 6 1 2/3

3 0 1/3 0
CC™ = , (CCT)* = -
0 63 0 1/3
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Tomy, 3rigHo 3 popmynoro (2.41) , mceBnooOepHEHA MATPHILS

(1 0] (1/3 0 1/3]
A*:}O 1 {2 1]{1 -1 O}z 1/9 1/9 2/9
2|1 1|1 2/3||-1 2 1 2/9 -1/9 1/9
1 1 4/9 1/9 5/9]
ITceB10pO3B’SI30K CUCTEMHU PIBHSIHb
3 1
X"=A"16|=|1
0 2

Omxe, UIs KBagpaTHOI HeBUpOpKeHOT Matpumi (K=m=n)

nceBgoobepaena Matpung A" = A", Sxmo crosmm MaTtpumi A
JTiHIAHO He3anmexHi, To A’ obumcmoerses 3rigHo 3 (2.39), ko
psAaKA MaTpuii A JiHIHHO He3alekHi, To Maemo (opmyny (2.40).
Inakme, xomm rang(A)=k<min(m,n), To MOXHa 3acTOCyBaTH
dbopmyny (2.41).
2.12.3. Metoau Kemni-I'amisibTona i I'peBimis. YV dopmynax
(2.39)—(2.41) notpiOHO 3HAXOAUTH OOCpHEHY MaTpuIto. OpUTiHAIbHI
dbopMynu il OOYMCIICHHS TICEBIOOOEPHEHMX MAaTPHIlb OJiepKalu
A.O. Typ6iH3 ta B.I. KyGnanoBceka® Po3po6ieHO psif alroputMis, y
KX OOCPHEHHS MaTpHIli HE BUKOPHUCTOBYeThes [19], HaBememo nBa
3 HUX.

Aaroput™ meroay Kesni-I'aminbToHa

1. A =A"A;

2. k=1

3.do 3.1. y, :=tr(A /k) (obGuncnenns cmigy matpumi A /K )

3.2.if y, =0 then r:=k

33. B, =A -yl

34. A, =BA

35.if AB, =0 then k:=n
until k<n end do

4. A" =B, AT Iy, (rceBI00OEpPHEHA MATPHIIA)

3 TypOun A.®. @opMyibl 17151 BBIYUCIEHUS TOJTyOOpaTHOM U nceBI000paTHON MaTpuil /
XKBMuM®. — 1974. —T. 14, Ne 3. —¢. 772-776.

4 Ky6mnanosckas B.1. O Brruuciennu o0001meHHON 00paTHON MaTpHIIBI U TTpoeKTopa /
XKBMuM®. — 1966. — T. 6, Ne 2. —¢. 326-332.
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Meton I'peBijisi mMOC/IIIOBHOIO 3HAXO/KEHHS ICeBI000ep-
HeHoi maTpumi. Hexaii a, — K-if croBmens y mxn — marpuni A,

A =(a,...,a,) - MaTpul yTBOpeHa NepIMMH K CTOBIISMHU MaTpHIIi
A, b, ocranniii psaaok y marpumi A, K :1,_n, A =a,A =A. dkuo
A=a=0t0 A" =0.Tom
A =a =
&
i st K >1 BukonyroThcs pexypenTHi GopMyIu

B
Aij:(bkj’ Bk:AlzL—l_dkbw dk:Aij—lak'

k
Axkmo ¢, =a, —-A . d #0,10 b =c =(a -A_.d)";
sikio k ¢, =0, To6ro 8, =A d,to b =(@+dd)"d A
JlaHuii MeTo MOXKe OyTH BUKOPHCTAHUIA 1 J1s1 3HAXOPKCHHS

obepHeHoi MaTpuii A

Ipukiaaau po3B’si3yBaHHsSI TUIIOBMX 32124
3amaua 1. 3actocyBaBiu LU -po3kinan marpuiii, po3s’sizatu CJIAP
4X + X, +3X, =8,
3X +5X, —6X, =2,
X, — X, =4.
Po3p’si3yBanns. Enementu matpuub L 1 U B poskmami A= LU
3HAXOJIMMO 3 MATPUYHOTO PIBHSIHHS

l, 00 ||1s,sS; 413
l,,1,,0 |01 s, |=[35-1].
l,, 1, 1,; 1100 1 05-1
ITocmigoBHO BU3HAYAEMO:
=4, s,=1/1,=0.25 s, =3/l,=0.75
,,=3, |,=5-1s,=425 s,=(-6-1,:.)/l,=-33/17,

21712

l,=0, I,=5 I,=-1-1s,-1,s, =148/17.
I3 CJIAP 3 TpUKYTHOIO MaTPHUIIEIO
4y, =38,
3y, +17y, /4 =2,

5y, +148y, /17 =4
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3Haxomumo Yy, =2, Yy, —-16/17, vy, =1.

Po3B’skemo CJIAP 13 BepXHbOIO TPUKYTHOK MAaTPUIICHO
X +X,/1443X,/4=2,

X, —33x,/17 =-16/17,
X, =1,
3B1JIKM 3HaXOAUMO X, =X, = X, =1.

3amaya 2. Po3B’si3aT cUCTEMy JIIHIMHUX PIBHSHb 13 3amadl 1,
3actocyBaBmu QR -MeTo.

Po3e’sizyanust. Ockimsxn a® =[4,3,0] Hal(O)H =5, 10
=[4+5,3,0]' =[9,3,0]', |w]; = 90.

OpToroHaibHa MaTpULIS

1 0 0 9
H =1- =0 1 0|- 203[9 3 O]=
” 1” 0 0 1 0
-08 06 O
=-0.6 0.8 O}
Jlam maemo,

08 -06 0][4 1 3] [-5 =38 12
A=HA=-06 08 0[[3 5 —6|=|0 34 -66]|.
0o o0 1|0 5 -1] |0 5 -1

.. (1) .
VYTBOpUMO HyJIb Ha MICILI €JIEMEHTa (55 . 3rigHo 3 QR-anropurmom
0) — Ol ~
a® =[0,34,5], |a?| ~6.046487,

0 0
=|3.4+6.046487 |=| 9.446487 ,||W2||§ =114.2361009.
5 5
Hacrtynna oproronanpHa MaTpuLs
0
,=1- 2 | 9.446487 [0, 0.446487, 5]:
el s
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1 0 0
=10 -0.562346 —0.826945 |.

0 0.826945 0.562300

Bepxus tpukyTHa MaTpuiisd 3 moxuokor 0.000113 mae Burisn
-5 -3.8 1.2

R=A=H,A=| 0 -6.046701 4.538429 |.
0 0.000113 4.895537
[IpaBa yactuna CJIAP 13 maTpuriero R HaOyBae BUTIISATY
QTb = (H1H2)T b=
—0.8 —0.6 0 8 —7.600000
=|0.377408 -0.449877 -0.826945 |2 |=| 1.508273
0.496167 —0.661556 0.562300 || 4 4.895424

I3 cuctemu piBHSIHb

—5.000000%, —3.800000X, +1.200000x, = —7.600000,
— 6.046701x, + 4.538429x, = —1.508273,
4.895537x, = 4.895424
SHAXOUMO x, =1.004367, X, =0.994246, X, =0.9999760.

X — X | =0.005754.

[ToxuOka oJiep>KaHOT0 PO3B’SI3Ky MaX
i=1,n

Hamni, ckopucraBmuch popmynamu (2.23), 3HalIEMO PO3B’SI30K
cucremu A X=Q'b, sxa HabyBae BUrIALY
5.000x, +3.800x, —1.200x, = 7.600,
6.046x, —4.538x, =1.512,
4.895x, = 4.892.

OT1xe, HaOMMKEHUH PO3B’SI30K CUCTEMH MA€ BUTIIS:

X, =0.99939, x,~1.00017, X,~0.99972.

3agaya 3. MeToOM KBaJpaTHOTO KOPEHS PO3B’sI3aTU CUCTEMY JIIHIM
HUX PIBHSIHb

OX, + 2X, + X, =8,

2X, +6X, +3%; =11,

X, +3X, +7 X;=11.
Po3p’sizyBannsi. I[loOyayemo poskiman wMartpuii A BUIVIIAY
A=S"DS =
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s, 0 O0j|ld 0 O
=[S, S, 0|0 d, 0|l 0 s, s,|=
S13 S23 S33 O d
S121dl 51181, S11S130,;
=l ¥ S0y +55,d;, 8,830, + 55,8550,
* * S50, + 550, +s33d

e s; >0, |d |=1 cuMBOIOM «*» MO3HA4YCHI CIEMEHTH MAaTPHIL,
CUMETPUYHI BIIHOCHO T'0JI0BHOI aiaronani. Toxai, MaeMo

s2d, =5, d, =sign(5) =1, s, =~/5, s, = 2/~/5, 5, =1/ /5.

J171s1 e1eMEeHTIB pyroro psiaKa

g-1+s§2d2=6:>d2=1, S, =26 /5.

) 1 \/ 26
I3 piBHSHHS =3 3HAXOIUMO S., =~/13/+/10
’ FEES =

y o 1 2 :
3anumaerses 3HaliTu d, 1 S;;13 piBHAHHS — +— + S5,d, = 7. 3BigKH
5 10

maemo, mo d, =1, s,, = /55 /10. Otxe,

5 215 1/45
S=| 0 26/\5 13/410
0 0 /55 /10

\/§Y1 =8,
2 J26

oy X2 =11,
\/gyl 5)’2
- J1_3 L 55
J_l NTRMNT
3HAXOIUMO y1=8/\/_, y2—3\/_/\f_, ygzx/%/\/ﬁ.

I3 CJIAP 3 BepXHBOIO TPUKYTHOI MATPHIIEIO

131 CJIAP

(op}

o1

y, =11



2 1
Vo gt 5
R
B

3HAXOIUMO X, =X, =X =1.

3amaya 4. MetoaoM opTOroHasnizailii po3B’s3aTu CUCTEMY PIBHSAHb 13
CUMETPUYHOIO MATPHUIIEIO

X, +2X, +3X, =6,

2X, +5X, +6X, =13,

3x, +6x, +10x, =19.
Po3p’sizyBannsi. Matpuris A — cumerpuura i A >0, ockiabKH
ronoBHi MiHopu A, =A, =A, =1>0. Po3B’s130k cuctemu Oyayemo y

BUTJIAO1

x=Cx"+Cx?+Cx?,
ne XY =(10,0), x?=e” +a”x", x® =¥ + a?x"” + ax? + ax".
3uaiinemo X', 06UMCIUBIIH

W A0\
al(z):—(AX . )= 2=—2.
(Ax®,xV) 1
Tomy x* =e® —2e" =(-2,1,0)". Ha mixcrasi dopmy (2.47)

o__[123)001) _ 5 o __ (0L0)001)

“T (123)(100)T Y % T T 010 =210
Orxe, X° = X(l =(-3,01)'. Temep, srinHo 3 (2.47), Maemo
c - bx ) _6,C :—(b’xm) 1y oo bx®) 1y
(AX®, x‘l) 1 (Ax?,x?) 1 7 7 (AXP,x®) 1

3agauya 5. Metogom opToroHanizailii po3B’s3aTH CUCTEMY PIBHSIHbD 13
HECUMETPUYHOIO MaTPUILIEIO
X, +2X, + 3X, =6,

3X, + 2X, +8X, =13,
2X, +8x, +9x, =19.
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Po3p’sizyBanns. Tyt maTpunis A Bxke He CUMETpPHUYHA 1 HE JI0/IaTHA,
ockuibkn A, = —4 < 0. Ilokimagemo

x" =e” =(1,0,0), x* =e? + y?x¥. Toni

" (Ae(z)’ X(l))

o= ~ (228)100)

(A x") " (1,3,2)1,0,0)
Tomy x* =(0,1,0) —2(1,0,0)' =(-21,0) .
Koedinientn " i ¥ B poskmami X =€+ yxY +yIx?
3HAXOJISIThCA 13 CUCTEMU PIBHSIHb
yI(AXY, X9) = —(Ae®™, x?),
yI(AXY, XP) 4 7O(AX?, xP) = —(Ae®, x).
[licis 0GUMCIIER s CKANAPHUX JOOYTKIB ofepKuMO > = —3,

(2) T
7Y =-1/4. Orxe, X® =e® —3x" — X _ (—5,—1,1j .
4 2 4
3anumiemo cuctemy (2.48):
C, =6,
C,—-4C, =1,
5 3
—ZCI +5C, +2C; = 7

) 5 .
3B1IKM 3HaxoauMo C =6,C, = Z C, =1, Tom

X =6x + % x? +x® =(1,11), To6T0 X, =X, =X, =1.

3agaua 6. Merogom Kemni—I'amiibToHa TOOYAyBaTH ICEBI000OEP-
HEeHy MaTpuio A’ 10 MaTpuili

101 1]
1 0 -1
A= .
2 1 0
3 1 1]

Po3p’sisyBanns. [{ns pis K =1 maemo:
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11 1
1 1 2 3 15 6 -3
1 0 -1
A=AA=|1 0 1 1 =16 3 0]
2 1 0
1 -1 0 -1 -3 0 3
3 1 -1
-6 6 -3
tr(A)=21,B,=A-21ll={ 6 -18 0 |
-3 6 -18
-5 -2 1
A =AB=9-2 -2 -2\
1 -2 -5
Jlis Kk = 2 ogepxumo
1 -2 1
y,=tr(A/2)=-54, B,=A -y I1=9-2 4 -2]
1 -2 1
0 0O
A=AB,=/0 0 O OTrxe, M=r=2 1
0 0O
-1 -1 -2 -3
A*:iBlAT:—i -4 2 -2 0|
7, 18
-7 5 -2 3

PosristHeMo Ternep cucTeMy JIiHIMHUX PIBHSIHB 3 MaTpUIICtO A
X, + X, +X, =3,
X, — X, =0,
2X, + X, =3,
3X, + X, — X, =4.
CucreMa HeCcyMiCHA, OCKUIBKHU, BITHSBIIHN BiJ YETBEPTOTO PiBHSIH-
Hi  Tpere, ogepxumo X —X, =1,  Tomi Ak X —X, =0.

3 _ _
1 -1 — _ 7
o 1 -1 -2 -3]|/ %
[IceBmopo3s’si3ok X' =———-4 2 -2 0 =l 1 |
75 -2 3] %
4| L 6
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6

HEB sA3Ka Hb — AXOH2 = H(O,—é,—%%f

3agaua 7. Merogom [peBins moGyayBaTu mceBao00epHEHY MATPHUIIIO

1 -1 O
N L _F1 2
O MaTpuiIll = .
AOMEPEREAT 3
o 1 1
. ayapn L (10 101
Po3p’sisyBannsa. Maemo A" = (AA) A =—-A =(— —-— = Oj,
6 6 6 3
3 11 '
d,=Aa,=-——, c,-a,-Ad, == - 0 1],
=Aa=-3 c-a-ad=(] 1 01
b, =ci(ee) e =2 =[5 3 0 5)
3 3 3 3
2 1 1
B=A-db=|% = = 1]
ZAL 272 (333)
Otxe,
211
A;=333 Hami, d, =Aa,=| |, c,=a,—Ad, =0
1102 3 3 l 3 3 3
3 3 3
1 1 1 2 1 5
T b,=Q1+dd,)'dA == |, A== - = —|
st =gy an-( 1 ao(1 219
211yl 215
_ A _|3 3 3 13 9 9 9|_
SEATERET 1 2L 2 1 s
3 3 3 3 9 9 9
11 2 4
11 2 4 39 9 9
—13 9 9 9OT>I<6:A*:+=01—11
O1 1 1| ’ 9 9 9
9 9 9 12 15
39 9 9
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3aBIaHHA Ta 3aNIUTAHHA JJISI CAMOCTINHOI po00oTH

. SIk moOyxyBaTu 06EpHEHY MATPHIIIO, BUKOPUCTOBYIOUHM MeTox [ayca?

VY yomy nosisirae iaest metony LU -posknamy?

Mo sxux CJIAP moxHa 3actocoByBatu Meto LU — po3knany?

Sxa HOpMa MaTpHIll Ha3UBAETHCS Y3TOHKEHOIO 3 HOPMOIO BEKTOpa?

Sk KopucTyBaTHCS iTepaliiHOI0 POPMYIIOI0 B METOA1 MPOCTOT iTepartii?
[Tpu BUKOHAHHI IKMX YMOB METOJI POCTOI iTepallii 30iraeTbesi?

N Ok owhRE

Yum itepamiitna popmyna Meroay 3eWens BiIPI3HAETbCSA BiJ 1TepaliiHOI
dbopmysI METOIY TIPOCTOI iTeparii?
YuM Biipi3HAETHCS 301KHICT, METOY MPOCTOI 1Tepaltii Bij MeToay 3enaens?

o

9. Ha mo BmiuBae BuUOIp MOYATKOBOTO HAOMMKEHHS x©) 5 1TepaIiitHuX
MeToIax”?

10. Sxuit kpuTepiil 3yNUHKH 1TEpaliifHOro Mpolecy B METOI MPOCTOoi iTepartii
Ta B METOM1 3enaeis’?

11. ik CJIAP 3Bectu 10 BUTIISAY 3pYYHOTO /IS 3aCTOCyBaHHs iTepamniit? Yum
BIUIMBAE CIOCIO 3BECHHS HA MIBUAKICTh 301KHOCTI 1T€palliftHOTO METOAY?

12. Tlokasatwm, 10 MaTPUIlT XayCcXoJaepa € OPTOTOHATBHOIO.

13. BukopucroByroun MeTon layca, moOyayBatd 0OEpPHEHY MATPHIIIO A1 hi ()

MaTpHuiii
1 2 3
A=|2 -5 9
3 9 24
14. Metonom LU— poskmnany po3s’sizatu CJIAP
XY + 2% + 3X3 = 1T,
2xg — SXp + 9%z = 11,

54,

[TonepenHbO IEPEBIPUTH YMOBU 3aCTOCYBAHHS METO/Y.

3X1 + 9X2 + 24X3

15. IToOyayBatu LU-po3knan marpuups BannepMonaa i1 po3B’si3aTH BIANOBIAHI

CUCTEMU PIBHSHb.

12 3 2
1)A=|1 4 9| Bb=[10
18 27 190
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12 3 4 2
1 4 9 16 10

2) A= . b=

VA=l g 27 e DT wa
1 16 81 256 190

16. MeTosioM KBaipaTHOTO KOpeHs MoOyayBaTu po3kiian MaTpuili ['iumpbepra 3-

ro i 4-To MOpSAAKY Ta Po3B’sSA3aTH BIAMOBIIHI CHCTEMHU PiBHSHB:

11 1
T 1 1] L5 37
, 11 2 3 4 R
2 3 1 1 1 1 1
(111 _lol |2 3 45 _|0
DA=Z 3 7} bl_g’Z)Az_llll’ b, =,
111 3 4 5 6 1
(3 4 5] 1111 o
4 5 6 7.

17. TIpoimocTpyBatu cxemy layca i cxemy 3 BHOOPOM T'OJOBHOTO €lIEMEHTa Y

18.

19.

crosi st CJIAP
3.241-10x, +1.000%, =1.000 +3.241-10°,

1.020-10*x, +2.000x, = 2.000+1.020-10°, k =1,4,6,8.
[IpoanizyBatu ojepkaHi po3B’SI3KH, MOPIBHABIIU iX MK COOOIO 1 3 TOUHUM
pO3B’A3KOM X, = X, =1.
Posp’sizatu CJIAP
(R+R,+R)I + R,I, + l,=E,
Rl,+(R,+R,+R))Il,— I,=E,,
R,,-Rl,+(R, + R, + R)I, =0.
merogoMm layca, MeromoMm Iayca 3 BMOOPOM TOJIOBHOTO €JIEMEHTa Ta
oproronamizauii CJIAP nang 3HaxomkeHHd 3HayeHb cTpymy | B

CIIEKTPUIHOMY JIAHITIOTY, SIKIIO:

a) 2R =R,=R,=2, R,=R, =3, E =24, E,=2§;

0) 3R, =4R,=R,;=6, R,=2R,=3, E =39, E,=42.
3naiit Tounuid po3B’sa30k CJIIAP nmopsiaky 4 3 matpurero 'insbepra H 1
NPaBOIO YaCTHHOIO D :

1 1/2 1/3 1/4
1/2 1/3 1/4 1/5
1/3 1/4 1/5 1/6
1/4 1/5 1/6 1/7]

H=

o
Il

o O O B+
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Cknactu nporpamy i poss’szatu CJIAP meromom ITayca i meromom
KBaJIpaTHOTO KOPEHS JJIs JaHUX 13 MPOCTOI0 Ta MOJABIMHOI TOYHICTIO.
[TopiBHATH O/iepKaH] PO3B’A3KHU.

20.3acrocyBaBim cxemy layca, 3HaliTH MaTpUIIO, 0OEpHEHY 10 MaTpHIl A':

1 1 0 4
2 -1 50
A= .
5 2 1 2
-3 0 2 6]

21. Posp’sizatu CJIAP 13 Marpuiiero 3 MOINEpeaHbOI 3ajiadl 1 BEKTOPOM
. T - :
MpaBOl YaCTUHU b:[6,6,9,5] , 3aiicHuBIM LU —posknag matpum A.
22. Metogom mpaBoi abo miBoi mporonku po3s’sizatu CJIAP i3 Tpumia-
TOHAJILHOIO MaTpuiero 13 migpo3auty 2.11.1, gkoro anpokcUMyeThes
kpaiioBa 3amada g 3JIP Ha citmi 3 kpokom h=N7', sxmo
g(x)=x+1Lr(x)=sinx, =1 N =100.
23. 3ajaHa cucteMa piBHIHb
2X, + X, =1,
X, +3X, + X, =1,
—2X, +3X, + X, =6,
X, —2X, =1.
1) IlepeBipuTi BUKOHaHHS yMOB Teopemu 2.4. SIKio HEe BCl YMOBHU

BUKOHYIOTHCS, TO TIEPETBOPUTH CUCTEMY;
2) 3HaliTH pO3B’SI3KM METOJIOM MPABOi Ta J1BOT IPOTOHOK.

3) 3HaiiTH X, METOJOM 3yCTPIYHUX IIPOTOHOK.
24. Metonom Kemni—I'aminbToHa 3HAWTHU TCEBIOOOCPHEHY MATPUIIO IS

CJIAP 13 mpsMOKYTHUMH MaTPULIIMHU Ta BIATOBIAHHI TCEBIOPO3B’ 30K
IIUX CUCTEM PIBHSHbB:

2X, —3X, + X, — X, =1, X, —9X, +4x, —3X, =2,
1) 3x, + X, +3X, + X, =2, 2) 2X, —4X, +3X, — 2X, =3,
4x, — X, —4X, +2X, =3. 3X, —3X, +2X, — X, =4.
25. 3HaiiTi HOpMaJbHUN 1ceBAOpo3B 130Kk CJIAP 3 MpsMOKYTHUMU MaTpu-
ISIMM
X, —9X, =2,
2X, —3X, + X, — X, =1,
: 3X + X, + 3%, + X, =2 2) 2% = 4%, =3
? ’ 3%, - 3x, = 4.
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Po3aii 3. OuiHKu MOXUOKH PO3B’A3KYy CUCTEM

JIHIMHUX aJIredpaiyHuX PiBHAHD

Hopmu BekTopiB 1 MaTpuilb. Yuciaa o0yMOBIEHOCTI MaTpHIll, iX MOPIBHAHHS Ta
oOumucienHs. OniHKa BIIHOCHOI TOXUOKH PO3B’SI3Ky MpuU 30ypeHHI MpaBoi
YacTUHM Ta MaTpulli cuctemu. Perynsapuszaiis CJIAP.

Jlitepatypa [5, 13, 14, 20, 23, 59, 80]

3.1. Hopmu BeKTOpiB i MAaTpULIb

3.1.1. Bekropni Hopmu. Hexaii mificHomy a00 KOMIUIEKCHOMY N -
BEKTOpY X = (X,,...,X )" TOKIaACHO y BIAMOBIAHICTG HEBiX €EMHE

YUCJI0 HXH Take, IO IS JOBUIBHOTO YWcia ¢ 1 N-BekTopa Y
BUKOHY€ETHCS YMOBH:

1) HXH >0, axmo X # 0, HOH =0 (momatHa BUBHAYEHICTB);

2) Ha XH = ‘aH‘XH (OIHOPITHICTS);

3) HX + yH < HXH + HyH (HEp1BHICTh TPUKYTHUKA).
Tomi yucmo HXH HA3UBAETHCA HOPMOIO BekTOpa X. Haifuactime B

OOUYHCITIOBANIBHIN MPAKTHUIIl BUKOPUCTOBYIOTHCSA TaKl BEKTOPHI HOPMHU:
n
X, =2

x| =max

0 i=1..n

Xi‘ — okTaeapuyHa (puc. 3.1);

Xi‘ — KyOiuHa (puc. 3.2);

n
X |2 = |(X’ X)| = ‘XT X‘ = (Z Xiz)% — eBKIJIIJIOBA, Jie 4epe3 (+,-) MO3HAYCHO
i=1

CKaJIIPHHI T0OYTOK BekTOpiB (puc. 3.3).

x4 xjﬂ

/ = 1

Puc. 3.1. x|, =1 Puc. 3.2. x|, =1
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Puc. 3.3. x|, =1

JIB1 BEKTOpHI HOpMU HH. 1 HH" HA3UBAIOTHCSl €KBIBAJICHTHUMH,
AKIIO ICHYIOTh Takl AOJATHI 4uMcina C, 1 C,, OO A JOBUIBHOIO

BEKTOpa X BUKOHYETHCS YyMOBa (BIAHOIICHHS E€KBIBAJEHTHOCTI)
C1||X||. S||X||II SCZHX .» IPHYOMY cTail C; i C, He 3alexarh BiJ BHOOPY

X. PO3risiHyTI BUIIIE HOPMU € €KBIBAJIECHTHUMU.
3.1.2. MaTpuyni Hopmu. [[ns nmiiicHoi a00 KOMIUIEKCHOI Matpuili 4
MOPAIKY N BHU3HA4YE€HA HOpMaA HA , SIKIIIO JJIsI JOBUIBHOTO 4YHUCla o 1

JOBUIBHOI MaTpuLl B NOpsiAKY N BUKOHYIOTHCS TaKl YMOBH:
a) HAH >0, axkmo A0, HOH =0;

0) [l =er]| A
B) |A+B|<|Al+[B

r) |AB|<|A||B| (ymoBa MymbTHIITIKATHBHOCTI).

SAxkmo HOpMa HAH 3aJI0BOJIbHSAE TUIBKU TEPIIl TPU YMOBH, TO ii

HA3UBAIOTh MAaTPUYHOIO HOPMOIO, SIKIIO BCl YOTUPU YMOBU, TO —

MYJIBTUILTIKATUBHOK MAaTPUYHOIO HOpMOw. Hamam mig mMaTpuUyHORO

HOPMOIO OYZIEMO PO3YMITH MYJIbTUIUTIKATUBHY MaTPUUHY HOPMY.
HaitgacTiiie BUKOpHUCTOBYIOTHCS TaKi MAaTPUUHI HOPMHU:

— OKTaeapuyHa HOpMa
n

b, = max o

— KyOiuHa HOpMa ||A||OO = max i‘aij ‘;
j=1

I<i<n “

— CHeKTpaJibHa HOpMa (Apyra HopMma ado HopMma ['11p0epTa)
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|4, =(maxi.<ATA))% = (max 4,(44)) 7,

I<i<n
ne A (A" A) — BnacHi 3HaueHHst matpuii A’ A,
— cpepuuna Hopma (Hopma Dpobeniyca abo eBKIIII0Ba HOPMA)
n m )
|Al = (ZZ%)%-
i=l j=1
Hapeneni mMaTpu4Hi HOPMH € €KBIB&JICHTHUMHU. 3ayBa)kKUMO,
mo A(A"A)>0. Cnpasai, i3 piBHocTi A'AX =X BUILIMBAE, IO
X"ATAx = AX"x a6o |AX|" = A|x|" >0, Tomy 1>0.
Yucno p(A) =max

I<i<n

A| HasuBaetbcs cnexmpanvhum  padiycom
mampuyl.
Matpudna HopMa |- | —HA3MBA€ETHCS Y3TOIKEHO 3 BEKTOPHOK

HOpMOIO |-, , K10

IAX, <A, I,
JUIS1 JOBUIBHOL MaTpulll A mopaaKy N 1 OyJab-aKOro N-BEKTOpa X.
Hexan 3amaHa jgesika BEKTOpHA HOpMa HHV Toml uyuncnopa
byHKITIS
A =sup X s,

o X

Ha3MBAETHCA HOPMOKO MAaTpHII, MIAMOPSAIKOBAHOK BEKTOPHIA HOpPMI
HHV Cepen yciX MAaTpUYHMX HOPM, Y3TOJDKEHHX 13 3aJaHOI0
BEKTOPHOIO HOPMOIO, MIANOPSIAKOBaHA HOPMA € MIHIMAJIbHOIO B TOMY
CEHCl, 10 B HEPIBHOCTI ||AX||V S”A”M ||X||V YUCIIO HAHM HEMOJIUBO
sMeHIUTH. CrieKTpalibHa, 1-a 1 0c0-HOPMHU MaTpHIlh IiAMOPSIKOBaHI
M0 BIJTHOIIEHHIO, BIAMOBIJHO J0 €BKJIJI0OBOI, 1- 1 0c0-HOPMH BEKTOPIB,
OT)Ke, i y3TOJIPKEH1 3 HUMH.

3.2. O0ymoOBJIeHiCTH MATPHIILI
3.2.1. Yucno odymosiaenocri marpuui. Hexait A — HeBupoKeHa
MaTpHIIA, TOPSAKY N.

Osnauenns 3.1. Beauuuna x(A) = HA”HA*H HA3UBAEMbCSL YUCTIOM

ooymosnenocmi mampuyi A.
3naueHHs K (A) 3aIeKUTH BiJl BUOOPY MaTpUIHOI HOPMH, OJTHAK B
CHJIy iX €KBIBJEHTHOCTI LII€I0 PI3HULICI0 MOKHA 3HEXTYBATH IIPH
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OoIiHKax 30ypeHHs po3B’s3Ky. Hexail s BHUPOHKEHUX MaTpPHIlb
K(A) =o0.

Ock11bKu Oy/ib-sIKa HOPMaA MATPUIll HE MEHIIIA Bij 11 HANO1IBIIIOTO
10 MOZYJIIO BJIACHOI'O 3HAYEHHS, TO ||A|| > max|/lA|. BracHi 3Ha4eHHsA

11
PAREN)
Orxe, K(A)=max|4,|/min|4,)>1. 3okpema, mwIs CHMETPHYHOI
11
5 Al
x(A) = max|4,|/ min|A,|

711 HOPMH HHZ Martpumi, s skux 9ucio k(A) JOCHTh BEHKE,

matpuib A i 4™ B3aemno obepueni, Tomy |A>max

Marpuii Maemo A, = max|4,| i [A”] =max Tob6to

Ha3UBAIOTHCS n02aHO 0OymoseieHumu. Mexa, 3 K0T MaTpULII0 MOKHA
KJIacu(IKyBaTH SIK MOTaHO OOYMOBJIEHY, BU3HAYAETHCSI KOHKPETHOIO

3a/1auelo 1 Moke MaTH nopsaaok 10° a6o 3HAYHO GibIIMiA.
[Torano o6ymoBieHuMu € MaTpuill ['i10epTa, e1eMEeHTH SIKUX

a; =(+] -1, j=1n.
Axmo mrst matpuiti ['ias6epra apyroro mopsaaky x(A) =19.28, To nus
n=5 wmaemo 4.77-10°, x(A)=160-10° miz n=10 i
x(A) =1.42-10" gns n=50

1.005 1 ,
HMpukaan 3.1. Hexait A= , 5| Tomi |A| =4. O6epuena
i 1[2 1] [200 -100]
MAaTpPHUIIS = = .
P 001/ -2 1.005| |-200 1005

Orxe, x(A)=|A], -|A?| =4-3005=1202>1 i wmoxma

BBa)XATH MATPUII0 A TTOTaHO 00YMOBJICHOIO.

3ayBaxxenns1 3.1. O3naxoro nocanoi 06yMoeneHocmi NiHIUHOL
cucmemu € Nos8a MAIUX 6e0VYUX eleMeHmi8 Y NPIMOM) X00i Memooy
Tayca, xoua € nozano 06yMo61eHi mampuyi i 3 He MATUMU 6e0YHUMU
enemenmamu. Llle 00HOI0O 03HAKOW MOJiCe CNLYIHCUMU NOABA BEAUKO20

3a HOPMOIO D038 3KY. Hexaii HAH = HbH =1, mooi
||X||SHA_lH-”bnzlc(A). Axwo snavenns |X| — semuxe, mo i x(A)-
genuxe. Ane 6 ybomy UNAOKY MONCYMb OYMuU pO36 SI3KU 3 MAJOK0

Hes sa3ko010 I =b— AX.
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3ayBaxxenus 3.2. /[[ns obOuucnenns k(A) nompibno 3uamu
mampuyio A, 3naxooxcenns axoi 3a cxemoro Iayca eumacae =N’
apugmemuunux onepayiu. Moscrna oyinumu HA‘lu Ha niocmasi supaszy
[56, c.104]:
0.3z,
|A] = max
1<v<k ‘yu

Oe 7, — po36’a30K 3a0aui AZ =Y , Y — nces0osunaokosi 6eKmopu.

Jlocumv 0obpe mooicha oyiHumu HA*IH sorce npu K =3. Takuti nioxio

sumazac 0ooamkoso =~ KN’ onepayii, wo € HeBEIUKOW HACMUHOIO
3ampam npu po3e A3y8aHHI CUCEMLU.

3.2.2. Inmi kpuTepii 00ymoBJIeHOCTI. PO3rIsiHyTHIT KpUTEPiil OLIIHKH
O0OyMOBJIEHOCTI MAaTpHIll 3aJOBUILHUM 11 OOYMCIICHh 3 HEBHUCOKOIO
TOYHICTIO 1 HE XapaKTepu3ye BTpaTy 3Hauymux mudp. Hanpuknag nms
CJIAP 3 miaroHajbHOIO MaTpHUIICIO, JlaroHajabHI eaeMeHTH sikoi 1.000

i 0.000001 maemo x(A)=|Al -]

Jal0Th PO3B’SI30K 3 MAKCHMAJIbLHOIO TOYHICTIO.
k. Oprera [49] nng oOuwucieHb 13 IIJIABAaIOYOI0 KPAIKOIO
3aMpOIOHYBaB KpUTEpid 00YMOBJIEHOCTI, BUXOIYN 3 T€OMETPUIHUX

-1 6 .
A H =10, xoua mpsAM1I MeTOaU
o0

MipKyBaHb. Hexaii a, :(ail,aiz,...,ai) — i-uit psagox marpumi A.

Kpurepiit Opreru:

K, =Vo/V,
ne V — 00’eM napanesneninena, mo0yA0BaHOTO Ha BEKTOPaX &,...,a,,
V = |det A| V= ||a1|| : ...'||an|| — 00’€eM TIPSIMOKYTHOTO TMapaliesieninesa,
Ja =ai+...+af.

JUta niaroHaneHOI Marpuul y, =1. Skmio sike-HeOyab piBHSHHSA
CJIAP nomHoxutu Ha ctaimy C#0, To uncino y, He 3MIHUTBCS. s
TPHUAIArOHANLHOI MAaTPHLI 3 €leMEHTaMu ; =2, &, =—1, izﬁ :
a; = 0, |i - j| >1, N> 2, unciio 00yMOBIECHOCTI

K, =5-6"27/(n+1).
Jlns n~1000 maemo y, ~10*°, mo o3Hauae mpyxe moramy

oOyMOBJIeHICTh, Xoua mpsami anroputmu mas CIIAP 3 takumu
MaTPUISIMU MPAIIOI0TH J0OpeE.
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Pesynbratrom po3B’szyBaHHa CJIAP € Touka mepeTuHy Trimep-
TJIOIIMH, SIK1 BIATOBIIAIOTh PIBHSIHHAM CUCTEMH. [0 BTpaTH TOYHOCTI
MPUBOJIUTh HASIBHICTh MAJIMX KYTIB MDXK TinepruionmHamMu. Kyt Mix

(n—1)-BumipHOIO TpaHHIO i pebpoM & MO3HA4YMMO depes ¢;. 3a
KyTOBUI KPUTEPIH OEPETHCS YUCIIO K, = ]/ min sine, . [TokasaHo, o
|
e, =max([a]-[c]).
ne C, — i-uit croBmens Matpuii A,

Jlns TpuaiaroHagIbHOT MaTPHIIL 3 €JIEeMEHTaMU HOPSIKY N
n+1)"’

K, ~| —

2

Yucno x, MOBUIBHO 3pocTae npu 30ubmeHHl N, Tooto mis CIIAP 3
TaKUMH MATPUIIIMU Ma€ CIOCTEPIraTUCh 100pa 00YMOBJICHICTb.

I3 BacTHBOCTEH YnCcIa 00YMOBIIEHOCT! K, BIJ3HAYMMO TaKI:

1) x, <k, mpu N> 2;

2) K, =1 nns giaroHaNbHOI MaTPHILL;

3) A7 JOBIIBHOT KBaApaTHOI HEBUPOHKEHOI MaTpHIll &, < K ;

) _ 1.
4) nns epMITOBUX MAaTPULb K, (A) =K, (A ) :

5) npu MHOXeHHI Oynb-skoro piBHsHHA CJIAP Ha ctamy C#0
4HCIIO K, HE 3MIHIOETBCH.

3ayBaxenns 3.3. Ockinbku 0151 064UCIeHb 00OCMYNHA 30YpeHa
mampuysi A+ AA, mo 3amicmov yucia ooymosnenocmi mampuyi A
MOYHOI CcUCMeEMU MOJNCHA O0YUCIUmMU ye 4Yucio Oias 30ypeHol

mampuyi. s ocobrusicme nenpunyunosor. Hexaii g=||AA|| / ||A|| ]

OMU3bKe 00 MOYHOCMI O0OUUCNEeHHSI HA KOMN tomepi. AKwo, Kpim
moeo, & <0.1, mobmo po36’sa30k odepicyems xoua 6 3 0OHUM Npa-
BUNBHUM 0eCMKOBUM 3HAKOM, MO CHPABONCYemMbCs HepisHicmyb [31]

8 A+AA) 10

8a_g < KA+AA) 10,

9 x(A) 9
L]e o3nauae, wo uucia ob6ymosieHoCmi MOUHOI [ 30ypeHoi Mmampuys
NPUOJIUHO PIBHI.

1 . .
Kanumxun H.H., FOxno JI.®., Ky3vmuna JI.B. Konuuecmeenuwiii kpumeputi 00ycios-
JIeHHOCMU cucmem JUHelHbIX aneebpauyeckux ypasHeHuil. — Mamem. mooenuposanue. —

2011. - T. 23, Ne 2. — C. 3-26.
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3.3. Ouinka BiZTHOCHOI NOXHOKH PO3B’A3KY

npu 30ypeHHi NpaBoi YaCTUHH

PosrasiueMo cucreMy JiHIHHUX anreOpaiuHuX piBHIHb

Ax=Db (3.1)
3 KBaJpaTHOI  HEBUPOUKEHOI  MaTpuuero A.  YHacaigok
OOYHCTIOBANIbHOT MOXHUOKM ab0 TMOXMOOK 3a0KpYIJICHHS, SIKi
BUHHMKAIOTh Yy TIPOIECI BBEJACHHSA 4YHCEN Ta NPH PO3B’sA3yBaHHI
JTHIAHOI CHCTEMH, OTPHUMYEMO HAOIMKCHHH PO3B’A30K X, SKHIMA

MOYHa PO3IJISJIATH SIK TOYHUN PO3B 30K 30)YPeHOi CUCTEMH
(A+AA)(X+AX) =b =b + Ab, (3.2)
ne matpuilsd 30yperb AA 1 Bektop Abmami B geskiit Hopmi, AX =X —X.
Hexail 3amaHo nesiky BEKTOpPHY HoOpMy. ToOJ1 4HCIO HX— )~(H
HA3MUBACTBCA abcontomuoio noxubkoro mia X. Sxkmo X#0, TO
||X— )~(|| / ||X|| — gioHocHa OXUOKa s X . BigHocHa moxu0ka B KyOid-

HIM HOPMI MOXE pO3TIISAATUCA AK OI[IHKA KUIBKOCTI MNPaBUIBHUX

” ” “ “ ~107", To HaMOIIBIINIL 32 MOIYJIEM 3
X

dp B umci X . SIkno
KOMIIOHEHT Y X Ma€ MPUOIM3HO p NpaBWiIbHUX nudp. SIK mpasuiio,
IpU OIHIN BIAXWICHHS pO3B’s3Ky X=X+AX cucremu (3.2) Bix
HOro TOYHOTO PO3B’SI3KY X 3aCTOCOBYEThCA OOCpPHEHMM aHami3
OXHOOK, KON X PpO3TIATAEThCS SK TOYHHUM PO3B’SI30K 30ypeHoi
cuctemu (3.2).

Hexait y cuctemi (3.1) 30yproeThcst TUIbKH BekTOp b, yHaCTimIok
4Oro po3B’sI3y€eThes 30ypeHa cucTteMa

A(X+Ax)=b+Ab. (3.3)

Teopema 3.1. SIximo X — mounuii pose’sizox 30ypenoi cucmemu

(3.3), mo 014 8iOHOCHOI NOXUOKU PO38 S3K)Y X NPABUTIbHA OYIHKA

1A _  py 120

I Il

HNosenennsi. Crpapni, i3 cuctem (3.1) i (3.3) maemo AdX=7db i
Ax = A™Ab. Tomy [[AX] = Jomxe, || <|[A7ab].

Ocximexi b=Ax, 1o [b] <[ Allx] i [l |ax] <[|Afljx]]|A[|lab] .
, oJiepxkuMo (3.4).

< x(A)I=l (3.4)

[TomimuBim 0OUIB1 YACTUHHU HEPIBHOCTI Ha HbH 1 ‘
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3ayBakenns 3.4. ko X — po3e’azox 30ypenoi cucmemu (3.3),
a r=b—AX — ficco nee’sizka, modi AX=X—-X=X—A'b=—A"r.
3si0cu 00epatcyemubcsi OYiHKa
Jax] < | A7l
I3 HepiBHOCTI (3.4) BUIIMBAE, 110 HABITH JJII BEKTOpa HEB’SI3KHU
r=b— AX 3 MajI010 HOPMOIO BiHOCHI 30YpPCHHS B PO3B’A3KY MOXKYTh
Oyt BeNMMKHUMH, SKIIO 4uciao k(A) Bemuke. Uuciao oOymMOBICHOCTI

MOXXE po3msiaaTucs Ak Mipa uymaueocmi po3B’szky CIIAP no
30ypeHHst cuctemu. I3 (3.4) onepKyeThcs HEPIBHICTh

M : M <k(A).
X[l
OTxe, B HAWTIpIIOMy BUMAAKY BIJHOCHA MOXHOKAa PO3B’SI3KY MOXKE
MEPEBUIIYBAaTHU BIJHOCHY MOXUOKY MPaBOl YaCTUHHU B K pa3iB. KO
YUCI0 0OYMOBJIEHOCTI BEJIMKE, TO ¥ MOXuOKa ||AX||/ ||X|| MOX€E TaKOX
OyTH BEJIUKOIO.
PosristHeMo JBa mpuKJIaIy.
X, + X, =2,
(1-10")x +x,=2-10".
Tounuii po3p’sa30ok cucremu: X, =X, =1. BrHecemo y mnpaBy

Hpuxaan 3.2.

qacTUHY 30ypeHHs Ab = (O, 107 )T . 30ypena cucrema

Y+, =2,

(1-10")y, +y, =2
Bke Mae po3B’a30Kk Y1=0, V»=2 i AX=Yy—X= (—1,1)T. A6conroTHa
rnoxuoka ||AX||OO =1 1 BigHOCHA MMOXUOKa ||AX||oo / ||X||oo =1/1=1 3HayHO
ICPEBHUINYIOTh BIAMOBIAHI MMOXHOKH IPaBOi YaCTHHU Héb” =10" i
|Ab||/|b|=0.5-10".  Hani maemo |A| =max(2, 2-107"")=2,
A1=10m{ Lo

10°-1 1

nenocti x(A)=4-10°>1 i matpuns A — moraHo o6yMOBJEHA.

}, HA‘1HOO:2-101°. OTxke, 4HCIO OOYMOB-

3rigHo 3 (3.4) oAepKUMO OIIHKY TTOXHOKH

W <4.10".0.5-10%° =2,
X
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10 B/BIYl OLIBINE BiJ TOYHOTO 3HAYCHHS BIJHOCHOI MMOXUOKH 1 mepe-
BUIIYE BITHOCHY MOXUOKY mpaBoi yactuau y 4-10" pasis.
Ipukaan 3.3. s cucteMu piBHSIHB
X, +2X, =3,

3X, +4x, =7

2 1
Al:L-5 _0.5} i xk(A)=7-3=21. Omxke, matpuist A — a00pe

ooymoBieHa. IloxuOka Ab= (O, 107 )T MOPOJIKYE  MOXUOKY
posB’s3ky X=Yy-x=(1+10",1-05-10")-(11)=(10",0.5-10")
3 abecomorHo moxubkow [[Ax| =107 =|Ab| i [AX]| /x| =1.

BignocHa oninka moxubku ckinagae 21(107°/7) =3-10™, mo BTpuui

MEepPEeBUIIyE TOYHE 3HAYEHHsSI MOXHUOKW 1 B 21 pa3 moxuOKy mpaBoi
YaCTHHU.

3.4. Ouinka BiZTHOCHOI MOXHOKH PO3B’A3KY

npu 30ypeHHi MAaTpHIli CHUCTEMHU

Skmio B cuctemi (3.1) 30ypeHo matpuirto 4 i BekTop b, To po3B’s-
3Y€ThCS BIAMIOBIIHA 30ypeHa cucTeMa

(A+AA)(X+Ax)=b+Ab. (3.5)
Teopema 3.2. Hexail HA‘lAAH <1, mooi

lax] . x(A) [HAAH N ||Ab||}
Il 1= AaalUIAL ]

JoBenennsi. BUukoHaHHS YyMOBU Teopemu 3a0e3leuye ICHyBaHHS
Matpuili, odepHenoi mo matpuii A+AA. I3 cuctem (3.1) 1 (3.3)
MaemMo AAX=Ab—AA-X—AA-AX. TloMHOXHBIIKX OOWIABI YAaCTUHU
piBHOCTI Ha A", oTpuMaemMo AX = AAb— A'AAX — A"AAAX. 3Bincu
Ma€eMo

[6X] =] A™*Ab— AAA X — A AAAX| <
<A ]+ A -+ x|
Ocxkinbkn (1-| A*AAAX| <||A™|(|ab]+[AA]-[x]) i 1-|AAA| >0,

TO
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A7
o < (40 AR

Hapemiti maemo

ax| _ A7 ]IA £||Ab|| +||AA||JS

I 1| Aaal AN A

x(A) (HAbH . ||AA||j_

T A ol A

-1 . .
SIkmno x HA H”AA” <1, To Ma€ MicIie MEHIII TOYHA OILIHKA

sl x(A) {nmunmnj_ .
M P
B

3.5. Iloxuoka po3p’si3ky CJIAP yHac/iI0K 320KPYIJICHHS
y npaBii YacTHHI

Po3risitHeMo mnuTaHHS MNpO NOXHOKY PpO3B’SI3KYy BHACIIIOK
3a0KpYIJICHHS Yy MpaBik yactuHi cuctemu (3.1). Hexait t — KiIbKICTh
JIBIMKOBUX PO3psiAiB B apu(METHIll 3 IJIaBaroyor Kparnkor. KoxeH
enmeMeHT Dy mpaBiif YacTUHI 3a0KPYIIIIOETHCS 3  BITHOCHOIO

HOXMOKOI0, siKa He ImepeBumye 27 /2=2" i 3 aOCONIOTHOO
noxu6koo 2 |b|. Tomy |Ab|=|b||2™" i]lAbl|/|b|<2". Omxe,

I

||

B oOuwncnioBalibHIA MPAKTUIl TUTAHHS MPO CTPOTY OIIHKY
noxuoku HabamxeHoro po3’si3ky CJIAP 3a momoMororo ojiep:KaHux
HEPIBHOCTEH PO3TIISAAEThCA PiAKO. Aue 1H(opmallis Mmpo MOPSI0K
MOXUOKH PO3B’A3KY KOPHUCHA JIJIsl SIKICHUX BUCHOBKIB MPO T€, 3 KOO
TOYHICTIO JOILIIBHO po3B’sa3yBat 3anauy. OriHka (3.6) mae 3Mory
OLIIHUTU TOXUOKY pPO3B’SI3KY 3BEpPXy, IO € HACIIJAKOM MOXUOKH
BX1IHUX JaHuX. [l oIiHKa JOCUTH TOYHA, TOMY 37eOLIbIIE HEMa
noTpeOu OJIepKyBaTH PO3B’SI30K 3 MOXMOKOIO, 3HAYHO MEHIIOH0

< 27 k(A) - (3.6)

sHaueHHs x(A)-27
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3.6. Peryasipusanis cucTeM JiHIMHUAX aJaredparaHux

PiBHSIHb

Hexait matpuust A cucremu piBHsiHb (3.1) moraHo oOyMoOBJi€Ha,
T00TO umcio x(A) mocuth Benuke. lle o3Haudae, MO MOXMOKHU ee-
MEHTIB MaTpHuill 1 MpaBoi YaCTUHU, a00 MOXUOKHU 3a0KPYIJICHHS IpHU
OOYHCIEHHI, MOXYTh JIOCUTh CHJIIBHO BIUIMHYTH Ha PO3B’sI30K
cucteMu. [l 3MEeHIlIeHHsS] TOXUOKH MO>KHA MPOBECTH OOYMCIICHHS 3
MOJIBIHHOIO TOYHICTIO, ajie 3a HasBHOCTI MOXHOOK KOEMIIIEHTIB 1€ HE
MOXXE JaTH OaxaHOTO pe3yjbTary. MokHa 3MIHUTH camy 3ajauqy,
3aMIHMBIIH 11 1HIIOIO JIHIMHOK CHCTEMOIO, SKa JIMNIIe 00yMOBJIeHa, 3
PO3B’SI3KOM, OJIM3bKHUM 10 po3B’si3Ky cuctemu (3.1). [ami cnocobu
YTOYHECHHS PO3B’SI3KM [UJII CHCTEMH 13 TIOTaHO OOyMOBJICHOIO
MmaTpuIiero HaBeaeHi B [23, ¢. 307-315; 69].

Cucrtemy (3.1) MOKHA 3aMiHUTHU 3a7]a4€t0 MiHIMI3aIlli

f,(X) = (Ax—b, Ax—b) = |Ax—b|" — min , (3.7)
ne ||-|| — eBkiimoBa Hopma. Tlokaxkemo, 1o 3agadi (3.1) 1 (3.7) piBHO-
cunbHi. CrpaBal, SKImo Xo — po3B’s30k (3.1), To ||AX0 —b|| =0 1
HavimeHme 3HaueHHs 0 Gynkuii f (X)nocsraerbes. Hexait tenep X —

po3B’si30k 3amaui (3.7). HeobOximHa ymoBa ekcTpemMyMy HaOyBae
BUTJISITY
0 0 0 .
— f (X) =— (Ax—-Db, Ax—b) =— ((Ax—Db)" (Ax—b)) =0.
OX OX OX

OOYKMCINMO  CIIOYATKy IMOXIAHY 52 (X'x) = g (X' +...+xX)=2xX".
X X

OTxe,

afO (X)

= 2(Ax—b)’ aﬁ(Ax—b)=2(Ax—b)TA=o
X

TOM1 1 TUTBKHU ToAl, Ko AX—b =0, To0TO x € po3B’si3koM (3.1).

Sxmo enementd Matpuili A abo BekTopa b 3amaroThes 3
MOXMOKaMH, TO M PO3B’SA30K TaKoK HabmmwkeHuiul. Tomy 3amicthb (3.7)
BUKOHY€THCS HAOJIM>KEHA PIBHICTD

(Ax—b, Ax—b) = 0.

[I[o6 mo30yTHCs HEBU3HAYEHOCTI, HAKJIaJAEMO J0JIaTKOBI YMOBH,

Harpukiajg, OyJeMo BUOMpATH X TaK, 00 MiHIMI3ZYBaTU (PYHKIIiIO
f_(X)=(AXx—b, AX=D) + a(X,X),

J€ ¢ — MaJIuM JOJJaTHUM ITapaMeTp.
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I3 HEOOX1THOT YMOBH €KCTPEMYMY OJICPIKHMO

M=2(Ax—b)T—(Ax—b)+205xT =2(Ax—b)" A+2ax" =0.
OX OX
BukoHnaBIu omnepariiro TpaHCIIOHYBaHHS, OJIEPKUMO CUCTEMY PIBHSIHb
BUTJISITY
(ATA+al)x=A'b. (3.8)
3ayBakMMO, 110 MaTPHIl CUCTEMH CUMETPUYHA, a cama CHUCTEMa
(3.8) HasuBaetTbcs pecyaapuzosanoro. Po3p’sa3ytoun cucremy (3.8) i3
CUMETPUYHOI0  MATPUIICI0  OAHUM 13  METOMIB,  OJEPKUMO
perynspu3oBaHe 3HaueHHS X = X().

Axmo « =0, To Maemo morano oOymoBieHy cuctemy (3.1).
Axkmo X « He Mane, To marpuisg cucteMu (3.8) Oyme m06pe
00OyMOBJICHOIO, 3aBJSIKM J0JaHKy «l, ame 3HaueHHA X(«) MOXKe He
Oytu Onu3bKUM 10 po3B’si3Ky cuctemu (3.1). OntumanbHuM Oyne
HallMEHIIIE 3HAYEHHS (&, IPU SIKOMY OOYMOBJICHICTh MaTPULl CUCTEMHU
(3.1) me Oyae 3a70BUIHHOIO. 3HAYEHHS « BUOMPAETHCS EKCIIEPH-
MEHTQJIbHO, pO3B’s3ytoun  cucremy (3.8) 13  3HAYEHHSIMU
a, o >a,>... 30Kpema, i 3HaXOKEHHS « OOYHUCIIOIThH
HeB’s3Ky F(X,) =b— AX, 1 mopiBHIOIOTH i 32 HOPMOIO 3 BiJJOMOIO
noxuOkoro Ab Ta BrMBOM moxmOkm KoedimieHTiB MaTpuii AA-X.

SIKI0 ¢ TOCUTH BEJIMKE, TO HEB’sI3Ka IIOMITHO O1JIbIIIa BiJ ITMX ITOXH-
OOK, SIKIIO )X @ HAATO Maje, TO BIAYYTHO MeHIIa. ONTUMaIbHUM

BBAXAETHCS Te 3HAUCHHs o, 11 sikoro ||r(X, )| = |Ab||+[|AaA-x, |-

Ilpukaaam po3B’si3yBaHHsI TUIIOBUX 3a/1a4

3agauva 1. 3HallTH OIIHKY BIJHOCHOI NMOXUOKH PO3B’S3KYy CUCTEMU
JTIHIAHUX PIBHSHB

1.005x, + X, = 2.005,
2%, +2X, =4,

0 O

Po3p’si3yBanns. /{1 HOpMH H'HwMaGMO x(A) =1020. Yuciio oOyMoB-

) 0.001 O
PO3B’s130K sIKO1 X, = X, =1, a 30ypenns AA= :

JICHOCT1 JOCHUTh BEJIMKE, TOMY BIJHOCHA IMOXMOKa PO3B’SI3KYy MOXKE
OyTH JOCUTh BEIUKOK. OCKUIBKH ||AA|| / ||A|| =0.00025, To
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|AX| g 1202
x| 1-1202-0.00025

0.00025 =0.43,

X
mo B 2.6 pa3y NepeBUIllye TOYHE 3HAUYECHHS MOXUOKU u =|| Ax||=

]
= max(\0.8333—]J, 1.1667 —1) =0.1667 . IIpx LbOMY BiJHOIICHHS IIO-
XHUOOK MM ~ 467,
X[ 1A

3amaua 2. 3Haiiti HOpMy |{, OLIHKM BiZHOCHOI MOXHOKH PO3B’SI3KY
CJIAP

y, +0.99y, =1.99,

0.99y, +0.98y, =1.97,
TOYHUI PO3B’S30K SIKOI X, =X, =1, K0 30ypeHHs MpaBoi 4aCTUHU
ob = (—0.000097, 0.000106)" .

Po3B’si3yBanHs. 30ypeHa cucTeMa piBHIHb Ma€ BUTIISIA

y, +0.99y, =1.989903,

0.99y, +0.98y, =1.970106.

30ypeHHs TpaBOi YaCTHUHU MOPOJIKY€E 30ypEHHS PO3B’SI3KY, €BK-
J1]10Ba HOpMa SIKOTO

|Ax] =]y - x| =[[[3.000693; ~1.0220000]" —[1; 1][| = \/(AX,)? + (AX,)? =
=2.843803, |Ax|/|X|=2.843803/+/2 =2.010872.

BigHocHa moxuOka mpaBoi 4aCTUHU

0.000144
4] /]jo] = 2.800179

=0.000051. Bmnacui 3HaueHHs MaTpuill A

1-4 0.99
} = =0 abo

3HAXONAThCA 13  PIBHSHHA
0.99 0.98-4

A +1.981-0.001=0. Ogpepxumo A =-1.98005 A, =0.000051.

Hani, k(A) =|4|/2,=39202>1, ToMy MaTpuus IOraHO
- Iax] . lab] _

oOyMoBieHa. BigHomeHHs 39128, mo 6musbke 10 x(A).

>l el
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3anaua 3. Perynsapusysatu CJIAP i3 3agaui 1.
Po3B’sizyBanns. [ 30ypeHoi cuctemMu
1.005y, +vy, =2,

2y, +2y, =4,
T 5.010025 5.005 T 10.01
Maemo A A= , A A= . Cucrema (3.8)
5.005 5 10

HaOyBa€ BUTIISTY
(5.010025+ &)z, +5.005z, =10.01,

5.005z, + 5+ «)2z, =10.
Hst a =0.1 maemo cuCteMy piBHSHB
5.110025z, +5.005z, =10.01,

5.005z, +5.1z, =10.
i poss’ssox 2z, =1.99761, z, =0.00039. Mipa 0O6yMOBIEHOCTI
kK(A) «<1202. Ina o =0.05 Bxe Zz, =0.994830, z, =0.994830. Ille
mnme HaomwxenHs z, =0.99711, z, =0.99691 opepxyerbcs ans

a =0.025, npuuomy «(A)=401.6. [loganpine 3MEHIICHHS « 10
0.001 Bxke moripurye pe3yiabTar.

3aBaaHHs Ta 3aNIMTAHHSA JJIS CAMOCTINHOL po00oTH

1. 3HaifTH cTaji eKBIBAJICHTHOCTI, IO 3B’ SI3yIOTh HOPMH HXHOO ,HXHl,HXHZ, a TaKOX

BEKTOPH, Ha SIKUX JIOCATAIOTHCS PIBHOCTI.

S 1
Bionosioe: |4, <[], <[, <[, sni.. [ < ] <]x].

2. 3HaliTU MaTPUYHI HOPMH, MIAMOPSIAKOBAHI BEKTOPHUM HOpPMaM HXHDO 1 HXHl
3. lns cuctemu  AX =D i3 kBagpatHoro Matpuriero, det A= 0, moBecTH OIiHKY
Jx=x] <A Irl
ne r=b— AX, X — HaOJMKEHUH pO3B’A30K.
4. Hexaii HAbH < 5HbH, 0 -k(A)=r <1. Unu npaBuibHa OI[iHKA
I|

[Hmni oninku noxubku po3’s3ky CJIAP oxepikani B [20, c. 83-84].

K‘(A)E?
1-r
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1.000 1.001

1.000 1.000} oGsmenmi sueno x(A) s wopu [, [

5. Jlnsg matpumi A :{

1 HH . U1 MO’XkHa BBaYKATH MATPHIIIO TTIOTAaHO 0O0YMOBIICHOO?

6. 3HaliTH YrCcI0 0OYMOBIEHOCTI B HOPMI HH1 JUTS. MaTPHII

1 1
A:
o 0

Ta OI[IHUTH II€ YUCJIO 32 JIOTIOMOT'OI0 aITOPUTMY 3 po3/iiy 3.2.

7. Hexait A — HEBUPOKEHA MATPUIA 1 HA_lAAH<1. [Tokaszaru, mo Marpuns

A+ AA He BUPOKEHA 1 BUKOHYETHCS OIliIHKA
|7
A+ any <D
1-|A A
8. INokazatu, mo x(A)>1 ama moBuIbHOI HeBUpOKeHOT MaTpuii 1 & (A) =1
JUISL JIOBIJTBHOI OPTOTOHAJIBHOI MATPHUINl 1 HOPMH ||||2 Matpunis A —
opToroHanbHa, akmo AA' = 1.
9. Un MOXHa CTBEPKYBATH, LIO SKIIO BU3HAYHUK MATPHUILIl MAJIHM, TO MaTpULA
noraHo ooymonieHa? [lepeBiputu 1ie s matpuill D=¢l, ge O0<e 1.

10. TTokazatu , 110 MaTpUIL MOPSAAKY N

1 -1 -1 .. 1]

01 -1 .. -1
A=

00 0 .1 |

noraHo oOyMoBieHa. Bkaszieka. Ob6umciutu k(A), sike T HOPMHU ||||OO

nopiBHIOE N-2"" . SIK 3MiHIOETBCS YHCIIO 00YMOBIEHOCTI MATPULI 3 POCTOM i
nopsaky? Po3risHyTy BUunaaku, koiau nopsaok aopisxioe 10, 50, 100, 1000.

g
11. 3aivicaut LU-posknan matpuii A= (1 1] , O<ée<1. O6GuncnuTu yncia

obymoBiieHocTi MaTpuilb A, L i U B Hopwmi HHw, MOPIBHSATH iX Ta 3pOOUTH BHUC-
HOBKH. BukoHatu Ti % 1ii 3a cxemoro [ayca 3 BUOOPOM TOJIOBHOTO €JIEMEHTA.
12. O6uuciutu x(A) B HOpMI H . Hli H . Hw MaTpUIll CHUCTEMHU
2X, +3x, —4x =1,
5X, —6Xx, +2X, =1,
7%, —3x,—(2-10")x, =2+10™".
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1 3pOOMTH BUCHOBOK TIpo Mipy 11 ooymoBieHocti ais k =1, 5, 10.

13. JIna CJIAP
1.000x, +1.001x, =2.001 .  x, +10x, =11,

1.000x, +1.000x, =2.001 1 100x, +10001x, =1101
3HAWUTH OIIIHKY BIJHOCHOI TOXHOKH HAXH / HXH PO3B’SI3Ky, SIKIIO ITOXHOKa
npasoi wactuan CJIAP  Ab=(-0.001;0.000)" i Ab=(0.01; 0) BimmosimHoO.
[TopiBHSATH OfepKaHy OIIHKY 3 TOUHUM 3HAYEHHSM 1 3 BIAHOCHOIO MOXUOKOIO
[Ab]l b

14. Hexaii L — nmwkus tpukytHa marpund, | =0, i =1.n. Cucrema PIBHSIHb
Lx=Db po3B’sa3yeThcs MOCTIJOBHUM BH3HAUeHHSAM X, X, 1 T.1. Iloka3sarnm,
IO MPHU BIJICYTHOCTI MEPENOBHEHD 1 MAIIMHHUX HYJIIB 3HANJICHUI PO3B’ 30K

~

X 3agoBonbHse cucteMy (L+AL)X=b, ne ‘Alij‘ﬁng‘lij‘ 1 ¢— “mammHHe

s 'l oo

- |
w(A)= (mJaxHaj H)M

me y i z—pose’ssku CJIAP ATy=1; Az=Yy, Bextop | 3 KOMIOHEHTaMH

+1 BuOUpaeThCs Tak, MO0 MAaKCUMI3yBaTU 3POCTAHHS y MPOIECi 00epHEHOT

ETIICUJIOH .
15. Ha npuknaai matpuis A

NEPEBIPUTH, L0

iJICTAaHOBKHM T BekTopa Y [78].
16. JlocniauTy BIIuB 30ypeHHsS €JIEMEHTIB TOJIOBHOI JiaroHalli TpUAlaroHalb-
Hux Marpunb A i B Ha pos'Bsazoxk CJIAP Ax=Db 3 pocrom ix mopsuky,

SKII0
3 1 0 0 0]
1 1 0 0 0
A=[0 1 1 0 0}
0 0 0 O 1 3
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i 0 0 O] 4]
2 0 O 5
B= 1 0 0| b=|5
00 0 0 - 1 3] |4
17. Tloxkasaru, mo B Metozi [ayca
%:K(A)O(HZW ne n— mopsgok CJIAP, t—kimbKicTh po3psiiB
mantucn i [AA|/|A|=0(n27).
18. Hna CIIAP

X, +2X, + 3%, +5.00001x, =11.00001,
2%, +3X, +4x, +7.00002x, =16.00002,
4x, +4x, +5X, +9.00003x, = 22.00003,
5x, +5X, +5x, +10.00004x, = 25.00004,

pO3B’SI30K SIKOI X, =X, =X; =X, =1, 3HaliTH OLIHKY HOpPMI HHOO abo HH1
MOXUOKH PO3B’SI3KY 1 MOPIBHATH i1 3 TOYHUM 3HAUCHHSM MOXUOKHU, SKIIO
36ypenHs npasoi uactuan Ab = (—0.00001,—-0.00002,—-0.00003,—0.00004)" .

19. JIns matpuni ['inp0OepTa, eneMeHTH SKOT a; = G+j-Di,j :ﬁ, o0uuc-
UTH Yuciio ooymosieHocti x(A), uucio kputepito Oprern K, 1 KyTOBOTO
kputepito K; mist n—2,510. 3pobutu BHCHOBOK TPO OOYMOBIEHICTH
MaTpPHITh 32 IIUMU KPUTEPiSIMH.

1 2
20. 1 A=
0. Jliia maTpumi L 5. 106}

obumcianTH uncia obymosieHocti x(A), umcio kpurepito Oprern  k, i
KyTOBOI'O KpuTepito k,. [IopiBHATH iX MK c0000 Ta 3pOOUTH BUCHOBOK
po 00YMOBJIEHICTh MaTPHILh.

21. Ilokasaru, 110 7151 €pMITOBOI MaTpHIll B HOPMI || ||2 BUKOHYETHCS PIBHICTD

K(A?) = (x(A))®. 3pobUTH BHCHOBOK IIPO PiCT YHMCIa OOYMOBJIEHOCTi 3
3pOCTaHHS CTEIICHS MATPHIII.
22. HaBecTH IpHKIa HECUMETpHYHOT MaTpui, 1 axoi x(A?) = (k(A))°.

23. 3actocyBatu mipoliec perymspu3aitii 1st po3s’s3ky CJIAP 13 3amaui 12.
24. JTosecth, mo x(AB) < x(A)x(B).
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Po3zaia 4. Itepaniiini meroau po3s’sisyBanHs CJIAP

Knacudikamis itepaniinux metoais. Meron npoctoi iteparii (MIII) 1 3eitnens.
Merton Sko6i i Tayca—3eiinens. HeoOxigna i gocraTtHs Ta JOCTaTHA yYMOBH
30ikHOCTI MIII. Orinka moxubku MIIL. Meton Piuapimcona 3 HallMEHIIOO
noxubkoro Ha K —ii itepamii. MeTon penakcanii. MeToau BapialliiiHOrO THUITY:
HANIIBUIIIOTO CITyCKY, MIHIMaJIbHUX HEB’SI30K, CIPSKEHUX TPAIEHTIB.

Tlitepatypa [5, 6, 13, 20, 23, 31, 59, 73, 76, 79, 80, 83, 93]

Enexrponni mxepena [103 — 107]

4.1. Kanoniuna ¢gopma 0JHOKPOKOBHX
iTepaniiHUX MeTOIB

Posrnstnemo CJIAP 3 kBaapaTHOIO MAaTPUIICIO TTOPSAIKY N

Ax=h. (4.1)
B 01HOKpPOKOBHX ITEpallliHUX METOAAX 3aJa€ThCsl ITOYATKOBE HAOJIHU-
xeaas X 1 OymgyeTbca mochizoBHicTh Habmmwkens X, x%, .., a

po3B’s30k X cuctemu (4.1) oOmepKyeThCSA K TPAHUI i€l
nocmigoBHocTi, To6TO X' =1iM X*.  HabmmwkeHnum po3s’s3koM

ciayxuth Bekrop X" mis mesikoro 3HaudeHHs K =K , 00yMOBIEHOTO

TOYHICTIO 00uMcaeHb. B oonokpokosux irepaniinux meromax X"

OOUUCIIIOETECA 338  BIJOMUM 3HAueHHAM HaOmmkenns X, y

k k=

6azamoxporogux — 3a 3aaueHHamu X ... x* ™ m>1.
KanoniuHoo (QopMOI0 OJHOKPOKOBUX ITEpALITHUX METOIB

po3B’s3yBaHHS cucTeMH (4.1) Ha3MBaeThCs 1X 3amuc y BUIIsAAL [59]

(kD) (k)
B X X L A% =bh, k=01,., (4.2)

k+1
7'-k +1

ne 7,,, — iTepauiiiHuil napamerp, B, , — HeBUpOKeHa MaTpuLs, sKa

1
BHOUpAEThCST Tak, MO0 oOepHeHa Marpuisi B oOumcioBanach

JIOCUTD MPOCTO, HAMPUKJIIA] JlarOHATBLHOIO 200 TPUKYTHOIO.
3agamo novarkose HaOmmkenus X, manpukinan, X =b. I3 (4.2)
3naxoaumo Ha (K +1) —it ireparrii
X“=(-7_ B A" +7r_B'b, k=01,..
Matpuis P = (I —7, B A) HasuBaetscst imepayiinoio. Itepartitnuii
MeTon saeHu, ko B, =1, iHakime — HesaBHuil. Itepaniitnuii MmeTon
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cmayionapnut, skmo B =B 1 7., =7, ToOTO HE 3a1ekaTh BN
HOMEpa iTeparlii, 1 HeCTal[lOHapHHI — B 1HIIINX BUIIAJIaX.

4.2. MeTtoa npocroi itepauii
Hexaii cucrema (4.1) 3BefieHa 10 piBHOCWJIBHOTO BUTIISIAY
X=Px+f,
(4.3)
ne P — kBaaparHa Marpuil mopsuaky N, f — n-Bekrop, 1 3amaHo
noyatkoBe HaOmmxeHHS X, 3a sxe mMoxHa B3aTH X = f . B MIII

HabmmkeHHs XY 00UHCIIIOETHCS 33 PEKYPEHTHOIO (POPMYIIOO
X" =pPx®+f, k=0,1,..
(4.4)
ab0 B KOOpJMHATHIN Gopmi

ki) _ X (k)
X _g p,X "+ f

i i
Ileii meron HaOyBae Bursiny (4.2), axkmoB =B, ne B —
JOBUIbHA HEBHpOJKEHa Mmartpuus, a 7, =1. Toal irepauiiiHoO €
marpuns P =—-B7A Skmo irepauiiinuii mpouec 30DKHMIA, TO X —
po3B’sizok cuctemu (4.3), orxke, 1 cucremu (4.1). Cnopasai, npu
k — o0 3 (4.4) BUILIMBAE, IO
X'=Px +f.
300pakeHHsI CUCTEMU PIBHSHb y BUIJIAIL (4.4) MOXKHA OJepKaTH,
npunyctuBmy, mo B (4.1) A=A + A, detA #0. Toxi
X=—A"AX+AD.
Tyr P=—A"A, f=A"D. Marpuito A BUOUPAIOTH TaK, 0O BUKO-
HyBaJUCh yMOBH 30DKHOCTI MeTomy, a oOepHeHa wmarpuist A’
HECKJIaJIHO oOuucioBaiack. [HImMMI crocid mossrae B 300pa’keHHI
cucrtemi (4.1) y Burmisii
X =X+ F(b— Ax),
ne F — marpuus, taka, mo det F # 0, a6o nesxe uncno, F #0. Toxi
x=(1—FA)x+Fb, P=1-FA.

Ha xoxuiii 3 itepariii B (4.4) BUKOHyeTbCS N° omepariii
MHOKEHB 1 N° MomaBaHb. 3a N iTepariii KiNbKICTh OMEpalii JOCITHe
2n® (meton I'ayca Bumarae ipu6nusHO N / 3 MHOXEHb 1 JIIJIEHB).

PosrisiHeMo oAHy 3 peanizalliii MeToAy MpoCToi iTepailii, BiHoMy
K memoo Axo6i [5, 20, 22, 23]. Hexait koedimienr a, # 0, iHakme
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MOXHa TOMIHATH [-T€ PIBHSAHHS 3 IHIIMM a00 YTBOPUTHU JIHIMHY
KOMOIHALIIO 3 PIBHAHB TaK, MO0 Koe(]ilieHT NpU X, HE JOPIBHIOBAB

HYJII0. 3 [-TO PIBHSAHHS 3HAXOAUMO

x:@—;%&yaﬂi:ﬂi (4.5)

ITounHaroun 3 modarkoBoro HadommkeHHsS X©. ooumciammo X
9

3a JJOTIOMOI'0I0 PEKYPEHTHUX (popmyI:
X :(bi —Za,jx(k))/a", i=1n; k=0,1.. (4.6)
3anumemo meron SAkoOi (4.6) y marpuuniit gopmi. s 1poro
BBEJIEMO TaKi MaTpHIIi:

o 0 .. 0 a, ... ... O
a, 0 .. O
H= , D= ,
a, a, .. 0] 0 ... ... a,]
0 &, .. 3,
G 0 0 a,
o 0 .. O

Tomi A=H+D+G 1 cHcTeMa (4.1) Ha6YBa€_BI/Il“JI$L[[y
Dx =—Hx—Gx+b a6o x=-D"(H +G)x+D"b.
ITepaii B MeToai SIko61 HaOyBalOTh BUTIISIAY:
XY =—D*(H +G)x* + Db
Meron HaOyBae  KaHOHIYHOTO BUDISAAY (3.2), SKIIO NOKJIACTH
B.,=Dir =1, irepauiitna marpuns P =—-D"(H +G).
Hpuxaanx 4.1. /{ng cuctemu piBHIHb
3X, + X, + X, =5,
X, —5X, + X, = =3,
2X, —3X, +6X, =5
MeToJ1 SIK001 3anMCy€eThCs y BUTIISIL
X! = (=x¥ = x¥ +5)/3,
X" = (XY + x¥ +3)/5,
X" = (—x® +3x% +5)/6.
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4.3. Metoa 3eiiaenst

Y dopmynax (4.4) npu oOUHMCICHHI HAOMMKEHOI'O 3HAYCHHS

X", 1>2, nouizpHO BUKOpPHCTATH BKe 3Haiineni sHaueHus (K +1)-

X.(k+l)

ro HabmwkeHHs X' ,.., , II0 MOXE IIPUCKOPUTH 301KHICTH

Metony. Taka moaudikaliss METOAy MPOCTOi 1Tepalii Ha3WBAETHCS
Memooom 3etioeisi 1 3aMUCY€EThCS Y BUTIIAI

K =3 p X+ (4.7)

X zme+zmwwu i=2,n.

Y mMatpuyHii (I)ole iTeparrii (4 7) 3amMIIyThCs TaK
X =Hx“" +(D, +G)x" + f,
ne P=H,+D,+G,, amarpuui H ,D,i G, maroTe Takuii ke BUTIIAL,
sk H,D1G i3 3aminoro a, Ha p,. fxmo icaye matpuns (I —H,)"
TO
X*=(1-H)"(D,+G)x" +(I-H)"f, k=0]1,.

3acTOCyBaHHS MPOLEAYpPH 3eUaess 10 CUCTEMU PiBHSIHBL (4.5)

MIPUBOJIUTH JI0 TaKUX (popmyII:

n
kel k
Xl( ) :(bl_zaljxg ))/3111

X = (o - Zauxgk“ Z aljxgk))/aii’ I=2,n-1, (4.8)

j=i+l
k+1 ~ k+1
Xr(1 = :(bn _Zanjxg +))/ann
-1

VY MarpuuHiii popMi 0JIepKUMO
XY = —D"Hx"“? —D'Gx"™ + D™b.
Ileit BapianT MeTony 3eiifens Ha3uBaKOThL memodom layca-3etioens i
onepxyetnes 3 (4.3), komu B, =D+H 17 =1

JIna cucremu 3 npuknany 4.1 meron Tayca-3eiimens HaOyBae
BUTJSLAY
X' = (=x¥ = x{* +5)/3
3 '
X(k+1) — ( (k+1) + X;k) + 3)/5,
X{ = (—=x" +3x{? +5)/6, k=0,1,...

3ayBaxumo, 110 BUTISA hopMy (4.8) cCkiIaaHIIIMN, TOPIBHIHO 3
(4.4), ame meron 3eiaens mporpamyeThes mnpoctime. CrpaBi, s
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METOJY IIPOCTOI iTepamii moTpibHo aBa Macusu it X 1 X“? . ITicis
obuncnenns X“? sxificHroerbes mpucBoeHHs X =Xx“? .V wmeroni
3eiiens 10CUTh OJTHOTO MAcCHUBY, i-i KOMIIOHEHTI SIKOTO OJipa3y Mpuc-
BOIOETHCSI 3HAUCHHS X .

Sx mpaBwmiio, metoa 3eigens 30iracThCs IIBUJIIC, HIX METO]
MpPOCTO1 1Tepallii, OCKIIbKH BUKOPUCTOBYIOTHCS B)KE€ 3HaAWJICHI Yy
NOMEpPEeIHIX PIBHSIHHAX HaOmmkeHHs. Meron 3eiaens Moxke
301raTuch, SKIMIO PO30Ira€ThCs METOJ MPOCTOI iTeparlii, 1 HaBIaKH.
IlepeBaroro Metoay 3eiifens € Moro 30DKHICTh I HOPMaJIbHHX
CUCTEM JIIHIMHUX pIBHAHb, TOOTO TaKUX B SKUX Martpuls A
CUMETpUYHA 1 JIOJaTHHO BH3HaueHa. [[bOoro MoOXKHa IOCATTH IS
HEBUPOJKEHOI MaTpulli A, SKIIO NMOMHOKHMTH ii 3miBa Ha A’ i
poss’sizatu CJIAP A’ Ax = A'b.

4.4. YMOBH 3012KHOCTi MeTOAY POCTOI iTepauii

4.4.1. O3HavyeHHss Ta AonmomixkHi jgemm. Hexait A, 4,,...,.4A -

BJIac-HI 3HAYCHHS Matrpuill P, TOOTO KOpEHI XapaKTePUCTUYHOIO
PIBHSIHHS

det(P - Al) =0.

Jlema 4.1. /{na ooginbnoi nopmu mampuyi P cnpasdscyemuvcs

HepieHiCmb
p(P)<|P]. (4.9)

JNoBenennsi. Hexali cnexrpanpauii pagiyc matpumi p(P) = ‘/‘L‘, X
— BIAMOBITHUM BJIACHOMY 3HA4Y€HHIO A BIACHUN BEKTOp, TOOTO
Px=AX, X#0. YTBopuMo kBagpaTtHy Matpuio X =[X,X,...,X].
Toni AX = PX . IlepedmoBIIx 10 OLIIHKH HOPM, OJIEP>KMMO

p(P)|X] = [PX] < P[-[X],

3BIJIKM 1 BUILIMBAE OIlIHKA (4.9). |

Hexait P* — 106yTox K matpurs P, 0 — HyJIb-MaTpHILs.

Osnauenns 4.1. Iocnioosnicme P* -0 npu K — o0, axwo
|P*|| = 0 npu k — .

Jlema 4.2 [36, c. 19-20]. HPKH—>O npu K — o0 mooi i minbku

mooi, KOau CNeKMpAaIbHUllL paodiyc 3a0080JIbHAE YMOBY

o(P) <1. (4.10)
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Jlema 4.3. fAkwo 0na Oesakoi HOpMU BUKOHYEMBCA HEPIGHICMb
HPH<1, mo P* = 0 npu k — .

Cmpasni, P"H < HP ‘ TOMY HP"H — 0, komu kK — 0. n
PosrnsiHemo MatpuyHu psig
| +P+P* +...+P“+... (4.11)

Osnavenns 4.2. Mampuunui pad 30ixcHUli i mMae epauuyero
mampuyio S, AKujo
lim|l +P+P*+..+ P -5 =0.

k—o0

Jlema 4.4. /[na 36iscnocmi mampuurnozo psoy (4.10) neobxiono i
oocumbo euxonantsi ymosu (4.10). Mampuys | — P mae obepneny i

| +P+P* +...=(1 -P)™. (4.12)
HeoobxinnicTs. Hexait psn (4.11) — 36ixunii. Tomi P — 0 mpu
k — o0 13 1aemu 4.2 maemo p(P) <1. Ockinbku
(I1-P) 1 +P+..+P“)=1-P",
To, nepeiimioBiiu 10 rpanuii mpu K — 0o, ogep:xumo
(I-P) (I +P+P*+..) =1,
(4.13)
3B1JIKM BUILTUBAE PiBHICTH (4.12).
Jlocrathicts. Ha mincrasi ymosu (4.10) P* — O mpu k — .

Tomy BUKOHYETBCS piBHICTB (4.13), oTxke, 1 (4.12). |
Jlema 4.5. Axwo || P||<1 ona oesaxoi nopmu, mo mampuunuii psio
(4.11) 36ixcnuii i suxonyemwcs pisnicmo (4.12). u

JIoCATHYTH BUKOHAHHS JTIOCTaTHBOI yMoBH || P ||< 1 mMoxkHa, 300pa-
suBiy CJIAP y Burmsiai

X=(l —7AA)X+ 1,
Jie 3Ha4YCHHS 7 MOTPIOHO BHOpATH Tak, 1100 ||I —1A|| <1. Hampuknan,
uist MmaTpuil A 1 mapamerpa 7

1 -2 -3

A= 4 5 6 |, r=0.05
-7 8 3
0.95 0.10 0.15
maemo | —7A=|-0.20 0.80 -0.30|, sska € MaTpuIlel0 3 TEPEBATOIO

035 040 0.85

TOJIOBHOI J{laroHaIl.
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4.4.2. HeoOxigHa i 1ocTaTHA YMOBA 30i’KHOCTI

Teopema 4.1. Memoo npocmoi imepayii 36icacmobcsi 00 €OUHO20
po38°sa3Ky cucmemu (4.4) 0 008i1bHO20 NOYAMKOBO20 HAOJIUNCEHHS
X® e R" moodi i minbku mooi, konu 6ci énacHi 3HAYEHHS mampuyi P
Jledcams ycepeOuHri 0OUHUYUHO20 Kpyed.

JoBeaenns. 3anuiieMo iTepailiiiti npoiiec (4.4) y BUIIIsI1

X“U =P(Px*? + )+ f =Px*’+(1 +P)f =...
=P“X+(I1+P+P*+...+ P*)f, (4.14)

Ha mincrasi nem 4.2 1 4.4 ymosa (4.10) HeoOXigHa 1 JOCTAaTHS IS
toro, mo6 P** —>0 npu k—>oo i psag (4.11) 36iraBcs. Tomy
lim x“* = x" g gosinsHoro X € R" i3 (4.14) Bunmsae

k—w

X =(-P)"f.
3Bigcu Maemo, mo (I —P)X =f i X =Px + f.
Omke, X — posp’ssok cucremd (4.4).  OcCKigbKu
X=X =P(x—=x) 1 (I-P)(x—x)=0, TO 3 HEBHPOMIKEHOCTI
matpuili | — P BummuBae, mo X = X, TOOTO pO3B 30K €IHHMIA. [

Hacainoxk 4.1. Heo0xionorw i 0ocmamuvoio yM0o800 30i#CHOCMI
memooy Axobi (4.6) € ymosa moeo, wo 6ci KOpeHi aneebpaiunozo
PIBHAHHA

ata, ..a,
a21 aZZl i a2n — O
a'nl anZ b a'nnﬂ'

Jiesrcame ycepeOuni 0OUHUYHO20 Kpyad.
Cnpagai, MeToa SIko01 € MEeToJIOM MPOCTOi iTepallii 3 MaTpPUIIEIO
P=-D"(H +G). s marpumui P maemo
det(-D*(H+G)—Al)=—detD " -det(H + G+ AD) =0.
Otxe, det(H + G + AD) = 0.

Hacaigok 4.2. Heobxionow i 0ocmamuboo yMo80H0 30iHCHOC
memooy Tayca—3etidens € ymosa mozo, wjo KOpeHi piGHAHHS
alll a'12 e a'ln

a,Aa,A .. a,
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nedicams ycepeouHi oounuuno2o kpyea | A |<1. CropaBai, nis MeTomy
Tayca—3einens P=—(1 + D'H)"D"'G. Tomy
det(P—A1)=—det(l +D*H) " -det(D'G+A(l + D'H)) =
=—det(l +d*H) ™ -detD™ - det(G + AD + AH).
3aBepIEHHS JOBEICHHS OJIEPKY€EThCS 3 Teopemu 4. 1.

4.4.3. JloctaTHs yMOBa 30iKHOCTI
Teopema 4.2. Axwo mampuys P maxa, wo || P|<1 ora desxoi

MAMPUYHOL HOpMU, MOOI MemoOd Npocmoi imepayii 30IXHCHULL 00
€0UHO20 pO38°A3KY cucmemu pieHaHb (4.4) 011  008i1bHO20
nouamkoeozo nabuicenna X" € R".
JloBeieHHS BUTUIMBAE 3 HACTINKY JiemHu 4.5, ockineku mipH || P [[< 1
B piBHOCTI (4.7) MaTpuuHwMii psia 30DkHMI i P¢ — o) npu K — oo,
Hacuainok 4.3. fkwo suxonyemucs nepignicmo

ID*(H+G)|<1
mo memoo AKkobi 30ixCcHULI. _
st Hopmu || - ||, HepiBHICTE (4.17) HaOyBae BUTIISIILY
a.
max) | —|<1
i<j<n i aii
abo
Zl i N a;; , 1=Ln. (4.15)
i#]
Amnanorigdo jist Hopmu || -||. maemo
a;
max)_|—|<1,
i<i<n 7] a,
1HaKIIIE
D lay I<la; |, i=1n. (4.16)

j#

YmoBu (4.15) 1 (4.16) 3abe3mneuyroTh TMepeBary TOJOBHOI
JlaroHasl B MaTpuill A BIAMOBIJHO MO CTOBHOIIX 1 psakax. Y MpHUK-
nami 4.1 matpuinis A € MaTpuIelo 3 TEePEeBaKar4or TOJOBHOIO
JaroHAJLTIO MO PAJKaX 1 CTOBMISX, TOMY OOHMIBI YMOBU BUKOHYETHCSI.
VY nedxkux BUMNAAKax IepeBara rojgoBHOI JlaroHall TOCATAETHCS, KO
NOMIHATH MICUSIMHU JesKl pIBHSHHA a00 BHUKOHATU €JIEMEHTapHI
NIEPETBOPEHHS HAJ| PIBHSIHHSMHU CHCTEMHU.
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Osnavenns 4.3. Mampuys A >0 nazusacmovcs oooamuo 6us-
nayenoro (A>0), axwo

xTAx:Zn:Zn:a..x.x. >0VxeR",x=0.

ij N
i=1 j=1

HeoOxigHoo 1 moctaTtHhO0 ymoBo Toro, mo A>0, €
JOJIaTHICTh BCiX rosioBHMX MiHOpiB Matpuii A [19]. Hampuknan,
MaTpuIs

3
4 >0,
28

A=

N W N
o U N

1
ockinbku A, =1>0, Azz‘z 5‘:1>O i detA=1>0. 3ayBaxumo,

o BiacHi 3HaueHHs matpuri A >0 miiicHl 1 moxarHi. Chpasmai, i3
piBHOCTI AX=AX, X#0 oxepxkumo X AX=AX'X= /IHXHz OCKUIbKH
X"AXx>0,10 4 >0.

Hexait A>0.Bissmemo 7 =q/||A|, 0<q<2. Toxi

X=(1=7A)X+7b = (I = A)x+7b.

Al
J{nst BmacHuX 3HaueHb p Marpuii P = | —ﬁA Ma€EMO
P— :_i{A_(lL)HA‘“}
Al q
Ockineku ~ A(A) < HN , T10 O«< (:L+)HA” < HA‘ ,  3BlIcH

O<l-u<qg abo —1<1l-g< u<l. ToOTO BUKOHYETHCS HEOOXiaHA 1
JOCTaTHSI yMOBa 301)KHOCTI METOJIy MPOCTO1 1Teparli.

3ayBakennss 4.1. Buxonanus oocmamuoi ymosu 30idCHOCMI
MOJICHA 00CSIcHYMU, nepemeopusuiu 8ionosiono mampuyro A. Hexati
det A= 0. Bsedemo mampuyio D=A"—F, de F — mampuys 3 oocumo
manumu enemenmamu. Jlomroorcuswuu cucmemy pieusans (4.1) 3niea na

D, odeporcumo
X = FAx+ Db.
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s docume manux enemenmie F; maemo ||FA||S||F||-||A||<1.

3okpema, sikuio F=cE, mo npu GS(Z”A”)_l Memoo 30IdiCHUL, OC-
KIIbKU ||FA|| <1/2. 3aysasxcumo, wo npu ybomy nompiobHo oouucIUMU

-1 . ’
A™, wo pienocunvue 3naxoodxcennio po3e a3xy CJAP.

4.5. TouHicTh MeTOAY MPOCTOI iTepauil

Hexait Bukonyetbest moctaths ymoBa || P|l<1 36ixHOCTi MIIL.
I3 (4.5) i (4.4) nns equHOro po3B’si3ky X =X CJIAP omep:kumMo
XY —x"=P(x® = x") =P(x"*? = x) + P(x" —x“?).
Tomy || X" =X [ Pl I X™ 2 =X [+ [ P [ ™ =x®].
3B1CH MAEMO:

< IPIL e o (4.17)
=[Pl

I3 (4.4) i (4.5) BummBae HepiBHicTb || X — X" ||< ||P|| : Hx(k) — X

X =X |

*

110 O3HA4a€ JiHIMHY WBUIKICTH 301kHOCTI MIIIL.

Maroun x® 1 x®?P  mMoxma MoKHA OLIHUTH TOYHICTEH
Habmmkenoro po3s’ssky X“*. Sk summusae 3 (4.17), mias 3amadoi
Tounocti & > 0 ominka || X*“™ — X" ||< & BuKoHYeTBCH, AKIIO

e o e SAP D
| Pl
OCKITBbKH
X = xS P X = xE P < P X = xO ),
TO Ha I1JICTaBl HEPIBHOCTI
k+1
Ixe —x < PP o yoe e (a9)
-] Pl
MOXHa OI[IHUTH KUIbKICTh 1Tepalliif, HEOOXITHUX ISl JOCSITHEHHS
3a7aHoi TOYHOCTI ¢ . I3 (4.18) maemo

” P ||k+1< ‘9(1_ ” P ”)

x|
3BIJIKHU
2 L)
kZ(Igm g |[P].
Bekrop
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r =b— Ax®
HA3UBAETHCSI HEB’SI3KOI0 U XapaKTepu3y€ HACKIIBKM  TOYHO
Habmkenuit po3s’s30k X 3amoBonbHse cucremy (4.1). 3ayBaxkumo,
0 MaJicTh HOpMHU ||I || me He rapaHTye BHCOKOI TOYHOCTI

po3B’s3Ky. Hanpukian, 1yisi cucteMu piBHSIHB

2.001x, +1.000x, =3.001,

2.000x, +1.000x, = 3.000
HaOMvkeHni po3B’s30k Z, =1.2, z, = 0.6 BIAPI3HAETHCS BiJ TOYHOTO
po3B’sizky X =X, =1 Ha ||X—X"|,=0.4, a uer’s3ka || J || = 0.0002
Maja.

3ayBakeHHs1 4.2. [HKOIU MOYHICMb BBANCAEMBCS OOCASHEHOIO,
SAKWO BUKOHYEMbCA HEPIBHICNb
| x4 — x|« &. (4.19)
Le max, saxwo |[P||/QA-||P|)<1 mooi ||P|<0.5. Axwo o
05<|| P|<1, mo oyinka (4.19) mosice 6ymu 3anusicenoro.
Hanpuxkinan, xomm || P|=0.9, To, 3rimmo 3 (4.17), maemo
| X = x|l< 9| x*? —=x"||. Axmo x || P|=0.1, To ominka (4.19)
3aBHUIIEHA, OCKUILKH
X5 =x]l< (I P /=11 P D) [ x* = x® {7 x*2 —x® || 19,
SIKICTh ITEpaliHOrO MPOIECY 3PYYHO XapaKTePHU3yBaTH TaKOX
IIBHKICTIO CIaaHHs HOPMHU BijHOUIEHHS moxuOku z, = X — X 110
noyatkoBoi moxubku Z, =X —X. Hexait x® =f. Ockinpku
z, =Pz, =Pz, o micnst K itepartiit Mmaemo:
k
ak:s;upm:sup|| P2, | =[| P*||.
sz g
Moskna rapantyBatH, mo a1 p, 0< p <1, BHKOHYETHCA

orirka o, < p, skmo || P* ||I<|| P* |I< g, To6TO miist
k>k, =(lgg)/lg|P].

4.6. Metoa Piuapacona

4.6.1. Iness meToxy. Meton Piuapacona — 11e siBHHI HecTallioHApHUN
ITepaliiHuil MeTon, sKuUM onepxkyerscs 13 (4.3), komm B =I, 1
HaOyBa€ BUTIISIAY
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1 (X —x®)+ Ax“ =D, k=01,... (4.20)

k+1
Itepaniitni nmapameTpu 7,,, BUOMPAIOTbCS TAKMM YUHOM, II00 s
33JIaHOT0 4Yucja iTepamiii M moxuOka Ha M- iTeparii Oyna
HallMeHIIol, TOO0TO, MO0 Ha HaOOpl nNapameTpiB 7,,7,,...,7

m

pocsrayti min [x™—x|. Ili mapamerp € KOpeHsMH anreGpaidHOro

MHorouieHa, BBeseroro I1.JI. YeOumeBum.

4.6.2. Mmuorowienn UYeOoummena. Taki MHOTOWIEHH BIAITPaIOTh
BOKJIUBY POJIb Y TEOPIi Ta MPAKTHUIIl 3aCTOCYBAHHS YHUCIOBUX METO/IB.
3a iX JIOMOMOTOI0 MOXHA PO3B’SI3yBaTH 3ajladul ONTHMI3aIli 004uc-
TroBalbHUX anroputMiB. Ha nmpoMikky [—1,1] MHOrOwIeHn YeOuieBa

T.(X) cremens n 3amaroThes Tak [68]:
T,(X)=1, T(X)=x, T.(X)=2xT_,(xX)-T,,(x),n=2,3...
Hng n=2,3,4 15 maemo:
T,(x) =2x* -1,
T,(x) = 4x® - 3x,
T,(x) =8x" —8x* +1,
T.(x) =16x> — 20x® +5x.
I'padpiku yHKIINA, sSKI BU3HAYAIOTHCA MHOroujieHamu YeOuiena,

noka3asi Ha puc. 4.1.
THx) T T

Ti{x)

Ty{x)
Puc. 4.1. I'padixu muorounenis Yeoumesa T.(X), n =15

Hasenemo neski BnacTuBocTi MmHorouwneHiB YeoOumena [59, 68].
1. Axmo n=2m, to T, (X) — mapHa dyskmis. Jiast n=2m+1 pyHk-
uis T,,.., — HemapHa. Cnpasnl, T,(X) — HenapHa, a T,(X) — napHa QyHK-
1ii, tomy T,(X) — HemapHa QyHKIIIS i T. 1.
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2. Muorounenu YeOuiieBa MoKHA 3aITMCATH Y BUTIISIL
T.(x) =cos(narccos(x)), -1<x <1.
4. I3 TpuroHOMeTpUYHOTO piBHAHHA COS(narccosx)=0 1 nepioawy-
HOCTI QyHKIIIi COS X BUIUIMBAE, 10 HYJIIMU MHOTOWIeHa T (X) €
7(2k —1) k=1n
2n
5. Exctpemymu @yHKLii T (X) Hdocsraerbcs B TOUKaX

X, = COS

x_cosk— k=1n-1
n

ne [T, (x)| =1, npugomy T (X, ) = coskz = (—1)".

4.6.3. Aaroputm Metoay. /lanuii MeTo  OOIPYHTOBAHUM ISl CUCTEM
13 gomatrHo Bu3HaueHow  Matpuinero A [1].  Tlapamerpu
k=0,m-1, y merozi Piuapicona BuOHparoThcs Tax:

kl’

o 2 1-¢ o,
0 ﬂ’min (A) + ﬂ'max (A) , po g ﬂ’max
r=— 1o tmzcosw, k=0m-1  (4.21)
1+ pt,., 2m

OOrpyntyBanHsi MeroAy PidapacoHa JaeTbcs  HACTYITHOIO
TEOPEMOIO.

Teopema 4.3 [59, c. 110-111]. Hexau A — cumempuuna i
0o0amHo eusHadeHa mampuys. 1To0i ceped memooig uenidy (4.20)
HauMeHuy noxuoxKy Ha M-iti imepayii mae memoo, OJisi SKO20
napamempu t, ., 6usHadaromvcs opmynamu (4.21). [Ana noxubku na
M -iu imepayii 6UKOHYEMbCSL HEPIBHICMb
"—x|<q,[x? =X (4.22)

27 pzl—@
1+ pm" 7 14 JE

3ayBaxxumo, 1m0 oiiHka (4.22) mnpaBwibHa 11 HaOopy
napametpiB (4.21) y Oynb-sikoMy TOpsiIKY. Alie B OOUYHMCIIIOBANIbHIMN
MPAKTHUIIl CIIOCTEPIraeThCs, 0 MOPSAI0K BUOOPY MapaMeTpiB CyTTEBO
BIUIMBA€ HA YMCJIOBY CTIMKICTh METOJLYy W MOKE MPUBECTU MO
HEJIOMYCTUMO CHJIBHOTO 3pOCTaHHS OOYHCIIOBAIIBHOT TOXUOKH.
CnopaBa B TOMy, II0 METOJI HE TapaHTye MOHOTOHHOIO CIaJaHHS
MOXMOKH BiJ| 1Tepallii /10 iTeparii. 3anuieMo piBHSIHHA I MOXUOKHU

oe

m_
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29 =x% —x. Hma mporo X =z%+x migcrasumo B (4.20).
OnepxumMo

i(zk+l ~27,)+Az% + Ax=Dh.

k+1
Bpaxosytoun, mo AX=Db, onepxumo z, = (1 —7,_ A)z,. Hopma
oneparopa & Moxe HaOyTH 3HA4Y€Hb, OUTHIIMX BIJ OJWHHUIN IS Jie-
KUJTBKOX CYCIJIHIX iTeparlii, 1o ¥ Beme 10 3poctaHHs moxuoku. Y [1]
HaBEJACHUW QJITOPUTM BHUOOpPY MapameTpiB 7T V1L SIKOTO

k+1 2

iTepaniitHuit meton (4.20) cTiiikuii.

4.7. MeToa penakcamii

[IpuckopuT IMBHAKICTE 30DKHOCTI I1TEpAIIHOTO MPOIECY
MO’KHA, BBIBIIIK B METOJ1 3eiaens Aeskuil mapamerp @. et meTon
onepxyetbed 13 (4.3), sxmo B, = (D + oG), 7, =w. Toxi

(k1) 3 (k)

D+aoH) "2+ AX® =b, k=01,.. (4.24)
a

Adxkmo o € (0,2) 1 marpunt A — CUMETpUYHA 1 JOJATHO
BU3HAYEHA, TO TIPHU IIOMY JOCITAETHCS 301KHICTh METOIy peakcarlii
[20, 23, 59]. 1nsa @ € (0,1) maeMo memoo nudicnvoi peraxcayii, a Ijis
w € (1,2) — 6epxnvoi penaxcayii. SIKio nmapameTp penakcaiii w=1, To
ozepkuMo memoo layca—3etioens.

[I{o6 BuBecT Gopmynu st obumcineHnas X, 3ammiiemo (4.24)

y BUTJISAII
(I + oD H)Xx*? = (1-w)l —wD'G)x™ + wD™b.
Tomi
x4 a)Z % —xI = (1- w) %" - “)Z % —x + 0 b =1n

j=1 a j=i+l a" aii
0
Tyt Z= 0, Z: 0. Mounnaroun i3 i=1, MOCIITOBHO 3HAXOAMMO
n+1 1

Xi( k+1) :

4 = @0+ 0 2,

X(k)

a
XKD = _gp 2L )y (1 a))X(k) +_(b Zazj i

1 22
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n
X\ = —a)& X a)% XE"“) +(1-w)x + ﬁ(b3 — Zaijgk)),...
A3 A3 A3 =4
Bubopom mapamerpa @ MOXHa TNPUCKOPUTH IIBUAKICTH
301kHOCTI MeToay penakcarii. IlopiBHssemo Meton SIkoOi Ta mMeton
penakcailii Ipy pi3HUX 3HAYCHHSX MapaMeTpa @ JUIs ACSIKUX CUCTEM.
Ipukaan 4.2. YV t1abn. 4.1 HaBeaeHo MOXUOKU PI3HUX BapilaHTIB
METOJIy pejlakcarlii Il CHCTEMH PIBHSIHb 13 CUMETPUYHOIO 1 JOJATHO
BU3HAYEHOIO MAaTPUIICIO Ta MIEPEBAror0 TOJOBHOI AlaroHal
SX, +2X, + X, =8,
2X, +6X, +3x, =11,
X, +3X, +7X, =11.
Bamamo mouarkoBi ymoBH X =X =X” =0. TouHuii pO3B’sI30K
i€l cucrteMu X, = X, = X, =1. Haimnmmid pe3ynbTar onepxKyeTbes
METOJ0M penakcalii npu o =1 (Merox Iayca—3eiinens).

Taoauus 4.1.
[ToxuOKM METOTy peJlaKcallii A pI3HUX 3HaUYCHb MapamMeTpa @
Hx(k) _ XH Memoo Memoo Memoo Memoo Memoo Memoo
Arobi penax- penax- Tayca- penax- penax-
cayii cayii 3etioens cayii cayii

(w=0.1) | (0=0.5) (w=1) (w=1.5) (0=19
)

k=5 0.16718 0.45994 0.04695 | 0.0032899 0.06576 0.73146

k=15 | 0.00337 0.11892 | 0.0020103 8.3411109* 0.0001555 | 0.35622
10°

k=25 | 0.0000696 | 0.04313 | 0.0000732 0 3.17787*10" | 0.14785

k=35 | 0.0000014 | 0.02192 | 0.0000026 0 6.22769*10"° | 0.05088

Hpuxaan 4.3. Ina CJIAP
OX, +2X, + X, =8,
2X, +6X, +3x, =11,
X, +3X, = 7X, =—-3
MaTpulsl A — He J0JaTHO BH3HaudeHa, ockiabku det A=-221, ane

roJIOBHa JiaroHajib nepeBaxkaroua. Meroj penakcamii npu o >1 —
pO30LKHUH, MBUAIIA 301KHICT crioctepiraeTees i @ € (0,1) . Haii-
BUILY TOUYHICTEH fac meton SAko6i Ta Iayca—3eiigens. [ moyaTKoBHX

yMoB X" =X = x{” =0 pe3ynbraT HaBeaCHI B Ta0I. 4.2:
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Taoauus 4.2

[Toxubka | Memoo | Memoo Memoo Memoo | Memoo Memoo
Hx(k) _ XH Akobi penakca | penaxcayii | Iaycca- | penak- | penakcayii
” yii (w=0.5) | Zeudens | cayii (0=1.9)
(w=0.1) (w=1) [(w=1.5)
k =5 0.02471 0.718 0.0465 0.00144 | 1.12472 8.50322
k =15 8.67926* 0.27071 | 4.36073*10™ 3.00%5* 1.18692 432.54701
107 10°
k =25 2.8371%5* 0.07872 | 3.34329*10° 0 1.14274 | 2.31007*10"
107
k=35 8.6681632* 0.04348 | 2.66507*10° 0 1.10021 | 1.23388*10°
10°

4.8. MeToau BapiauiiHoOro Tumy

Y mux meromax po3B’sizyBaHHsS CJIAP 3amiHIOETBCS JIESKOIO
PIBHOCHJIBHOIO ONTHMI3aliiiHO0 3amaucio [5, 12, 59, 77].
4.8.1. Merog HalmBuUAIIOr0 cmycky. Lleil mMeTron mnmopoKeHuu
3a/1a4ero0 MiHIMi3alli (QyHKIIOHaNa, KM € KBaapaTUYHOK (HOPMOIO
BUTJISITY

F(x)= %(AX, X) — (b, x). (4.25)

Hexaii X — po3B’s130k cucreMu (4.1) 3 CHMETPHYHOIO TOJAaTHOIO
Mmatpurero A. 3anumemMo GyHkIIio (4.25) y TakoMy BUTJISIIL:

F(x) = F(X) +%(A(x— ), X—X).

Ockinbku (Au,u) >0  VYueR", to dpynkuis F(X) gocsraec naii-
MEHIIIOTO0 3HAYeHHS B Toulli X . HaBmakm, sKmo s X=X
J0CATaeTbCs HaliMeHIne 3HadeHHs F(X), To 3 HeoOXiaHOI yMOBH
exctpemymy F Bumusae, mo gradF (X) =0. Ockinbku

gradF (x) = Ax—b,
TO X =X € po3B’sI3KOM cucteMH (4.1).
V MeTol HAMIIBHAIIOrO CIyCKY pyX i3 Jeskoi Toukm X" 3miiic-
HIOETHCA B HANpsAMi aHTUrpajiieHTa. HacTtynHe HaONMMKeHHS
XY =x® —¢g gradF (x), k=01,...,
Jie cTajla @, BU3HAYAETHCS 3 YMOBHU MIHIMYyMY (DyHKIIi1
g(a) = F(x" —a - gradF (x")).
3 HEOOX1JHOT YMOBHU €KCTPEMYMY MAaEMO

99 _ (b~ AX® b~ AX®) — ar(A(b — AX®),b— Ax") =0

da

(4.26)
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Ma€EMO.

o, = Uof) (4.27)
(A k1! k)
ne r. =b— Ax"™ — HeB’si3ka.
Anzopumm memooy HatEUOu020 CnycKy:
1. 3anmartu mouyatkoBe HaOmmwxkenus X, k:=0.

OOuuciutu a, 3a Gpopmy:oro (4.27).

2
3. 3HalTH HACTyMHE HAOMMKEHHS 3T1aHO 3 (4.26).
4. Sxmo e, |r|<e, ne ¢ xapakrepusye TOUHICTB, TO

(k+1)

iTepariii 3aBepireni i X ~ X", Skmio gucio iTepariiit K He

nepeBuiIye jgormyctumoro 3HaueHHS K, o K:=k+1 i
HOBEPHYTHCH 10 MYHKTY 2.

Akmo BiJIOMI TpaHUI IS BJACHUX 3HAYEHb MaTpuill A:

< A(A)< u,, T0, Ak mokazaHo B [59, c. 242], mns moxuOkm

PO3B’SI3Ky BUKOHYETHCSI HEPIBHICTh
k

HX(k)_X*H <| KT A ﬂzH

<
Hy + 1y K

Meto HAaUIIBUALIOrO CITYCKY HEJIHIAHUM, OCKUIBKH Ha KOXHIM

iTepanii napameTp ¢, 3aJeXUTh Bl OJEPKAHOIO HAOJIMKEHHS.

*

0
X()

2"

Henonikom MeTomy € Te, IO Ha KOXHIM 1Tepailii moTpiOHO JBidi
BUKOHYBATH omepalli MHOKEHHS MaTpHUIll Ha BEKTOp (3HAXO/KEHHS

r. 1 ¢, ). EKOHOMHIIIE 3anucaTy 1TepaliiHuil aJTOPUTM y BUTJISAIL

(4.26), (4.27), ane oOuucnroBaTy I 3a peKypEeHTHOIO (OPMYIIOL0

r“? =r% —q A-gradF (x®).
4.8.2. MeToa MiHiMaJabHMX HeB’A30K. ¥ Metoai Piuapicona notpiod-
HO 3Hath BnacHi 3HaueHHs A (A) i A_ (A) marpumi A. B meroni

min
MIHIMAJIbHUX HEB’ SI30K
x 6D 30

+Ax® =b, k=01,...,
1€ mapaMeTp 7,,, Ha KOXHIA iTepailli BUOMpPAEThCS Tak, 00 MiHI-

Mi3yBaTH €BKJIiIoBy HOpMy HeB’sisku ™ =b— AX“? nabmmkenns
X", ko mapamerp 7, 3HaWIEHO, TO

x(k+1) =x® 47 _r®,
Jlam maemo
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FO9 _r® = CAXSY £ AX9 = b — AX* b+ AX® =
= AX® — AX*? = A(XY = x® —7_r®¥)=—7_ Ar®,
3Bincu BummBae, mo r“* =r" —z  Ar®.

PozrisitHeMo ckansipHuid 100y TOK
(r(k+1)’ r(k+1)) — (r(k), r(k)) _ 22’k+1(Al’(k), r(k)) 4 T|<2+1(Ar(k)’ Ar(k))’

2 2 2
kD5 _ |l k) (k) (k) 2 (k)
Hr ‘ _Hr H — 27, (Ar™ r' )+ 7, ||Ar H .

Ockinbkn A — pomatHo BusHayena marpuns, to (Ar®,r*)>0, i

a0o

KBaJpaTHyHa (PyHKIIA 3MIHHOI 7,,, Ha0yBa€ HallMEHIIOIO 3HAYCHHH,
KOJIH

B (Ar(k)’ r(k))
Al

Teopema 4.4 [59]. Hexaii A= A" >0. Tooi memoo minimanoHux
HeB 130K 30I%CHULL T 011 NOXUOKU CNPABOANCYEMBCS OYIHKA

k+1

|A® x| < o [A®? =), k=01,..,
_1-< _ A (A
LT T -

Metoa MiHIMaIbHUX ITEpalid Ma€ Ty K IIBUIKICTh 301KHOCTI,
110 ¥ MeTo. mpocToi iteparii 3 mapamerpom 7 = 2/(4_. (A) + 4. (A)).
4.8.3. Metoa cnpsikeHUX rpagieHTiB. [leit meTon 3acTocOBYeTHCS
st po3B’sizyBaHHs CJIAP 13 CUMETpUYHOIO JOJATHO BHU3HAYEHOIO
matpunero  A. ONTUMI3YyeTbCS TpadleHTHUH METOJl BHOOpPOM
nmapaMeTpa Tak, 1100 Ha HACTymHOMY Kpollli HeB’si3ka Oyna
OPTOrOHAJBHOIO JI0 BCIX MOMNepenHiX HeB’sa30k. Ha mepmomy kporii
HeB’si3ka & =TI, ak 1 B MHC. OpepxaHi HEB’SI3KM YTBOPIOIOTH

opToroHajibHuil 0asuc. TeopeTnyHO Ha OCTAHHHOMY KpOLl HEB’sI3Ka
JOPIBHIOE HYJIO U ITepallliHUI MpolLeC 3aBEepUIyeThCs. Auie
BHACJIIJIOK TOXHUOOK B OOYMCIIEHHSIX, OCOOJIMBO MpH MOTaHii 00yMOB-
JIEHOCTI MaTpHili, HOPMY HEB’SI3KM TOTPIOHO TOPIBHIOBATH 3
JOTIYCTUMHUM PiBHEM aOCOIIOTHOI MOXuoku & > 0.
Aneopumm memooy cnpsaxceHux epadienmis
1.3amatu moyaTtkoBe HaommwkeHHs X© 1 umcio &3>0
(momycTuMuUi piBEHb a0COMIOTHOT TOXUOKHU HEB SI3KM).
2.06unciutd HeB’s3ky 'Y =b— AX®  mouarkoBoro HaGnu-
xenus X,
3. k=0 (momep irepauii), p® =r©,
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(r (k)’ p(k))
(q(k)1 (k))

(k) _

O6unciuta: % = Ap"; MHOKHHK Ha KpoIli o, =

nacrynne Habmokenns X =x® + o p®;
HEB 13Ky HACTYMHOro Habmmwkenns r“ =r® —qg q".

4. SIxmo Hr(k”’ <¢g, TO:
4.1. x:=x"" (po3s’s30k 3agoBosbHsse CJIAP 3 ToUHICTIO &).
iHakiue:
( (k+l) (k))
4.2. O6uncmuta KoehileHT f, = -————
(p“,q%)"
HOBHMH  HaIpsM mimimizanii  p** =r — g p,

k:=k+11i mnepeiiTu 10 KpoKy 4.

OTxe, B IIbOMY METO/Il CUCTEMa BEKTOPIB, AKa MiJIATra€ MPOLeCy
OpTOroHaji3alli, He 3aJa€ThCs 3a37aJerijp, a Oyay€eThCsl apajeabHO
3 TOOYZI0BOKO CHPSIPKEHUX HANPSMKIB 1 BIJAMOBIIHUX M IOCJIIOBHUX
HaOJIMKEHb. 3ayBaXKMMO, 1110 Ha3Ba METOJy IOB’s3aHa 3 Ti€l oOcTa-

BUHOIO, 1110 HEB’A3Ka I, € IrpagieHTOM (PyHKIIi HOXHUOOK, 00UHCIEHUM

y Touri X. [Iporiec moOya0BH MOCIITIOBHUX HAOIMKEHb 001pBETHCH, K
TUIBKH JIesiKe HaOJIMKEHHS 301ra€ThCsl 3 TOYHHUM PO3B’SI3KOM CHCTEMHU.
OOGuucaroBagbHa CKJIATHICTh AITOPUTMY ITCJIS BHUKOHAHHS N

iTepamiii ckmanae S, =2n° +13n°

4.9. BucHoBxku

1. EpextuBue po3p’si3anns CJIAP 3HayHO 3anexuTh Bif BUOOpPY
iTepariinoro Merony. Ilpore, moO0 ojaepKaTh ONTUMAIbHIIINAMA
pe3ynbTar, NOTpiOHO OpaTu 10 yBark OOYMCIIOBAIBHI ACIEKTH
Meroay. B mpsMuX MeTomax BUXIJHY MATpPULI0 A 4YacTO MOTPIOHO
300pakaTH y BUIJISIAL TOOYTKY MAaTpHIlb, aJTOPUTMHU K 1TEpaLiiHUX
METOJIiB HE BUMAararoTh 1[b0ro. /[0 TOro >k, OCHOBHI Aii B ITepallliHUX
METOJaX 4YacTO BUKOPHUCTOBYIOTh HEMpPSMY ajpecalliio, 3ajeXHO Bij
CTPYKTypu pAaHux. Taki omepalli MaloTh BITHOCHO HH3bKY e(dek-
TUBHICTh BUKOHaHHA. IIpoTe 1€ He BIUIMBaEe Ha 3arajlbHUN Yac
po3B’si3aHHsA cucTemMu. J[o Toro ok, iTepaliifHi METOJu 3a3BHYAM
MpOCTillle peani3yBaTH, HDK npsami Meroau. Kpim Toro, ix MokHa
3aCTOCOBYBATH JJIsl LIMPIIOTO KJIACy CUCTEM.

[Ipu BHOOpPI MeTOAYy MOTPIOHO B3SATH JO YBard BIACTHUBOCTI
Mmatpulll A. He KO’)KHUM METOJJOM MOKHA peanizyBaTH pO3B’si3yBaHHS
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oynp-skoi CJIAP, ToMmy 3HaHHS BJIaCTUBOCTEH MAaTpuIll — TOJIOBHHM
KpUTEpil i1 BHOOpY ITepaiifHOTO MeToay. TakoX MOoTpiOHO
BpaxyBaTH MOTYKHICTh KOMIT FOTE€Pa, MOXKJIUBICTh pO3MapayieIlOBaHHS
AITOPUTMY Ta pealli3allilo METOAYy Ha 0araTtonpoIeCOpHIN cUCTeMI
[51].

3poOMMO BHUCHOBKM MpO TMeEpeBard 1 HEAOJIKUA JIESIKUX 1Tepa-
IWHUX METO/IB.

1. Memoo npocmux imepayiu. [lpocTuit njs peanizailii, BOJOIi€
JIHIMHOIO MIBUAKICTIO 301KHOCTI, SIKIIO HOpMa 1TEpaliiHOl MaTpuIll
MEHIIIa OJIMHUII 200 TOJ0BHA JlaroHallb MaTPUIIl MepeBaxaroya.

2. Memoo 3etioens. 301KHICTD MOXE OYTH HIBUIIION, HIK Y
METOJII TPOCTUX ITepamiil. 301KHUM Uil CUMETPUYHUX JIOJATHO
BU3HAYCHUX MATpUllb a00 MaTpullb 13 TEpPEeBarol TOJIOBHOI
J1aroHajll0 1 € YaCTKOBMM BHIAJKOM METOJIY BEpPXHbBOI penakcarli
(w=1). SIkmo A — MaTpuId 31 CTPOroI0 IIEPEeBarolo Io psjKax, TO
meronu Sko6i i Tayca-3eiimens 30ikKHI, IPUUOMY IPYIMH METOJ
301raeThCs MIBUIIIIE.

3. Memoo penaxcayii. J103BoJIsiE IPUCKOPUTH 30DKHICTH METOY
einens (w>1, BepxHs penakcaiis). MeTton BEpXHBOI penakcaiii
MOxe OyTh 30DKHHM, TOHl K MeToa 3eiaens abo MeTOoJ HHKHBOI
penakcailii 3acTocyBaTM He Baaerhcsa. [IIBUAKICTE 301KHOCTI
3QJIEKUTH B @. [Ipy meBHUX yMOBax ONTUMAJIbHE 3HAUYECHHS NI @
MOX€ OYTH OLIHEHE CIEKTPaJIbHUM PaJlyCcoM ITepaliiHol MaTpulll
Akobi. Y upomy wmeroai HepiBHICTh O0<w<2 HeoOXimHa ISt
30ikHOCTI. ko x A’ =A>0, To us HEPIBHICTb 1 JOCTAaTHA s
3015KHOCTI.

4. Memoo cnpsoicenux epadienmis. llet meTon HaAWTIMIIUK s
cuctem 3 matpurieio A" = A>0. Ilpu ioro peamizaiii mepeadadcHo
OJIHOYACHE 30epiraHHd B MaM STl TUIBKM YOTUPHOX BEKTOpPIB. Kpim
TOro, B MOro BHYTPIIIHHOMY IIMKJI BUKOPUCTOBYETHCA TUIBKU
MaTpUYHO-BEKTOPHUM JOOYTOK, JBa CKaJIIpHUX JOOYTKU, TpHU
onepallli 10/1aBaHHs] OJHOTO BEKTOpA 0 1HIIOTO 1 HEBEIUKA KIIbKICTh
CKJISIpHUX orepallid. ToOTo 1 maM'siTe, 1 OOYMCICHHS B METOII JTyXKe
He3HayHl. SIKI0 BiIacHl 3HaYeHHs MaTpuill A Taki, 10
A / A _ JOCUTh BEJIUKE, TO MIBUJKICTh 30DKHOCTI MOXe OyTH

HaJUTIHIAHOI0. BapianTu MeToAy CHpsiKEHUX TPaJi€HTIB Ta iX aHami3
naseneno B [20, 23, 97, 100].

5. Memoo minimanvHux Hes s130K. 3aCTOCOBYETHCS 1 10 CUCTEM 3
HECUMETPUYHUMH MATPUISIMU. Y 1IbOMY METO/Il HaliMEeHIIIa HEB A3Ka
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1151 (DiIKCOBaHO1 KIIBKOCTI 1Tepallii, ajie iX rpoMi3AKICTh 3pOCTaE 3
KO>KHOIO 1Tepali€ro.

6. Bnaue noxubku 3aoKkpyeieHHsi Ha imepayiuHuii npoyec.
CyMapny mnoxuOKy 3a0KpyTJICHHS TpU BUKOHAHHI OJHIET 1Teparii

k ‘o .. ‘o
(k) y IpaBiil 4acTUHI 1T€paIiiHOTO

MOXHa PO3TJISJaTU K 30ypeHHs &
nporiecy (4.4), To6TO

XY =Px® 4+ f + &%, (4.28)
Bpaxosyroun, mo q:=|P| <1, i3 (4.4) i (4.28) ogepxumo

X < qH)—((k) _ X(k)H + g(k) < qZH)—((k—l) _ X(k—l)” + qu(k—l)H n Hg(k)H -

o (k+1) .

X

(k+1)

Hexaii HeH <& Vi.Ockinpku X —x =0, To
k+1
B Gl PR
g-1 g-1
Orxe, £/(q—1) — moxubKa 3a0KpyIIeHHs BHACTIJOK CKiHUEHHOT

PO3PSAHOCTI 300paKeHHS YHCEIT 3 TUIaBal0vor0 Kpamnkoro. [Toxnbka He
3QJIKUTH B1JI KUIBKOCTI 1T€palliid 1 XapakTepu3ye CTIHKICTh iTepalliii-
HOTO MPOIIECY MO BiAHONIICHHIO 10 MOXUOOK 3a0KPYTJICHHS.

(k+1)

H)—((k+l) —X

Ipukaaau po3B’si3yBaHHS THIIOBHMX 32124

Bamaua 1. Ilpoimoctpyemo meromu SIko6i Ta Tayca-3eiimens Ha
MPUKJIA/l CUCTEMHU JIIHIMHUX PIBHIHb

4x, + X, +9x, =1,

3X, +8X, = 7X, =2,

X, + X, —8X, = 3.
Po3p’sizyBanns. IleperBopuMo cucTeMy PpIBHSIHb Tak, 1100
BUKOHYBAJIACs JIOCTATHS yMOBa 301KHOCTI. [{ns mbOro 10 mepiioro
PIBHSIHHS J0JIaMO TPETE, a MOTIM BiJl JIPYyroro BITHIMEMO TPETE.
OnepXxMMO CHUCTEMY, B SKIH JOCATAETHCS TepeBara JalarOHAJIbLHUX
€JIEMEHTIB

oX, + 2X, + X, =4,

2X, + X, + X, =1,

X, + X, —=8X, = 3.
Meton SIko0i i [ayca-3elinens HabyBarOTh BiAIOBiIHO BUIIIALY
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X" = (2xP + x* + 4) /5, X =(2%" + %" +4)15,
X;k+1) — (2)(1(k) + Xg(k) _1)/7’ 1 X;k+1) — (2X1(k+1) + X;k) _1)/7’
Xs(k+1) — (Xl(k) + X;k) + 3) /(—8) X3(k+1) — (X1(k+1) + X§k+l) + 3) /(_8)

3agauya 2. 3nalitu Tpu HAOMDKEHHS MeTodaoMm Piuapacona s
CUCTEMHU JIIHIMHUX PIBHSIHb

2X, + X, =3,

X, +4x, =5.
Po3p’sizyBannsi. 3amamo moyatkoBi ymoBu X =X’ =0. TouHwui
posB’sssok  CJIAP X =X,=1, BracHI 3Ha4Ye€HHA  MaTpPHULl

A (A)=3-42, A_(A)=3++2, 7, =1/3. Marpuus A >0, ockisb-
KM TOJIOBHI MiHOpH AonatHi. Ha Tpertiii iTeparii (M = 3) 3HaX0AUMO

V3 3

— t,=0, t,=—— wmHorounena 4x’—3x. Toxi mnapa-
2 2
6-+/6 1 6++/6
METpH 7, =———, T, , T,= :
15 3, 15
3riIHO 3 MeToAoM PiyapicoHna, a Takox merogamu SIko0i Ta mpocToi
iTepaliii HaBeleHO B TaoOu. 4.3.

Hym t =

PesynpTat 0O0YHUCIEHD

Taoannsa 4.3
Homep imepayii Memoo | Memoo Piuapocona

Axobi

1 1.5000 0.7101

1.1250 1.1835

5 0.9375 0.8422

0.7500 1.0055

3 1.1250 1.0000

0.8906 1.0444

[ToxuoOka Hx(3) — wa 0.1250 0.0444

[ToxuOka B Metoi Piuapacona TyT HaiiMeHa 1 gopiBHioe 0.044.

3anaua 3. Hexail y MeTo/1 mpocToi iTepaiiii
(k+1) (k)
X —X
AW =b
T

-1 . . .o ..
3 HapaMeTpoOM 7 = ||A|| BJIACHI 3HAYECHHA MaTpuIll A JIICHI 1

A(A) > 0. JoBecTH, 110 METO 301KHUI.
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Posp’sizyBanns. Maemo A% = (1 —zA)x™). TTokaxemo, mo Brnac-
Hi 3Ha4yeHHa MaTpuii P =1 —7A Hanexars [0,1), TOOTO BUKOHYETHCS
ymoBa  30DKHOCTI  Teopemu  4.1.  OcCKUIBKH P-A(P)=

=—(A-(A(B)-Dz'1), to A(P)=1-7A(A). I3 ymosu A(A)>0 i
HepiBHocti A(A)<|A| Bummeae, mo A(P) 21—||A||_1||A|| =0 i
A(P)=1-7A(A) <1, to6T0 0< A(P) <1 i MeTox 301KHMIA.

3aBIaHHA Ta 3aNIMTAHHA JJIS CAMOCTIMHOI po00oTH

1. Bamucaty B KaHOHI4HiM (opmi iTepauiiini meromu 3eiimens, layca—
3eligens Ta penakcarii.

2. lllo take HeB’s3ka po3B’s3ky CJIAP 1 gk BOHa xapaKTepu3ye TOYHICTb
1TepariitHoro MeToy?

3. [lpoumtocTpyBaT TreOMETPUYHY IHTEPIPETAIiI0O METOAy 3eumens s
CUCTEMHU JBOX JIHIHHUX PIBHIHb.

4. HaBectu anropuT™M METOJNy pejakcailii Ta chopmytoBaTH YMOBH 301K-

HOCTI.

5. Po3kputH cyTh METO/IB BapiallliHOTO TUITYy, MIHIMAJIbHUX HANpsIMKIB Ta
CHPSDKEHUX TPAJIIE€HTIB.

6. Slki ymoBu 30DKHOCTI MeToay IMpocToi iTepamii? OIiliHKa MOXUOKU
PO3B’S3KY Ta OILlIHKA 3HU3Y KUIBKOCTI IT€palliid ajisi TOCATHEHHS 3aJaHoi
TOYHOCTI.

7. Y 4oMy CyTh METOAY HAMIMIBUAIIOTO CIYCKy? YMOBHM 3aCTOCYBaHHS,
301KHICTh, FEOMETPUYHA THTEPIPETALIIs.

8. osectu, mo mus CJIAP apyroro mopsaky meroau SIko06i i Tayca—
3eiiaens 301KHI Ta po301KHI OJTHOYACHO.

9. IpoimtoctpyBatu B cuctemi koopauHaT XOY 301XKHICTH 1 pO301KHICTH
meroxis SIko0i i Tayca—3eiinens sanosigno aus CJIAP

2X, + X, =2, , X, —2X, = =2,
X, —2X, =—2 1 2%, + X, = 2.

10.IlepeBipuTH, YM BUKOHYIOTHCS HEOOXIAHI 1 JAOCTAaTHI YMOBH 301KHOCTI

metoiB SIko0i i [ayca—3eliiens st CHCTEMU PiBHAHb
X, + X, =2,
X, +2X, + X, =4,
X, + 2%, =3.

11.Bunucat ¢opmMynu Ta AOCTIAUTA YMOBH 30DKHOCTI ITE€paliiiHUX
MeToiB Sko01, 3elaens, BepXHbO1 pestakcallii AJisi CUCTEMHU PiBHSIHB
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2X, + X, =1,
X, +2X, =-1.

12. 3naliTy HEOOXiJHI 1 JOCTATHI YMOBH 301KHOCTI ITE€paIlifHUX METOIB
ko061 Ta 3eiaens s CUCTEMU PIBHSHD 13 MAaTPUIICIO A BUTIIALY

>

I
o T o
T o O
®» T O

13. Hexaii Z‘aij ‘ < |<’:1ii |, 0< g <1 s Beix i. OmepikaTy OLHKY

j#i
X == at <@ =x.

14. 3anucaty anrOpuTMH METOIIB MPOCTO] iTeparii Ta 3eiaens s CUCTEMU
JMHIAHUX PIBHSHB, 3BIBIIM X CIOYATKy JO BUIJISAY, 11O 3a0e3mnedye

301KHICTB!
28 102 34 2.5
1) A=|36 19 31|, b=[36];
42 59 17 4.5
16 -29 18 3.6
2) A,=122 35 19|, b,=47].
45 -15 11 5.5
15. Jlns cucreM JiHIAHUX PIBHSHB!
L X, +2X, =3, 2) 2%, + X, =4,
3X, +4x, =17, 3x, —2X, =1

BMKOHATH NEPLILY i Apyry cumeTpu3aiiro layca.
16. JInst cucteM piBHSIHB:
X, +2X, =3, 5 2X, — X, =1,
2X, +5X, =-3; )—x1+x2=0
3aCTOCYBATH METOJ| CIPSDKEHHUX TPaJll€HTIB, METOJA HaANIIBHILIOTO
CIYCKY 1 METOJ] MiHIMaJIbHUX iTepaniil. [[poananizyBaTu pe3ynbTaTy.
17. Tlpm sxux o i ,6’ merogu Sko6i i Tayca—3eiimens s cucreM i3

a p 0
matpurieto A=| f « [ | 306iratotecs?
0 f «
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18. I sixux 3Hauens mapamerpa 7 meton X< = (1 =7 A)x® + b

JUTSL CHCTEMU PIBHSIHB AX =D 3 MaTpHIiero

5 08 4 2 1 05
1) A=|25 2 0];2)A=|3 5 1
2 08 4 13 3

301raeThCs I JOBIJILHOIO TOYATKOBOT'O HAOIMKEHHA?
19. Opneprxatu OLIHKY IIBUIKOCTI 3015KHOCTI METO Ty HANIIIBUIIIIOTO

CIIYCKy BUTIISIAY Hx(k) - X*Hz < (1_%)

max

‘X(O)—X*Z, ae A 1 A —

max

HaliMeHIIe 1 HalO1IbIe BiacHi 3HaueHHs MaTpuili A > 0.
20. Jlnst AiHIAHOT CUCTEMH PIBHSHB
X, + X3 =2,
— X, + X, =0,
X, +2X, —3X3 =0
1 KIJTbKOX MOYaTKOBHUX 3HAYEHb MOKA3aTH, 110 iTepalli Sko0i 301>KHM, a
lMayca—3eiinens — po301KHUMH.

21. 3amatu CJIAP mopsaky n 3 matpuiiero A, JIiaroHajabHI €JIEMEHTH SKOT
JIOPIBHIOIOTH 2N, a 1HII €JIEeMEHTH B KOXXHOMY PSJIKY — BHUITaJIKOBI
uucna  @;€(01),i#j. Enementm BekTOpa mNpaBoi  4acTHHH

n [
b, :Zaij,izl,n. BunpoOysarn s takoi CJIAP meronu SIko06i Ta
j=1
Tayca—3elifens 3 MOYaTKOBMM 3HAYEHHIM x©@ =p i PI3HUMH, JTIOCHUTH
BEJIMKMM, 3HAUCHHSIM N .

22. Tlpoimoctpysaru iTepariiini Mmetoau SIko06i, [ayca—3elmens i penakcarii
31 3HaueHHsAMU napametrpa @ =0.90 1 1.10 gy CJTAP

(10 2 -1 3 1 x| [5]

2 10 2 -1 3 |X, -2
-1 2 10 2 -1|x3|=| 4
3 -1 2 10 2 |x, -2
1 3 -1 2 10| X, 5

23. TTotpibHO po3B’s3atu MeTog0M I"ayca—3eiinens CJIAP [56]

6%, +2X, +8X%; +14x, =12,
X, —6X, +10%; + 9%, = -1,
2X; +11x, +3X; —4x, = 4.
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SIxi mii mOTpiOHO BUKOHATH CMOYATKy? Y3sTH 3a MO4YaTKOBE HaOIu-
JKEHHsI HYJIbOBUU BEKTOp M OIIHUTH CKUIBKM 1Tepallii MoTpiOHO 3po-
ouTH, OO OTPUMATH 11’ ATh MPABWIBHUX (P y PO3B’SI3KY.

24. Tlo6ynyBatu anroput™ po3B’s3yBanHs CJIAP

B, Ayl [d]
onounuM MetogoM fko6i. Tyt A, A, —KBaapaTHI MaTpULll NOPAIKY
n, i N, BiTmoBigHO, X, C i Y, d —BeKTOpHW po3mipy N i m.
25. IlpoanamnizyBaTu 30DKHICTH MeTOiB Sko01 1 ['ayca—3einens aist CJIAP
i3 marpurero I'inbdepra a; = (i + j ~1)7 i, j=1n, nopsaaky 3, 41 5.
26. [TobynyBatu CJIAP, ansa axoi meron ["ayca—3eiiaens 301kHuil, a MeTOx
Ax061 po30iKHUT.

27. Tlokazaru, mo merox ['ayca—3einens 30ixauit nius CJIAP 13 maTpuiiero
0e3 repeBaru roJIOBHOI JiaroHali [56]

8 2 1
A=|10 4 1.
50 25 2

Yu Oyne 30ixkHuUM MeToA Sko01?

28. V3aranpbHUTH MeTOA 3€iIels, MPUETHABITN TOJIOBHY MiaroHaib. SIK 3Mi-
HUTBCS METOJl, SIKIIO MPUETHATA OJHY abo Ouibllie aiaroHajieid Haju
T'OJIOBHOIO?

29. Y meroni Piuapncona BuOparu mapamerpu 7,,...,7,,, TaK, 100 moxubka
METOJly MOHOTOHHO CITaf[alia 3 POCTOM HOMepa iTeparyii .

30.3actocyBatn metox Iayca Ta MeTOJ pejakcallii 3 pi3HUMH 3HAYCHHSIMU
napaMeTpa @ i 3HaXOJKeHHs po3B 3Ky CJIAP

10x, +0.01x, = 20.05,

0.01x, +0.001x, +0.1x, = 0,125,

0.1x, +1000x, =1000.5.

4, =0.000979999, 4, =10.00001, A, =1000.00001,  TouHHMH pO3B’30K
x=[2,5,1].

! Camapckuit A.A. BBenenue B TeopHro pasHOCTHBIX cxeM. — M.: Hayka, 1971. — 552 c.
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Po3zaia S. ITepaniiini MeToan po3B’siI3yBaHHSA
HeJIIHIHHUX PIBHAHb

BigokpemieHHs KOpeHIB HENMiHIMHUX piBHAHB. IIBUAKICTH 301KHOCTI iTepa-
IIHHOTO METOAy. MeETOoJ TOJIOBUHHOTO TOAUTY Ta JIHIMHOI 1HTEPHOJIAIII].
Metoau mpocrtoi itepamii. Meton HpioTona: amroput™, 301KHICTH, OIIHKA
noxubOku, rpadivyHa imocTpanid. Bumagok kpatHux kopediB. Moaudikarii
meroay Herotona. Meroa CiYHMX Ta MIBHUAKICTH Woro 301kHOCTI. KoMOiHOBaHI
iTepaliiHi METOIH.

Jliteparypa [5, 13, 25, 28, 43, 45, 49, 50, 70, 73, 83]
Enexrponni mxepena [103—108]

5.1. Ilpukiaayn HeJiHIMHUAX PIBHAHb

OnHuM 13 HepUIMX TPAHCUEHAECHTHUX pPIBHAHb, MJISI SIKOTO
OyIyBaJIMCh 1TepalliiiHi HaOamxeHHs, O0yno piBHsHHS Kemepa (1619
p.) 13 BU3HAUEHHS E€KCLEHTPUYHOI aHoMamii E emintuyHOi opOiTH
IJIAHETH

E—-esinE=M,
ne ¢ — excuentpucuret, 0 < & <1, M — cepennst anomaiis (puc. 5.1).

auxiliary circle

Puc. 5.1. ExcuieHTpu4Ha Ta cepemHsi aHOMaJii eINTHYHOI OpOITH
(uk.wikipedia.org/wiki/Enementu_op0iTH)

Monens auHaMiku monyismii 3 uncenbHicTIO N(1) y MomeHT

yacy t 1 Mirpaii€ero v ONUCYeThCs TUPepeHIIATbHUM PIBHIHHSIM

d—N:/IN(t)+u, t>0,
dt
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ne A — koedilieHT 3pocTaHHA. Po3B’ 430K pIBHSHHS 3 MOYaTKOBOIO
ymoBoro N(0) = N, i mocTiiiHOIO Mirpami€io v Mae BUIITIAL

N (t) = N,e™ +%(eﬁt ).

Hexait s nesixoi momysnsnii Ny =10, v=7 i N(1)=15. Toxi mns
3HAXOJDKEHHSI KOoe(]illleHTa 3pOCTaHHS A OACPKUMO HEJiHIMHE
PIBHSHHS
15=101e* + 7(e* -1).
[Ipu MopemioBaHHi emigemiii BaxiauBo 3Hath noio  Z < (0,1)

CXwibHOTO 110 1H(ikyBaHHs HaceneHHs. Jlng wmonem Kepmaka—
MaxkKenapuka nommpenHs emigemii [42]

d—S:—ﬁSI,d—I:ﬂSI —;/I,d—R:}/l,

dt dt dt

S +1({t)+R(t)=N,
ne S(t) — KUTbKICTh CXHUIBHOTO J10 iH(DIKYBaHHS HACEJICHHS 13 TOCTIM-
Hoi kimbkocTi N, |(t) — indikoBaHoro, a R(t) — Tux, XT0 OMYy)KaIH
a00 roMepIH, BEIUYMHA Z € PO3B’SI3KOM HEJIIHIHHOTO PIBHIHHS

z=exp(R,(z-1)).

Po3p’s30k  Z€(0,1) icHye, SKIIO OCHOBHE PEHPOAYKTHUBHE YHCIIO
R, >1, TOOTO KONK Mae MicLe emaeMis.

Jlo po3B’s3yBaHHSA HENIHIMHUX PIBHSIHb 3BOJATHCS TAKOXK
BAXXJIMBI MareMmaTH4Hi 3aaadi. Hampukian, abCIUMCH TOYOK €KCTp-
emymy nudepenitiioBHoi yHkIii Y = ¢(X) 3HaXOAATHCS 3 PIBHSIHHS

d
Y _o.
dx
Hle OJIHUM HpI/IKJ'IaI[OM € 3aJlada HpO SHAXOIKCHHA CTaHiOHapHI/IX

: : : du :
PO3B’SI3KIB aBTOHOMHOT'O TU(PEPEHIIaTLHOTO PIBHIHHS pr = f(X), saKi

y CKaJIIpPHOMY BHMIAJAKy 3HaxoAsaThes i3 piBHsaHHA f(X)=0. s cuc-

TeMu IU(epeHiialbHUX PIBHSIHb MA€MO BIANOBIIHY CHUCTEMY HEJNi-
HIMHUX PIBHSHb.

MaremaTuyHi MOJNIl TPOIECIB, IMBHAKICTh 3MIHH SKHX
3QJICKUTH BiJl CTAHY MPOILIECY SIK Y MOMEHT 4acy t, Tak 1 B monepeHii
MoMeHT t—A, A>0, y 0miHIiHOMY BHUNOAAKYy OMNHUCYIOThCA
mudepeHIiaIbHUM PIBHSIHHSM 13 3aM13HEHHSIM apryMEHTY

u(t)=au(t) +bu(t—A),
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ae a i b#0 — mesxi crami. Skmo mykaTd po3B’sI30K PIBHSHHS Y
purmigi U(t)=e™, To mis mapamerpa A omepkuMo HemiHiiine

piBusHEsS  A=a+be™™, ske Mae HeckiHUCHHY  MHOXKHHY
KOMIUIEKCHUX KOPEHIB.

5.2. BinokpeMJieHHSI KOPEHIB

PosrasinemMo ckaisipHe piBHSHHS

f(x)=0, (5.1)

ne f — memepepBHa ¢yHKINS, BU3HAUYCHA HA CKIHUCHHOMY abo Hec-
KIHUYEHHOMY 1HTEpBaIi.

Osnauenns 5.1. Kopino X' pisuanna (5.1) abo nyno ¢ynxyii
f mae kpamuicme M>0, axkwo

0 =(x=x)"g(x),

de lim g(x) # 0. Axwo m=1, mo kopine nazueacmocs npocmum.
X—>X

[IpocTi Ta KpaTHI KOpEHI MpOUTIOCTpoBaHO Ha puc. 3S.1.

Hanpukman, mist piBesaEs (X—1)3(x—2)° =0 kopimp X =1 -
POCTH, a X ,=2 Ma€ KpaTHICTb % s piBasinaa 1—-c0s4x =0

kopiHb X =0 Mae kpatHicTh 2. Crpasi,
,1—cos4x  1l—cos4x _  2sin®2x
- 2 lim —2: lim —2=8
X x—0 X x—>0 X
Hexait f f eC™(a,b), X e(a,b) i
f(xX)=f'(x)=..=f™x)=0, f™x")=0.

Toni 3 po3knany ¢yskuii f 3a gopmynoro Teitmopa y Toumi X 3

1-cos4x=x

MaJIOTO OKOJIY X* Ma€EMO.

F(x)= f(X)+(x=x)F'(x) +M F(X)+... (5.2)

m-1

PO g0y LT ooy ey (™ (8), £ (ab)
(m-1)! m! m!

I3 (5.2) BUmIHBae, WO KOPiHb X Ma€ KPATHICTb M, OCKLIbKH

f (M (£(x)) # 0 mst 6IM3BKUX 10 X 3HAYCHb apryMEHTY.
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y=f(x)

v

Puc. 5.2. Kopiap X; — npocTuii, X, —IapHOi, a X — HEMAPHOi KPaTHOCTI

HaGmmxene obGuuciienHs kopeHiB piBHAHHS (5.1) mepenbadae
TaKl eTamnu: BIJOKPEMJICHHS KOPEHIB, BUOIp MOYaTKOBOTO (HYJIbOBOTO)
HAOMMKEHHS. IS BIJOKPEMJIEHOTO KOpPEHSI Ta YTOYHEHHS KOPEHS
NEAKUM 1TE€paliiiHuM MEeTOJ0M. BIiOKpeMJIEHHS KOPEHIB MOJArae y
3HaXOJUKEHHI Takux iHTepBaniB (a,,bh,), Ha KOKXHOMY 3 SIKMX iCHY€
€IUHUNA KOpiHb piBHsSHHA (5.1) 1 11 1HTEpBaJXM MOMApPHO HE
NEPETUHAIOTHCS.

Slxkmo HeckiagHo moOymyBatu Tpadik dyskmii Y= f(x), To
MOKHa oJiepKaTh 1H(OPMAIIIIO MPO KUIBKICTh 1 PO3MIIIEHHS KOPEHIB.
Jlexonu 3amayy MOXKHA CHPOCTUTH, 3amucaBiid piBHSHHA (5.1) y
BUTJISATI

f,(x) = 1,(x),
ne f, 1 f, taki QyHKuii, rpagiku Akux npocto nodyaysatu. Tomi
3a/1a4a BIJIOKPEMJICHHS KOPEHIB 3BOJMTHCA JO 3HAXOJKEHHS KlJb-
KOCTI TOYOK NEpPEeTUHY LuX rpadikiB 1 BUAUIEHHI Ha OCl a0CLUHUC TUX
MPOMIXKKIB, SIKUM HaJI€XKaTh NPOEKIIil TOUOK NIEPETUHY.

[TepeBipuTH, 10 Ha TPOMIXKKY [, b] € kopinb piBHsHHS (5.1), 1€
f — HemepepBHa (PYyHKIIIsl, MOXHA Ha MIJACTaBl TeopeMu boibpliano—
Komi. ko

f(a)f(b) <0, (5.3)
To Ha iHTepBanmi (a,b) € xoua 6 omamu kopiub piBHAHHS (5.1). Lga
TeopeMa He Ja€ BIAMOBIII HA 3alUTaHHSA MPO KIIBKICTh KOPEHIB
PIBHSIHHS Ha 1IbOMY 1HTepBasi. KpiM TOro, ajis KOpeHIB 3 MapHOIO
KpaTHicTIO ymoBa (1.3) He BHKOHyeTbcd (KOpiHB X, Ha puc. 5.1).
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Akmio Ha uboMy iHTEepBai (YHKIIS f MOHOTOHHA 1 BUKOHYETHCS
ymoBa (5.3), To Ha (a, b) icHye euHMI KOPiHb.
Mpukiaag 5.1. PosrasHemo piBHSHHS X°—COSX—1=0, sKe

samumeMo y BUrsigi X° —1=cosX. I'padiku iBUX i mpaBUX YacTUH
IIbOTO pPIBHSHHSA ITOKazaHo Ha puc. 5.3. KopeHi nokamizoBaHl Ha
intepBanax (—1.5,—1.5) (1.0,-1.5)

yt

f,(X) = cos x

/ NG

2

»
»

Puc. 5.3. Jlokani3zaiiisi KOpeH1B pIBHSHHS x% —cosx—1=0

[Ile omHuM cmOCOOOM BIJOKPEMJICHHS KOPEHIB € pPO30UTTA
Bigpi3ka [a, b], Ha gKOMY 3HaXOAATHCS KOpEHi, TOUKaMu X, =a+ih,
I=1n,X,=a,X,=b, ie h=(b—a)/n — gocurs mane. Ha koxxuomy 3
iHTepBaniB (X, X,,;) mepesipserses ymoBa f(x,)f(X,,;) <0. Sxmo
BiJJOMa KUTBKICTh KOPEHIB 1 BOHH MPOCTi, TO, 3MEHIIyoun N, Har-
pUKIad, y JBa pa3d, MOXHa JIOKAIi3yBaTH BcCi kopeHl. Hemomikom
OO CIIOCO0Y € Te, IO ISl OJM3bKUX KOPEHIB, BIACTAHb MIXK SIKUMU
Mae MopsI0K TOYHOCTI 00YHCIICHD, JUIS ManuX h mpuiizemMo 10 Takux

MPOMIXKKIB, KOXKHA 3 TOYOK SIKHX MOXKE OyTH MNpUIHATA 3a KOPIHb
piBHsHHS (5.1).

5.3. HIBuAKICTH 30iKHOCTI iTEpALiHHOT0 METOY

HemniniliHi piBHSHHSA HAOJM>KEHO PO3B’SI3YIOTHCS 1TE€palliiiHUMMU
Metogamu. JlJisi OIIHKKA MIBUAKOCTI 301KHOCTI Ta TMOPIBHSIHHSA
ITepalifHuX METOJIIB MDK CcO00I0 HaBeaemo jaeski moHsatts [13, 28,
49, 73]. Hexali MOCIIIOBHICTb 3HA4€Hb X, X;,.., SKa M€ CBOEIO

rpaHuier0 X Impu k —co, € Pe3yJdbTaTOM BHKOHAHHS iTEPaliiHOro
npouecy
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X.,=@(x), k=0,1,..

Oznauenns 5.2. 36idcnicmb nocaioosHocmi {xk}fzo Ha3u-
8AEMbCA NIHIUHO0 (Imepayitinuil npoyec 30iea€mvcs AiHINUHO), AKULO
ons Oeskoi cmanoi Ce(0,1) i Oeakoeo Homepa K, e6uxonyemucs
HepIiGHICMb

| X —X KC| X —X | vkzk . (5.4)
JIiHiiHY 301KHICTh TaK0X HA3UBAIOTh 301KHICTIO 31 IIBUJIKICTIO
reoMeTpu4Hoi mporpecii. Cropapial, SKIIO BBECTH ITO3HAYSHHS
& =X —X |, T0 &, =%, —X [£Cg i Maxopantu &, k=01..,
YTBOPIOIOTh TE€OMETPUYHY IIPOTPECit0, 30DKHICTD SKOI JOCSATAEThCS TIpU
C<1

Osunauennss 5.3. [locnioosuicme {X }_, 30icacmvcia 3 Hao-
JUHIUHON WBUOKICMIO, AKWO ICHYE maxka 000amHa NOCHIO08HICHb
{C . } o, wo C, >0 npu k — i

| X1 =X <Gy [ % =X .

OsunauenHst 5.4. [locnioosnicmo {X, }._o 30icaemuvcs i3 nopso-
Kom P (imepauitinuti npouec mae xoua 6 P-Ul NOPsAOOK), SAKULO
suatioymoca maxi cmani C >0, p>1 K, >0, wo

| Xy —X [KC|x =X |°, k>k,. (5.5)

Jns p=2 301KHICTh Ha3UBAETHCA KBAJAPATHUUYHOW. SIKIIO

MO’KHA BKA3aTU MIOCI1IOBHICTh {Ck } TaKy, 1110

X1 —X |KC % -X 1| i C,—>C mpu k—>o, To Maemo
ACUMITOTUYHY 301KHICTh 13 MOPSIAKOM P. AHJIOTIYHO, MAaeMO
aCHUMITOTHYHO JiHiiHY 301kHicTh, skmo p=11 C, — C €(0,1).
SIKIO iTepamiitHuil MeTo[ Ma€ MOPSIOK P, TO 31 3pocTaHHIM K
MO’KHA CIIOCTepiraTy cTadi13a1ito BlTHOIICHHS
| X1 — X* |
| X =X [P
BITHOCHO CTaJIOl . SIKIIO K MBUAKICTb 301’KHOCT1 HE JOPIBHIOE [P, TO
Takoi crabimizalii Bxxe He Oyae (auB. npukiaazg 5.4).
OsnaveHnsi 5.5. Axwo imepayitnuii npoyec 30icacmuvcs 0ns
8CIX NOYAMKOBUX 3HAYEHb X, 13 Oeaxoi obnacmi, mo 30idiCHICMb

HA3UBAEMBCSL 2100AIbHOIO. }IKWO JHC MINbKU 0I5l NOYAMKOBUX 3HAUEHb
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X, i3 0esIK020 00CUMb MANO20 OKOLY WYKAHO20 PO38’A3Ky X, mo
imepayiHuil Memoo 30i2aemvCsi I0KAIbHO.
[Ipu mocnimxeHH1 301KHOCTI ITepallifHUX MPOIIECIB BUKOPUCTO-
BYIOTbCSI anpiopHi oyiHKu TIOXUOKHU BUTJISTY
* k
p
|Xk+1_X |SCV )
ne C>0,ve(0,1), p— nopsamok metoay, abo anocmepiopHi oyinKu
* < p
[ Xaa =X ISC X =% |7

KoHTpoib  TOYHOCTI  iTepaliiHOrO  HAONWKEHHA X,

3MIMCHIOETHCS 3T1HO 3 allOCTEPIOPHOIO OIIHKOIO
VAL
Cl X —X [ <e,
ne € >0 xapakTepu3ye TOYHICTb OOUHMCICHHS KOpPEHS, a00 MaiCTIO

BIJHOCHOI TOXWOKM. [HIN mOHATTS 30DKHOCTI Ta IX Jerasi3aris
HaBeJeHa y nparx [43, 70, 77].

5.4. MeToa mMOJIOBHHHOTO OiTY
Hexait nns piBastaas f(X) =0, ne f € C[a, b], Bukonyerbcs He-

piaicTh (5.3) 1 Kopinb X €(a,b) — exunumii. 3anumeMo axropuTM
METOAY MOJOBUHHOTO MOTY Y TAKOMY BUTJISIII.
1. VBectu: a,b, abcomoTHy ab0 BiIHOCHY IMOXHOKY pO3B’s3KY

i/abo TouHicTh OoOumcieHHs QyHKIT .

2. k:=1;
3.doc=(a+h)/2;
iff(a)f(c)<0 then
if f(c)=0then x:=c
else b:=c; k=k+1
else a=c; k=k+1
until abs(a—b)<e v abs(f(c)) <&
4. x:=c; x — k-Te HAOJM>KEHHS PO3B’A3KY.

['eomeTpuyna UTIOCTpallisi METOAY TMOJIOBUHHOTO  TIOILTY
1okaszaHa Ha puc. 5.4. Metoa Moxe 30iraTUCh JOCUTh MTOBLIBHO, SKIIIO
KOPiHb 3HAXOAUTHCA OJM3BKO JO OJHOTrO 3 KiHIB IpoMikky [a,D]
(muB. mpukiIaau y miapo3gini 5.11).

3 anropuTMy METOJY IMOJOBUHHOTO MOy BUILIMBAE, 110

| Xy — X |£%|xk -X|, k=12,...
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to0T0 C=0.5 p=11 mMeron Mae niHIMHY 301KHICTb. OCKUIBKM Ha

KOXKHIM iTepalii JOBXHMHA MOMEPEAHBOI0 BIApPI3KA 3MEHIITYETHCS
yABIYl, TO OI[IHKA IMOXWOKN HAOyBa€ BUTIISIAY

| X, — X |£2ik(b—a), k=12, ..

y=f(x)
a 7]

Puc. 5.4. 'eomeTpuydHa UttocTpallis METOAY MOJIOBUHHOTO MOJLTY

5.5. MeTtoa JiHIAHOI iHTEPIOJIA LI

Ha BigMiHy Big METOAY IMOJOBUHHOIO MOJALTY, Y IIbOMY METO/II
TOYKOKO TOAUTY Biapi3ok [a,b] mimuThcs HA wacTMHEM TIPOMOPIIHO

opaunaram | f (a)| i |f (b)| (puc. 5.5.)

y=1(x)

Puc. 5.5. InrocTpartiist METOy JHIMHOT IHTEPIOJIALIL

3anuIiieMo piBHSIHHS TPSIMOI, sika IPoXoauTh yepe3 Touku A(a, f(a))

i B(b, f (b))

y— f(b) _X= b
f(a)-f(b) a-b
3BiAcKM 3HaxXoAMMO Touky ¢&=Dhb-— f(b)b—a) NEPETUHY XOpPIAU 3
f(b)-f(a)

Biccro abcuuc OX. SIKio BBeCTH MO3HAUYEHHS X, =4, X =D, To meTox
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JIHIMHOT 1HTEepHoJAIii (MOro Ie Ha3WBalOTh METOJOM XOpA, abo
regula falsi [50], naGyBae Bursagy

%y =x O Xen) gy (5.6)
f (%)= f(x_ 1)
MeTton miHiiiHOT iHTepmoJAlmii aerajdbHO BUBYeHHE y [23, 36, 50].

PosrisiHeMo Bunagok, ko f e C'[a, b] i

0<m, <|f'(x)| =My, xe[a, b]. (5.7)
3rigHo 3 popmynoro Teitnopa maemo

Fx )= FOO)+ F(0)(x =X ) = F(E)(x X ),

Jie TOYKa 6 3HAXOAUThCA MK X, 1 X . 3rigHO 3 TEOPEMOI Mpo
ckingenni mpupoctu f(x ) — f(X ;)= F'(6,)(X —X ), Touka 6,
HAJIOKUTh 1HTEpBaNy 3 KIHIAMH X, ; 1 X,. Tomi 3 piBHOCTI (5.6)
BUILIMBAE, 110

X — " X, — « f,(6?1) (%, — X') = f (6?2? - f(6) (%, — Y.
F'(6,) '(6,)
BpaxoByrouu HepiBHOCTI (5.7), 0aepKUMO
* M - *
[ X =X £ — ml|xk_x |

Sxmo Merton JiHIMHOI 1HTeproysmii 30bkHUE 1 M; <2m, TO
C=(M;—m)/m <1 i306ixkHicTs JiHilHa.

[ToBHime mnpoaHamizyBaTH METOJ JIHIAHOI  1HTEPIOALIl
BJIA€THCS JIUIS BUITAJIKYy, KOJHM 30epiraloThCsl 3HAKH TEPINOi Ta IPYyroi
noxigHoi Ha [a, b]. Hexaii

f'(x)>0, f"(x) >0, xe[a, b]. (5.8)

[HI11 BUMaAKA pO3TISAAOTHCS AHAJIOTIYHO. YBEAEMO MO3HAYEHHS:
X, =b, X, =a (puc. 5.5a), Toxi

f (%) f"(%)>0. 5.9)

HepiBnicth (5.9) nasusacmovca ymosorw @yp’ec [23, 50]. Touka X, y

IIbOMY BHUMAJKY 3QJIMIIAETHCA Hepyxomoro 1 popmyna (5.6) HaOyBae
BUTJISITY

ML L il S (5.10)
f(x)—1(0)
Ha puc. 5.6a BugHO, o X, < X, < X3 <... Crnpasni, 13 (5.10) Bun-
JIMBAE, 110 Ha mepiii iteparii (K =1)
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—a- f(a)(a-b) -2
f(a)— f(b)
ockimbkn f(a)<0 1 f(b)> f(a). Jam 3amumaerbcs 3acTocyBaTH

METOJI MaTeMaTUYHOI 1HAYKITI].
‘1~ F Y ‘T A

a) f"(x)>0,f'(x)>0 6) f"(x)<0,f'(x)<0
Puc. 5.6. Meton niniiinoi inTepnonsuii ans snakonocriaux ' 1 f” na [a,b]

[MocnigoBHicTh {X,}.;, MOHOTOHHO 3pOCTa€ i OOMEKEHA 3BEPXY
gucyioM X', Tomy icHye rpanuus lim x, = &. Tlepeiimosum B (5.10)
k—o

1o rpanuii npu K — oo, ogepxkumo, mo f(E)=0. Ockiabku KOpiHb
equnuii Ha [a, b], To £ =X".

Sxmo f eC?[a,b], moximgmi f' i f” 36epirators 3Hak Ha [a, b],
m, 1 M, BusHaueH1 3rigHo 3 (5.7) 1 x, 3a40BONBHsIE yMOBY Dyp’e

(5.9), To, sk mokazaHo B [5, 59], npaBUJIbHA allOCTEPIOPHA OLlIHKA
MOXUOKH METOAY JIIHIWHOI IHTEPHOJISIIIII:

« M, -
| X1 =X |§1Tml|xk+1_xk E (5.11)

VY 3aragbHOMY BUIMAJAKY JIOBKHHA NPOMIKKY JIOKai3allli KOpeHs
MOX€ HE MNpsMyBaTH 10 HyJs. be3 M0o7aTKOBHMX yMOB, HampHUKIIal
|f’(X)| >, MeToJd JIHIMHOI I1HTepHoJALil MoXe 301raTuch
MOBUIBHIIIE, HI)K METO/I MMOJIOBUHHOTO TOJILTY.

Hpuxaan 5.2. Pe3ynbratu po3B’a3yBaHHS PIBHSIHb METOJIOM JIi-
HIMHOI 1HTEPIOJALIl Ta METOAO0M IOJOBUHHOTO TMOIIIY ISl Pi3HOI
KUTbKOCTI iTepariiii K HaBemeni B Tabn. 5.1. Yci mudpu pe3yabTaTiB
1Tepalliii NpaBUIIbHI.
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Taoauusga 5.1
Pesynbratu po3s’s3anns piHsHb f(X) =0 3a gomomororo

Meroxay aiHiiHO1 iHTepmosaii (MJII) 1 metomy momoBuraHOTO TIoiry (MIIIT)

MJII MIIIIT MJII MIIIIT MJIT MIIIIT

a

X=epCOS) 1o 11 | 0703468 | 071875 | 07034674 | 0,704102 | 0,703467 | 0,703468

x—1/2018 0 1 0,000498 | 0,03125 0,0004975 0,000977 | 0,000498 | 0,000497
x> -2 1 2 1,414141 | 1,40625 1,4142135 1,415039 | 1,414214 | 1,414214

4 3
X"+2x—x-1/ g 1 0,866085 | 0,84375 0,86621093 | 0,865303 | 0,866760 | 0,866761

XCOS X — 2X2 +
13x—1 0,2 0,3 0,298500 | 0,296875 0,2975305 0,297559 | 0,297530 | 0,297530

5.6. Metoa npocToi iTtepaiii
3anumiemo piBHAHHSA (5.1) y piIBHOCHIBHOMY BUTJISII
x=p(X), (5.12)
ne QyHKIisA @ [a,b] — [a,b]. J1st JOBIIBHOTO X, € [a,b] PO3TIITHEMO
1TepaliiiHy HOCIiI0BHICTb
X =0(%), k=0,1,... (5.13)
JoBeaenns 301kHOCTI iTeparii (5.13) BUIIIMBa€e 13 TEOpEeMU PO

CTHCKaroui Bimoopaxenns [34 , c.73].
Teopema 5.1. Hexaii ¢@:B—> B, de B — nosuuti mempuunuii

npocmip 3 MempuKkorw p, a 6i000PAdNCEHHs @ — CMUCKaloye, moomo
icnye maxke Q€(0,1), wo ona 6yob-akux X,X, € B suxonyemovca

HepIBHICMb p((o(xl),go(xz))ﬁqp(xl,xz).
Tooi gioobpadcenns @ Mae cOUHy HEPyxomy mouky X

(pisnanns (5.12) mae eounuii poss’azox X ), Aka € epanuyeio

. * H .
nocnioosHux Habauxcenv X =limx, ona odosineHoco nouamkoeozo
k—o0

3HaueHHA X, € B. ]

Haramaemo, 1110 nmpoctip B — moBHUN, SKIII0 B HHOMY 301Ta€THCS
Oynpb-sika (yHIamMeHTalbHa TMOCHIOBHICTh. [IOBHUM MeTpUYHUM

npoctopom € R" i3 merpukoro p(X,Yy)=|x-y

, TIOPOJIKEHOIO,
HaMpUKIIaJ, HOpMaMU || : ||1 || : ||2 , || : ||OO, 3aMKHeHa Ky B R", mpocrip

C[a,b] 3 HopmoIO ||g0||:max|(p(x)|. I3 Teopemu 5.1 BuUIIMBaE

a<x<b
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oOTpyHTYBaHHs 301KHOCTI TocaimoBHOCTI (5.13) 10 pO3B’s3KYy
piBHsHHA (5.12).
Teopema 5.2. Hexati ¢pyuxuyis

¢:[a,b]—[ab]
3a0ae cmuckaroue 8iooobpadicentss, moomo icuye maxe q € (0,1), wo
(%) - (%) <alx, —x| ¥x,X, €[a,b]. (5.14)
Tooi pisusannsa (5.12) mae eounuii poss’azox X', AKull 01 O08ilb-

HO20 X, € [a,b] € epanuyero nocaioosnocmi (5.13), npuuomy
k

sl—|xk—xk_1|< “ C=[x—X%| m (5.15)
-q

Ouinku (5.15) BUILTUBAaIOTh 3 TAKUX HEPIBHOCTEM:
‘Xk+1_X*‘ :‘(D(Xk)_(D(X*)‘ = Q‘Xk _X*‘ SQ‘Xk+1_X*‘+Q|Xk+1_Xk|’
k
X1 = %] =2(%) = 2(X% 1) S QX =X g S Q7% = %],

OTtxe, MeTO MPOCTOi iTepanli € raodanbHO 301)KHUM JIIHIMHUM
ITepalliiHIM METOIOM.

*
‘Xk+1_x

3ayBaxxenns1 5.1. Hexau goeCl[a,b], mooi 3amicmv YMOS8U

cmucky (5.14) npocmiwe nepegipumu ymosy

lp'(x)[<a<1 xe[a,b]. (5.16)
Cnpasoi, 01 0osinbhux X, X, € [a,b] maemo:
(%)= o(%)|=|¢'(0)] |X2_X1|<r[2%>]<<”( )|[xo =l <alx, = x.

Tym 0 — mouxa migxc X i X,. Tenep meepooicenns mepemu 1.3

odepoicyemucs i3 meopemu 3.2. u
['eomeTpryHa IOCTpalliss METOAY MPOCTO1 1Tepallii sl PIBHSIHHSA
(5.12), xomu moximHa ¢’ 30epirae 3uak Ha (@,b) moxasana Ha puc.

5.7.
Hexait B=[X,—r,X +r]. Ilpm BukoHaHHI iTepamiii JOCHUTH

nepesipuTH, o Bcl X, € B. Toxi ymoBy ¢:B — B Mo)xHa 3aMiHUTH
NEPEBIPKOIO YMOBH
2(%)—%|<(1-q)r, (5.17)

ne 1> — crana Jlinmmng.
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Yy Foa
¥=(x)

0 5 m oA ¥ % O om A %y x

IorpoTonne HabMHXEHEA OpH IEocToponEe HABTMKEHEA IpH

0« ef(x) <1 —leghzl=0
¥ et
i y=¢x)
> 0 * -
CI/ X Xy ¥ Xy x oo x gt *

. Posbimmicts mpu ¢z < -1
PosbimuicTs opu ;a’(x] =1 pit ¢

Puc. 5.7. 'eomeTpuuHa utrocTpalis METOAY MPOCTOI ITepariii

Teopema 5.3 (O3naxa ichysanHs po3s’sa3ky). Axuo Ha npomidicKy
B ¢yuxyin ¢ 3ao0osonvhse ymosy Jlinwiya 3i cmanoo (, 0<q<1, i
BUKOHYEMbCsL HepisHicmb (5.17), mo pisHauua (5.12) mae eounuti
po36’a30Kk X', akuil € 2panuyero nocaioosnocmi (5.13).
JoBenenns. Jlocuts nosectu, o ¢ : B — B. Copasai, ns Oyb-
akoro X € B na mincrasi (5.14) 1 (5.17) maemo
(%)= X| <[@(X) = @(%o )| +] (%) = %| <
<q|x—%|+(1-0)r<gr+@-g)r=r.
SIKIIO TIPUITYCTUTH iCHYBaHHS KOpeHss X =X piBHanus (5.12), 1o
Ma€eMO HACTYIHY O3HAKY 301)KHOCTI METOJIy ITPOCTOI iTepaliii.
Teopema 5.4. Hexau ¢yukyis @ na npomidcky B 3adoeonvhse
ymogy Jlinwiysa 31 cmanoro Q<I. Tooi nocnioosuicmo (5.13)
36icaembcsi 00 po3g’sa3ky X npu 0yob-skomy X, € B i mae niniiny
WEUOKICmb 30id%CHOCmI, MOOMO
Xep1 ™ X’

Sq‘xk -X

. (5.18)

133



JloBeaeHHsi. YMOBa CTHMCKY BUIUIMBaE 3 ymoBu Jlimmming. Jlms
JOBUIBHOTO X € B Maemo

‘(p(x)—x*‘ﬁ‘go(x)—go(x*)‘ Sq‘x—x*‘Sqr< r,

T00TO @ : B — B € cmuckarouum ioobpascenusm. m
B o6uncnoBanpHii MPakTUIl MOMYJISPHUNA E€MITIPUYHUNA TIX1A
70 3aBepllieHHs 1TepaiiiiHoro mnpouecy (5.13) i OIIHKKM MOXUOKH
HaOMMKEHHA X, ;. A came: OOYHUCIIEHHS BENyTbCS A0 THX HIP, IOKH
HE BHKOHA€THhCA HEPIBHICTD | X, — X, [< &, € & — HaJIEKXHO BHOpaHe
IOCUTh MaJle 4UCIO. SIKIO NOpSANOK X, Hamepex HEBIIOMHH, TO
MpaBWIbHIIIE OpPIEHTYBATHUCH Ha  BUKOHAHHS  HEPIBHOCTI
| X g =X €| % | abo | X1 —X% [£0(X |+0), ne & — BimHOCHa

noxuOKa, o — XapaKTepUCTUKA TOYHOCTI BUKOHAHHS OOYKCIICHbD.
VY 3aranbHOMYy BUNaaky nepexin Bia piBHsaHHA (5.1) mo (5.12)
MOXHa 3AIMCHUTH, 3anucaBmiv piBHAHHA (5.1) 'y  BuUrsml

X=X—-AF(X).

[Mapametrp A#0 BuOHpacThes Tak, mo6 moxigHa ¢@'(X)=
=1-Af'(X) B geskiii ob6macTi 3aJ0BOJIbHsIA HeEpiBHICTH (5.16).
Hanpuknag, skmo O<a<f'(X)<y, to mua oyukuii @(X)=
=X—Af(X) onepxrmo

1- A <@'(X) £1- .

OTtxe, gp’(ﬁ)‘ < q(ﬂ,) = max{|1—ﬂa|, |1—/17/|}. AHa3yo4u ojepxka-

HI HEpPIBHOCTI, MOXHa MOOAYUTH, IO NPU OyAb-SKUX /16(0,2/ 7/)

BHKOHYeThCs ouinka ((A)<1. 3okpema, npu A =1/y maemo:
o
0<p'(x) <1-—<1,
/4
no 3a0e3redyye MOHOTOHHY 30DKHICTh ITEpaliiHOro mpouecy i3

..o . .. (04
JJIHIMHOKO INBHUAKICTIO 3 KOG(I)]I.[I(—IHTOM 0| =1-—. OnrumMaibHUM €

/4
3Ha4eHHs mnapamerpa A=A, = . IIpu 11boMy 3HAYEHHI TMapa-
a+y
a-y . -a o
metpa 1-Ay = Y {1-qa=~ , TOOTO MaKCUMyM MOXI1AHOI,
a+y a+y

: —a :
mo aopiBHIOE ((4,) = 7/—, JIOCSTAEThCSA Ha KOKHOMY 3 CJICMECHTIB
o+
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MHOKUHU {]1—/1a|, |1—l]/|}. Y npuxnaai 5.3 TakuM 3HAYEHHSIM €

Ao=2/(2+4)=1/3.
3ayBaikeHHs 5.2. AKkwo 3Hau0eHo0 mpu NOCHiO08HUX HADIUNCEH-
HA X, X ., X po36’a3ky pienanus (5.1), mo nacmynne snauenus X_,

n+l?

ModcHa 3uaumu 3210H0 3 N — npoyecom Eumrkena. Lleti imepayitinuil
npoyec Mae K8AOpAmudHy uiBUOKICMb 30IDCHOCMI i NOAS2AE OCb )
yomy. Hexati X — mounuii po3é’sszok. Tooi

* * ’ * *
Xp — X =gp(Xn)—go(X )zgp (X )(Xn —X )’
* ’ * *
Xn+2 — X qu(X Xxn+1 —X )'
3sidcu maemo
X =X X =X
Xn+2 - X* Xn+1 - X* .
Pos3é’sa3a6wu ye piensanns 6i0HOCHO X , 3HAUOEMO
2
* X _ (Xn+2 - Xn+1) ]
" Xn+2 - 2Xn+1 + Xn
Imepayitinui npoyec Hadysae guensiody

2
X  —X
X =X, — (%s = X,0) , n=0,1,...
Xn+2 - 2Xn+l + Xn

5.7. I1o0ynoBa itepauniun y meroai Hororona

Posrnstnemo piBHsiHHA (5.1), 11st sIKOTO X —€IWMHUN KOPIHB Ha
[a, b]. OnHUM 13 OCHOBHHUX METOJIB HAOJIMKEHOTO PO3B’SI3yBaHHS

s . . 1
HEJIHIMHUX PIBHSAHBL 1 CUCTEM € MeToJ HploToHa™, 1m0 MOB’sA3aHO 3
o . . . . 2

HOro MpOCTOI peati3allielo Ta KBagpaTUYHOIO 301XKHICTIOC. Meton
Hptorona y3aranpHeHuid y 1948 p. nns po3B’si3yBaHHS HENIHIHAHHUX

' Ypma T.J. Historical development of the Newton—Raphson method // SIAM Review. —
1995.-37 (4). — P. 531-551.

Merton onucanuii I. Hetoronom y 1669 p., ane 3actocoBanuii BiH OyB Ju1st MHOTOwIeHiB. O0-
YHCITIOBAJIACh HE MOCHIIOBHICTh HAOJINKEHb, a MOCIII0BHICTh MHOTOUJICHIB, HACIIIKOM YOTO
OyB HaOJMMXEHUW PO3B’SI30K. YTepiie MeToi OyB OIMyONiKOBaHWM y TpakTari «Anredpay
xona Bammica B 1685 p. V 1690 p. JIxxo3zed Padcon posrnsayB meronq HeroToHa BKe K
3arajibHUM iTepaliifHuii anropuT™, ajge Takok OOMEXKHBCS MHOTOWIEHAMH, TOMY METO[ 1
onepxaB Ha3By «Merox Heiorona-Padpcona». Timbku B 1740 p. meronx Heiotona cdop-
mynboBaHuil Tomacom CiIMIICOHOM SIK ITepaliiHUNA METOJA PpO3B’SA3yBaHHS HENIHIHHOTO
PIBHSIHHS 3 BUKOPHUCTaHHSAM MOXIAHOI B TOMY BUIJISIII, SIK BIH BUKOPUCTOBY€EThCA Tenep. Bin
TaKO y3araJbHUB MeToJl HbI0TOHA JUIsl CHCTEMH IBOX HENiHIMHUX PIBHSHb.
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OTIEPaTOPHUX PIBHSAHb Y (YHKIIIOHAJBHUX MPOCTOpaX 1 BIAOMHH SK
memoo Hviomona-Kanmoposuua [29, 33].
Hexait X — neske HaGmmKeHHs po3s’sasky, ne f e C’[a,b]. 3a

dopmynoro Teiinopa mist moBiabHOI ToukH t e [a,b] maemo
f@)=~f(x)+f'(x)(t—x)+f"(@)t—x)"/2,
ne 6 —neska touka Mik t 1 X . Ockineku f(X') =0, To BBaxkarouu,
o t = X', ogepKkuMo
f(x)+F'(x)(xX=x)+T"(@)x —x)/2=0. (5.19)

Slkmo 3HadeHHs X, Omu3pke g0 X', To (X —X )® HocHTh Maie,
MOPIBHSIHO 3 ‘X* — Xk‘, TOMY, HEXTYIOUM OCTaHHIM JOJaHKOM Yy TpaBiit
gactuni (5.19), omepxkumo f(Xx )+ f'(x )(X"—X,)=0. 3amumemo
TOYHY PIBHICTb, 3aMIHMBINM X  HAONMKCHMM 3HA4YCHHAM X, .

Onepxxumo iTepaliiiHuii memoo Hvromona, sSxuii BU3HAYAETHCS
JHIMHUM PIBHSHHIM

f(x)+ f'(x)(x,—%)=0, (5.20)

k+1

3BIJIKHU

X =x - gq (5.21)
f'(x,)

®opmyna (5.21) mae 3mict, skmaio f'(x, ) # 0. Meron HetoTona

Ma€ MPOCTUN T€OMETPUYHMM 3MICT, TOMY BiH Illé Ma€ Ha3BYy Memooy
oomuynux (puc. 5.8). 3anumeMo pIBHSHHSA JOTUYHOI 10 Tpadika

bynkmii Y= f(x) y touri (X, f(X,))

y—f(x)=f"(x)x=x)
1 HO3HAYMMO a0CHHCY TOYKH NEPETUHY AOTHYHOI uepe3 X . Toxl npu
y =0 onxepxumo dopmyiry (5.21).

Busectu ¢popmyny (5.21) MmoxkHa TaKOXK 3 METOAY 1TEpaIlii, SKIo
3armucaT piBHAHHS (5.1) y Burmmi X = X—Af (), a mapamerp A Ha
k-it itepamii BuOMpatm Tak, mood ¢@'(x )=1-Af'(x)=0. Tomi
A =1/ f'(x,) (Merox HecramionapHmuii) i

X, =% —AF(X)=X —M, k=01,...
F'(x)
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v

0o~
X Xk+1 Xk Xk-1

Puc. 5.8. Imoctparis metony Herotona

5.8. Ouinka moxuOku ta 30ixkHicTh MeToay Hbl0TOHA

Teopema 5.5. Hexaii pynxyia T e C*[a,b],
' (x)[=m, >0, [f"(X)|<M,
, (5.22)
imepayitni nabnuxcenna X, €[a,b] VK i ya nocrioosnicmo 30isxcna
00 kopens X pisnanns (5.1), mooi ons dosinbro2o yinoeo K >0

X=X S (x, — )", (5.23)
2m,

Xk+1_X*‘S MZ (Xk+l_Xk)2' (524)
2m

[lepiia 3 HepIBHOCTEM O3HAYaE, 1110 METO Ma€ APYruil MOPsIOK, a
Jpyra CIyX UTh JJI OLIIHKK TOXHUOKHA METOY.

JoBenenns. I[IpupiBHsaBIIM JiB1I yacTuHH piBHOCTEW (5.19) 1
(5.20), ogepxumo,

F(x)+ £ (X)X =x)+ £/ (0)(x —x) 12 =T (x)+ T (X)X, — X)),
abo
f'(x)(x.,—Xx)=1"(6)x —x)/2.

Ha mincraBi HepiBHOCTEH (5.22) oaepKyeMO OLIHKY (5.23).

JIns noBeneHHs HepiBHOCTI (5.24) 3anumemo dhopmyny Teimopa
s gynkmii f(X) y Toumi X,

f(x.,)="Ff(x)+f(x)(X,—X)+

+ f ”(gk)(ka o Xk)z) [2=1 ”(gk)(xkﬂ o Xk)2 /2.
3rigHo 3 ¢hopMmyIoro Jlarpanxka
f(x.)— (X)) =15 )(X.—X), (5.25)
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ae &, -Todka Mk X, 1 X . BpaxyBaBmm, mo f(X')=0 i piBHIiCTb
(5.20), onepxumo B
f '(§k+1)(xk+l - X*) = f ”(ek)(xk+1 o Xk)z /2.

3BiJICH BUILIMBAE IITyKaHa OIliHKA

f(x
Xk+l o X*‘ = ‘ ( k+1) S MZ (Xk+l - Xk)z' u
‘f'(§k+1) 2rnl
3ayBaxkenHs 5.3. I3 (5.25) ona n=K+1 odepocumo
f(x f(x
LI LG
‘f (gn) ml

MOOMO MAEMO MONCIUBICIL KOHMPOIIO8AMU MOYHICb 0OUUCICHHS
kopena X 3a eenuuunoio Hes sisku f(X ). A came: mounicmo &
f(x,)

O0oceHeHa, AKWO ‘Xn — X*‘ <——=<¢ abo
m

1

1 (x,)|<me. (5.26)
Axwo m 21, mo |x, —x'|<|f(X,)| i X =X, i3 mounicmio &.. Axujo

oc M, <1, mo nompibno domazamucs eukonanus nepienocmi (5.26). m
JloBenemo 30ikHicTh MeToay Hetotona, xomm moximui  f'(X) i
f"(x) 3maxonocriiini Ha [a,b], To6To0 f'(X) f"(X) 20 Vx €[a,b].
Teopema 5.6. Sxmo f eC?[a,b], f(a)f(b) <0 i moximmi f'i
f” 30epiraroTh 3HaK Ha [a, b], TO, MTIOYMHAOYHX 3 TTOYATKOBOTO HAOIU-
xkeHHs X, €[a,b], mnsa skoro BukoHyeTbes ymoBa dyp’e
f(x,)f"(x,)>0, (5.27)
meto HproToHa 301KHMI 10 €AMHOro po3B’s3Ky X piBHsHHA (5.1),
ne X, —1e a abo b, mis skoro BuKOHYeTHCS yMOBa (5.27).
Hosenennsi. Hexaii moxigui f'(xX) >0 1 f"(x)>0 mnsa X €[a,b]
(puc. 5.1a). Tomi moxHa B3sTH X, € (X',b], 30kpema X, =b. YmoBa
f(a)f(b)<0 1 3makomocrifinicte f'(X) TapaHTYIOTh €IUHICTH
po3B’si3ky piBHsHHS (5.1). s X, > X* 3rigHo 3 popmynoro Teitnopa
f(%,)+ F/(%)(X —%,)+ F"(8,)(X —x,)* /2=0.
Ockineku f"(6,) >0, 10O piBHICTH BUKOHYETHCS, KO f(X,)+
+'(%,)(X" —X%,) <0, 3Bimku BuruuBae, mo X <X, — f(x)/f'(X,) =
=X <X,- 3a IHAYKII€0 OPOCTO MOBECTH, WO X <X <X, VK.
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OCKIIbKY MOCHITOBHICTH {X, } MOHOTOHHO CTajHa i 0OMeKeHa 3HU3Y

X', to limx, =X > x". PiBuicts X = X' Bummsae 3 (5.21) mpu kK — oo.
k—0

[Hm11 3 BUMaAKK PO3TIIAIAI0THCS aHAJIoT19HO (puc. 5.9, 6-B).
3ayBaxkeHHs1 5.4. Axwo 3a nouamkose HAOIUIICEHHS B3AMU

MouKy Xy, 014 AKOI He 6UKOHyemuvcs ymosa Pyp’e, mo X, mooice He
Hanesicamu npoMIHCKy [a, b].

IcnyBanHst kopeHs piBHsSHHS (5.1) 1 30DkHICT, MeToy HbhloTOHA
OOrpyHTOBAHO ¥ Ipu cladkimux ooMexxeHHsXx Ha ¢pyukiio f . Chop-

MYIIIOEMO OJJHY 3 TaAKHUX TCOPCM.

¥ T ¥ _—_,I'r[ "'-j

" (090,70 <0)

(=0 "(x)=0)

e

f/(x)<0,f"(x)>0

) f/(x)<0,f"(x)<0

6 e

Puc. 5.9. Meron Herorona s 3akonoctiiaux f'1 f”
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Teopema 5.7 [22, 28, 36, 50]. Hexaii BUKOHYIOTbCS HACTYIIHI
YMOBH:

1) f eC*[x,,x, +2h,] ne f(x,)f'(x,)=0,
h, =—f(x,)/f'(X,);
2) 2| max\f"(x)\<\f ()l

Toxi Bci itepanii X, € [x,,x, +2h ] ne X Bu3HAUaeThcs 3rimuo 3
(5.21), Ikm X, =X, ne X —emunmii kopinb piBHAHHA f(X)=0, i
BUKOHYETHCSI OIlIHKA

*

‘Xk+l

M, _—
2“ x )‘(x -X), k=12,.. (5.28)

Hpuxaaax 5.3. 3actocyemo meton HeroToHa miIsi oOUYMCIICHHS
Ja, mo piBHOCHIbHE 3HAXOMKCHHIO IOJATHOTO KOPEHS PIBHSHHS
f (X) = Xx*—a=0. 3rigno 3 (5.21) iTepartiii HaOyBarOTh BUTIIIY
Xe —a X L2 X +a

2%, 2 X
[ToxuOka Ha (k+1)-i iTeparii

X’ +a (x — a)2 r?
rk+l:Xk+l_\/5: ‘ _\/a: ‘ \/_ ‘

Xeyp = Xy —

k=01.. (529
Xy

2X, 2X, 2X,
ITokaxkemo, 110 aOCOJIIOTHA BEIWYMHA MOXHOKH 3MEHIIYEThCS 3

KOKHOIO 1Tepalli€ro npruHaitMHui BABidi. CripaBii,

r x —~/a (1 x/_J
r,o=—t.r =2 "% =

(5.30)

“o2x, Y 2x 2 2x )"

Ockinpku X, >0, 10 1, >0 mma k=01,... Tomy Xk—\/aZO,

TOOTO X, >.a, k=0,1... YHaCIiI0K OO O<l—£<} k=1..

2x2

k

<|n|/2,k=01,...

X, Tom

Ja Jal
r’ 1 r’ 1
5k+1 < 5
Ja 2x\/_ 2(Ja) 2

Ile o3mauae, mo IS JOCTAaTHLO OJHM3BKOTO HAOMMKSHHS 110 +/a

KOXXHE HACTYNMHE HAOMIKEHHS HaOJIMKEHOTO TMOJBOIOE YHUCIIO
MpaBWIbHUX TUPD.

: r
Po3zristHemMo BiTHOCHY MOXUOKY O, = ‘ k‘ :‘

r

k+1]

2
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Tadoaunga 5.2

[TopiBHsIBHA TAOIUIT OOUUCIICHHS \/E =1.41421356...
PI3HUMU 1TE€paLIHHUMU METOAMHU

Meron moainy Merton xopa Meton Herotona
BiJ[pi3Ka
Kk [I0I10JIaM
Xk k Xk k Xk+1 Ik
0 (10 - 2.0 - 2 -
1120 - 1.0 - 15 0,0857864
2 |15 0,275255 | 1,3333333 | -0,0808801 1,4166666 0,0024530
3 11,25 0,131966 | 1,3999999 | -0,0142135 1,4142156 2,1215639E-6
4 11,375 0,202396 | 1,4117647 | -0,0024488 1,414213565 | -2,4203139E-8
5 11,4375 0,238542 | 1,4137930 | -0,0004204
6 |1,406250 | 0,220396 | 1,4141414 | -7,2145820E-5
7 |1,421875 | 0,229450 | 1,4142011 | -1,2421969E-5
8 |1,417969 | 0,227184 | 1,4142113 | -2,1699704E-6
9 |1,416016 | 0,226051 | 1,4142131 | -3,8183100E-7
10 | 1,415039 | 0,225485 | 1,4142135 | -2,4203139E-8
MeTto clYHUX Merto iTepartiii
Xk k Xk+1 Ik
1.0 - 2 -
2.0 - 15 0,0857864
1,3333333 -0,0808801 1,4375 0,0232864
1,3999999 -0,0142135 1,4208984 0,0066848
1,4146341 0,0004205 1,4161603 0,0019467
1,4142113 -2,1699704E-6 1,4147827 0,0005692
1,4142135 -2,4203139E-8 1,4143801 0,0001666
1,4142624 4,8851605E-5
1,4142278 1,4280911E-5
1,4142177 4,1481221E-6
1,4142147 1,1678897E-6

ITporec (5.30) 3HAXOKEHHS KBaApaTHUX KOPEHIB 32 METOIAO0M
Hrrorona Bimomuii sik mpouec Iopuepa. Ockimbku f'(X)=2Xx>0 i

f"(X)=2, ToO yMOBM MOHOTOHHOCTI BHUKOHYIOTHCS. 3aJIUIIAETHCS

3a710BoJIbHUTH YMOBY Dyp’e (5.28). 1ns nporo notpidbHO BUOpaTu X,

Tak, oo Xg > a. Hanpuknan, skmo B3satu X, = 2°°", sSKII0 M — MapHe,

I X

_ 905(m+1).

Tomi 2™+ <a<2™
SAxmo 1oTpiOHO OOYHCIUTH Q/g mist a>0, To mpoiec

AKIIO M HemapHe, Ae M Take, mo a=2"¢q, q<[0.5;1].

HaOKeHb IS V@ Oyayerbcss MeromoM HEBIOTOHA, SK pO3B’S30K

piBasHaa X" —a=0. Itepaniiinuii mpouec HaOyBae BUIISALY
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5.9. Bunagok kpaTHUX KOpPEHiB

[IpumyctriMo, 10 BiJjoMa TOYHA KpPAaTHICTb M KopeHs X
piBastabs (5.1). Tomi f™(X")#0. Ockinbku 3navenns f'(X) mane
It X, OMU3BKUX 70 X', TO MOXHa IMOKaszaTu, 1o Meto] HproToHa
301raeThCs JIHIAHO 1 3HAMEHHUK BiAMOBIIHOI TEOMETPUYHOI MPOrpecii
HaOIMKEHO NopiBHIOE 1—mM™, 1e m — kpaTHicTh KopeHs. Hexail s
napaux M 3HaveHHs f(X) >0, komu Xe[a,b]/{x*}, 1HaKIIIEe

posrisiHemo piBHsAHHSA — f (X) = 0. Toxi ans piBHAHHS

g(x)=x/1(x) =0

X" — mpocTuil KOpiHb 1 MeToJ HpioTOHA 111 HBOTO HAOyBa€ BUTIISLY

g(X) _ Y F(x)

B TR g M (PO F(x)
£(x,)

=X —m-—_——
£/(x,)

OTxe, AKIIO BiJOMO TOYKA KPATHICTH M, TO MAEMO TaKy

Moaudikarito meroay HeroToHa:

X, =x —mi) o1 (5.31)
F(x,)

Ipuxaan 5.4. Posrimsaemo piasaas f (x):=x*—3x+2=0. Tyt
X"=1 — xopiHp KkpaTHocTi M=2. Pe3ynbratu MNOPIBHAHHS
Xe —3% +2 2% -2 e g

3(xf —1) 3(xf —1) R

HaOJIM>KEHHUX 3HAYEHb X, = X, —

X, —3%X, +2 X +3%X —4
3(x¢-1)  3(x2-1)

BiI[HOBiI[HO, 3 OJHAKOBHMHU ITOYATKOBHMMH 3HAYCHHIMU X0 :)_(o =2.

2

, obumcienux 3rimHo 3 (5.21) 1 (5.31)

HaBegeHo B TaOmuil 5.3. IlBuakicTh 301KHOCTI MOPIBHIOETHCS
I I

k+1 k+1

OOYHCIIEHHAM B1JHOIIEHHS ‘— 1 — -, ae r =X - X", Ta BIAIIOBITHUX
I
k

k

BIJHOIIEHb 1 X , [, =X —X'.

[Ile oxaniero Moaudikariero Metony HpOTOHA Ha BUIATOK
KPAaTHUX KOPEHIB € Memod Xeini. SIK1o X* —KOpiHb KpaTHOCTI P > 2,
to it pyskiii g(x) = f(X)/ f'(X) ueit kopinb yke mpocTuii.
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Tabauus 5.3
HaGuKkeHHs Uit KpaTHOrO KOpPeHs PiBHAHHS X° —3X+2=0

Meron Hprotona Moaudikoanuii merox Herotona (p=2)

Xk rk | r‘k+l| | I’k+1| Xk rk | rk+1| | rk+1|

k 2 = 2
5| A %l ]

0 |2 - - - 2 - - -
1 | 1,5555555 | 0,55556 | 0,55556 | 0,55556 | 1,1111111 | 0,1111 0,1111 0,11111
2 |1,2979066 | 0,29791 | 0,53623 | 0,96522 | 1,0019493 | 0,0019 0,0019 0,15789
3 | 1,1553901 | 0,15539 | 0,52161 | 1,75091 1,0000006 | 6,3269E-7 6,3269E-7 0,16650
4 |1,0795622 | 0,07956 | 0,51202 | 3,29503 1,0000000 | 6,7502E-14 | 6,7502E-14 | 0,16863
5 | 1,0402884 | 0,04029 | 0,50638 | 6,36454
6 | 1,0202768 | 0,02028 | 0,50330 | 12,49221
7 ]1,0101723 | 0,01017 | 0,50168 | 24,74121
8 | 1,0050947 | 0,00510 | 0,50084 | 49,23589
9 |1,0025495 | 0,00255 | 0,50042 | 98,22354
10 | 1,0012753 | 0,00128 | 0,50021 | 196,1979

3actocyBaBmu Metoj Hprotona no piBusHHa ((X) =0, onep-
KHUMO METO Xeuni

X =X~ IT) g4 (5.32)

(F(x))" = 16 (%)

Ha Biaminy Big meroay (5.31), TyT He mOTpiOHO 3HATH TOYHOI

KpaTHOCTI KopeHs. Hampukianm, mias piBHsHHs X —3X+2=0, nae
X" =1—KopiHb KpaTHOCTI M = 2, MaeMoO
2(2x, +1)

= k=01,...
X +2X, +3

k+1

[Tepaniiituii mporec 3HAXOMWKEHHs v/a MeromoM Xeiini HabyBae
BUTJISITY
(x; —a)-2x, _ 2ax,
Ax; —(x;—a)-2 X' +a
JI71st mpocTOro KOpeHst MeTo 1 Xeilili Mae KyOiuHy 301KHICTb.

k+1 k

5.10. Orasa iHmMX iTtepagiiHuX METOXIB

5.10.1. Cnpomennii meton Hnrorona. Ha nepmomy kpoii oOGuuc-
moetbest T'(X,) 1 mamami f'(x, )= f'(X,) abo 3HaueHHs mOXiIHOI

3MIHIOETBCS 3 JICIKUM Tiepiogom I > 2. Itepariiinuii mporec HaOyBae
BUTJISITY
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f(x
X, =X, — ( ) ,k=01,..
f'(x,)
['ecomeTpuyHo 1me oO3HAyae, MO0 JOTHYHI TapajeiabHl JOTHYHIMN,
MPOBEACHIN Yy TOUIIi (Xo,f(xo)) (puc. 5.9). Meron mae TUIbKU
JTIHIMHY IBUIKICTh 30DKHOCTI, IO BHUIUIMBAE 3 aHAM3y 301KHOCTI
MeToy mpocToi itepauil 3 pyHkuieto @(x) =x— f(x)/f'(x,).

Y &

eewe s
]

Puc. 5.10. Cnopowmennit meron Herotona

5.10.2. PisnuueBuii meron Hprorona. HammHiHY MIBUIKICTH
301)KHOCTI MOHA JOCSATHYTH TOJll, KOJIA MOXIAHY f'(xk) 3aMIHUTHU
Ha KOXKHIH 1Tepalli A1esikuM OJIM3bKUM 3HAYEHHSIM, SIKE OOUYUCITIOETHCS
yepe3 3HaueHHs ¢yHkmii f(X). Hampukman, moxigHy MoKHA
anpOKCUMYBATH PI3HULIEBUM BITHOUIEHHAM
' f(Xk+hk)_f(Xk)
f (Xk)z ,
h

k

ne h, - mamumii mapameTp, sIKMii BUOMpaeThes y neBHuid crnoci6d. Tomi
Meto] HproToHa HaOyBae BUTIISAY
X = X — hkf(Xk) :
f (% +h)— (%)

[llo crocyersest BuOOpy h, . 3i 3pocrannsm K 3HauenHs h, Mmae

3MEHILBATHCS 3 METOI0 TouHimoi anpokcumarii f'(X, ). Hampukiarn,
h, = Ah,, te 4 <1. Moxna B3t A =0.5 a6o 0.1. Hemomixom Takoro
BHOOpY € BiacyTHicTh 3B’s3ky Mix h —>0 i X —X. Moxe

BUSIBUTHCS, IIO X, IIE HE JOCTaTHLO OJIM3BKE 0 X', a |hk| IIOCUTD
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mane i f(x,+h) i f(x,) peansHo He BimpisnseTbcs. IIpoTuinexHa

CUTYyaIlisl MOKE TPUBECTU JI0 BTPATH MIBUIKOCTI 301>KHOCTI.
5.10.3. Metoa ciunux. Y npoMy Bunaaky h, =X —X,_, 1 Maemo ite-

pamiHu mporiec

f(x X, —X
X, =X — (x ), k‘l),k:O,l,... (5.33)
f (Xk )_ f (Xk—l)

3HA4eHHS X, 1 X, noTpiOHO 3amaru. Gopmyna (5.33) BU3HAYae IBO-
KPOKOBHM METOJ, OCKUIBKY 3HAYEHHS X, ,, BUMAarae OOYMCIIEHHS JBOX
nonepeaHix HabmmkeHb X, 1 X . Ha koxHIH iTepanii 00UnCII0€ThCA
Tinbku onHe 3HauenHs Qymkmii f(x ), a f(x_,) — Bizome 3
nonepeHboi iTepaiiii. @opmysioro (5.33) 3agaeThes 1 METO XOPI, alie
MOPOJKYIOTBCS 11l METOAM PI3HMMH Mmiaxodamu. [eomerpuuHa
UIFOCTpalis METOAY CIYHUX IOKa3aHa Ha puc. 5.11. HabmmxenHsa X, ,

abciyca TOYKM TEPETUHY CIYHOI, IPOBEICHOI uepe3 TOUYKHU

(%ear T (%)) (%o (%)) i3 Biccro X.

3’s1CyeMO MIBUAKICTh 301KHOCTI METOAY CIYHUX MPU BUKOHAHHI

Y s

y =1(x)

Puc. 5.11. Meton ciyHHX

yMOB TeopeMu 5.2. JIJisi bOTO MpOaHANI3yeEMO CHAJaHHS MOXHOKU
HaOmwkeHHs. I3 (5.33) maemo

x f(Xk)(Xk_Xk—l —X —X — f(Xk)
f(Xk)_ f(Xk—l) k f(ek)’

ne 6, — Touka Mix X, 1 x". 3a popmysoro Telinopa

X, —X =X —X

FO5) = F0C)+ 0006 =X+ FBIx =X )
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[TincraBumo 3HauenHs f(x,) y mpaBy wactuny (5.33), BpaxyBaBuy,

mo f(x")=0. Onepxumo

* Xk_X* * 1 A *
X, —X = f'g)-1'(x)—=1"(6)(x, —X") |=
f'(ek){ (6~ 1100) =2 TE)(x, )}
X =X | ., 5 T ;
S @0, -x) -3 1@ ) |
k
SIKIo MeToa C1YHUX 301KHUMI, TO
‘Hk—x* <‘xk_1—x*‘, ‘xk—x* <‘xk_1—x*,
1 B MJICYMKY MaEMO
Xy =X s‘xk,;x[\f"@k)\-\x“—x* 2| 1G] x s - x }
|f (Qk)| 2
3BiJICH, OJICPKUMO
‘xkﬂ—x < zmlz‘xk—x X — X

*

, C=3M,(2m,)™". Toxi ocranus

VBeneMo Mo3HAYEHHS. &, = ‘Xk — X

HepiBHicTs HaOyme Burmsany &, <Céé& 1, k=12,. I k=14
MaEMO
g,<Cge, <C*(C¢g,)’,
g,<Cg,e,<C*(C¢g,)"-Cg,=C7(Cg,)’,
g, <Cege,<C7(Cg,),
e, <Ceg,e,<C7(Cg,).
[Toka3HUKM CTENEHIB YTBOPIOIOTH MOCHIOB-
HicTth uucen Pioowauul: 1, 1, 2, 3, 5, 8§, 13,
21,... Haramaemo, mo Taki 4uclia 3aJar0ThCs
PEKYpPEHTHHMH  CIiBBigHOMmIEHHsAMH  [59]:
F.=F+F, k=12,.., F=F=1
Toni ouinka i &, HaOyBae BUTIIALY
g <C'(Cg)™, k=23,... (5.34)
3rigHo 3 hopmyoro bine

F ) 1 (1+\/§jk+l_[_l+\/§jk+l |

B 2 2

NG

[Tam’siTHUK JIeoHapao

3 [Ti3u (Dibonayyi)
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1 1+\/§ k+1

5l 2

— 0, Tomy 3 (5.34) BurumBae

Hns Bemukux K, maemo F =~ , OCKUIBKH Ipu K —> 00

_1+\/§ k+1
2

(1+£jk )
Ty l+«/§]

8k < é((cgo)mJ 2 :Cll)[ 2 !

l+x/§
ne C =CT, Uz(CgO )275 <1, SKIO 1IOYaTKOBE HAOIMDKCHHS X,
OaM3bKE 110 KOpeHs piBHsHHA X . HepiBHicTs mae migcraBy
CTBEpKYBaTH, IO 30DKHICTb METOAY CIYHUX HaJJiHIMHA 1 Mae
TOPSITIOK, HE MEHIITHI

p=(/5+1)/2~1.618.

3ayBaxkeHHs1 5.5. MemooO ciunux, sk i Memoo AiHIUHOI IHmepno-

JAYIl  Hanedxdcamv KIAcy OB0KPOKOBUX IMepayitiHux memoois. 3
oengoom oinvute 200 060- i baeamokpokosux imepayiunux memooie
MONCHA O3HAUOMUMUCSL 8 MOHoepaqbiiS.
5.10.4. Metox Creddpencena’. Ockinpku f(x )— 0 mpu X, — X', T0

B (5.32) MoxHa mokaactu h, = f(x ), sxmo X, 6nusbke 1o X . Toxi
iTepallii O0YHCIIOETHCS 3T1THO 3 POPMYIIOIO

2
X, =X, — £ f(x) ,k=01,...
X, + f(xk))_ f(xk)
Y upoMy Mmeroni, 3anpornoHoBaHoMy CreddeHceHoMm, sSIKMH MO CyTi
30iraetbcs 3 MetonoM EliTkeHa, 3anpononoBanuM y 1931 p., He not-
p10HO 00YHMCIIIOBaTH 3HAYEHHS MOXIJHOI aje, sk 1 B MeToAl HbroToHa,
30DKHICTh 3alIMIIAETHCA KBaJIpaTUYHOIO. Y MIBHUIKOCTI 301%KHOCTI
METOJ, BUTPA€ y METOAY CIYHMX, B SIKOMYy Ha KOXHIW IiTeparii
O0UHCITIOETCS OHE 3HaUeHHs (GyHKIi f , a B JaHoMy MeTomi nBa.

5.10.5. T'iopuani MeToam. SIKIIO BUKOHYIOTHCS YMOBHU TeopeMu 5.2,
TO BUOIp ITOYaTKOBOT'O HAOIMKEHHS X, B MeToAax XopA 1 HeroToHa

30iraeTbcs 1 3a70BOJIBHSIE yMOBY (5.9). Kpim Toro, oG4uciaeHHS
iTepalliii 3a METO10M XOp/

® Petkovic M. S. Multipoint Methods for Solving Nonlinear Equations / M. S. Petkovic,
B. Neta, L. D. Petkovic, J. Dzunic. — Amsterdam : Elsevier, 2013. — 344 p.
* Steffensen J.P. Remarks on iteration // Skand. Aktuar. Tidskr., 1933. — 16. — P. 64-72.
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. F(R)(X —X1)

Xa = X|< -

1 3a meTonqoM HeroToHA

X, =X —%):(k)), k=12,.,X =X,
k
3a0e3mnevyye ABOCTOPOHHE HAOMMKEHHS 10 Po3B’si3Ky x* (puc. 5.11).
OTxe, BUKOHAHHS OILIHKHU |Xk — ¥k| < & TapaHTye€ 3a/laHy TOYHICTh
OOYHMCIICHHS KOPEHSI PIBHSHHSI.

[Ile omHUM MIAXOJIOM € MOEJIHAHHS IJ100aJbHO 301)KHOTO METOY,
HaIMpUKIaJ METOY MOJIOBUHHOTO MOALTY, 3 JIOKAIbHO 301KHUM METO-
noM HproroHa. MokHa crapTyBaTh 31 HIBUJAKO 301)KHOTO METOIY
HrroToHa 1 MIOKIIOYUTH ,,IIOBUILHUN TJI00AJILHO 301KHUN MeTOX a0o
HaBMaky. Po3ristHeMo mepmuii BHUIAIO0K 1 3alUIIeMO alTOPUTM
Metoay HproToHa—T10JIOBUHHOTO TIOILITY.

1. 3amatu mouaTkoBe 3HaUeHHS X,; K :=0.
f (%) _
f'(%)
3. sxmo |F(x)<[f(x)

Xk = (Xk + Xk ) / 2 1 MOBEpHYTHCH HA ITOYATOK KPOKY 2.

2. O6uncnutu X, = X, —

,  TO X, =X«. IHaKIIE

4. IlepeBiputu anropuT™M Ha 3aBepuieHHs. Pobora amroputmy
a0 NPUMUHAETBCA 13 X = X, ,;, 800 MPOJOBKYETHCS 3 MEPEXOIOM Ha
kpok 11 k:=k+1.

Takuil anroputm BpaxoBye, 1o Meto HeloTOHa 3a1a€ JIOKaIbHO
MPaBUJILHUN HApsM, aje 1100 3armo0IrTd HaJMIpHOMY MEPEMIIICHHIO,
B1IOYBAETHCA KOPEKIIS 3a JIOMOMOIOI0 TOJLIY BIApi3Ka IOIMOJIaM,

SKIIIO HE BUKOHYETHCSI YMOBA peJIaKcalii ‘ f (X_k) < ‘ f (Xk )‘ Ha KpoIll 2.

AJITOPUTM HE 3aBXIU I100abHO 301KHUM, aJie I03BOJISIE PO3IIUPUTH
IpaHMIll 3aCTOCYBaHHS MeToqy HbIOTOHA 1 BECTH MONIIYK KOPEHIB,
akio 3Haku noxiguux f' 1 f” He 3HAKOBU3HAUEHI.
Po3rasiHeMo MOIJIMBI YMOBH 3aBEPIICHHS AT OPUTMY.
1. 3a anocTepiOpHOI0 HECTPOIrOK0 OL[IHKOIO |Xk+1 — Xk| <& Oe &—

3aJlaHa TOYHICTL, HAAIWHINIE B3ITH og, o <1.
2. 3a BEJIMYUHOKO BIJTHOCHOT ITOXUOKHU
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X .. —X
=—=—= a6o =—| k+l _"m| ,
|X|<|+ p
SKIIO 3HaYCHHS X, OMu3bKe 1o Hysd, P=2 abo 10, M xapakrepusye
TOYHICTh 00UHCIIEHb a00 00UKCITIOBATIBLHY MOXUOKY, HAIPUKIIA]] 10°.

3. 3a BenuuHOKO HeB sBKH T (X,): X" = X,p, ko | f(X,,,)|<e,

f (%) <My, 2e m, = min| /()]

HaJ1HHIIIE,

y4 y 4

v

0)

yA

B)

Puc. 5.12. Komb6inanist meroay xopn 1 Hetorona

5.10.6. Itepamiiini MeTogu BUHIIMX NOPSAKIB. ICHYIOTH MeTOAM,
MOPSI0K 301’KHOCTI SIKUX BHUIIUHN Bif apyroro. [Ipukmnagom € MeTon 3

KyO14HOO 3015KHICTIO
" 2
Xk+l:Xk— f(Xk)_ f (Xk)f ()Zk),k=0,1,...
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ITepamiitnuii  MeTOHO, TOPSAAOK 301KHOCTI  SIKOTO 1+«/§
3anpornoHoBano y mpami C.M. [laxH0’. [ToGynoBaHO iTeparriiiHi
METOAM BHIIUX TMOPSAIKIB, 30KpeMa MeTOoau 10 16-ro mopsaky
tounocti’, Meronu 4, 61 12-ro MOPSIKY PO3TIIHYTO y mpar’ .

5.11. OcobamBocTi peanizanii merony Herorona

1. linennss Ha Hyab. [lomumnky npinenHs wa mymp f'(x )=0
nerko momepeautd nepesipkoro |f'(x)|>5>0. Tyr & — nocurs

MaJie YMCiI0, Y3roKeHE 13 TOUHICTIO 00YHCIICHD 1 TUIIOM JIaHUX.
2. BincyTHicTh KOpeHiB. SIKIO 3HaUEHHS X, — KOJIMBAIOTHCS, HE

HAOJIMKAFOUHCH JI0 JISAKOTO 3HAUCHHS, TO 1€ MOXKE CIIYXKUTH O3HAKOIO
toro, mo piBHgHHA f(X)=0 He Mmae kopeHiB. Hampuknam, mis

piBHSHHS SIN3X —2 =0, sKe HEe Mae AIMCHUX KOPEHIB.

3. Bunagoxk xumOHux KopeniB. Hexait ¢ynkmis f — momarna i
MOHOTOHHO CIaJHa Ha [a,oo). SIkmo X, >a, 1o X, —> o npu K — oo,
Aute, SIKIIO KOHTPOJIIOBATH TOYHICTH 3a BenmuunHOW HeB’si3ku f (X, ),
o f(Xx)—>0 mpu k—>o. Tomy mms nesxoro K, 3HA4eHHS X,
IOMHMJIKOBO MOJKHA B3STH 3a KOpiHb. Hampuikiam, mjis piBHIHHS
f (X) = x’¢** =0 i HoyaTKOBOro HAGNMKEHHS X, = 2, MAEMO B METOJI
HesroToHna

X, = X, (1—-2x,) |
2(1-x,)
To6to X, =4.0, x,=5.333, X,=19.724,..., ane f(X,)—>0. Tomy
JOIUJTEHO BUKOPUCTOBYBATH KPUTEPiH 3yMHUHKH, IO IPYHTYETHCS Ha
ouiHii BiTHOCHOI moXubku &, =|X,, —X|/ (% |+10™), ze m>0

Take, o0 3HadyeHHs 107" BignmoBinano abCOIIOTHIN MOXUOLI.

> Shakhno S.M. On an iterative algorithm with superquadratic convergence for solving non-

linear operator equations // J. of Computational and Applied Mathematics. — V. 231, 1s. 1,1
September 2009, P. 222-235.

® Sharifi S., Salimib M., Siegmundb S., Lotfi T A new class of optimal four-point methods
with convergence order 16 for solving nonlinear equations // Mathematics and Computers in
Simulation. — 2016. — V. 231, Is. 1. — P. 69-90.

! Kmypko M.A., KpacrHounuuk H.O. [TopiBHSIHHS 6araTOKpOKOBHX 1TepalliiHUX METO/IB
BUIIMX MOPSAIKIB PO3B’A3yBaHHA HENIHIHHUX PIBHAHD Ta cucteM // BicHuk Yepkacbkoro
yHiBepcurety. — 2015. — Ne 18 (351) . — C. 1-11.
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4. 3anukaoBaHHA. Bumanok, xoim X, NOBTOPIOIOTBCA a00

Maike mOBTOpIOIOThCsA. Hampukmam, sxmo f(X)=x"—-Xx-3 i
[IOYaTKOBE 3Ha4eHHA X, =0, TO OJEpKUMO IOCIIIOBHICTH
HaOmmwkeHb: X, =-3.000000, x,= =-1.961538, Xx,=-1.147176,
X, =—0.006579, Xs =—3.000389, Xg = =-1.961818,
X, =—=1.147430,... Otxe, X4 = X, k=0,1,...(puc. 5.13).

Puc. 5.13. IluxiuHe MOBTOPEHHS iTeparii

Ilpukaaam po3B’si3yBaHHsI TUIIOBUX 3a/1a4

3agxauva 1. Bigoxpemurn kopewi piBusams X° Inx =1.

Po3p’si3yBanns. 3amuuiemo piBustHEs INX=1/X°. Tpadiku miBux i

MpaBUX YaCTUH IUX PIBHSHHS MOKa3aH1 BIAMOBIAHO Ha puc. 5.14.
y4

v

Puc. 5.14. Jlokani3aiiisi KOpeHiB piBHSHHS x2Inx=1, X" ¢ @ 2
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Ockinbku ¢Gynkmis f =x?INX—1 MOHOTOHHA Ha iHTepBalax
1, . 1 : : .
(0,%) i (ﬁ,oo) i1 f()=-1<0, f(2)~1.77>0, 10 Ha iHTEepBaIi

(1, 2) dbyHK1ig 3pocTae i KOPiHb €TUHUM.

3agaua 2. 3acToCcyBaTH JJIs1 3HAXOKEHHSI JOJIATHOTO KOPEHS PIBHSH-
Hst X° —2 =0, MeTOx mpocToi iTepari.
Po3B’si3yBaHHs. 3anuiieMo PIBHSHHS y BUTJISI1
x=p(x), @(x)=x-A(x*-2).

[TapameTp A BUOepemMoO Tak, 11100 BUKOHYBAJIUCh YMOBU T€OpeMHU 5.2,
Hexaii A4=0.25. Tomi mis Xe [1, 2] (p’(X)‘ = |1—O.5X| <q=0.5.
OcCKUTb-KH TIOXiJTHA go'(x) =1-05x>0 mma xe(l, 2), To PyHKIisA
o(X) = =-0.25x* + x+0.5 3pocrae Ha (1,2). Kpim toro, go(l) =1.25,
go(Z) =1.5. Orxe, @:[1,2] —>[1.251.5] c[L2].

JIJ1s1 MOYaTKOBOIO 3HAYEHHs X, = 2 HAOMMKeHHA X, =1.4142147

OIIePKYETHCS 3 IOXUOKOI0, sika He mepesuirye 0.5-107°.

3amaya 3. [IlpoumtocTpyBaTd KBaJpaTUUHY 301KHICTH METOAY
Hp0TOHA HA TIPUKIAAi PiBHAHHSA X° = COS X.
Posp’sisyBanns.  Ipadiku  ¢ymkuii  y=x> i  y=cosx
MEePETUHAIOTHCS TIIBKU B OJHIM ToUIll 3 abciucoro X e (0,1). BizsbMemo
X, =0.5 It 00uncaMMo HaONMKEH1 3HAUEHHSI pO3B’SI3KY 32 (pOpMyJI010
X, —COS X,

3xZ +sin x,

Xisa = Xy
OnepKUMO Takl 3HAYEHHS:

X, =1.112141637097
X, =0.909672693735
X, =0.867263818208
X, = 0865477135298
Xs = 0.86547403311
X =0.865474033102

[Tinkpecneni nudpu npaBUiibHi, iX KiJIbKICTh, TOYMHAIOYUN 3 YETBEPTOI
1Tepallii, 3pocTae, NOHAHMEHIIIE, BJBIYi.
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3anauya 4. IIpouecop He BUKOHYE OIepalliio JIUICHHsS. 3aCTOCYBaTH
meTon Herorona mis obuwcnenHs 1/a. IpoidrocTpyBaTu airoputm
1u1st oourciieHHs 1/7 13 6 1eCATKOBUMHM NPaBUIIbHUMU HUGBPAMH.
Po3p’sizyBanns. Hexait a >0, inmakme BizbMeMO —a. Po3risiHemo
dyukuito f(x)=a—-1/x. Tomi x=1/a 3rigHo 3 metomom HrioToHAa,
-1
a—X,
Xea =X ———5 — =X (2—ax,).
k
Ockinbku f”(X)=—-2Xx7 <0, To ansa X, ymoBa ®yp’e BHUKOHYEThCH,

axmo a—X,' <0 abo x, <1/a.

Hus a =7 BizbMeMo X, =0.125. Itepanii HaOyBarOTh 3HAYEHB:
X, = 014062500

X, =014282226...
X, =0142857113. ..
X, =014285714...

Ha koxHIH 3 HaBeJEGHMX ITE€palllii CIOCTEPIra€ThCs IOABOECHHS
KUIBKOCTI TpaBWIbHUX HUGP, OTXKE, 3 MNOTPIOHOK TOYHICTIO

1/7 ~0.142857.

3aBaaHHs Ta 3aNIMTAHHSA JJIS CAMOCTINHOL po00oTH

1. Ilo o3nauae kopiHb KpaTHOCcTI M? HaBecTu mpukiaau piBHSIHb, KOpPEHI
SAKUX MarOTh KpaTHICTb 3, 41 2.5.

2. Y yoMy moJiATae JIiHiiHA 1 KBaapaTH4Ha 301KHICTh iTepaIliiHOTO Tpotecy?

3. IMo o3Hauwae yokambHa 1 riao0OambHA 30DKHICTH ITEpaIiMHOTO TMporecy?
Haectu npukiaau rmo6anbHO 301KHUX ITepallIiHUX TIPOIECIB.

4. SIx omiHUTH MOXUOKY HAOIMKEHOTO PO3B’SI3KY B METOJ1 MPOCTOI iTepaltii Ta
HproTrona?

5. T'eomerpuyHa imrOCTpalliss METOLY MPOCTOi iTepallii Ta metony HeroToHa y
BUIAJIKY 3HAKOMOCTIMHOCTI MEPIIOi 1 ApYroi noxigHoi. Po3rinsHyTu yotupu
BUITAJIKH.

HocnianTtu 301KHICTh METOAY CIUHHX.

[ToOynyBaTy aiaropuT™M HBIOTOHIBCBKHX 1TE€parlii Jyisi OOYMCIICHHS Va.
OOrpyHTYyBaTH BUOIp MOYATKOBOT'O 3HAYCHHS X .

8. 3actocyBatu meton Herotona o piBHsHHs (X —7)° +Cc0sx +1=0. JloBectn,
o iteparlii 30iraroThCs JIHINHO, a HE KBAJAPATUYHO. 3aCTOCYBaTH Mou]i-

koBaHmit Mmeto Hetotona (5.31) 1 metox Xeidi.
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9. I3 TounicTio £ =10"° 3HANTH PO3B’A3KU PiBHSIHD:

10.

11.

12.

13.

14,

15.

16.

1) xexp(x®)—sin®*x+3cosx+5=0;  8) In(7.9x) =9x—3.1;

2) cos1.3x+1.1=x5; 9) x=2.5+3.1exp(—x) +1.4exp(-2x) =0;
3) 1.5Inx—2sinx+1=0; 10) x* —sin’(x) +3cos(x) +5=0;

4) exp(—x) +0.25x—0.88=0; 11) (x—1)*exp(1.2x) —0.7 =0;

5) exp(X) +cos(zx)x* —1=0; 12) 0.9x—3sin(1.3x) —0.25=0;

6) 4cos(1.5x) —2.1exp(0.9x) —x=0; 13) x+1—exp(sinx)=0;

7) exp(2x) —0.8sin(1.2x) =0;  14) 1+exp(—2x>) =exp(2Xx).

JloBecTH, MO0 KOPiIHb PIBHSHHS (X—l)zex —7=0 T1a yrounuTu ioro 3
tounicTio 0.001 MeTogamMu MOJOBUHHOTO 01Ty, HbI0TOHA Ta CiuHUX.

HaOmamxene 3HaueHHs 1/ a, a>0, moxxaa oOumcimTu MetogoM HrroToHa,
BUKOHYIOUM oOIllepallii BiJIHIMaHHSI 1 MHOXEHHS. 3acTOCyBaTU METOA
Herotona 3 ¢ynkmicro f(X)=x"—a. 3anmcaru Qopmyry MeTOLy
HproToHa, mociaiauTy 301KHICTh 1 BKa3aTH MPABUIIO BUOOPY MOYATKOBOIO

3HaueHHs. OGUMCIUTH HaGmwkeHi 3Havenns 7 -, € i (0.1)" 3 TounicTio

107, sxmo 7 ~3/1415926535, e ~ 2.7182818284.

MeTtonom mpocToi iTepartii po3B’s3atu piBHsAHHA Kerepa E —eSINE=M
BIJIHOCHO  eKCIleHTpuuHOi aHoMamii E, mnpm &£=0,01671123 1
M =24.851090. locaiautu 3015KHICTh 1TEPAIIHHOTO MPOIIECY.

3uaiit 13 Tounictio 0.001 naiimenmmux 10 gfomaTHUX 3HA4YE€HL X, JIJId SAKHAX
npsima Y = X mneperuHae rpadik ¢yHkuii Yy =tgx. Po3p’s30k 1i€il 3agaul
BUKOPUCTOBYETHCSI MPU BU3HAYEHHI MAKCHMAJILHOTO HABAHTAKCHHS, SKE
MO>K€ BUTPUMATH CTEPKEHBb 0€3 3MIHU (POPMHU.

Hexait ¢eC'[a,b], |¢'(X)[>1 npu xe[a,b] i X' — enuuumit xopiHb
piBasHEs X=¢@(X) Ha [a,b]. Tloxazaru, mo merom mpocToi ireparii
pO36iXKHMIA 111 1OBiTBHOTO X, € [a,b]\{X }.

Jlas 3HaxomkeHHs npoctoro mHyas ¢yHkuii f € C* BuKopHCTOBYeTbCS
iTepaniitnuii npouec X,,; = (U, +Vo.)/ 2,1

(00) 000 f()

Fo) T gk F(x)

Joectu, 110 A5 301)KHOTO METOY HIBUAKICTH 301’KHOCTI — KyO14Ha.

Uy =X, +

[Tokaszatu, mo skmo X — kKopiHb piBHsHHA f(X)=0 kpatHOCTI P, TO

moaudikaiis metoxy Hetorona (5.30) Mae kBagpaTuaHy 3015KHICTb.
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17. Tloka3zaru, mo metoa Creddencena

X1 =X — %) k=0,1
T ) - T

BOJIOJII€ KBAJIPATUYHOIO 301KHICTIO.

18. 3acrocyBatu Meron Heioroma 1m0 piBHsHHES (X —7)° +C0SX+1=0.

[lepeBipuTH, 110 iTepalii 30iral0ThCs JIIHIAHO, a HE KBaJAPATHYHO.
3acrocyBatu MoaudikoBani meroau Herotona (5.31) 1 (5.32).
19. Ioka3aTu, mo y Bumaaky kpatHoro kopenst piBasHHA f(X)=0 wMeton

HetoTona, 3actocoBanmii muist pisasuas F(X)=0, F(x)= f(x)/f'(X), mae
KBaJpaTUYHY IBHUAKICTh 301KHOCTI.
20. loBecTH, 1O MOCIIAOBHICTH X, =@(X,) 30iraetsca 10 pO3B’S3KY X
piBHAHHA X = @(X) 3 mopsakoM M, SKII0
’ * ’ * —1 * *
P(X)=¢"(xX)=..=p"P(x)=0, ¢! (X)=0.

*

21. Piusaas f(X)=0, xopiHp sKOro X , CKBIBaJCHTHE PIBHIHHIO
X=X+ A(X)f(x), ne 0<A(X) — noBinbHa HemepepBHa (yHKIis. Bubpatu
A(X) Tak, moOO MOCHIOBHICTE X, =X +A(X)f(X,) 30iramace

KBaJIpaTUYHO. SIKUW METO/ IPH IIbOMY OJCPKYETHCS?
2 340.3x

22. PiBHsaHHA € =1+ X +? +

Metonom HeroTOHA 3HAUTH 11€H KOPiHB 3 TOUHICTIO 10°°.

Mae J0JIaTHUM KOpiHb Ha 1HTepBail (2,3).

23. JIpoeramuuii MeTo HeroTOHA Mae BUTIIA

f (k) +1
Y = x _%(k))), X =y — F/(y®

[TokazaTu, 110 Takui METO Ma€ KyOi1dHYy 301KHICTb 1

lim u _ 1{ f "(X*)T_

k—o0 (X(k) _ X*)3 2 f ! X*)
24. ]1nst piBHIHHSA X =COSX:

a) IOBECTH 301KHICTh METOAY MPOCTOI ITepartii 1jig X € [0, E}

0) Mg MOYATKOBUX 3HAYEHb 13 LOTO X BIAPI3KY JOBECTH 301KHICTD
merony HbloTOHA 1 3HalTH OLIHKY MOXUOKU A X, ,, — X .

25. Tlokazatu, mo Meton HeroToHa juis piBHsHHS arctgx =0, saxe Mae equHMiA
KOpIHb X" = 0, 36iraeTbes TOAI, KOJIU ‘Xo‘ <X, ne 0<X - KOpiHb PIBHSIHHS

2x = (1+ x?)arctgx.
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Po3aij 6. AuireOpaivyHi piBHAHHA

MatematuuHoi Mozenmi, SIKIi IPUBOAATH 10 anredpaiyHuX piBHAHb. KiTbKICTH 1
MeX1 TicHUX KopeHiB. Merox Mromtepa. OcoOauBOCTI po3B’si3yBaHHS anre0-
paluHuX piBHSIHb, Oaceiinn HpioToHa.

Jlitepatypa [22, 38, 43, 45, 50, 73, 78, 79, 80]
Enexrponni mxepena [103, 105-107]
6.1. Ilpukiaaau aaredOpaivHuX PiBHAHD

MaremaTiuHa MoJeNb MNOMNYJSALIAHOIO crHajaxy Komax 31
IIUTBHICTEO Tomy i U(t) mae Buris [11]

du u u?
—=ru|l-—|- >
dt q) 1l+u

ne I i1 ( — momatHi ctaii. HeHynboBI MOJNOKEHHSI piBHOBAarv B i

MOJIEJ1 3HAXOIAThCA 13 KyOIUHOTO PIBHSIHHS
u u
f(u=r{1l-—|- > =0.
g, 1l+u

3ajexHO BiJl 3HAYCHHS I' PIBHSHHS MOXe MatH 1, 2 abo 3 pi3Hi AllicHI
nonaTHi KopeHi (puc. 6.1).

Puc. 6.1. Kinbkicts xopeniB piBasuusa f(U) =0 3amexHo Bix 3HaYCHHS I

AnreOpaiuHi piBHSHHS BUHHUKAIOTh 1 MPHU IPOBEACHHI ACSKHUX
¢dbiHaHCcOBUX po3paxyHkKiB. Hampuknaa, oO4YMCIEHHS NPOLIEHTHOI
CTaBKM IpU KamiTaJoBKIaaeHHI. Hexail 3aKkynoByrOThCS MpUiIagu Ha
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10000 rpuBens. Ilpunyctumo, mo ¢iHaHcH BKJIaAeHO Ha 12 MiCAIIIB
o 500 rpuBeHB/Mics1b, a HA HAcCTyMHI 12 MmicsiB — o 400. Bigomo,
0 Mpuiaagu KomTyBatTumMyTh 2500 rpuBeHb y KiHII LBOTO MEPIOY.
Po3B’s13yBaHHs TOJISITA€ OChb Y 4YOMY: NMOTOYHA IliHA OJIHIE] TPUBHI
gepe3 N MICAIIB CKIIagaTuMe ZI/ (1+s)™", ne S — HeBizOMa MPOLIEHTHA
craBka. Tomy

10000 =

2, 500 24400 2500
——t > ot .
i @+s)!  js@+s) (1+s)

3BIJCK OTPUMYEMO aireOpaiuHe pIBHAHHS TMOPSAAKY 24 BITHOCHO
(1+5)

12 24
10000(1+5)** —>"500(1+5)**") — >" 400(1+5)**) —2500=0.
j=1 j=13
Po3B’3Kk1 JA1HIMHOTO OJHOPITHOTO AUGEPEHITIaTLHOTO PIBHSHHS
31 cTaTUMH KOe(illiEHTaMU TIOPSIAKY N
u™ +au™P 4. +a U+au=0,

ae U=Uu(x) — HeBizoma QyHKIs, OyayrOThCsA y BUIIsAai U(t) = e™ e
3HAYCHHS A € KOPEHSIMHU anreOpaiuHoro piBHSIHHSA CTETCHS N
A"+raA"t 4+ +a _A+a =0,
K€ Ha3MBAETHCS XapaKTePUCTHYHUM 1 HAOyBa€ BUTIISTY
aX" +a X" +...+a _,x+a.,a, #0.
[Tpu 3HaXOKEHHI BJIaCHUX 3HAYCHb KBAJIPaTHOI MaTpuili A Imo-

PALIKY N TAKOXK OJIEPKYEMO alireOpaiuHe pIBHSHHS CTEMEHs N
det(A—A41)=0.

6.2. BiacTtuBocTi po3B’A3KiB ajiredOpaidyHuX PiBHAHb

6.2.1. 3araabHi BJacTuBOCTI. Po3risiHemMo 3agaqy mpo 3HaAXOKEHHS
HYJI1B MHOTOYJI€HA 3 JIMCHUMU Koe(dilllEHTaMHW BUTIISIAY
P(X):=a,x" +ax" " +..+a,,x+a,a,#0,
TOOTO 3a/1auy PO 3HAXOJKEHHS KOPEHIB aIreOpaiyHOrO PIBHSHHS
I:)n (X) =0. (61)
Bynb-sike anreOpaiuHe piBHSIHHS, CTEHIHb SIKOTO HE MEPEBUILYE
4, poO3B’S3y€ThCAd B paduKaigax, [0 MOXXHAa pPOOUTH B CHCTEMI
Mathematica [105]. Jlng kyOiyHUX pIBHSHL KOPEHI 3aIUCYIOTHCSA 3a
nonomorotro  ¢opmynu Kappgano, aie mnpu UbOMY JOBOAUTHCS
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MIPOBOJIUTH OOUYHCIICHHS 3 KOMIUICKCHUMHM 4uciaaMu. KopeHi piBHSIHHS
(6.1) cremenss n>4, sk goBiB E. I'anya y 1830 p., y 3aranbHOMY
BUITQJIKy TAaKOro 300pa)kK€eHHS HE MaloTh. Y YaCTKOBUX BHUIAIKaX,

nanpukian, X'—a=0 a6o X*"+bx"+c=0 po3B’s30K MOXHA
3alCaTH B SBHOMY BHUTJISIII.

Teopema 6.1 [38]. Arneeopaiune piensnns cmenens N mae pieHo
N Kopenis, OilicHUX ab0 KOMWIEKCHUX, 3d YMOBU, WO KOJCEH KOPIiHb
8PAX0BYEMBCS CMIILKU PA3i8, KO € U020 KPAMHICMb. ]

Haragaemo, mo kopinb X anreOpaiunoro pisHsaus (6.1) mae

KpatHicTh M, 1< m <N, K0 BUKOHYIOTHCS YMOBU
P(x)=P/(x)=..=PM™ Y (x") =0, P™(x") 0.

Kopeni piBasHHSA (2.1) 13 miiicHUMU KoediliEHTaMH KOMILJIEKCHO
CHpsDKeHi, ToOTo X =« + fi,, A¢ | — ysaBHA oguHUIY, &, f € R. 3Biacu
BUILUIMBAE, 10 JJIE HemapHoro N piBHsHHA (6.1) Mae xouya 0 oauH
TIACHUN KOPiHb.

JI1st yTOUHEHHS BiIOKPEMJICHUX JIIMCHUX KOPEHIB piBHIHHSA (6.1)
MOXHa 3aCcTOCYyBaTH METOJ JIHIAHOI 1HTepnoysiuii (5.6), MeTton
Hprorona (5.22), komOiHOBaHMM MeTOJ1 a00 1HII METOIU, PO3TJISHEHI
y po3nuti 5. HaOnwkeHe 3Ha4YEHHsSI KOMIUJIEKCHHUX KOPEHIB 0O04YucC-
JTI0EThCA 3a JgomoMoror Merony Hpiorona [50] abo iHmmx crme-
mianpbHUX MeTomiB [22, 50, 78].

OOGuuncnuTH 3Ha4eHHs: MHorowieHa P, (X) moxHa 3a cxemoro ['op-
HEpa, BUKOHABIIM N MHOXEHb 1 N pgomaBanb. CropaBii, 3riIHO 3
TeopeMmoro besy s goBinbHOTO C icHy0Th by, by,...,b, ; Taki, mo

a X" +ax"t+..+a _Xx+a, =
(x—C) (o X"+ b X" + .. +b,_x+b ).
[Ticist MHOXEHHSI MHOTOWIEHIB Yy TMPaBlid YacCTUHI 1 NPUPIBHIOBAHHS
KOe(iIi€HTIB MPU OJHAKOBUX CTEMEHSAX X OJECPKUMO:
b, =a,, b, =8 +byc,....b, =a, +b, ,C, (6.3)
npuyomy b, =P, (c). Yucna by, by,...,b, Ha3uBaeTbca koedimienTamu

(6.2)

['opHepa. SIkiio BijoMe 3HAYEHHS KOpeHs X =C piBHAHHSA (6.1), TO 13
(6.2) ButumBae, mo b, =0 i Ha migcTaBi criBBigHOIIEHHS (6.3) MOXHA

MEePENTH 10 3HAXO/KCHHS KOPEHIB MHOTOYJICHA
n-1 n-2
DX " +bB X+ 4B, X+D, 4,
BHJIUTUBIIM JTIHIMHUM MHOKHHK X —C 3rigHOo 3 (6.2).
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6.2.2. Mexi kopeniB. Po3risHemMo mWTaHHS TOPO MEX1 KOPEHIB
piBHsHHA (6.1), 30KpeMa ofaTHUX X, 1 BII’€MHUX X_ KOpEHIB. SKIo
a,=0, To X=0 € xopeHeM pIBHAHHA, 1 B LbOMY BUIAAKY
NePEX0IMMO hi (o) PO3B’sSI3yBaHHs PiBHSHHSI
agX" " +ax" .. +a, X+a, .

Sk Bigomo [22, 38, 78], Bci kopeHi piBHsSHHS (6.1) nexare y
KUTBIII

ag <

B
< ——
A+ap| =i+ (6.4)

3|
ne A= max(‘ao‘,...,‘an_l‘), B= max(‘al‘ ,...,‘an‘).

3ayBaXXMMO, 110 MOXKHA OOMEXUTHUCS 3HAXOJKEHHSIM BEPXHBOI
rpaHuii R jumre mis noaaTHUX KopeHiB piBHSAHHSA (6.1). Jlmsg mporo
PO3TIISIHEMO JOMOMIXKHI anreOpaidHi pIBHSHHS:

X"P,(1/x)=0, P,(-x)=0, x"P,(-1/x)=0.
Hexaii 1ogaTHi KOpeH1 pIBHSHHS
ay'+a y"'+.+ay+a, =0, a, =0,
oOMexeH1 3Bepxy uucioM R, >0, Toxi, 3rinHO 3 (6.4), BEpXHBOIO

: A _
MEKEI0 IOJAaTHUX KopeHiB € R, =1+ ﬁ Orxe, Yy, =X <R.
a

n

OT1xe, R1_1 <X <R

JIns  3HaXOJ)KEHHS MEX BIJI’EMHUX KOPEHIB PO3TJISTHEMO
muorowtenn P (—x) i X"P,(-=1/x). Tomi R, <x _<-R;", ne R, i R,
— HWKHS 1 BepxHst Mexi kopeHiB piBusab P (-x)=0 i P,(-1/x)=0
BIJIMIOBIJTHO.

Tounime, nopiBHsHO 3 (6.4), oOunciuTH 3Ha4YeHHS R MoOkHA
3rijgHo 3 Teopemamu Jlarpamxka abo HeroroHa.

Teopema 6.2 (Jlarpamxa), [22, 38]. Hexau a,>0i a, (k=>1) —
nepwutl i3 6i0 emHux Koegiyicumie mrozounena P (X), C — naiibine-

wa 3 abcoNOMHUX BeNUYUH 810 EMHUX KOoeiyicHmie MHO20UIEHA.
Tooi 3a 6epxHIO epanuyto 000AMHUX KOPEHI8 pieHAHHSA (6.1) ModicHa
63AMuU  YUCJIO

R=1+44 . (6.5)
a,
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Axwo eci a, >0, mo dooamnux Kopenie Hemae. ]
Teopema 6.3 (Hoiomona), [22, 38]. Hexaui 8, >0 i dna X=c>0

] ' ) N ] ;
snauenns P,(X) ma noxionux P, (X),..., Pn(n )(X) nesid emui. Tooi
YUCIO C MOJNCHA 835MU 30 BEPXHIO MENCY O0OAMHUX KOPEHIB. ]

Ieit pe3ynpTaT BUILIMBAE 13 popmynu Teinopa 1jisi MHOrO4JIeHa

p p(")
()(X 0%+ ()(X o

6.2.3. KiapkicTh ailicHHX KopeHIB MHOTI'04JIEHA. HI/ITaHHH [oJIsArae
B 3HAXOJ/KCHHI Ha 3aJaHOMY 1HTEpBaJi KIJIBKOCTI KOPEHIB PIBHSIHHS
(6.1) a6o ii ominku. Axmo P,(a)P,(b) <0, to Ha inTepBan (a,,b)) €
HEMApHE YUCIO KOPEHIB 13 YpaxyBaHHSIM 1XHbOI KpaTHOCTI. SIKIIO X
P(a,)P(b,) >0, To na (a,, b,) abo Hemae kopeHiB piBHAHHA (6.1), ab0

R, (X) =P(c)+ P'(c)(x —c) +

iX mapHe yuciio. [nroctpailito IMX BUCHOBKIB HaBEJIEHO Ha puc. 5.1,

Jlesiky iHGOpMAII0 TPO KITBKICTh JMOAATHHX 1 BIJX €EMHHX
KOPEHIB MOYKHA OZICPIKAaTH 3 HACTYITHUX TCOPEM.

Teopema 6.4 (llekapra), [22]. Kinvkicmb O0odammuux kopeHie
pieuanua (6.1) i3 epaxysanuam ix KpamHocmi OOPIGHIOE YUCTY
3HAKO3MIH 6 cucmemi Koe@Qiyienmie a,,ay,...,a&, (HY1606i Koepi-
YieHmu He 8paxo8yomucs) abo Menuie 1020 HA NApHe YUCO. u

[ndopMmalito mpo KUIBKICTh BIJI’€MHUX KOPEHIB OAEPKUMO,
3acTocyBaBIu TeopeMy Jlekapra no mHorowiena P, (—X).

HeoOximHa ymoBa TOro, mo BCl KOpeHl piBHsHHS (6.1) miiicHi,
JIaeThbes TeopeMoro [roa [22].

Teopema 6.5. Axwo rxoeghiyienmu pisnsanns (6.1) Oivicni i 6ci
11020 KOpeHi OUCHI, mo

a >a,_a., k=1Ln-1 n

BaxxnuBuil HaCTYITHHI HACTIIOK 3 11€1 TEOPEMMU.

Hacainok 6.1. fAxwo ona oesxoeo K, 1<k <n-1, ons mpvox

: L L 2
nocni0oeHUX KoeqhiyieHmie GUKOHYEMbCS HepigHicmb Q, < 8y 18y 1,

mo icHye xoua 6 00Ha Napa KOMNIEKCHO CRPANCEHUX KOPEHIB. u
Ipukaan. 6.1. Po3riasneMo piBHSIHHS

P.(x) = x> —2x* —11.25x° + 22.5x* —12.25x +24.5=0, (6.6)
KOpeHsMu sikoro € yucna *i, —3.5, 2, 3.5. Tyr A=225, B=24.5,
a, =1, a; =24.5. 3rinHo 3 (6.4), KOpeH1 PiBHAHHS 3HAXOATh B KUJIbLI

0.02 < (22.5+22.5) " <| x|<1+24.5=25.5.
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Ha mincraBi Teopemm Jlarpamxa R =1+12.25=13.25, mo
TOYHIIIE, TMOPIBHIHO 13 yXe€ 3HaljeHuM 3HaueHHsM R =25.5. Jlns

mHorounena P (y) =24.5y° —12.25y* +22.5y° —11.25y* -2y +1
maemo: C=12.25, a,=24.5, k=1. Tomy R =1+12.25/245=15.

O1xe, 10J1aTHI KOPEH1 3HAXOATh Ha IMIPOMIXKKY (0.66, 13.25) abo Ha

(0.66, 13.25).
3acrocyemo Teopemy Hptotona mma C=5. Tomi PR,(5)=

=994.5> 0 1, 110 HECKIIAHO TIEPEBIPUTH MOX1THI P5(k) (5)>0, k =15.
ToMy 3a BEpXHIO MEXY JOJATHUX KOPEHIB MOKHA B3SITH R =5,
Jl1st piBHsHHS (6.6) cucTema KoedillieHTIB Ma€ 3HAKU +——+—+.

Yucao 3HaKO3MiH 4, TOMY J0JAaTHUX KOpeHiB 4, 2 a0o0 1x Hemae. Jlms
MHOTowIeHa P,(—X) MaeMo MOCHiIOBHICTH 3HAaKiB ——++++. OTKe,

icHye onmH Bim’eMuuii xopinb. Ockimpku 12.25° <22.5-22.5, T0 3
HacnmiaKy | BUIIIMBae, 1m0 ICHYE OJHa a00 ABI Mapu KOMIUIEKCHO
cripsbkeHux KopeHiB. Skmo X =3, o P, (3) =-32.5<0, Tomy piBHSH-

Ha (6.6) Mae ABa JIOJATHUX KOPEHI 1 Mapy KOMIUJIEKCHO CIPSIKEHHUX
KOPCHIB.

TouHimmit pe3ynbTaT MOXKHA OJICPIKATH 34 JOTIOMOI'OK0 CUCTEMU
HItypma [22, 38]. JIna mHorounena P,(X) cuctema llItypma OynyeTrs-
Csl 3a TAKMM MPaBUJIOM:

Q) =R(), QM) =R(), Q(X), ..., Qu(X),
ne muorowieH Q. (X) — ocraya npu ginenni Q. ,(X) Ha Q_,(X), B3sTa
3 MPOTWICKHHUM 3HAKOM; 1 Tak JOTH, JOKH HE AIdIeMo 10
R (X) =const. 3ayBaxkxumo, mo cucremy llItypma MoxxHa 00UMCTUTH
3 TOYHICTIO JIO IOJATHOTO MHOXKHHMKA. [To3Haunmmo vepe3 N(C) umciio
3MiH 3HaKiB y cucrtemi llltypma npu X=C, 3a yMOBH, 1110 HYJIHOBI
CJICMEHTH I1i€i CHCTEMHU BUKPECIICHI.

Teopema 6.6. (ILItypma®), [22, 38, 50]. Sxwo mHozounen P.(x)
ne mae kpamnux xopenis, P(@)=0 i P(b) =0, mo kinvxicms tioco
oiicnux kopenie N(a,b) na immepsani a<x<b oopienroe uucny
gmpauenux 3Haxoamin y cucmemi [llmypma ona P,(X) npu nepexooi
8i0 x=a 00 x=b, mobmo

N(a,b) = N(a)— N(b). .

1 o . . .
Koun na nexuii lItypm BukiIanas niei pe3yibrar, To 3/1e0iibiie roopus: “ Och Teopema, iM’s K01 s Homry .
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Hacaigox 6.2. Hxwo P(0)#0, mo uucro N, oooammux i
kinokicme N_ 610 emnux kopenie muozounena P,(X) 6ionogiono
O00PIBHIOIOMb

N, =N(0)—N(+), N_=N(—0)—-N(0).
Hacaigok 6.3. /[na mozo wob yci kopeni muozounena P, (X),
AKUU He MA€E KPAMHUX KOPeHi8, Oyau OiUCHUMU, HEOOXIOHO i documb,
woo suxonysanaco ymosa N(—o0)— N(+w0) =n. u
Otxe, Bci xopeni piBHsHHA P,(0) =0, a, >0 Oynyts gificHumu
TOM1 1 TUIBKH TOJ]1, KOJIU:
1) cucrema lllTypma Mae MakCUMalIbHE YHCIIO €JIEMEHTIB N+1,
TOOTO M=n;

2) BUKOHY€ThCsT HepiBHICTE Q, (+00) >0, k =1,n, T06TO cTapii
koedinieatn Bcix ¢ynkuid Irypma Q, (X) moBuHHI OyTH
J0JTaTHAMH.

6.3. Metoa MrwJuiepa

Metoa Mromnepa (Meton mapa®oi) mpu3HauYeHUM Il 3HAXOJI-
KEHHS BCIX KOPEHIB sIK aireopaiqyHoro piBHsIHHSA (6.1), Tak 1 HEMHIN-
HOro piBHSAHHSA [ 73]

f(x)=0.

[leii wMeTom HECKJIAOHO peani3yBaTM Ha KOMII'IOTepl 1
3a0€3MEeYNTH BHUCOKY IIBHAKICTH 301KHOCTI Ta JOCHUTh TOYHO BH3HA-
yaTU TpOCTI KOpeHl MHorouseHa. KpatHi 1 OnM3bki 3a MoAyJieMm
KOPEHI1 3HAaXOAAThCS JICIIO Tipiiie, aje TOYHIIIE, MOPIBHAHO 3 1HIIUMU
MEeTOoJIaMU. Y Cl KOPEHI MHOrO4JIe€Ha BU3HAYAIOTHCA MOCIIIOBHO OJWH
3a OJTHUM.

VY Mmeroni ciuaux (5.33) 3a 7BOMa MOYATKOBUMH HAOIMIKEHHSIMU
X, Ta X; 1 BU3HAYAETbCS HACTYIIHE HAOJIVKCHHS X, AK adcuuca TOYKU

HepeTHHy OCi X Ta MpsAMOi, IO MPOXOJUTH uepe3 ToukH (X, f (X)) 1
(X, F(x)) (puc. 6.2). ¥ meroni Mriomnepa motpiOHO 3amaTu TpH
[IOYaTKOB1 HAOJIMKEHHS Xy, X, 1 X,. HacTynHe HaOMM>KeHHS X 3HAXO-
TUTBCS K alcuuca TOYKM TMEPEeTHHY OcCl X 3 Tapabosior, IIo
npoxoauTh uepe3 Touku (X, f (X)), (X, f(X)) ta (X, f(X,)) (puc.
6.3).
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L J

0 7 \ A * X S x}\ *
Puc. 6.2. Meton ciuaux Puc. 6.3. Meton mapabon

[ToOyyeMO MHOTOWICH APYTOro MOPSIAKY
P,(X) =a(x—x,)* +b(x—X,) +c,
rpadik gxkoro mnpoxoauTh yepe3 Touku (Xy, f(Xy)), (X, f(x)) Ta
(X, f(X,)). HeBimomi a,b ta C 3HaXOAATHCS 3 YMOB 1HTEPITOJISALII:
f (%) =a(X) —X)* +b(x, —X,) +¢,
f (%) =a(x —X%,)* +b(x —X,) +¢,
f(x,)=a-0°+b-0+c.
[3 opepxaHOi CUCTEMU JIIHIMHUX PIBHSHb MAa€EMO:
c=f(x,),
b= (% = %) [ () = F ()] = 04 = %,)° [ (%) = f(%,)]
(X =X ) (% = %) (%o — %)
_ (X = %) F (%) = F (%)= (X = X)L F (%) = F(%,)] '
(%o = %) (% = %3 ) (%o — %)
HactynHe HaONMKEHHS X; 3HAXOAMMO SIK KOPIHb PIBHSHHSA

P, (X) =0 3rigHo 3 popmyioro
2C

2_bJ_rx/b2—4ac'

[Io6 3MeHImUTH 00UYMCITIOBAIBHY TTOXHMOKY B MeTo1 Mrojiepa,
KA MOK€ BUHUKHYTH TMPHU BiJHIMAHHI JIOCUTHh OJIM3bKUX YHUCEII, 3HAK
BUOMPAIOTh TAKUM CaMUM, SIK 1 3HaK koedirienta b. O6uucnennii y
TaKuil croci0d 3HaMeHHUK OyJie O1IBIINM 32 a0COTIOTHOIO BEIUYUHOIO,
TOMY 3a X; Oyze B3STHH TOW 3 KOPEHIB, IO 3HAXOAUTHCS OIMKYE J0

X, . O1Ke,

X3 = X
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2
X, = X, — -
> 7 bisign(b)b? —4ac

Jlami mpoiienypa MOBTOPIOETHCS BXKE JJIS HACTYMHOI TPIAKH
qucen X, X, Ta Xz, MO0 BU3HAYUTU HAONMKECHHS DPO3B’A3KY X, .

AJITOPUTM 3aBEpPUIYEThCA TMPU JOCSATHEHH1 3aJlaHOi TOYHOCTI a0o
BUYEPIIaHHI MAKCUMAJIBHOI KIJILKOCTI 1T€pallii.
3ayBaxenns 6.1. Ha xoorcuit imepayii 6 ypomy memooi oouuc-

moembes Kkopine \Nb?—4ac, momy npu b*—4ac<0 maemo napy
KOMNAEKCHUX KOPEHIB. m

6.4. Oco0MBOCTI PO3B’A3yBAHHA AJIre0paiuyHUX PiBHIHb

6.4.1. UyrauBicth 3aga4 10 NOXMOOK. AnreOpaidyHe piBHSIHHSA
(x—1' =0 mae kparauit kopiap X =1 xparaocti m=10. Brecemo
Many nmoxuoky & >0 y mpaBy 4acTHHY pIBHSHHS. 3MIHEHE PiBHSHHS
(x—-1)" =& mae xopinp X =1+Ye. s € =10 noxubka po3s’s3-
Ky cktagae A=10"", mo B 10° pasiB mepesumye 36ypeHHs BiILHOTO
uieHa piBHsAHHA. Jns HaGmmkenHs X=1+10" Maemo HeB’si3Ky
f(x)=10"%, mo wme momamae B miamason [107° 10%] wumcen

3BHYANHOI TOYHOCTI.

Ipukaan 6.2. Posrnsaemo npukiaa YiaKiHCOHA TIPO HYJ MHO-
rowrtena (1963 p., [71, 74])

Py (X) = (X =1)(X = 2)...(x — 20) = x** —210x™ +...+ 20!,
HYJIl IKOTO X —1,20. Buecemo noxuoky 2 °° ~10" y xoedirieHT npu
x°. A came, 3amicTh MHOrOuneHa P, (X) pO3I/ISHEMO MHOTOUIEH
Py (X) = Py (X) + 2% Kopeni piBHSHHS Py (X) =0, obuncneni 3
yCciMa NpaBUJIbHUMU HUPPAMHU, TaKI:

1.00000 0000 8.91725 0249

2.00000 0000 20.84690 8101

3.00000 0000 10.095266145 + 0.64350 09041
4.00000 0000 11.79363 3881 + 1.65232 97281
4.99999 9928 13.99235 8137 + 2.51883 00701
6.00000 6944 16.73073 7466 + 2.81262 48941
6.99969 7234 19.50243 9400 + 1.94033 03471
8.00726 7603
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OTxe, MEHIIl 3a MOAYJEM KOpPEHI 3MIHWIHCS Majio, a OuIbliIi
3HAYHO BiJPI3HAIOTHCS BiJ KOpPeHiB MHorowieHa P,y (X), 3’saBumocs 5

nap KOMIUIEKCHUX KOpeHiB. [IpuunMHa CUIBHOI 3MIHM KOPEHIB HE
MOB’si3aHa 3 MOXMOKAMU 3a0KPYTJICHHS YW allTOPUTMOM, a TOJIATaE B
YyTJIMBOCTI JJO TOXUOOK caMoi 3aj1aul.

6.4.2. baceiitnu Hbrorona. J[J1s1 3HaXO/)KEHHSI KOMIUIEKCHUX KOPEHIB
Z=X+1y piBasaHsa P, (z) =0 anroputm mertomy HeioTona 3amm-

maeTbca 0e3 3MIH:

R@d oy,
P'(z,)

3H&XOI[)K€HH}I KOMIIJIIECKCHUX KOpeHiB MOKHa 3BCCTHU 10

PO3B’SI3yBaHHS CUCTEMH JBOX alreOpaiuHuX PiBHSAHbB, SAKIIO BUIIIHTH
miicHy 1 ysBHy 4wactuHu ¢yHkuii P,(z). Tomi P, (X+iy)=

Ly =24y —

= f (X, y)+if,(X,y)=0 1 onmepxuMo cucTeMy MABOX HEIIHIHHUX
PIBHSIHb BUTJISITY

f(x,y) =0,
f,(x,y) =0.

[{ikaBUM TUTAHHSIM € 3HAXOKEHHSI MHOXKMHHU TMOYATKOBUX 3Ha-
YeHb JJISl KOKHOT'O 3 KOPEHIB, I sKUX MeToh HbroToHa 301KHUM.
BusiBiisieTbesa, 1m0 Ha MeXax LUX 00JacTeld MOYaTKOBUX 3HAYCHb
YTBOPIOIOTHCS (PpaKTaId — HECKIHYCHHI camMoIoAiOHI cTpykTypu [41].
VYnepuie Ha 1e 3BepHyB yBary B 1879 p. Apryp Keni npu
y3arajibHeHH1 MeTony HploToHa Ha BUMNAAOK YABHHUX KOPEHIB
MOJIIHOMIB, CTEMIHb SIKUX TEPEBUIIYE JBa, 1 KOMIUIEKCHUX IOYaT-
KOBUX 3HAUYCHD".

[lpuknagum ¢pakraniB mnokazani Ha puc. 6.4 (3amoBHEHa
mHoxuHa JKromia mis Bimobpaxkenns f(z)=2z°+0.28+0.0113i) i na
puc. 6.5 (MHOKMHA TOYOK C HAa KOMIUIEKCHIN IIONIUHI, ISl AKUX pe-
KYPEHTHE CHIBBiIHOIICHHS Z, =2z +C, Z, =0, mpu BCiX HaTypalbHUX
N 3a1ae 0OMEXEeHY MOCIIII0BHICTD)

Ockinpku HbIOTOH pO3BUHYB CBIM METOA MJisl anreOpaidHux
piBHSIHB, TO (PpaKTaau TAaKOro THUIY HAa3WBAIOThCs (¢pakTanamu, abo

Gaceitnamu Hprotona. [{ns piBmstnp z° —1=0 i z° —1=0 Gaceiinn
HproToHa mokasani Ha puc. 6.6 BIMOBIIHO 3J1iBa 1 CIIpaBa.

?Kponosep P.M. ®pakraisl U Xaoc B JUHAMHYECKMX cHcTeMax. OCHOBBI TEOPHH. — M.:
IToctmapxker, 2000. — 352 c.
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Puc. 6.4. Muoxwuna Xromia Puc. 6.5. Muoxxuna Manens0pota

Puc. 6.6. baceiitnu HproTona. O01acTsiM TEMHIIIOTO KOJIbOPY BiAMOBIIAIOTh
MOYAaTKOB1 3HAYEHHS 3 OUIBIIOI0 KUIBKICTIO 1Tepallii

Ilpukaaam po3B’si3yBaHHsI TUIIOBHX 3a/1a4

3amaya 1. Merogom Mromiepa 3 TOYHICTIO 10™° s3maiitu KOpEHi
piBasHES X* —3X° +3X* —3X+2=0 115 Pi3HUX [OYATKOBUX 3HAYCHD
Xg, X, Xy, TOUHI 3HAUEHHS X, =*i,X; =1, X, =2.

Po3p’sizyBanns. Pe3ynbratu oOunciieHb 3a GopMyiaaMH MiapO3ILTy
6.4 HaBeneHi B Ta0. 6.2.

166


http://ru.wikipedia.org/wiki/%D0%A4%D0%B0%D0%B9%D0%BB:Newtroot_1_0_0_0_0_m1.png

Tabauns 6.2. HaGmxeHHST KOPEHIB PIBHSIHHS
x* —3x% +3x? —3x+2=0 merogom Miomiepa

X =0,%=0.5X,=0.7| X,=15%=22,X =25 Xy =0,% =-0.5,%, =-0.6
A RN L IR (AU I R (%)
3 | 1.0891 | -0.177492 | 3 2.03908 | 0.2094740 | 3 | 0.122+0.5121 [1.219-0.8871
3 6
4 | 1.0019 | -0.003847 | 4 1.99466 | 0.026429 |4 |0.195+0.762i | 0.989-0.649.i
2 3 1
5 | 0.9999 | 0.000041 |5 2.00011 | 0.0005849 | 5 | 0.124+1.0591 | 0.712+0.452-1
8 8
6 | 0.9999 |3.842.10° | 6 | 2.000000 | 1.2341-10° | 6 | -0.015+0.99i [-0.089-0.051i
9 7
7 |1 0 7 |2 0 7 13.1-10°+1.01 |-0.001+0.0021
8 14.9107+0.91 |-14-10°-
5.4-10°1
9 i 0

3agaua 2. Kynsa pagiyca r =10 cMm 3aHypeHa y Bojay Ha riuOuHy h.
SAka yacTuHa KyJi OyJie 3HaXOAUTUCH Y BOJI1, SAKIO BOHA BUTOTOBJICHA
3 Oyka, ryctusa sikoro p = 0.620 r/em>?

Po3B’si3yBaHHs. Maca BUTICHEHOI BOAW M, KOJIU KyJIsl 3aHypeHa Ha
rmuouny h, 0 <h<r, nopiBHioe (puc. 6.7)

h 2
m, =j;z(r2 —(x—r)zdx:%(Br—h).
0

Puc. 6.8

Ha mizncrasi 3akoHy ApxiMena M, JOPIBHIOE Maci KyJll, OTXKE,

h? A
——@r-hy=—r’p.
3( ) e

VY miacyMKy 01ep>KUMO PIBHSIHHS

f (h) = h® —30h? + 2480 = 0.
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Ockineku f (10)=480>0, f(12)=-9<0, f(14) =904 >0, To monart-
HI KOpEHi piBHAHHS OinblIl Big pamiyca =10 1 He € po3B’sI3KOM
3amadi. Tomy posrisgHemo Bumagok H =2r—h>r, h<r (puc. 6.8).
Toni 13 3akoHy ApXiMea BUTLIMBAE

h? A
——(r+h)=—r°p,
3( ) ol

3BIJIKM MA€EMO PIBHSHHSA
g(h) :==h®+30h* —2480 =0.
Ockinpku g(8) =—48<0, g(10) =1520>0, To Ha Bimpizky [22, 50]
icnye enuuami po3B’si30k piBHAHHA ((h) =0. €auHICTH BHILIUBAE 3
toro, mo @'(h)=3h(h+20)>672=m, >0, nmpu he[810]. Hpyra
noxigHa g"(h) =6(h+10) <26 =M, i 30epirae 3nak Ha [8,10]. 3rimgHO
3 ymoBoo @Dyp’e, 3a mouaTkoBe 3HaueHHS BizpMemo h, =10.
3acrocyeMo meton HproToHa
h.=h - g(h) _2(h +15)h + 2480
g'(h) 3h (h, +20)

Pe3ynbTaTi 004YMCIEHb YOTHPHOX 1TEpalliil HaBeAeH1 B Ta0JuUIIi

Homep |0 1 2 3 4
iTepartii
h, 10 8.31 8.0755 8.071024 | 8.071022

3navenHs h, i h, 30iraroTbcst 3 TOYHICTIO 0 5 AECATKOBUX LUQD.
AmnocTepiopHa OI[IHKa TOXHUOKHU
<« _ M .
‘x4 — X ‘ <—2(x,—%,)*<0.2:107".
2m,
OTmxe, KyJid 3aHYpUTbCS y Boay Ha rimbuny H =2r—-h=11.93 cm

(puc. 6.6).

3agayva 3. 3HaNTH OMIHKY KIIBKOCTI Ta MEXI1 JIMCHUX KOPEHIB areo-
paiuHOro piBHSHHS

R(X) = x> —3.9x* +1.37x° + 2.579x" + 0.37x +6.479 = 0,
KOopeHsiMu sikoro € yncna: +i,—1.1,1.9,3.1. Tyt a, =1, a; =6.
Po3p’si3yBanHs. Y koedimientax MHOorowieHHa P.(X) uncio 3HaKo-
3MIH JIOPiBHIOE 2, TOMY JOJAaTHUX KOpeHIB 2 a00 Hemae. OCKiJIbKHU
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P.1) >0 PR(2)<0, to nomatHux kopeHiB 2. OauH 13 HUX Ha
Biapi3ky [1,2], npyruii Ha npomixkky [3.,4], 60 P.(3) <0, a P.(4) > 0.
YV cucremi xoediumientiB P (—X) Tpu 3Hako3MiHM, ane a; =

=0.37° < a;8; ~16.7, Tomy 3 Haciuiaky TeopeMu ['roa BUILIMBAE, 110
ICHy€ Ilapa KOMILUIEKCHO 3HAaYHMX KOPEHIB, a €JIMHUN Bia €eMHHI
KOpiHb X €[-2, —1].

3rigHo 3 Gopmyioro (6.4), ne A=3.9,B=6.479, a =6.479,
a, =1, ToMy KOpeHI pIBHAHHS 3HaXOJATHCS B KUIbLI

r=0.9<(3.9+6.479)" <[/ <1+6.479=7.479=R.

I3 Teopemu 6.2 BUIIIUBAE, 1110 BEPXHS MEKa TOAATHUX KOPEHIB
R=1+39=49<R. Hwknas wmexa Tr=R* 1 R =1+

4 39

479
P.(1/x)=0. Omke 0.51<x<4.79. AHaJOriYHO ISl BiJ’€MHHX

KOpeHiB X — Ha mincrasi piBHsHR —P.(-X)=0 i —P(-1/x)=0

+

~1.881 — BepxHA Mexa JOJATHUX KOPEHIB PIBHSHHSI

OJICPKUMO —

—2.87~1+16.479<x < —[1+ %J <-0.61.

3aBaaHHA Ta 3aNIMTAHHA JJISI CAMOCTIMHOI po00TH

1. Sxi 3acobu po3B’si3yBaHHS alreOpaiyHUX PIBHSIHb MEpea0avYeHO Yy MakeTax
MathCad, Mathematica i Maple?

2. SIxi € MeToaM OIIIHKM KUIBKOCTI JOJATHUX 1 BII €MHHX KOpPEHIB anreo-
paidyHOro pIBHSIHHSA?

3. HaBectn cmocoOM 3HAXOMKEHHS MEX JUIS JOAATHUX, BIA €MHHX 1
KOMITJIEKCHUX KOPEHIB aireOpaiyHoro piBHSIHHS cTeneHs N.

4. HamecTu anroputm i JaTd TEOMETPUYHY LITIOCTpaIlito MeToay Mrosepa.

5. ¥V dyomy nmonsrae 4YyTIMBICTh aireOpaiyHOro piBHSIHHS [0 MOXHOOK
koedimientiB? IlpoimtocTpyBaT Ha mpukiagl YUIKiHCOHA ab0 Ha 1HIIOMY
MIPUKJIA/I].

6. BigokpemuTH IiHCHI KOpeHI aJreOpaiuHuX pIBHSIHb 1 3HAWUTH 3 TOYHICTIO
0.001 nmomaTHMIT KOpPiHb:

1) x*-3x—2=0;
2) x*—2x-4=0;
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3) x*+2x3—x-1=0;
4) x* —3x* +2.9999x —0.9999 =0.

7. 3naiitu Ha iHTepBanax (0, ) i (-4, 0) KUIBKICTh KOPEHIB aNredpaivHOro PiB-

10.

11.

12.

13.

14,

15.

16.

17.

maans 5x* —2x3 —33.75x% +45x—12.25=0 3a JONOMOIOK CHCTEMH
[Irypma.

BHKOPHCTOBYIOUH OIHMH 3 iTepallifiHUX METOJiB, 3HaiiTH 3 TouHicTi0 107
JOJAaTHUN KOPIHb aJIreOpaidHOrO PIBHIHHS

x® +5x* —8x—48=0,
Buninutu neit kopinb 3a cxemoro ['opHepa 1 3HalTH 1HIII 1B KOPEHI.
3acrocyBatu MeTo HpioTOHA 111 pO3B’sI3yBaHHS PiIBHSIHHS

2° +(7-2i)z* + (20-12i) % + (20 — 28i) z? + (19 —12i)z +13—-26i =0
3 IOYATKOBHMM 3HAUEHHAM Z, = 3i Ta TounicTio 107°.

Meromom Herorona 3 Ttoumictio &£=10"° 3maiitu momaThwuii KOPIHb

X" = 2.09455148... ky6iunoro piBusHHESL® X° —2X—5=0.

3acrocyBatu MeToJ HbroTOHa s OOYMCICHHS KOMILJIEKCHUX KOPEHIB
piBastHEs X3 —2Xx—5=0, Ha skomy Jlxosed Padcor y 1690 p. mpoimroc-
TPYBaB LIEU METOJ.

3HATH OPOMIKOK OAWHUYHOI JTOBXKMHHU, HA SIKOMY € BIJI’€EMHUN KOpPIHb

PIBHSIHHS x3—x%>+4=0. 3a cKkinmpkn KpPOKIB METO/Y MOJIOBUHHOTO TMOJILITY

MOXHA YTOUYHHTH 1ieit KopiHb 3 TouHicTio 0.1, 0.01 1 107°7
3 tounicTio & =0.001 3HaiiTH BC1 AIMCHI KOPEH1 pPIBHSIHHS

x* —3x% +75x —10000 = 0.

VY XimiuHi# peakiii (;OJFEQ2 <»CO, TIPOLCHTHHUIA BMICT X AMCOLIHOBaHOTO
2

monst CO, BU3HAYa€TBHCS 3 PIBHAHHSA (P/ K? —1) x}+3x—2=0, ge P —

Tuck B atmocdepi, K — crana piBHoBaru. 3Haiitu X touHicTio ¢ =0.001,
gxio K=1.6481 P=1.
Mmorounen P, (X) = x* —12x% + 46x* —60x + 25 Mae KpaTHHMii KOpiHb X =1.
3 tounicTio £ =107 o6umCcINTH Leit KOPiHb Pi3HUMH METOIAMH.
[epeiputn, mo Meron HeooToHA st pIiBHSHHS —X° —2X+2=0
3alUKIIIOETHCS, SIKIIO M0YaTKOBE 3HaueHHs X, =0.
VY 1225 p. ®i6onayyi as piBHAHHS | (X) = x% +2x? +10x — 20 =0 3HaiimoB

HaOmDKeHe 3HavyeHHs po3B’si3ky X =1.368808107, yci uudpu saxoro
NpaBUJIbHI.

*Ha oMy piBHSAHHI [caak HbroTOH mpakTHKyBaB po3po0IeHUI HUM METO/I.
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18.

19.

20.

21.

22.

23.

24,

25.

a) 3acTrocyBaTu ISl PO3B’SI3yBaHHS PIBHSHHSA METOJ MPOCTOi iTeparii 3
MOYAaTKOBUM 3HAUEHHSAM X, =1 1 ¢yHKIi€0 gp(x):ZO/ (X? +2x+10) st
po3B’s3yBaHHS piBHAHHA. Ha sKkiil iTeparii mocsraeThcs 3HaueHHST X ?

6) 3 Tounictio £ =107" 3HaiiTH po3B’s130K PiBHAHHA MeTo10M HblOTOHA.
PiBusnnst x> —1=0 Mae KopeHi XI =1, X;’3 = (—\/g + i)/ 2. [IpoanainizyBaTu

30bKHICTE  MeTony HbroToHa 1 MOYAaTKOBUX — 3HAYEHb  Xg, =

=(VB+0,k+(1+0,1k)i}/2 1a X, =01k mmx K=+1%2,43, suKo-

PHUCTAaBIIM B KO)KHOMY BHUIAJIKY S5 1TEpallii.
PiBustaas X° +8X* +17x° —8x? —14x+20=0 mae kopeHi —11 +2. Skuo B
meronl HeloToHa 3a mouarkoBe HaOMMkKeHHS B3ITH X, =-0.3, TO

1ITepaliitHuil npouec 301HUM 10 KopeHs +5. [losicHuTn yomy.
3HATH 3 TOYHICTIO JO TPETHOrO 3HAKM IICIs KPANKH KOPIHb PIBHSIHHS

x* —0.39x* —10.5x +11.0=0, sxumif 7gexuTh Ha iHTepBam (2,3). Sxmo

KOe(DILIEHTH B1AOMI 3 BIJHOCHOI MOXHOKOIO 2%, TO siIKa BEPXHS MeExa
MO>KJIMBOI MOXUOKHU MpU 0OUNCIIEHH] KOPEHS?

Metonom Herotona 3 TounicTio 0.0001 yrouHuTH ABa iiicHI Ta JBa KOMII-
JIEKCHI KOpPEH1 PIBHSHHS

4
X" —x-10=0.
. -4 o .
Metonom HbetoToHa 3 TouHicTIO & =10"" 3HAaWTH JOJATHE MOJIOXKEHHS PiB-
HOBArv Mo/Jiejl NOMyJISIIHHOTO cranaxy KoMax

2
0 :ru(l—EJ—u—z, r=1,q=255
qg,) 1+u

Mertonom Xeiini (5.32) 3 Tounictio & =10"* 3HaiiTn KpaTHi KOpeHi piBHSIHHS
x* —0.3x° —2.7275x* - 0.4125x +1.890625=0.

3 Tounictio & =10 3HaiiTi X0ua 6 OMH KOPiHb TAKKX PiBHSAHb!

1) x* +7x3+3x% +4x—7=0;

2) x*+5x*+5x*> —5x—6=0;

3) X’ +x*+2x2 —x—2=0.

[lepeBipuTH, Uu 1Ba KOPEH1 PIBHIHHS

x* —5x3 —12x* - 76x—-79=0
e niticaumu i Metogom HeroToHa 3HaiiTH iX 3 Tounictio 10, ITopiBHsTH
KUIBKICTH 1T€palliif, BAKOHAHUX JJIsI JOCSITHEHHS 3a/1aHO1 TOYHOCTI.
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Po3aia 7. Cucremn HeliHIHHUX PiBHAHD

[Mpuxmnagu cuctem. Metoau mpocToi iTeparii Ta 3eiaens. HeniniitHi metonu
SIko0i ta Tayca—3eiinens. Meroq HeroToHa Uit cHCTEMH JBOX i N piBHSHB.
PiznuneBi metonu ta meton bpoiineHa po3B’s3yBaHHS CHUCTEMHU HETIHIMHUAX
piBHsiHb. KomOiHOBaH1 MeToau. MeToau TpaJi€eHTHOTO Ta MOKOOPIUHATHOTO
CITYCKY.

Jlirepatypa [12, 16, 22, 28, 30, 33, 45, 49, 59, 70, 73, 77, 100]
Enexrponni mxepena [103, 105-107]

7.1. Illpukiaagu cucremM HeJIHINHUX PiBHAHb

CyyacHl MaTeMaTH4Hl MOJENI, SIK MpaBuio, HemiHiiHIL. Tomy
pO3B’A3yBaTH CHUCTEMH HEJIIHIMHUX PIBHSAHb JOBOJUTHCA JIOCUTH
yacTo. CucTeMH HENIHINHUX PIBHAHb OJEPKYIOThCS MPU JOCHTIIKEHHI
Ha ekctpeMyM ¢yHKIil Y = g(X},...,X,) IBOX ab0 OijibIIe 3MIHHHX.

k110 iICHYIOTh HEMepepBHI YaCTUHHI MOXiJHI, TO HEOOXiJHAa yMOBa
EKCTPEMYMY 3aMUCYETHCS Y BUTIISIAI CUCTEMU PIBHSIHD

0 :
D (%, x)=0, i=1n.
OX;
[TonokeHHs pIBHOBArv TMHAMIYHOI CUCTEMH
dx, —
i :

= (X, X)), i=11,
ot @ (X5 X)), =10

€ PO3B’sI3KaMU CUCTEMHU PiBHSAHb

@ (X,...X,)=0, i=1Ln.
CucrteMu  HENMIHIMHUX  PIBHSHb  BHUHMKAIOTh MpU  MOOYHOBI
KBajpatypHux ¢popmyi [ayca (migposmin 11.8).
[Ipyu po3B’si3yBaHHI 3ajayl MpPO BIAOUTTS 3BYKOBOI XBWJII HA
MEX1 MOAUTYy JBOX CEpPEHOBHUI] OJEPKYETbCA CHUCTEMA YOTHUPHOX
HEMHINHUX PiBHAHB [43]
a,Cos¢@, —a,cose, +a=0,
a,sing, +a,sing, =0,

r r
L (a,cos¢p, —a)——%a,cos¢, =0,
Py P,

ialsingol+r—2a25in(p2 =0
Py P,
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BIJTHOCHO HEBIJOMHX aMIUNTYA &, 1 a, Ta ¢a3 ¢ 1 ¢, BIIOUTOI XBUII
1 XBWI, SIKa PO3MOBCIOJIKYETHCA y IpyroMy cepenosuiii. [Tapamerpu
a, r,r, p,1 p,— BBaXarTbCs BIIOMUMHU.

VY Mojeni B3aeEMOIi1 JBOX MOMYJISLIN, HAPUKIIAA NOMYJISIN “XmKaK™
i “xeprBa” [42], MOXXe BUHUKHYTH IHUTaHHS NPO BEIMYWHU TIOITY-
JISININA, KOJM IIBHJKOCTI IX 3MIHU JOPIBHIOIOTH V, 1 U,. Ogpepxumo
CUCTEMY HEJIIHIMHUX PiBHSIHb

(ﬂl _7/1V_51u)u = Uy,

(=B, + 7,U— SV )V =V,
B, 7, 6, — HeBix' eMHi cTai.

7.2. MeToau nmpocToi itepanii Ta MeToa 3euaeast

PosrnstHemo cuctemy N piBHSAHB 3 N HEBIIOMUMH  X,..., X,
BUTJISATY

f(X,..,x)=0, i=1n, (7.1)
ne f, —samani Gpynkuii, Bu3HaveHi y neskiit obnacti G < R". Hexai
y wiif 06nmacTi icHye po3B’s130K, TO6TO Takuii BEKTOp X = (X ,...,X))",

110 f(x*) =0. VBIBIIK TO3HAUYEHHS X:(Xl,...,xn)T, f=(f,.., fn)T,

ne T — cuMBOJ TpaHCIIOHYBaHHS, 3aMUILIEMO CUCTEMY PiBHSHB (7.1) y
BEKTOPHIN Gopmi

f(x)=0. (7.2)

Hexait cucrema piBHsSHb (7.2) 3B€I€HAa N0 PIBHOCUIIBHOI
CUCTEMU BUTIIALY

X = @(X), (7.3)
ne BekTtop-byHkis ¢ .G — G. Hanpukinaz, 3anucaBiim ii Tak
X=X—Af(X),
ae A >0 — nmesxuii mapamerp abo ckamspHa ¢yskiis A(X) =0, abo
HEBUPOPKEHA MaTPHUIIS.

ANTrOopUTM METOJly TPOCTOI iTepamii, SIK 1 Yy BHUIAIKY
CKQJISIPHOTO PIBHSHHSI, MOJIATa€ OChb Y 4YOMY. 3a/Ja€ThCA MOYATKOBE
naGmmkenas X0 €G. HacTtynHi HaOnamkeHHs OyaylThCs 3TITHO 3
dhopMyJI010

x* = p(x®), k=0,1... (7.4)
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VY xoopauHaTHit hopmi MeTo HAOyBa€ BUTIISILY
% = (™ %%, x ), i=1n; k=01,..
YMoOBH 30DKHOCTI METOAY BUIUIMBAIOTH 13 TEOPEMU TIPO

CTHCKaroui BigoOpakeHHS [34], aHANOrIYHO SK I CKAJISPHOTO
piBHsHHS (Teopema 5.2). Hexaii || - || — mesxa BekTopHa HOpMA.

Teopema 7.1. Hexaii G — 3amxnena eunyxkia oobracme y
npocmopi R", gioobpacenns ¢.G —>G cmuckaioue, mobmo icuye
maxke q€(0,1), wo
<qll %l Vx,% <G. (7.5)
Todi cucmema piensns (1.3) mae edunuii poss’szok X €G,

. . 0 . .
saxuti 01 0osinerozo X €G € epanuyero nocrioosnocmi HabutCceHs
(7.4) npu kK — 0. Kpim moeo, 6uKOHyf0mbCﬂ OYiHKA

X8 —x [l == [ x5 —x® ). (7.6)

1—CI
3aMICTh YMOBHU CTUCKY (/.5) Ha IpakTHUI[l MOXHa MEPEBIPUTU
3pyuHiiry ymoBy. Hexait y G icHYIOTh HENEpepBHi YaCTUHHI MOX1HI

o9,

0] =1n , 1 1711 MaTpui S1ko0i1

8xj

_a¢1(x) O, (X) |

0% OX,,
J(x) =

Opn(¥) O (x)

| 0X Xy |
BI/IKOHyeTBCH OHiHKa

[I()<a<1 (7.7)

3 SIKO1 1 BUTLJIMBA€ yMoBa CTUCKY (7.5).
Y wMeromi 3eiigens BUKOPHCTOBYIOTHCS BiKE 3HaieHi
kommoHeHTH (K +1) —ro HaOJIMKEHHS 1 aITOPUTM HAOyBa€ BUTIISAY:

k+1 k k k k
0D = 5 (60,0 x 0 x W),
k+1 k+1 k k k
0D = g (KD x 00 x 0y (9 78
k+1 k+1 k+1 kK+1 k
X () = g (x () y (D) (kD) (0)),
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YMoBu Teopemu 7.1 3abe3neuyioTh JIIHIMHY I[IBHAKICTDH
301kHOCTI 1 MeTony 3eiinens (7.8).

7.3. Heainiiini Mmetoau $1xo0i Ta rayca—Beﬁz{eJm

Y HenmiHiiiHOMy wMeToal k001 3HAXOKEHHS PO3B’SI3KY
cucteMu piBHSHB (7.1) 3BOAUTHCS J10 MOCIIAOBHOIO PO3B’SI3yBaHHS N
HEJIHIMHUX CKaJISIPHUX PIBHSIHD

k+1 k k k
f, (XK x§0 L x x9y =0,

K) y(k+ ) (K
B 066, ) =0,

(7.9)

k k k k+1
O, x8xK x& Dy =,

Jns po3B’si3aHHA CKAISIPHUX PIBHSHb MOXHA 3aCTOCYBAaTH OJWH 3
1TepalliiHUX METO/IIB.
V metoni Tayca-3elinens mpu po3s’s3yBaHHI |-ro PiBHAHHS,

. o . k .
| > 2 BUKOpPHCTOBYEThCA Bike 3Hakneni mabmmwkenns X<, .. x*™ i

MeTOJl Ha0yBa€ BUTIISTY
f, (xE x$0 x§,L x 9, x89) =0,

10 An—1r M
f, (x8D x{D )L xE, x89) = 0,
.I:n (X:Ek-i-l) , Xék-ﬁ-l) , X§k+1) . r(\li—i—l) , Xr(]k+1)) 0.

7.4. Metoa HoroToHna

7.4.1. Merox HbroTOHA NJ1s1 cMCTeMHM JABOX PiBHsIHb. Po3risiHemo
CIIOYATKy CUCTEMY JIBOX PIBHSIHb

f, (X1, %) =0,
f, (%, X%,)=0.

He ¢ynkmii f, f, — Bu3HaveHi i HemepepBHI pa3oM 3 MEPLIIMMHU

(7.10)

YaCTMHHUMHY MoXigaumu B oomacti G R" i B JESIKOMY OKOJII TOUKHU
X0 = (%, %" €G icuye emunmii PO3B’A30K CHCTEMH DIiBHSHE
(7.10). 30epirum 4wieHd HYJIHOBOIO 1 MEPIIOTO MOPSAKY B PO3KIAIL

¢yukuiii f, Ta f, 3a popmynoro Teiinopa y Touri x© onepxumo
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of (X(O)) of (X(O))
f,(XxV) + 22 (% = X V) + 22 (%, - x{) = 0,
1( ) 8X1 ( 17N ) 8X2 ( 2 2 )

of (X(O)) of (X(O))
0 0 0
£, (xX) + 20 = x") + =2 (%, - x{") = 0.
0% OX,

3anmuremo TouHi piBHOCTI, 3amiEmBIH X, — X{* Ha A?, =12,

Tomi gist Aio) 1 A(ZO) OJIEP’)KMUMO CUCTEMY JIIHIMHUX PIBHSIHB

(0) (0)
of, (X )Af+af1(x )Ag —_f,(x9),

0%, X,
of. (x© of. (x@ (7.11)
Z(X )A](_)+ 2(X )Agz—fz(X(O))
0%, OX,
ab0 B MaTpuuHii Gpopmi
J(X)A? =—f (x), (7.12)
e
o (x)  afi(x)
OX OX
of,(x)  ofy(x)
0% OXy |
Skmo detJ(x”) =0, To icaye emmmmii po3s’mox A%, AP
cuctemi (8.14) 1 3a nepiie HaOMKeHHs B MeTo11 HptoTOHA OepeThes

XD ZxO L AO O 0 A0 (713)
AHaJIOTIYHO OyAYIOThCS HACTYITHI HAOJIMKEHHS
XK — x® L AR 12
€ PO3B’A3KOM CUCTEMHU JIIHINHUX PiBHIHB BUTIAAY (7.12)
J (X(k))A(k) —_f (X(k)) .
7.4.2. Meton HbroTroHa pias cucreMu N piBHAHb. Po3risiHemo
cuctemy piBHsAHB (7.1). Ilpunycrtumo, mo enemeHtd marpuii J(X)

e AK)

memepepri B G 1 detJ(x?)#0, ne J(X) — marpuus SIko6i mwis
Bextop-pyrkmii f, X — mouarkose HaGmmkenns i3 G.

Hagenemo anroputm merony HeroToHa.

1. 3amatu moyaTkoBe HAOIMKEHHS X(O), k:=0.

2. O6unciurn f(x™)).
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3. O6uuncnutu MaTpuiro Axo6i J(x").
4. Skuo detJ(x*)) =0, To po3s’szatu CJIAP

J (X(k))A(k) —_f (X(k)) ’

iHaKIIe mpUIMHATH iTepawii a6o 3minuTa X .

5. OOYHCIUTH HACTYITHE HAOIMKEHHS x ) = x () L AN,
6. 3aBeplIMTH ITEpAIlIMHUN MPOLEC, SAKIIO BUKOHYETHCS
3alaHUM  KpUTEpid TOYHOCTI ab0 BUYEPIAHO BKa3aHy KIJIbKICTh

= x** | igaxme, k =k +1 i moBepHYTHCH Ha BHKOHAHHS

irepamii, X' :

KpOKy 1.
3HaXOKEHHS OJIHOTO HAOMIMKEHHST BUMarae OOYHUCICHHS N

3HadeHp QyHKIiH f,(X) i N° YACTMHHMX NMOXiJHMX i PO3B’SI3yBaHHSA

CUCTEMH JIIHIMHUX PIBHAHb TOPSAKY N.
Hpuxkaanx 7.1. 3acrocyemo metro HeroToHA 17151 3HAXOKEHHS
OJIHOTO 3 HAOJIM>KEHUX PO3B’SI3KIB CUCTEMH HEITHIMHUX PIBHSIHb
2,32 2 _
X, + X5 + X3 =1,
2,2
X, + X5 + X3 =0, (7.14)
2 2 _
X; + X, + X3 =0.
Pe3ynbTaT 00YMCIIEHB IT€pALIHHUX HAOJIMKEHb 3TIJHO 3a METOJOM
Hebiotona i3 Toumictio 107 maBemeni B Tab6m. 7.1. Ilouarkose

nabmxenns X0 = (-0.3, 0.3, - 0.3), marpureto Ako0Oi

[ 5 (K) (k) (k)]
2% 2% 2Xg
J(x(k)): 2x1(") 2x1(") 1
(k) (k)
_2x1 1 2X; .
Taoauusa 7.1.
Meron HeroTtona jutst cuctemu piBHSHB (7.14)
k[ x® X, X, TAY L, | 1)L,
0-03 0,3 0,3 0,45416667 | 0,73
1 |-0,7541667 | -0,68125 -0,68125 0,21833125 | 0,49697048
2 [ -0,53583542 | -0,61972553 | -0,61972553 | 0,04763502 | 0,05523905
3 | -0,48820040 |-0,61803527 |-0,61803527 | 0,00232656 | 0,00227480
4 | -0,48587384 |-0,61803399 |-0,61803399 | 0,00000497 | 0,00000541
5 | -0,48586827 | -0,61803399 | -0,61803399 3,27-101!
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7.5. Meton bpoiigena

3aMiCTh OOYMCIICHHS Ha KOXHIA iTeparii n’? eneMeHTiB

Matpuii Sko6i B metoai HeroToHa obuncimmo N 3Ha4YeHb (DYHKITIHA
f, (x%)) i HaGmIKeHO 3HAYCHHS YACTHHHUX MOXiJHMX, 3aMiHMBIIH iX
3HAYCHHSMH PI3HUIICBUX MOX1THUX BUTIISTY

f.(x+e;h) - f(x)
- ,

ne N — KpoK, €;— BEKTOp, ]-Ta KOMIIOHEHTA SIKOTO JOPiBHIOE 1, a BCi

o o\
a(x) ~ (7.15)

i1 — Hym. Po3ristHeMo anajmor merony ciuauXx (5.33), saxkuil s
CKaJIIPHUX PIBHSIHB Ma€ MBUAKICTh 301)KHOCTI (\fg +1) / 2. Haciigkom

BUKOpucTaHHs gopmyn (7.15) € HammiHIAHA MBUAKICTH 301KHOCTI
X x| .
=0, p>1 ne x -

3aMicTh KBagpaTuuyHoi, ToOTO lim 0
ke || T —x||P

TOYHUM PO3B’ 30K CUCTEMU PiBHAHB (7.1).
HamniHiiHOIO MBUAKICTIO 30DKHOCTI BOJOIIE METOM, BIIOMMU
sk meto bpoiinena [70, 77]. KinbkicTh apudMEeTHIHUX Omepallii Ha

KOXHiH iTeparii y upoMy Mmeromi ckiagae O(n?) i BiH € Hai6iabm
BIAJIMM TIEPEHECEHHSIM METOJy CIYHUX Ha CHUCTEMM HEIIHIMHUX
piBHSHB. 3a1aMo movaTkoBe HaOmmKeHHs X i OOYMCINMO HACTYII-
e Habmmkernns X®. Y Meroni cidHEX moxinHa f'(x) 3amiHIOETBCS
pisauneBoro  moximHowo  (f(x)— F(%))/(X,—%,). st cucrem
PIBHSIHb TakKa pI3HULS HE BU3HAYEHA, TOMY 3aMIHHUMO MAaTpPUIIO
J(x?) marpurero A , 110 3310BOJIBHSIE YMOBY
A XD —xOy = £ (xP) - £ (x). (7.16)
Binomo [70], mo matpuito A MOXXHa y €IWHUI cHOCIO 3amucatu y
BUTJISIL
A= 3(x@) 5 LEOO) = OO I 6O XD —x %)
I X® —x©3
Toxi HaGmmkenns X2 06uHCIIOETECS 32 HOPMYIIOHO
x? — x@ _ Ai_lf (X(l))_
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K@ 1 x® @ Lo @

AHAJIOTTYHO, 3aMIHUBIIH Ha Ha 1 Ha MICIIE

A, =3(x?), zamucaBmm A, noGynyemo Habmmxenns X i . n.
VY 3aranpHOMY BUNAJKY
A=A+ DA (7.4
II'si Iz
xH = x® A (xD), 1=1,2,..., (7.18)
me y; = f(xXM) - f(x' D) is =xO—xtD,

Martpuirro Ai_l y ¢opmymni (7.18) MoxHa HE OOYHCIIIOBATH,
HATOMICTb PO3B’SI3yBaTU CUCTEMY JIIHIMHUX PIBHSHb

As.=—T(xV), (7.19)
micns woro 3maiitu XU =x0 45 .

Po3B’s3yBaHHs cUCTEMHU JIHIMHUX PiBHSAHB (7.19), Hanpukiaz 3a
meronoM layca, Bumarac O(n®) apudmernunnx omepariit. MosxxHa
TaKOX ckopuctatuchk dpopmyiioro Illepmana—Moppicona [70]
AltxyT A
1+y A’

ne A — HEeBHPOMKEHA MATpHIS, BEKTOPH X i Y Taki, mo (A+Xy')—

(A+xy)t=A"1- (7.20)

HeBupokeHa. Hexait A=A ;, X=(y; - A_lsi)/H s |5 iy=s. Toxi3
(7.19) 1 (7.20) onepkyeThes BUpa3 AJjisl 00OEpHEHOT MaTpHIIi

A= ‘_11+(Si — Siyilimll, i=1..,n, (7.21)

ne Ab:J(X(O)). 3HAXOKECHHS A{l 3a ¢opmymnoro (7.21) Bumarae

oOuucClieHHsT JOOYTKIB 1 JOJaBaHHS BIJAMNOBIAHUX MAaTpHUllb, TOMY
0GUHCITIOBANIbHI 3aTpaTd cKiIagaoTh O(N?) apubMeTHIHHX Onepalriii.

7.6. Kom0OinoBaHi Mmeroau

VY Takux MeTomax 3MIMCHIOEThCS 1Tepallis (30BHIIIHA) OJHUM 13
METOJIiB, @ YTOYHECHHS 3HAWJICHUX 3HA4Y€Hb OJIHIEI0 a00 HEBEIUMKUM
YHUCJIOM 1TE€palliil — IHIIIUM METOJIOM.

7.6.1. Itepamnii 3eiinenss—HboTOHA. 30BHIIIHI iTEpallii BUKO-
HYIOTBHCSI METOJIOM 3€iijiensl, a AJisl 3HAXOJ[PKCHHSI BHYTPIIIHIX 1Tepaliii
Xi(k+1) 3acTOCOBY€ThCs MeTon HprotoHa. HaifuacTimme BUKOHY€ETHCS
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Xi(k+l)

OJIHA 1TepaIllis 3 IMOYaTKOBUM 3HAYCHHSIM Xi(k). Tom s Ma€EMO

CUCTEMY PIBHSHb

af k k k k+1 k k k
20477 gD =) == 10670,

0%,

%(Xi(kﬂ)’ XKD )00 0y 0 (Y (7.99)
i

i=2,..,n

Hexait n=2. Toxi cucrema (7.22) HaOyBae BUTTISAY

N w0 ok k+1 k k) (K
002600 =) = =104, %57),
X
ANy k) ik K+1 k k) (K
—2 (8PN —x6%) =~ 1,067, 67
2
7.6.2. ITepanii Hororona—3eiiaensi. 30BHIITHI iTepallii Oy Iyr0ThCS 32
MetooM HploTOoHa, a BHYTpilIHI — MeToAOM 3eijens. 3anuiiemMo
MetoJ HproToHA [ cUCTEMH PIBHAHB N PIBHSHB:

J(XNAR = — £ (xM)), AW = xk+b) _x () (7.23)
ne J(X) — marpuns Skobi, X = (X, X,)' .
Hexait n=2. Cucrtema (7.23) Ha6yBa€ BUTJISATY
T ()0 + DL ()AL = —1,(49),
X 8x2
My (AR YA K
M (A 2X()A() £ (x®
aXl(l)l axz(l) 2 (%)
{06 po3B’si3aTu ii MeToAOM 3eilaens 3aaamMo B MEPIIOMY PIB-
HSHHI A(Zk) =0, a (k+1)—c HaOmmwKeHHS 3HAHAEMO 13 CHUCTCMH
PIBHSIHB

1 (X(k))A(k) _f (X(k))
0%

My (x0ny Al 4 T 00y a0em _ g 00y
0%, OX,
7.7. 'pamieHTHI MeTOAH

7.7.1. MerToau TpagieHTHOr0 Ta MNOKOOPAUHATHOIO CIIYCKY.
3HaxoKEHHS HAOIMKEHOTO PO3B’SI3Ky CUCTEMY HENIHINHUX PIBHAHD
(7.1) meromoM mpocToi iTeparii abo MeTomoMm 3elicis BUMAarae
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3BEJICHHS CUCTEMH PiBHSIHBL A0 BUMAy (7.3) Tak, mod ¢:G—>G i

BUKOHYBaJIaCh YMOBa CTHCKY. JIOCSITHYTH IOTO BXKe IIpH N =2 OyBae
JOCUTh CKJIAHO, TPH I[bOMY 301KHICTh METOJIB TIJIbKH JIiHIIHA.
Merton HploTOoHa Mae KBaApaTHYHY MIBHAKICTH 301KHOCTI, aje
XapakTep ii JIOKaJbHUM, TOOTO METOJ 301KHHUM I IOYaTKOBOT'O
HAOMMKeHHS, OJM3BKOTO /IO TOYHOTO pPO3B’s3Ky. [noGanbHOI
30DKHOCTI MO’KHAa JIOCATHYTH, SKIIO 3aMiHUTH PO3B’SI3yBaHHS
cucTemu piBHAHB (7.1) onTuMizariitHoro 3anaueio [5, 12]

d(x) — min, CI)(x)zzn: f.2(x). (7.24)

Hexaii cucrema (7.1) mae po3s’szok X €G. Ockinbku ®(x) >0, To
MiHiMyM dynkuii ® mocaraerses, komn f,(X)=0 i X=X € po3s’ss-
KoM cucteMmH piBHAHB (7.1). HaBmaku, sxmo f, (X*) =0,1=1...,n, T0
®(X)=01i X —Touka MiHIMyMy.
[TocnigoBHICT, HAOIMKEHb y TPATIEHTHUX METOAAaX OyAy€eThCs
3a (OpPMYJIOIO
xEH =x® 4 g pM k=0,1,..., (7.25)
1€ BEKTOP p(k) 3aja€ HampsAM MiHiMizamii, a KoeQIlUIeHT o, -
BEJIMYMHY KpOKYy MiHIMi3auii. OTke, Ha KOXHIM iTepallii moTpiOHO
BuOpatn mHampsm p*) i Kpok o, >0 wMiHiMiZanii. Hadmsuamre
GyHKIIA cliajlae B HANpsiMi, TPOTUIICAKHOMY JI0 rpajiieHTa (DYHKIIII B

11 Touiri. Tomy B METO/1 HAMIIBUAIIOTO CITYCKY 3a HalpsM OepeThes
BEKTOP

p*) = —grad d(x™)), (7.26)
oD od
te grad f(x):[ (x) 2%
0% OX,,

KPOKY € TaKe ¢, IPU SIKOMY o(x® + p®)) nocsrae Haiimenmoro

T
)j . OnTuMaJbHOK  BEIUYHUHOIO

3HAuYeHHA. ToOTO
XD — (k) akp(k) (7.27)

X —gp)y. 13

HEOOX1THOT YMOBH eKcTpeMyMy ckaiisipHoi ¢ynkmii F(«) Burumsae,

€ TOYKOI MiHiMyMy ckamsapHoi yHkmii F (o) =D(

IO & =, € PO3B’SI3KOM PIBHSHHS

F'(e)=0. (7.28)
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Otxe, 1Tepanii B METOAl HAWIIBHUANIOIO CIYCKY BHUKOHYIOTHCS

. k o . -
srigao 3 Qopmyioro (7.26), me Bektop p'X) BU3HAUYCHHI PIBHICTIO
(7.26), a koedimieHT ¢, € po3B’s3koM piBHAHHSA (7.28). ['eomeTpuuna

UTrOCTpallis 1oka3aHa Ha puc. 7.1.
VY neskux BUMAJKaX, aHAJIOTIYHO, AK ISl CIIPOIIEHOIO0 METOY
HproTOHa, MHOXHUK ¢, OepeTbcs OApa3zy JOCUTh MAJIUM 1 CTAJIUM.

MHOXHUK ¢, MOXHa 3MEHIIYBAaTH, HAIIPUKIIA] yJB14l, IpU MEPEXOA]
0 HACTYIMHOTO KpOKY, SKIIO BHKOHYETHCS YyMOBa pejakcarlii
D(x1 12, p® ) < (x),

Kpurepiem 3ynmuHKHU 1TEpaIifiHOTO MPOLIECY MOXKE OYyTH BHUKO-

(k+1)

HaHHS HEPIBHOCTI || X x¥ |<&, me &€ — 3amama TouHicTs, 260

| x®D — x|/ x| < 5, abo manicts Her’s3ku | D(xE)].

A

0 I
(=0.20)

2 2
(=)

iy i
(x7. x5

Puc. 7.1. ImrocTpartiist METOy HaWIIBUJIIIIOTO CITYCKY

Y Meronl MOKOOPAMHATHOTO CIYCKY 3aJa€ThCs IMOYATKOBE
nabmokenns X% :(Xl(o),xgo),...,xflo) ) 1 MiHIMi3yeTbCs QyHKIT D y
HamnpsAMl X, NpU (IKCOBAaHUX IHIIMX apryMeHTax. Binarak MiHIMi3aris

BiIOYBA€THCS B TOYII (Xl(l),xéo),...,xr(]o)) y Hampsimi X, 1 T.0. Luka

3aBepuryetbes Midimizamiero mo X,y toumi (%, x37,...,x®, x(?).

HactynmHuii UK iTepariiii po3MOYHHAETHCS 3 TOYKH (Xl(l) , Xgl) - Xr(]l)) .

Takuit iTepamiiiHuii Tporec I JIiHIHHOT cuctemMu AX=D 3
JTOAaTHO BHM3HAUCHOIO MATpHICI0 A peali3yeThesl 3a JOMOMOTOIO
Metony 3eiaens. [Ipoiec nmukimiyHO MOBTOPrOEThCA. [locmimoBHICTD
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3MIHHHUX, 32 SKUMHU 3JIMCHIOETHCS TOKOOPAMHATHHM CIYCK, MOXE
3MIHIOBATHCh Y KOXXHOMY 3 IHKJIB. JIOIMILHO OOMpaTH HAMpSIMOK
Y3IO0BX TI€EI OCl KOOpJAMHAT, sKa BIINOBIJIA€ MaKCHUMaJIbHIA 3a

abCOMIOTHOIO BETMYMHOK YACTHHHIN moxinmiii ¢ymkmii ®(X) vy
BIJIMOBIAHIN TOYIll. 30KpeMa, HOMEpP YEProBOi KOOPJWHATH, 32 SKOIO
3MIMCHIOETHCS CITyCK, MOK€ BHOUPATUCh BHUIAIKOBO. Y I[LOMY
BUIAJKY KaXyTh MPO 8UNAOKOBUL NOKOOPOUHAMHUL CHYCK.
7.7.2. O0uMcIeHHs1 MapaMeTpa cHycKy. Y KOXXHOMY 3 METO/IIB
CIIyCKy BHWHHUKA€ 3ajada MiHIMI3amil (QyHKIii ojHiei 3MiHHOI. 3a
OJHUM 31 crnocoOIB 3a HaOJMKEHE 3HAa4eHHs ¢, Oeperbea abcuuca
TOYKHU NEPETUHY TOTUYHOI 10 KPUBOI

y =F (@) =®(x" + - grad ®(x"))
y Toumi (0, F, (0)) 3 Biccto «. TobT0 3Ha4YeHHs, ofepKaHe HA MEPIIiid
iTepauii Merony HbeloTOHa 3 MO4aTkoBUM 3HadYeHHAM ¢, =0. ¥V mna-
CYMKY Ma€eMO

(k)
) I (7.29)

< GCD(x(k)) 2

v=1

Tomi mocmiioBHI HAOMMKEHHS Y MeTOI[i rPaJl€EHTHOTO CIYCKY
OOUYHUCITIOIOTHCA 32 (HOPMYIIOIO

o(xM)
(k+1) _ (k) (k)
X =X — > grad O(x).

L OX
3Halifnene 3rigHo 3 (7.29) 3HaueHHSA ¢, MOXHA yTOYHWUTH. 3a
BIIIOMUM ¢, 00YMCIUMO

Fk(oékj @[x(") Oék-gradCD(x("))j,
F (ak):CD<x(") —a -gradCD(x("))).

a
_a % -
3a sHavenHsmu QyHkuii F («) y Toukax a =0, - 1 a

MOOYAyEMO IHTEPIOJISALIIHHUI MHOTOUYJICH
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L,(e) == (F (0)2a — ) (@ — at) -

Ay
—4F, i (@ —a)a+F () 2a—a)a).
Toni yrouHeHe 3HaueHHS ¢, 3HaxomuThcs 3 ymoBu Lj(¢,)=0.
OckinbKU
()= | RO -3a) 4R |(2a ) + Rl -a)

TO OJICPKUMO

3F, (0)—4F, (‘?} Fe (o)

4| F (0)-2F, ("3} Fe (o)

7.7.3. OuniHka rpagieHTHUX MeTOAIB Ta iXx Moaudikamis.
[lepeBaroro rpagl€eHTHUX METOJIB € TioOaibHa 301KHICT. MOXKHA
JIOBECTH, 1110 MPOILIEC TPAIIEHTHOTO CIYCKY MPHUBEAE A0 OJIHIET 3 TOUOK
MIHIMYMY (QYHKIIT 13 TOBUTBHOT OYATKOBOI TOYKH. SIKIIO 3HAMACHUN
TaKuil Croci0 YMHOM MIHIMYM BIATOBITA€ MIHIMyMY (DyHKITI CD(X),

~

0!k=

TO BIH OyJie PO3B’SI3KOM CHCTEMH HEJIHIHHMX pIBHAHL. Hemomikom
IMX METOJIB € moBUIbHA 301KHICTE. I[loka3zaHo, MmO IIBUIKICTH
301)KHOCTI CIHOBUIBHIOETHCS TPU HAOJMKEHHI 1O EKCTpPeMaJbHOI
Touku. ['pajieHTHUM MeToJ He Aae OaXaHOro pe3yJbTary, SKIIO
gradCD(x) =0 msa neskoro K [25].

JloliibHE € 3acTOCYBaHHS TIOPUIHUX QJITOPUTMIB: CHOYATKY
3aCTOCOBYEThCA TPAJIEHTHUNA METOJ, a B MajOMy OKOJII TOYKH
MIHIMYMY PO3B’SI30K YTOUHUTH, HaPUKIIaI, MeTo1oM HbploTOHA, IKUiA
BOJIOJIIE KBAAPATUUHOIO 301KHICTIO.

Po3po0neHo psig METOIIB  pO3B’A3yBaHHS EKCTPEMAIIbHUX
3a/1a4, sIKi MOEAHYIOTh Y COO1 HU3bKI BUMOTHY JI0 BUOOPY MOYATKOBOI

toukn X i BHCOKY IIBHUJKICTh 30DKHOCTI. J[0 TakMX METOIB, SIKi
Ha3WBalOTLCS KBA3ZIHbIOMOHIBCOKUMU, HaAJIeKaTh, 30KpeMa, Memoo
sminnoi mempuku (JleBima—®neruepa—Ilayenna), cuMeTpuyHUN 1
JOAATHO BU3HAYEHUW METOAM CIUHMX, METOJ| CHIPSIKECHUX T'PaJi€HTIB.

Slkmo ¢ynxuii f;(x) HemmdepeHmiiioBHi, To MOTPiIGHO BiIMOBUTHUCH
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B1JI BUKOPUCTAHHS MOX1THUX a00 1X ampoKcuMarlii. ¥ 1boMy BUIIAIKY
3aCTOCOBYIOTBCS METOIN IPSMOTO HOIITYKY (IIUKIIIYHOTO
IIOKOOPIMHATHOIO cycKy, Xyka i JIxiBca Ta PozenOpoxka [25].

Ipukiaaam po3B’A3yBaHHsSI TUIIOBUX 3a/1a4
3agaua 1. 3acTocyeMoO METOJ MPOCTOI iTepallii Ta 3eiaens s Hao-
JIMKEHOTO PO3B’A3yBaHHSI CUCTEMU HEJIIHIMHUX PIBHSHb
X, —2% — X, +0.5=0,

X2+ 4% —4=0,
Po3B’si3yBaHHA. [loOyayemo  eminc 1 mapaboniy, skl
BU3HAYAIOTHCS MEPIIUM 1 JPYTUM PIBHAHHSMH CUCTEMH BIIIIOBIIHO.
I3 puc. 7.2 BunHo, 1o cucreMa (7.8) Mae nBa po3B’sI3KU (HA PUCYHKY
7.23 — xoopauHatu Touok M; i M,). Ockinmeku mpu X, =0.5

3HadeHHs X =0, To 0.5<x; <1.0. Iz X =-0.4 1 —0.0 BianoBigH1

(7.30)

OpAMHATH TOYOK Ha mapaboni X, =1.46>11 X, =0.5<1, Tomy Touka
M, nokamizoBana B mpsMOKyTHHKY P =[-0.4,—-0]x[0.5,1].

Puc. 7.2. Jlokanizauist po3s’si3ky B Touli M,

JInst 3acTOCYBaHHS METOJY MPOCTOi 1Tepallli 3amuilieMo CHUCTEMY Yy
BUTJIAII

1 1
X :§£X12 — X "'EJE(Pl(Xl’Xz)’

1
X, = 5(_)(12 —4x,% +8X, +4) =0, (X, %, )-
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[lepeBipuMO YMOBY CTUCKY BiJOOpa)KeHHSI @ = ((01,(02 )T y OPSIMOKYT-

Huky P. Jlns Hopwmu ||-||,, Mmaemo

9%1) | 19A |y |+0.5<0.4+05=09<1,

X | |0X,

02 1922) L1y |4 }ox, +120.1405 =06 <1.
oX | |0X,| 4

Otxe, g=max(0.9, 0.6) =0.9 i BigoOpa)KeHHS € CTUCKAIOUHM.

[TocnigoBHI HAONMXKEHHS JJIsI METOLY ITPOCTOI 1T€pallii MalOTh BUTJISIA
1 1 1
k+1 K)y2 k k+1 K)y2 K)\2 k
x1(+)—— ((xl( ) X§)+ )xé”—- ( (xl( ) 4(x§)) +8x§)+4),

1 MeToay 3eiaens
X1(k+1) _ %((Xl(k))z _ ng) +%j, X£k+1) _ %(_(Xl(kﬂ))z _4(X£k))2 +8X£k) +4).

KputepieM 3ynMHKN KOXKHOTO 3 aJITOPUTMIB BI3bMEMO BUKOHAHHS
HEPIBHOCTI

max [ x| [ - x¥) <056

ne ¢ — 3amaHa touHicTh. Koedimient 0.5 BuOpanuit Tomy, MO B
METO/I1 MMPOCTOi 1Teparlii, 3riAHO 3 (7.6), TOUHICTb IOCATAETHCS, AKIIO

g max(‘xl(kﬂ) B Xl(k)HxékH) B Xék)‘) <e
1-¢
Pesynbrat o6unciens 3 TouHicTio & =0.001 HaBeneHi B Tadi. 7.2.
Tab6auus 7.2. 3acTocyBaHHS METOy MPOCTOT iTepartii
Ha MeToay 3eiiens i cucteMu piBHIHb (7.8) Ha MoB1 C++

MeTton npocToi iTeparii Mertox 3etinens

T x® O [IeI] %@ [ 6™ [ e
0]-0,2 0,75 1,71 -0,2 0,75 1,71

1 |-0,105 0,96375 0,2737186 -0,105 0,9673719 | 0,246347

2 | -0,2263625 0,9979648 0,0349753 -0,2281734 | 0,9929598 | 0,015450

3 | -0,2233624 0,9935929 0,0006805 -0,2204483 | 0,9939005 | 4.9443e-005
4 | -0,2218511 0,9937431 0,0001785 -0,2226515 | 0,9937847 | 5.7066e-006
5 |-0,2222626 0,9938281 0,0000206 -0,2221055 | 0,9938143 1.4704e-006
6 | -0,2222138 0,9938059 2.0611e-005 | -0,2222417 | 0,9938069 | 3.6561e-007
7 |-0,2222135 0,9938084 2.6163e-007 | -0.2222077 | 0,9938088 | 9.1205e-008
8 | -0,2222148 0,9938085 6.0065e-007 | -0.2222162 | 0,9938083 2.2736e-008
9 | -0,2222145 0,99380849 1.2286e-007 | -0.2222141 | 0,9938084 | 5.6687e-009
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3amaya 2. Buxonatu 4 itepamii B metoai HeloToHa 1711 cucTeMu
piBHsHB (7.30).

Po3p’sizyBannsi. 3rimpo 3 (7.11) 3HadeHHs Aﬁk) Ta A(zk)
BU3HAYAIOTHCS 13 CUCTEMHU JIIHIMHUX PiBHSHb

2(ka) _1)A§_k) _A(zk) — _((ka))z . 2X:Ek) . Xék) 4 05)’

2x{9AL) —8x{IAT) = (")) +4(x0)? - 4).
[licns goro HacTymHe HAOJIMKEHHS OOYHMCIIOETHCA 3a (opMyIaMu
(7.13). PesynpTaTi YTOYHEHHS pO3B’ 3Ky, IO Bianosigae Touni My, 3
nouyarkoBuM 3HaueHHsIM (—0.2, 0.75), 1m0 € HeHTpoM NPAMOKYTHHKA,
B SIKOMY JIOKaJli30BaHa Touka M, (puc. 7.1), HaBeneHi B Tabmn. 7.3.

Tadoanusa 7.3
3acTocyBanHs MeTony HeroToHa jyist cuctemu (7.8)
k k k k
%" " IAYL | )L,
-0,2 0,75 1.71

-0.2385135 | 1.0324324 0.2824324 | 0.3205556
-0.2226170 | 0.9945398 0.0378926 | 0.0059961
-0.2222147 | 0.9938087 0.0007311 | 0.0000023
-0.2222146 | 0.9938084 0.0000003 | 3.63.10?

Ak BUIHO, BXKE€ HA YETBEPTIM iTepallii 301raroThCsl MIICTh 3HAYYIITUX
1udp HAGIMKEHOTO PO3B’A3KY.

ArlWINRFROl X

3amaya 3. MeTojoM HaAWIIBUANIOrO CIYCKY y APYroMy KBaJpaHTI
3HAUTU Apyre HAONM>KEHHS JUIsl pO3B 3Ky CUCTEMHU HEJIHIMHUX PiB-
HSHB 13 3aja4i 1.

Po3B’si3yBaHHs. 32 moyaTKkoBE HAOIM>KEHHS Bi3bMeMoO Touky (-0.2,
0.75). Toni

XY =x9 + o - grad d(x'V),
ne D(X) = (X{ — 2%, — X, +0.5)% +(xZ +4x; —4)?,
arad(x) - {4(x1 —21)(xf —2X, —X, +0.5) +42x1(x12 2+ 4x; —4)}
—2(X, —2%, — X, +0.5) +8x, (X, +4x, —4)
[TapameTp «, 00UHCITIOETHCA 3a POPMYIIOIO
CD(X(k))

oo(x )\ (a0(x))
0% OX,
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Jltst epruoro HaGmmkerHs Maemo: O(x®) =2.9602, grad®(x?) =

(1.8057, —20.7651)", o, = —2.9602/ (1.8057° + 20.7651°) =
—0.0068. Oxe X =(-0.2,0.75)" —0.0068(1.8057, — 20.7651)" =

(—0.2012, 0.8915)" . ITpoBiBIIM aHATOri4HI OGUHUCICHHS, OACPKIMO
Ipyre HaOMMKEHHS

x? =(-0.2,0.75)" —0.0068(1.8057, —20.7651)" = (—0.2024, 0.9095)" .
[TopiBHAEMO 3 IPYyTUM HAOJIMKEHHSIM y METO/I1 MPOCTOT iTeparii — TyT
MIBUAKICTH 3015KHOCTI ITOBUILHIIIIA.

3aBIaHHSA TA 3aANIUTAHHA JJISI CAMOCTIMHOI po00oTH

[TosicHuTH peanizaiiio METOMIB MPOCTOi iTepalii Ta 3ehaens A CUCTEeMHU
HEJIHIMHUX PIBHSAHB. Y 4OMY IlepeBara nmporpamMmyBaHHs MeToay 3einens?
Axi goctatHi yMOBHM 301KHOCTI METOJy MpoCTOi iTepamii? Sk MoxxHa
TepeBipUTH oCATHERHs 3ananoi Tournocti & Ha (K +1) -i itepamii?
[TosicHUTH aJIrOpuUTMU HEMIHIMHUX MeToMiB Sko0i 1 3elmens, B SAKUX
CKaJISIpH1 PIBHSIHHSA PO3B’A3YIOThCS MeT010M Hbl0TOHA.

[TosichuTtu peanizamio Mmetony HeloToHa N1 cuctremMu N HENIHIMHUX PiB-
HAHBb 13 N HeBiioMUMH. YoMy 3pOCTa€ CKJIQJHICTh alrOpPUTMY 31 3pOcC-
TaHHaMm N ?

Axi mepeBarm peamizaiiii Meroay bpoiiieHa MOpIBHAHO 3 METOIOM
Hprotona? CdopMynroBatu KpOKH peatizallii iboro METOAY.

[TopiBHsATH ckiagHicTh MeToaiB HproroHa 1 bpoiineHa 3a KUIBKICTIO
oOuuCleHb 3HaUeHb QYHKIIT Ha OAHIN 1Tepalii.

UuMm BIJPI3HAIOTECS JJIsI CUCTEMU HEIIHIMHUX PiBHSHL MeToau HproToHa—
3eitnens 1 3eitnens—HproToHA?

[IpoimtocTpyBaT METOAM TPAAIEHTHOTO 1 MOKOOPJAWHATHOTO CIYCKY IpHU
PO3B’sI3yBaHHI CUCTEMH HEJIIHIMHUX PIBHSAHbD.

Koepimientn A, A, 1 By3au X, 1 X, IBOTOYKOBOI KBaApaTypHOi (Gopmyiu
Tayca 3HaXOAAThCS i3 CHCTEMU PiBHSAHD

A+A=2,Ax+AX =0,
2
A+ A =2, A+ A=,
Po3B’s13aT HAOIMIKEHO CUCTEMY PIBHSIHB 3a JOMOMOTror Meroday HeroToHa.

Tounnii po3B 30K TAKUM © X; = —X, = }{E, A=A=1

10. 3 Tounictio £ =107 metomom HproTOHA 3HAWTH PO3B’SI30K CUCTEMU
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sin(2x—y)—-1.2x=0.4,
0.8x* +1.5y* =1,
1151 sikoro X >0. Bionosion: X ~0.491, y = —0.734.
11. MeTtozmom mpoctoi iTepamii 3 TounicTio £ =10 po3p’a3aTu cucTeMy piBHAb
sin(x—0.6) — y=1.6,
3x—cosy=0.9
Bionosiov. x~0.151, y ~—-2.034.
12. Metonom HeroToHa ofiepkaTu HAOIMKEH1 PO3B’SI3KU CUCTEMH PI1BHSHD
x*+y*—-2x=0, x> +y*—-y=0.
Ilporpama Mae 3aBepIlyBaTH poGOTY, SKWIO |X., —X|<& 1 |V, —VY|<e
a60 umcio irepaniii nepesuirye 20. Y3atu & =107, Po3riusHyTH IOYaTKOBI
smauenns  (1,1), (1,-1) 1 (0.6,1). [IlpoanamizyBaTi pe3yiabTaTr i
MPOLTIOCTPYBATH X TEOMETPHUYHO.
13. Cucrema piBHSHD
x*+xy +yt=1 X +xy—y?=1
Mae 4 po3p’szku. Onepkath HAOIMKEHUM PO3B’SI30K CUCTEMH B OKOJI
touku (0.9,0.6) 3 Tounictio £ =10~ MeTOIOM HPOCTOI iTEparii Ta MeTOIOM
3eitnens. [IpoananizyBaTtu 301KHICTH METOJIB JJII TaKMX MEPETBOPEHUX
CUCTEM

x=@1-xy’—y*)", y=(x+\/5x2 —4)/2 i
x=(1—xy* =y )" I, y=(x* +xy 1)/ y.

14. Metonom HploTOHA 3HAWTH HAONMXKEHUA TONATHHUM PO3B’S30K CUCTEMU
PIBHSHB
X +y*+12° =1,
2x° +y? —4z7* =0,
3x* —4y* +12*=0.
15. I3 Toumictio &£=10"° o6uucanTM HAONMKEHHI PO3B 30K CHCTEMH
PIBHSIHB
X, =0.1x} +sinx,, X, =cosx, + 0.1x; .
3actocyBati MeToj Tpoctoi iteparii 3eigenss 1 Herotona. Po3B’si30k
cucteMu JiexuTh y kBazapari: 0.7<x <0.9, 0.7<x, <0.9.
16. Tonka petika qoBxuHO 10 M. 3aKkpiruieHa Ha KiHIAX. Peiiky po3pizanu i
MPUBAPIIIA 70 HEi BIJIPI30K TaKoi K perku noBxkuHOIO 1 M. Ilpu nbomy
yTBOpeHa peiika Habyna ¢popmy nyru xona. [loOyayBatu cucreMy piBHSIHB
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JUIS  HaOMKeHoro oOuMcieHHs 3HAWTH 3HA4YEHHS MAaKCHMAaJbHOTO
BIIXUJICHHSI B1J] TOYaTKOBOI'O CTaHy 1 pajilyc KoJja.

17. Meronom HanmBuaIIOro cimycky 3 TounicTio 0.01 3HalTH B OKOJII

MOYaTKy KOOPJMHAT HAOIM)KCHHH PO3B 30K CUCTEMHU HEIIHIHHUX PIBHSIHB
X+x°>—-2yz=0.1,
y—y2+3xz=-0.2,
z+2%+2x2=0.3.

18. 3 rounictio 0.001 meTooM HploTOHA 00UHMCITUTH KOMILJIEKCHI KOPEHI PiB-
HAHHS X° —2X—5= 0, 3BiBImM 3ama4dy 3HAXO/DKEHHS MIMCHUX PO3B’S3KiB
CHCTEMHU JIBOX PiBHSHb.

19. Ilokazatu, mo 1 CHUCTEMHU JBOX HENMIHIMHUX piBHAHL (7.10) MeTon
HproToHa MOXHa 3anucaTy y BUrisal X = (D(X), =W (X),

ne GyHKUIi @ 1 i TakKi:

o=x—| 5821 M| /gets,
OX, OX,
0%, 0%,

J(X) - matpuris SAko6i s cucremu (7.10).
20. Cucrema HENMHIMHUX PIBHSHD
7x% —10x -y =1,
8y’ 11y +x =1
Mae 9 po3B’s3KiB. 3a JOMOMOTOIO SIKOI-HEOYJh CHUCTEMHU KOMIT IOTEPHOI
MaTeMaTUKU HapucyBaTu Tpadiku 000X IiHIM, BHOpaTH TMOYATKOBI
HAOMMKEHHS JIJIS1 KOXKHOTO 3 PO3B’S3KIB 1 3HAWTU iX HAOMKEHI 3HAYCHHSI
MeToaoM HeroToHa 3 9 AecATKOBUMHM MPAaBUIIbHUMH LIUPPAMH.
21. 3HailTh 3HAaYeHHS BEIMYMHU U MOMYJIALIL «KEPTBa» 1 V MOMYJIALIi
«XWDKaK» 3a BIIOMUMH MIBUAKOCTSAMU 1X 3MiHM U =0.36 1 v =0.1925,

SKIIO JUHAMIKA B3a€MOJII1 ONMMUCYETHCS MaTEMAaTUYHOIO MOJIEILITIO
u=(2-v-0.5u)u,
V= (-0.75+u—-0.25v)v.
22. IIpoananizyBaTu 301kHICTh MeTOy Hbl0OTOHA 3a BeIMUMHAMHU TTOXUOKH 1

HEB’3KU B HOPMI HH , U1 CHCTEMH PIBHSIHB
3 2
Xy—y =1 xy+y=>5.
Bukonaru § iTepariii 3 Mo4aTKOBUM 3HAYEHHAM X, =2, Y, =3 1 TUIOM

JIAHUX TOABIMHOI TOUHOCTI. TouHM po3B’sA30K cuctemu X =2, y =1
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Po3zaia 8. Ha0m:keHi MmeToan po3B’si3yBaHHS
ajredOpaiuHol npood/ieMu BJIACHUX 3HAYCHb

BractuBOCTI BIacHUX 3HA4Y€Hb 1 BJACHUX BeKTOpiB Marpuili. LU-anroputm
poO3B’sI3yBaHHS TOBHOI MpoOnemu. QR-anropuT™m po3B’s3yBaHHS TOBHOI
npobiiemu. Meron obepranp Sko6i Ta meron Xaycxoiaepa JUisl CUMETpUY-
HUX Matpuilb. CTEeleHeBU METO]I 3HAXOKEHHsSI HaWOUIBIIOTO MO MOJIYJIIO
BJIACHOTO 3HAYEHHS Ta BIJMOBIJHOTO BJIACHOTO BEKTOpA JJIsi MATPHIIb 3aralib-
HOTO BHUTJISIY 1 CUMETPUYHOI.

Jlitepatypa [5, 13, 28, 30, 43, 45, 52, 71-73, 83]
Enexrponni mxepena [105-107]

8.1. [TocTanoBKka 3agaui

3HaXO/PKEHHSI BJIACHUX 3HAYEHb 1 BJIACHUX BEKTOPIB € BaXKJIM-
BOIO 1 IOCUTH CKJIQJTHOIO 3a7a4€I0 0OUMCIIIOBAILHOI MaTeMaTuku. [Ipu
JTUHAMIYHOMY aHaji31 MEXaHIYHMX CHUCTEM BJIaCHI 3HAYEHHS BiAIO-
BI/IalOTh BJIACHUM YacTOTaM KOJIUBaHb, a BJIACHI BEKTOPU XapakTe-
PU3YIOTh MOJIM IIUX KOJIMBaHb. IIpu po3paxyHKy KOHCTPYKIIiH BJIacHI
3HAYEHHS JI03BOJISIIOTh BU3HAYWTH KPUTUYHI HaBaHTA)KCHHS, IIEPEBU-
IIEHHS IKUX BEJIE /10 BTpaTH CTIHKOCTI.

Hexait 4 — kBajgpaTHa MaTpUIlsd TOPSAJAKY N 3 AIMCHUMH €JIEMEH-
Tamu. TpakTyroun A siK MaTPUIIIO JIHIMHOTO MEpeTBOPEHHS X —> AX B
npoctopi R", 3amaya mpo BiacHi 3HAYEHHS IOJIATa€ B 3HAXOKCHHI
TaKUX 4ucesl A 1 HeHYyJbOBUX BEKTOPIB X, JJIsS SIKUX JIIHINHE MepeT-
BOPEHHSI BEKTOpA 3 MaTpULICIO A 3MIHIOE TUIBKU JOBXHUHY BEKTOpa X .
AnreOpaiuyHa 3amada TojsArae B 3HaXO/pKeHHI 3HadeHb A €C, sxi
HA3UBAIOTHCS 61ACHUMU 3HAYEHHAMU, 1 BTACHUX BEKTOPIB X € R".

Osnavenns 8.1. Yucio Ae€C i uemyrvosuii eexmop x, sKi
3A0080IbHAIOMb PIGHAHHS

AX=AX, x=#0, (8.1)
HA3UBAOMbCS 8IONOBIOHO BIACHUM 3HAYEHHAM I IACHUM BEKMOPOM
Kkeaopamnoi mampuyi A.

O3navenns 8.2. Cyxkynuicmos yCix 61ACHUX 3HAYEHb, V3AMUX 13 X
KDAMHOCMAMU, HA3UBAEMbCSA CNEKMPOM MAMpuyi ma no3HaA4aemobCsl
uepes o(A). Yucno p(A)=max{|1]: 1 ec(A)} nasusacmocs cnexm-

PATbHUM PAOLYCOM MAMPUYL.
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3Haxo/pKeHHS napu (A, X) piBHOCWIBHO BiTITYKaHHIO HETPHUBI-
aJbHUX PO3B’SI3KIB OJTHOPIJIHOI CUCTEMH JIIHINHUX PIBHSIHb
(A-Al)x=0 (8.2)
3 mapaMeTpoM A. OCKiabKH po3B’s30K X # 0 1CHye TOJ1 1 TUIBKH TO/II,
xoau det(A—Al) =0, To, 00UKCINBIIKM BU3HAYHHK

a, -4 a, .. 4,
a—-4A a, .. a

2n

—al +al’+..+a A+a, a =(-1),

a a a —A

nl n2 """ nn
TUISl 3HAXO/KEHHS BJIACHMX 3HAYCHBb OJCPKUMO alreOpaiuHe piBHSIH-
HS CTEIEHA N

a, A" +al" "t +..+a _A+a =0, (8.3)
K€ HA3MBAETHCS XapPaKTECPUCTUIHUM.

Knacuuni merogu O.M. Kpunosa, A.H. Jlanunescwkoro, XK. Jle-
Bep’e Ta 1H. [22, 72, 73] skpa3 1 MOJSITalOTh y MOOYIOB1 PIBHAHHS
(8.3). Marouu ioro KopeHi, 13 CUCTEMHU pPIBHAHb (8.2) 3HAXOIUMO
BIIMOBIJIHI BJIaCHI BekTOpU. [Ipum 1mpoMy mnOTpiOHO OO0YUCTUTU
Koe(iIieHTH pPIBHSAHHSA 1 3HAWTH HEHYJBOBI PO3B’S3KM N CHCTEM
JHIMHUX OJHOPIIHMX piBHAHB (8.2). Ile mocuTh ckiiagHa oOUYHUCIIO-
BaJlbHA 3ajJa4a, TOMY 3aCTOCOBYETHCS JUIi MATPUIlb HEBHUCOKOTO
nopsaky. Skmo N>4, To po3poOlieH] creliadbHl METOJU, OpIEH-
TOBaHI Ha 3BEJICHHS Marpuili A 70 MaTpHIll, BJIacCHI 3HAYEHHs SKOI
3HaXOMSThCA HECKIAJHO, MPUUOMY MapalieIbHO OOUYUCIIOIOTHCA 1
BJIacHI BekTopu. Bukian mux MeTomiB MokHa 3Haitu B [20, 22, 71,
/2] Ta iH. PosrimsHemMo nBa MNPUKIAAU, AKI MPUBOMASATH A0 3amadi
3HAXO/KEHHS BJIACHUX 3HAYEHB 1 BJACHUX BEKTOPIB.

Hpuxaax 8.1. Hexaii A — marpuns nopsaky N. IloTpiono
3HAUTH HETPUBIAJIBbHI PO3B’A3KH CUCTEMH JIIHIMHUX JudepeHIiaIbHIX
PIBHSIHB

du

it (8.4)
ne u(t) = (u,(t),...,u (t))" — BekTOp-QyHKILis CKAIIPHOIO ApPryMEHTY
t. dxmo mykaru po3s’s3ok y Burisai U(t) =e“x, ne A€C,xeC",
TO, MiJCTAaBUBIIN MOTO B CHUCTEMYy PiBHAHB (8.4) /I 3HAXOIKEHHS
A 1 X, mpuiigemo 1o 3anadi (8.1). ToOto cuctema piBHsiHb (7.4) Mae
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PO3B’SI30K 3aJaHOTO BHUTJISAY TOJ1 1 TIABKM TOMl, KOMH A 1 X € BIf-
MOB1THO BJIAaCHUMH 3HAYCHHSMHU 1 BIACHUMHU BEKTOpaMH MatTpuini A.

Hpuxnaan 8.2. /{na nHadbmmkeHoro po3s’s3yBannsg CJIAP Ax=Db
MOPSAAKY N 13 KBaIPaTHOIO MaTPHUIICIO 3aCTOCOBYETHCS METO/I MPOCTOI
iTepartii. Jlms 1mporo cucteMa pPIiBHSHb 3BOJWTHCA JO BHUTIISALY
X=Px+ f. 3amaBmm mnouarxkoBe HaOmmxkeHHa X € R", Maemo
ITepariiHuii mpouec

X" =Px“ + f, k=0,..

Heo0x11H010 1 TOCTaTHROI0 YMOBOIO 301KHOCTI 1T€pAIlifHOTO METOMY
€ YMOBa TOTO, 1110 HAWOLIbIIE 32 MOJYJIEM BJIACHE 3HAYEHHS MATPHII
P ne nmepeBuiye 1. OTxe, TYyT AOCUTh 3HATU TUIBKU OJHE BJIACHE
3Ha4YeHHS A, Take, 110 W = max /u <1.

3ayBakenHnd 8.1. 3aaua 3HaXO/KEHHS BJIACHUX 3HAYCHb MOXKE
OyTH HECTIMKOIO /10 MOXHUOOK €JEeMEHTIB Mmarpuli. Hanpuknan, nms
Matpuili A, €eIeMEHTH SKOi BCl HYyJl KpIM HaJdlaroHaJIbHUX

& i1 =1,i=1n-1, yci Bnacui 3Hauennsa A =0, i :ﬁ. SIkio BHECTH
NMOXUOKY & B JIIBUN HIW)KHIA €JIEMEHT MAaTpHIl, TO XapaKTEePUCTUUYHE
piBusiHHs A, —£=0 wMae N KopeHiB e. Sxmo n=100, a
£=10"" <1, 10 |1,|=0.1>¢. .

3agady TIpO BJIaCHI 3HAYEHHS MOJKHA TMOJUIATH Ha MNOBHY
npobemy, KoM noTpioHo 3HarTH BCi mapu {4, X} 3 BIacHUX 3HAYCHb

1 BEKTOpiB, Ta YaCTHHHY, KOJM MOTPIOHO 3HAWTHM HaNOUIbIIE abo
HallMEHINIE MO0 MOJYJIKO BJIACHE 3HAYCHHS 1 BIANOBIAHWM BIACHUI
BEKTOp. 30KpeMa, B 3ajaudax siaepHoi ¢Gi3uku, Ae MOPSI0K MaTPHUIlb
nepeBuirye 1000. ¥V Teopii kKoauMBaHb BAXKJIMBO 3HAWTH JBa Haidi-
OUTBIIMX IO MOMYJIO BJIACHI 3HauyeHHs. Y mpukiani 8.1 morpiObHO
PO3B’sI3aTH MOBHY, a B 8.2 — 4YaCTKOBY IIpoOIeMy.

8.2. BiacTUBOCTI BJIaCHMX 3HAYEHb i BJIACHUX BEKTOPIB

1. Skmo X — BinacHuil BekTop MaTpuill A, To aX, a # 0, Takox
BiaacHuii BekTop. Crpasni, A(aX) =a(AX) = aix = A(ax). 3ayBaxu-
MO, II0 B JICIKHUX BHIMAJKax IOIIJILHO HOPMYBATH BIIACHUN BEKTOD
Tak, mo0 HOro eBKJiJoBa Hopma jAopiBHIOBanma 1. Jlus azil/ ||X||

Ma€EMO
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x| = Ja'x; +...+ ax; =la]-|x|=1.
Posrimsaemo npukiman. s marpuii
2 2
A—
31
BilacHl 3HadeHHd A =4 1 A, =—1, BiANOBIOHI BIacHI BEKTOPH
Xx=@1) i x,=(-2-3). HopmoBani BiacHi BEKTOpH MaTpULi

X —(i i)i)—( —(__2 i)
b2t 18T V13Y
2. SIkmo {4, X}— Bnacua mapa marpumi A i det A=0, o {17, X}
— prmacHa mapa marpuii A, Chpasmi, MaTpulss A HEBHPOKEHA,
ToMy X = AAX, 3BiaKu # BumuBae, mo A'X = A"X. 30kpema, SIKIIIO

\/1\=maxw s matpuui - A, TO ,u:%, ‘,u‘:min‘,ui‘ TSt

obepHeHoi maTpuIi A,
3. Slkmo A — TpukyTHa ab0 miaroHajgbHa MaTPHUIIS 3 JlarOHAJIb-

HUMHU €JIEMEHTaMH &, , TO BJIacHI 3HaueHHs A, =a;,1=1n.

8.3. OpTroronajbHi MaTpumi

Osunauenns 8.3. /[iticna xeadpamua mampuys Q Hazusacmuvcs
opmozonanvhoo, axkuo Q'Q =1.

[IpukiamomM OpTOroHAILHOI MATPHIIl € MATPHUIISI O0epTaHb

cos® -—sin 6
Lin 0 cosoO }
a00 OLIbII 3arajJbHOIO BUTIIALY
1 |

| (8.5)
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ne Ci +5; =1.
Teopema 8.1 [19]. ko A — Oiticna cumempuuna mampuys, mo
icnye maxka opmoz2onaivua mampuys Q, wo

Q'AQ=A, (8.6)
Ode A — diaeonanvra mampuys, 0ia2oHANbHI eleMeHmu KO € 61aCHU-
MU 3HAYEHHAMU mampuyi A. ]

Hacnigkamu 3 1i€1 TeopeMH € Te, 10 JJIs JIMCHOI CUMETPUYHOT
MaTpHIll ICHY€ N JIIHIMHO HE3aJIeKHUX BIACHUX BEKTOPIB MaTpuill A,
1 BOHM YTBOPIOIOTh OPTOTOHAJIBHY CHUCTEMY, a BCl il BJIACHI 3HA4HI
3HA4YEHHS — JIUCHI YUCa.

IIpu MHOKeHHI MaTpuii A 37iBa Ha MaTpuUio Q, 3MIHIOIOTHCS

JIMIIE €IEMEHTH 1-20 1 j-e0 PSAKIB MaTpuili A, a IpU MHOKCHHI Ha
MAaTpPHIIIO Qij cripaBa —I-2 Ta |-M CTOBMIII MaTPHIIi

[lepetBopuTH OYAb-AKY MIMCHY HEBUPOIKEHY MATPUIIO Y TIPaBy
TPUKYTHY MATPHUII0O MOXXHA HIIAXOM JIAHI[FO’)KKA MHOXEHb 3JliBa Ha
eJeMeHTapH1 Matpuill ooeptanHs. [Ipu oMy BCl JlaroHanbHi eje-
MEHTH, MOKJIUBO, KPIM OCTAaHHBOTO, IOJIaTHI. Y MIJICYMKY OJIEp>KUMO
MaTpUIIO

O a0 . g

1
11 12 n

ald ... al?

B:= Qn,n—l"'Q21:

n-1)

(
Ann

5. VYci BiacHi 3Ha4eHHS MaTpulll A MICTAThCS Y IZpysi W < HAH

ne || — nesxa Hopma MaTpuni. 3o0kpema, 11t HopMu || Maemo

1<i<n

2] < max jzn_;\aij

TouHimuit pe3yabTaT MOXKHA OJIEPKATH 3a JOMOMOIOI KpPYTIB
['epmropuna, sKi 3aJ1at0ThCs HEPIBHOCTIMU

A-a|<Yla| i=1n (8.7)

Teopema 8.2. /[na moco, wob A 0Oyr0 61ACHUM 3HAYEHHAM
mampuyi A HeobXiOHo, wob euxonyeanacs 6 xoua 6 00HA 3 Hepis-
nocmeti (8.7). m
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Teopema 8.3. fTkwo S kpyeie [epweopuna, 1<s<n, ymeo-
protomb obnacmes G, i301608aHy 610 pewimu Kpy2ie, mo 8 G € MmouHo
S @1acHux 3HaveHb mampuyi A. u

6. Hexaii {4, x}— BmacHa mapa matpuni R=S"AS.

Teopema 8.4. Cnexmpu nodionux mampuuys 36icaromocsi.

JoBenenns. Skmo matpuill A 1 B — moai0H1, TO iICHy€ HEBUPO/I-
’KeHa MaTpuus S Taka, mo B = S™AS. Toni
det(B — AI) = det (S™*AS — AI) = detS™* - det(A — AI) - detS

= det(4 — AI),
OTxe, BiacH1 3HAYCHHS MaTpUIlb A 1 B 30iratoTbes. u
I3 pisaocti By = S™1ASy surumiBae, A(Sy) = A(Sy). Towmy,
AKIIO Y — BJACHUM BEKTOp Marpuill B, To Sy — BJIACHUH BEKTOP
Matpuiii A.

8.4. LU-anroputm po3B’si3yBaHHsI IOBHOI IPO0JieMH

Y LU-metoni He mNOTpiOHO 3HAXOAWTH BIIACHUA MHOTOWICH
MaTpull ¥ po3B’szyBatu piBHAHHA (8.3). Hexait A=LU , ne L —
HWKHS, a U, — BepxHS TpUKYTHa MaTpuls, NPUYOMY JiarOHajbHI
€JIEMEHTH MaTpull L, BigmiTHI Bix HyJId, a MmaTpuni U, — 1OpIBHIOIOTH
1. Take 300paxeHHs Marpulll A pPIBHOCUIbHE NEPETBOPEHHIO
marpuli B Metoi [ayca (auB. migposmin 2.2).

Sxkmo BBecTH mosHawenns A,:=UL, 1o U, =Al" i
A=LAL" Matpuni A i A, mozxi6Hi, ToMy iX CIIeKTpH 36iraloThes.

Hexaii matpuns A =LU,, ne L, 1 U, maroTh Takuii xe BUTIIAA,
sk L, i U, Bigmosigno, A =U,L,. Toni A =L,AL,. 3Bincu maemo,
O€PKUMO

A=LLAL'L = (LL)A(LL)".
Otxe, cnexTpu MaTpunb A 1 A, TakoX 301rarOThCS.

Taxuil iTepauiiinuil npornec noOynoBu marpuus A, A,,..., T0-
ni0Hux matpuii A, HasuBaeTrbcsa LU-anroputmom. Jloemeno [71,
/2], mo npu NeBHUX OOMEKEHHSIX Ha MaTpulllo A, 30KpeMa, KOJIM BCl
il BJIacCH1 3HAYEHHS PI3HI 32 MOJYJIeM, ITepaliitHui MeTo/ 301raeThCs
0 HW)KHBOI TPUKYTHOI MaTpuii. JliaroHajapHI €JE€MEHTH MaTpHIli
A 1 =U, L, € HaOmmxkeHNMHU 3HAYEHHSIMM BJIACHUX 3HAYEHb MATPULI]

A. 3a HaOmMMXEHHs BIAMOBIJIHMX BJIACHUX BEKTOPIB MOXHa B3STH
CTOBIMIII MaTPHIIi
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-1
(LL,..L).
Henonikamu LU-anroputmy € noBiibHa 301KHICTh 1 HEOCTATHS

qUCIOBa CTIMKICTh. HalOumpm 1€  BiAYYTHO I HECTIMKOI
HECHMETPUYIHOI ITPOOIEMHU BIIACHUX 3HAYCHD.

8.5. MeTtoa obeprans SAko0i
Metoa SIko061 JOCUTH IPOCTUM, TKUI1 JO3BOJISIE 3HANTH BC1 BIACHI
napu {4 ,X.} cumerpuunoi marpuui. Jkmo N>10, To meit merox

KOHKYPYE 31 CKJIQJIHIITUMH aJITOPUTMAMHU.
Hexait A — cumerpuuna matpuis. Ha migcraBi teopemu 8.1
icCHye opToroHasbHa Matpuisi Q Taka, 10 BUKOHYETHCA PIBHICTH

(8.6), Tomy AQ=QA. fxmo U, — i-uii croBmeup marpumi Q To
Au, = AU,, TOOTO 1I€i1 CTOBIELb € BIACHUM BEKTOPOM Marpuui A, 1o
BIJIITOBIJIA€ BIIACHOMY 3HAYEHHIO A. .

3agava nojsirae B moOyJ0B1 MOCIIJOBHOCTI TaKUX OPTOTOHAJb-
HUX Martpuup Q , o micid JesKoi KUIBKOCTI 1Tepauid MaTpuus
A,.=Q AQ =~A, ne A =A Marpumo Q, BuOepemMo y BHIIISI

. 2 2 . . . .

matpuii odeprans (8.5), ne C; +S;; =1, iHxekcn | Ta | BIAMOBIAAIOTH
HE/1arOHAJIbHOMY €JIEMEHTY MaTpuill A , IKHi MakCUMaJIbHUA MO MO-

— (k)
= max(a’|

p>l
OJINH, TO 3a(1KCyeMO onuH 13 HUX. OTxke, MaTpuns U, oxepxkyeTbes 3

SIKIO TakWX €JIEMEHTIB OUIbIIE HIXK

IyITE0, TOOTO ‘a;"’

OMHUYHOI Marpuii 3aMiHOKO U, 1 U, 3HAaYCHHAM C,, a U; =-S,
Uj = S,. 30Kpema, MOXKHa B3STH

C, =C0S@,, S =Sing, o e(_f,f}
4 4
VY npomy Bunaaky matpuid U, € marpuiero o6epTanp y MIIOMIMHI I-TO
Ta J-TO PSAJAKIB.

PosrisHemo wmarpuiro A =U]AU,. SKimo nepeMHOXHUTH
MaTpHII y TpaBiid YaCTHHI, TO Ha MICIIi €JIeMEHTIB 3 iHaekcamu (i, ),
(J,1) onep>KUMO CIeMEHT

a; " =(c, —s)a” —cs,.(a” —ar).

Bubepemo ¢, € (%%} TaK, mo6 a;/” = 0. Ockineku
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c, =Cos¢, S =sing,
TO C, —S; =C0S2¢p, C,S, =0.55in2¢,. Tomy s 3HAXOMKEHHSI @,
OJICP)KUMO PiBHSHHS
2a;” cos 2 —(a;” —a"))sin 2¢ =0.
Axmo &’ =a”, To c0s2¢, =01 ¢, =7/4.

SAxmo x a;’ # &, To 11 3HAXOKEHHS ¢, OJEPKUMO PiBHAHHS,
a(k)

tg2p, = ——"——. (8.8)

Po3B’s130k piBHAHHS (7.8) BUOEepeMo 3 iHTEpBaLy (—z,z). Enementu

matpuii A“ O6‘H/ICJIIOIOTBC$I 3a (hopMyIaMu: a(k+1) agfﬂ) =0;
a,” =ca’+say’, a)’=sa’+ca, ,p¢|1p¢j;

pJ
a

(k+1)
Pi
(k+1)

=c/a +sfal’ +2cs a

kkl]’

a‘" =s’a’ +c; a(k —2c.s,a".

k =k Tj
Hosexero, mo lim A =A, TOOTO, BUKOHABIIN IESKY KUIBKICTE
iTepariif, Mo>kHa ofiepkatu MaTpuiro A, 6im3bky 10 A [71, 72]. 3a
NOXUOKY MaTpullb A, ., IIONO A1arOHAJIbHOI MAaTPHUIl A MOXHA B35TH

3HAUEHHS Max ‘a(k*“

p>l

<g, abo a’)*<eg e & — OpIEHTOBHA
;P ’
p>

TOYHICTHh OOYHCIICHD.
Hagenemo anroputm meroay ooepranb SAKoOi.
1. A=A k=1
2. 3HaiTH |, |, 01 IKUX ‘a"‘) = max a(") :
p>|
3. dxmo & =a’, o ¢, =x/4,C =5, =1/~/2,
1HaKIIe OOYUCIINTH:
2a("

3l.a =—";
A -ap

3.2. C =COSqp, = 1 1+
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: : 1 1
s, :=sing, =(sign(a,)) [=|1-—|..
k k k 2 ,_14—3_5
4. O6uucautu A =U AU,
<g abo O (@%"))"* <&, 10

pl

5. Slkmo max|af”
p>

piacui 3Hadenns A =a’? imakme K=k +1 i nepeiTu g0 m. 2.

i ii

Brnacui Bekrtopu X :Vi(k), I=1n, Vi(k) — CTOBII  MaTpHIII

U(l)U (2) ---U(k) -

3ayBakMMO, 110 KOHTPOJIb MPAaBUIBHOCTI BUKOHAHHS I TMpHU

KO>KHOMY TOBOPOTI 3IMCHIOETHCS IIJISAXOM IMEPEBIPKU 30€pEKEHHS
ciny trA ,, IepeTBOPOBAaHOI MaTPHILL.

8.6. QR-anroputm

3aCTOCOBYETHCS 1€ MiAX1A JO MAaTPHIb 3arajiIbHOTO BUTJISIY 1
I'PYHTYETHCS HA 3BEJICHHI MaTPHIll OPTOrOHAIBHOIMOAIOHUMH TIEPETBO-
PEHHSIMU JI0 KBa31TPUKYTHOI MaTPULIl BUTIISIY

Bll BlZ B1m |
Bi _ 0 Bzz BZm
0 0 - By
3 m<n Onoxkamu B, mnopsmoxk skux n,---,N., NOpUIOMY

n +---+n_=n. Sdxmo matpuus A — cumerpuuHa abo Bci ii BJIACHI
3HaueHHs AiicHl 1 pi3Hi, To M =1, mMarpuns B - TpukytHa 1
BJACHUMH 3HAUEHHSIMHU € J1aroHalibHI eneMeHTH. st N, =2 BiacHi
3HaYeHHs MaTpull B, € po3B’s3kamMu KBapaTHOTO PIBHSIHHS.

Skmo det A= 0, To 3rigHO 3 TeopeMoro 2.2

A=QR,
ne R - oproronanpHa, a Q - BepxHsA TpuKyTHa Martpuis. Toii
MaTpHIIS
RQ=Q AQ

OpPTOTOHAJLHO TO10Ha 10 A.

Anroput™m MeToay nossrae ocs y yomy. Hexait A, = A.

s k=0,1,... BUKOHAEMO PO3KJIaL
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A( = Qk Rk
11 004MCaMMO JOOYTOK MaTpHIlb
A =RQ..
Ockinbku A, =Q, A Q, To criektpu Matpunp A i A, 36iraroThcs.

['panHuIiero mocmiIoBHOCTI Tpu K — 0o € kBa3iTpukyTHaA MaTpuils B.
SIk1o BC1 BJIACHI 3HAYEHHS JIACHI ¥ pi3HI, TO X HAOIMKECHUMU

3HAQYCHHSAMHU € JlarOHajlbHI €JIEMEHTH MaTpuui A, ,,, BIINOBIIHUMHU

. . T
BJIACHUMHU BekTopamu — ctoBmui Marpuui (Q, ---Q,) =Q,Q,...Q,.

KpurepieMm 30615KHOCTI iTepalliifHOTO MPOIECY B IIbOMY BHUIIAJIKY
MO>KE CIIYKUTH BUKOHAHHS HEPIBHOCTI

n
(k) \2
Z (Qij ) <e.
j=i+l
KokHI1M KOMIUIEKCHO-CIIPSDKEHIM mapl BiANOBIAAE JAlaroHaTbHUN
onok B, mopsaky 2. EneMeHTH HbOro OJIOKY 3MIHIOIOTBCS B1J iTEpanii

70 1Tepalii, ajie BJIacHI 3HAYCHHS Q; J_rﬂji MarTh TEHICHIII 0

301kHOCTI. KputepieM 3akiHueHHS 1Tepalliii JIJis TaKoro OJIOKYy MOXe
k k-1

6yrr ymosa |A%) — A%V < ¢,

8.7. Metoa XaycxoJaepa

Koxxne mnepetBopeHHs k001 CHUMETpUYHOI MaTpHIll Ja€ JiBa
TaKuX 110 JOPIBHIOIOTh HYJIIO HEJIlarOHaJbHUX eJeMEHTHU. SIKIIo
MOPSAJIOK MAaTpUIll BEJIUKHHM, TO MOTPIOHO BUKOHATH JOCUTH BEJIUKE
yucio itepaunil. Kpim Toro, mpu BUKOHaHHI IT€palliii Ha MiCIl YTBO-
PEHMX HYJ1 MOXYTh TOSBUTUCh HEHYJILOBI 3HA4YeHHsS. MeTtoj
Xaycxonaepa A03BOJIIE YTBOPIOBAaTHM Ha KOXHIM 1Tepalii KuIbKa
HYJI1B, K1 HE JISKaTh HAa TOJIOBHIM JllaroHaJl, 1 K1 He 3MIHIOIOTHCS Ha
HACTYIHUX 1Teparlisx.

JI1s HECUMETPUYHUX MAaTpPHIlb Y MIJICYMKY OJIEPKYEThCSI Malixke
TPUKYTHA MATPUIIS BUTIISATY

% %k k... %k %
0O x % ... =% * |
_0 0O O * ok
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sKa Ha3WUBa€TbCA Mmampuyero Xecenbepea. JIns CHMETpUYHHX Taka
MaTpHIls TpUAlaroHaIbHa.
1
OCHOBOIO METOJTy € TIEPETBOPCHHS Xaycxoiaepa

P=1-2WWT, (8.9)

Wi, =1.

Hexait A - maTtpuiis nopsaky N >3, X - TOBUIbHHUI BEKTOP-
cToBIelb, K — mise uncio, 1<k <n—2. Toai moxHa moOyyBaTu

ne W - BEeKTOp-CTOBMEIb,

Bektop W, i Mmatpuimio B, = | —2W,W," Tak, mo
] T ]
Xy Xy
Xi+2 0
[ % ] L O]

3HayeHHs YuchIa S, BHOMpaeThest Tak, mOO S =X +..+X i
sign(s,) =sign(x,,). Apyra ymoBa cIyHUTb [ 3MEHIICHHSAM BIUIUBY
noxuOku 3aokpyriieHHs. Bektop W, Bubepemo tak:

W = i(x -Y)= i[O,...,O, COVETEN AP I
o a
I3 ymoBH ||\Nk || =1 Bunnusae, mo
o = 2%, 1S, +2S; .
Orxe, 3rigHo 3 (7.9), Matpuns P, 3anaetscs popmysoro
P=1-2WW, .
Hexait A cumerpuuna matpuis mopsaky N, n>3. Ilocmigos-

HICTIO N—2 neperBopeHb Burisiny PAP, ne P — marpuins Burisay
(7.9), matpuri A 3BOIUTHBCS JI0 CHUMETPUYHOI TpHUAlaroHaILHOI
Matpuili. [ MaTpuIll NOpSIAKY S 1€ CXEeMaTHYHO MOKa3aHO HUXKYE ( *
1 e — nesiki enemenTu Mmatpuis B, i A, BingnosigHo) [45]:

! Householder Alston S. Unitary Triangularization of a Nonsymmetric Matrix // Journal
ACM, 1958. —5 (4), 1958. — P. 339-342.
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1 0 0 0O a, u 0 0 O
0 *ox* u W, e e e
P=/0 * * * >, A =PABR=|0 ° ° ° °o |
O > * * = 0 ° ° ° °
_O * * * *_ B O (J [ ] [ (] 1
(1 0 0 0 O] (la, u 0 0 O]
01000 u w u, 0 0
P=/0 0 * * *|, A,=PAP={0 u w, e e/
0 0 * * =* 0 0 ° ° °
00 > > *] (0 0 e o o]
(1 0 0 0 O] _aﬂ u 0 0 O ]
01000 u w, u, 0 0
=0 01 0 O, A;,=RAR={0 u w, u, O
O 00 * * 0 0 u, e o
0 0 0 * *] 0 0 0 e o]

OnHe mnepeTBOpeHHs Xaycxojjepa BHUKOHYeTbCA Tak. Hexau
V = AW . O6uucianmo c=W'V i Q=V —cW. Toxui

PAP=A-2WQ" —2QW".

Hexait A — cumerpuuyHa Matpuus nopsaky n. Hexain A = A
[ToOynmyemo mociioBHICT, MaTpullb Xaycxonaepa P, P,...,P . Tak,
110

A =R AR

Je MaTpulls A Mae HyIli mia giaroHamno B ctoBoisx 1, 2, ..., K. Tomi
A , € CHMETPUYHOK TPHUAIarOHAJIBHOK MATPULEI, IOA10HOI0
matpuii A. Ileii meTron Mae Ha3By MeToay Xaycxoijjaepa. Bin mae
OUIBIITY YMCIIOBY CTIMKICTH MOPIBHAHO 3 IHIIMMHU Metojaamu. Ckian-
HICTh aJNTOPUTMYy Ha BCIX N — 1 Kpokax (s KBaJgpaTHOI MaTpUIll
MOPSAKY N JOPIBHIOE

gn3+n2 +£n:0(n3).

3 3

[Ipu 3actocyBanH1 10 Matpuili XecenOepra QR —meTony ozep-

KUMO KBa3ITPUKYTHY MAaTPHUIIO, KIITKH $KOI MO JiaroHaji MaroTh
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https://uk.wikipedia.org/w/index.php?title=%D0%A7%D0%B8%D1%81%D0%BB%D0%BE%D0%B2%D0%B0_%D1%81%D1%82%D1%96%D0%B9%D0%BA%D1%96%D1%81%D1%82%D1%8C&action=edit&redlink=1

BJIACH1 3HAYCHHS, OJM3bKI1 JI0 BJIACHUX 3HAYCHb MaTpuIll A. mpu pea-
mizarii MeToay Ha KOMIT'ioTepi 3 {—po3psaHOI0 ABIMKOBOIO MaHTH-
COI0 OJICPKYETHCS MaTpPHIls, SKa OPTOrOHAJIBHO IIOJI0HA  JEsIKii
marpuni A +AA, npuuomy [36]

|AA], <knM27A [,
ne K —ximpkicTh iTepariii, N—mopsmok Marpuii, M =const =O(1),
A —matpuns Xecenoepra.

8.8. CTteneHeBMH MeTO/ 3HAXOAKEHHS HAHOIIBIIOIO 32
MOAYJIEM BJIACHOTO 3HAYCHHSA
8.8.1. Marpuus 3aransHoro surjasaay. Hexait matpunss A— marpuis
MPOCTOI CTPYKTYpPH, TOOTO ii BJIACHI BEKTOPH JIIHIHHO He3aexHi. Toi
OyIb-sIKMI N- BEKTOp X  MOXHA 3amucatd |y  BUIJIAIL
X=oyX +...+a,X,, A€ X,— BIACHI BEKTOPH, ¢, — JAEsIKl KOe(IIEHTH.
[TpunyctuMo Takoxk, 110
A >4 =4 =... 2|4 |
3B1JICH BUILIMBAE, 1110 BIACHE 3HAYECHHS A, J1HCHE.
BizbMemo moBinbHuii Bekrop Y #0, Hampukiam — BEKTOP
y“ =(10,...,0)", i 00urcaIrMMO BEKTOpU
@ _ (0) (2 _ () (k+1) __ (k)
yw =Ay"”, y7=Ay",.. Yy =Ay".
3ayBaxumo, mo Yy = A’y = Ay,
Hexait y“” =cX +C,X,+...+CX , mnpuuomy ¢, =0, iHaKie
MoskHa 3mianTH Y. Ockimbku AX, = A X, TO
y? =c AX +C,AX, +...4+C AX =CAX +C,AX, +...+C A X .
AHanorigHo,
y? =c XX +C AX +..+C X

171 2972712 n“"n“tn?

k

y“ =cAX +C, X, +...+C AX,

17171 2772772
y“r =c ATX +CATX . +C ATX .
YBEICMO MO3HAYCHHS: 1; = A; /4, J=2,..n, B; =X, 1,j=1...n,

iNjr b

e x; — j-Ta KOMIOHeHTa BekTopa X,. Tozl

yﬁk) :ﬁljjlk +ﬂ2j22k +"'+anJ'/1r:<’ J =1n.
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I3 niHIMHOI HE3aJIEKHOCTI BEKTOPIB X,,..., X BHILIUBAE, IO ICHYE

xo4a 0 onHa KommoHeHTa y{ #0. O6uncINMO

) ) ) ) 1+ ﬂzj /le+l 4+ . 4 2 ﬁnj k+1
yf +1) ,8 /fL+l+'8 l+1+ +ﬂ /1+1 /1 ,Blj ,811
Y B+ B A+ .+ BLA 14 yon pra— B, o
B, B,
OcK1IbKH ‘,uj‘<1 Ipu j >2, 10 y'j‘ — 0 ipu kK > 0. Tomy

y(_k+1)
J(k) = Z’l (1+ O(ILI: )) -
Yi

JloBeneHHsT 11i€1 PIBHOCTI MOXHA MPOLTIOCTPYBATU Ha TaKOMY
MPUKIAIL:

1_|_a1u2+ —1+ azuz(luz _l) =1+O(ﬂ2k)

1+au, 1+au,
OTxe, MaEMO HAOJIMXKEHHS U1 A, BUTIISILY
~ ) __ y,(k+D) (k)
A=A =y Pyl (8.9)

3HaYeHHs A, MOXKHA BBaXKaTH 3HANUJIEHUM 3 MOTPIOHOIO KIJIBKICTIO
3HAYYIIMX HUdp, AKIIO Taka KUIbKicTh mudp 36iraetecs B AY 1 A4,
JUisg HaAiitHOCTI B TOYHOCTI A, BapTO OOYMCIIIOBATH KiIbKka abo Bc1 M

(k)

BigHOIEHb (8.9), Wi akux Y~ # 0, i iTepauii NPUNUHATA TOJI, KOJIHU

JUIA BCIX BIIHOIIIEHD JOCATA€THCS 3aJ1aHa TOYHICTE 200
(k+1)

k+1 y
A = Zy(k) /' m.

: + + C + C +
Ockinmbku Y =c A" X + 2 4" +...+ = 1 |, T0O MaeMo opmyiry
Cl 1

JUIs1 HAOJIMKEHOT0 3HAYEHHS BIAMOBIIHOTO A, BIIACHOTO BEKTOpa
(k+1) k+1
y ~ C1ﬂ‘1 X1

&1 nonineHO HOPMyBAaTHM Ha KOXKHIM iTepamii, 1106

Bekrop vy
3amo0IrTH  3pOCTaHHIO HOro KOMMHOHEHT. ToO0Tto oOuMcIuTH
yrr =y /Hy(km , ne || — mesxa BexkTopHAa HOpMa, HAIPHKIAZ,

Hy(k+1) ‘ — \/(yl(k+1))2 + (yéku))z +---+(yr(,k+l))2

3ayBaxenHs 8.2. Axujo |1,|>|1;| i 3naiioeno nabausicenna ons

Ay, MO MOJNCHA 0OYUCIUMU HAOIUICEHEe 3HAYEHHS A, 3a popMYI0t0
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(k+1) (k)
< y; o —AY,
(k) (k-1) °
i =AY,
8.8.2. Bunagok cumerpuunoi marpuui. Hexait A — pgilicHa cumer-

puuHa Matpund, To6To A=A". V 1npoMy BUNAJKy iCHye cHUcCTeMa
BIaCHUX BEKTOpiB {X,...,X .}, $SKi yTBOpIOIOTH Oa3uc. MoxHa

%)=11 (x;,%)=0,
akmo 1# J. JIId CUMETpUYHOI MAaTpHIli MOXKHa T0OyayBaTH
ITepaliftHui nmpoiec 3 OUIBIIT BUCOKOIO MIBUIAKICTIO 3015KHOCTI.
O6unciuMo i poBineHoro Bekropa Y© #0  ckamspHi
TOOYTKHU:
(y(k) y(k)) Alzk +C2/12k 4 +C2/12k

n“n 1

(y(k+l)’y(k)) 1 2k+1+02 2k+1+ +Czﬂ,2k+l k — O 1

3B1ICH MaEMO

(8.10)

2

BBa)KaTH, 110 0a3KC OPTOHOPMOBaHHMM, TOOTO (X

(k+1) (k)
(y Y ) ) C12 2k+1 212k+1 L +C212k+1

(yk’ yk ) &Zk + CZ/fLZk + o+ CZ/ftZk
2 2
C C
1+ 2 ,u22k+1 + .+ “n qukﬂ
Cl Cl

=4 ~ A +0(3").

2 2
C, 2k C 2k
1+[] My +o+| |
Cl Cl

HabnwuxeHne 3HaueHHs A, 00YUCIIIOETHCA 32 (HOPMYIIOH0

(y(k+1), y(k))
(y(k), y(k)) '

A, = A = (8.11)

IMoxubka Mae MOPANOK fio°, TOMi AK y 3araibHOMY BHMAAKy (8.9)

k
HOPSAIOK CKIIAJAE LL, .
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Ilpukaaam po3B’si3yBaHHSI TUIIOBUX 3a/1a4

3amaya 1. Bukonatu gecsth iTepariii B MeToii SIko0i aJist MaTpuili
'8 -1 3 -1
-1 6 2 O
3 2 9 1
-1 0 1 7|
Po3p’sa3yBanns. Ha mepmriii itepauii yTBOpMMO HyJdb Ha MiCIIi
enemenra a,. Tomi @ =-6, cose, =0.763020, sin ¢ =—-0.646375.
Marpuug nepmoro noBOpoTy

A=

0.7631 0.0000 —0.6464 0.0000 |
U - 0.0000 0.0000 0.0000 0.0000
' 10.6464 0.0000 0.7630 0.0000
1 0.0000 0.0000 0.0000 0.0000 |
ITeperBOpeHa MaTpuIA
[ 54586 —2.0558 0.0000 —1.4094 ]
—2.0558 6.0000 0.8797 0.0000
A =U AU, = :
0.0000 0.8797 11.5414 0.1166
| —1.4094 0.0000 0.1166  7.0000 |

Ha HacTymHOMY KpoIIi 3aHysisieMo enemeHT a.. = —2.0558.

Ha neB’4riif iTepariii onepKumMo

3.2959
A —UTAU, = 0.0025
7 0.0379
1 0.0000
Ockimbku Max a”

0.0025 0.0379  0.0000 |
8.4052 —0.0050 0.0668

—~0.0050 11.7041 -0.0014 |
0.0668 —0.0014 6.5948 |

=0.668 < 0.075, To nporiec 3aBepiieHo. BiacHi

3HadeHHs: A, = 3.296, A, =8.405, 4, =11.704, A, =~6.595.

3amaya 2. 3a 10MOMOI0I0 METOAY XaycxoJjiepa IPUBECTH 10 TpHUIia-
TOHAJIBHOTO BUTJISIAY CUMETPUYHY MATPHUITIO
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(4 2 21
2 311
2 1 31

1 1 1 2
Po3p’sisyBanns. Hexaii A, = A IloOynyemo matpumi A 1 A, e A -

A=

TpuniaronanbHa. J[ns matpumi A maemo S =+/2°+2°+1° =3, o, =
=+/2.2.3+2-3 =+/30 ~5.47226. Toxi

W' =[0 5 2 1]=[0.000000 0.912871 0.365148 0.182574]
Hani 3Haxoqumo V, = AW, =

1
=——|0 -12 12 9|=(0.000000 -2.190890 2.190890 1.643168
L | |

Crana C =W'V,=-0.9. Ilicis woro oGuucaumo Q =V, —CW =

_V +0.9W, Q" ——=_[0.000000 —7.500000 13.800000 9.900000]=

V30
=[0.000000 -1.369306 2519524 1.807484]

Martpuns A = A —2WQ' —2QW," =
40 -30 00 00 ]
-30 20 -26 -18

00 -26 -068 -1.24]

| 00 -18 -124 068
Ha mnactynmHoMy kpowi oOumcauMo cram S, =—-3.162278,

o, =6.036874, c, =—-1.264911 i BexTopHU:

W =[0.000000 0.000000 -0.954514 —0.298168],

V. =[0.000000 0.000000 1.018797 0.980843]

Q] =[0.000000 0.000000 —0.188578 0.603687]

Tpuniaronansna matpuns A = A —2W,Q, —2QW," =

(40  -30 0.0 0.0

-30 2.0  3.162278 0.0

0.0 3.162278 -14 -0.2|

100 00 ~02 14 |
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3apaya 3. 3actocyBatu LU —anroput™m 115 3HaAXO0KEHHST HaOIMKe-

: 2 1 .
HUX BJIACHUX 3Ha4YeHb matpuul A= {6 1l ITepanii npunuHUTH,

SIKIIO [a,,| < 0.05.
Po3p’si3yBanns. [lepumii LU —po3knan

AU |2 01 05
=k 1{6 —2}{0 1}'

}. Jlani maemo

. {5
Tomi A =U,L =

6 -2
Ly |5 0 -02
A=l 2_{6 —0.8}{0 1 }
. _u |38 016
3BLOKH A, =U, 2—{ 6 —0.8}
Ha nactynnomy kpoiti
_Lu._|38 0 1 000421
A=k 3{6 —1.0526}{0 1 }
_u.L _|40526 00443
A= ?’Ls_{ 6 —1.0526}

Ockunbku &, <0.05 B marpuni A, To iTepanii npunuHIEMO. 3ayBa-

KUMO, IO JJI1 TOYHOro 3HadeHHd A4 =5 1 A, =-1, moxubka HaOIH-
YKEHHMX 3HAY€Hb Ha TOJIOBHIH AiaroHasi He nepesuirye 0.0527.

3agauva 4. 3HaliTh HaOMMKEHI 3HAYEHHS BJIACHUX 3HAYEHb MATPHUII

2 2
|: 1 , BAKOHABIIIKX YOTHUPHU 1Tepau1'1' CTCIICHCBUM MCTO0OM.

3
Po3B’sizyBanns. Hexaii y(o) [1, O]T. Tom

2 10
O AyO =| T y® = Ay® = _
y y |: y y 9 }

yo - 38 Jo - 154 /o :_614.
29 | 153 | 615

3a dopmyitoro (8.9) smaxomumo Y. /y? =614/154 ~ 3.987,

AHAJOrI4YHO
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y,? 1y =615/153 ~ 4.020, ski Bigpisustotees Ha 0.033. Vrounee

sHaueHHss A~ =(3.9871+4.020)/2=4/0035 mo na 0.0035
BIJIPI3HAETBCA BiJl TOYHOIrO 3HaueHHsA A =4. BianoBigHMi BilacHUN
BekTOp X = Y abo y© /|y®?| = [0.707,0.708] .

JI71s1 MEHIIIOro BJIACHOI'O 3HAYCHHS, TOYHE 3HAYCHHS SKOro —1,
Y= Ay

V= Ay
roi komnonentn —0.786. Yrounene 3naueHHs —(0.735+0.786)/2 =

=—0.7605, ske MEHII TOYHE TMOPIBHIHO 3 TEPIIMM BJIACHUM
3HAYEHHSIM.

3rigHo 3 (8.10 ~ —0.735 11 aHa/IOr14YHe 3HAYEHHS JJIs JIPY-

3amava 5. 3HaiiTH HAOIMKEHI 3HAYCHHS BIIACHUX 3HAYCHb MATPHII

2 2

3 1)
BUKOHABIIIM YOTUPH 1TEpallii METOJOM CKaISIpHUX JOOYTKIB.
Po3p’s3yBanns. Hexaii y, =[10]". Toxi

y(1) _ Ay(O) _ |:f:|’ y(z) _ Ay(l) _ |::):|’ plo. (y<2>, y(l)) _E ~-28:

_ - (y®, y®) 5

Yo = Ay® = 14} g0 2 OY) 122 5 oo
3] 7 Ty

y@ = Ay® = 41} AV = (y™,y™) _1094 2.9973;
40] (yo,y®) 356
122 (y®,y®) 9842

) _ Ay@ — A9 = : = ~ 2.9997.
y y LZJ (y“,y“) 3281

OCKUIbKH M“” — 1(4)‘ ~0.0024<0.005, To A=2.9997, mo Ha

0.0003 Biapi3HAETHCS Bl TOUHOTO 3HAUYCHHS.

3aBaaHHSA Ta 3aNIMTAHHA JJISI CAMOCTIMHOI po00oTH

. Ik 3HAXOUTHCS CTETIEHEBUM METOAOM JApYyre HalO1IbIIIe 110 MOJYJIIO BJACHE
3HaueHHA? [{oBecTu npaBmiibHICTh popMynu (8.10).

. IIpoimoctpyBatn Metoau Axko6i, QL 1 QR meroam Ha maTpuil Ipyroro
MOPSIIIKY.

. SIx 3HaxXOmATHCS J1Ba HAWOUIBIINX IO MOIYIIO KOMIUJIEKCHO CIPSDKEHI BIACH1
3HA4YECHHS?
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4. Cxnacta mporpamy 0oOuYMcClIeHHS MeToaoM SKo0i 3 JOIMyCTHUMOKO MOXHOKOIO

£=10"° Bcix map (A, Y,) marpuip:

4 3 2 1]

343 2
1) A=

2 3 4 3

1 2 3 4]

; 2) A=

[ 2.25
~0.25
~0.75
| 1.25

-0.25
2.25
1.25

-0.75

~0.75 1.25
1.25 -0.75

225 —-025|
~-0.25 225 |

[TopiBHATH pe3yabTaTH, OJEpKaHl 3a JOMOMOTOI0 KOMIT FOTEPHOI CHUCTEMHU
Mathematica abo iHmoi cucteMu.
5. Buxonatu Tpu itepaiii mMeTojgoM ko0l ayis 3HAXOMKEHHS BCIX BIJIACHHUX

3HAYCHb MATPHUIIb:

2 1 1 51 2
D1 2 1); 2)(1 4 1}; 3
1 1 2 2 1 3

725 025 -4.25

025 -525 0.75

—-4.25 075 3.25

3acTocyBaTu LIEW K€ METOJ, aje MONEpPEAHbO 3BIBIIM MATPHUIIIO O TPUII-

AIrOHAJIBHOI'O BUTJIAOY 3a JOIIOMOI'OIO IICPCTBOPCHHAM Xaycxonnepa.

6. 3aCTOCYBaTH ueﬁ KE MCTOA, aJIC IIOIICPCAHBO 3BCCTH MATPHIIO O TPHU z[iaro-
HaJIbHOT'O BUIJIAAY IICPCTBOPCHHAM Xaycxonnepa.

2 1
7. st Matpuii L 2} BUKOHATH TPH ITEepalli:

1) LU- anropurmom; QR- anropuTMom Ha mijictaBi iepeTBOpeHHs ['iBeHca;
2) QR- anropuTMOM Ha IiJICTaBl MEPETBOPEHHS XaycXoaepa.

[TopiBHATH oOAepkaHl pe3yJbTaTh 3a TOYHICTIO (3HAWIIOBUIM IMONEPEIHbO
TOYH1 3HAUYCHHS) Ta 32 0OUYUCITIOBAILBHUMU 3aTpaTaMu.

8. JloBecTH, 1o JUIsi CAMETPUYHOI 1 JOJaTHO BU3HAYEHOI MaTpHIli A MOCHigoB-
HICTh iTepaliii B LU —MeTtoi € 301kHOI0.

9. IlokazaTw, 110 JUIs MaTPHIIL

(1.0
0.5
1.0

15

a b
< o)
MOCTIAOBHICTH iTepariit B LU —MeToi € 301’KHO0 J10 AlarOHAIBHOT MaTPHIT.
10. 3agana cuMeTpuuHa MaTPUILIS

0.5
2.0
2.1
2.2

1.0
2.1
3.0
3.2

az=c,

1.5
2.2
3.2

4.0

1) TlepeBipuTH, IO MATPUIISI JOJATHO BU3HAUCHA.
2) OOumcnuTH HaiOiIbIIe BIacHe 3HaueHHs 3 TouHicTio 0.01.
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11. 3naiiT 3araabHUIl po3B’A30K CUCTEMU JIIHIMHUX IU(EepeHIIaTbHUX PIBHAHD
U, =4u, +3u, +2u, +u,,
u, =3u, +4u, +3u, + 2u,,
U, =2u, +3u, +4u, +3u,,
u, =u, +2u, +3u, +4u,.
o6uncnuBIM 3 TouHIicTIO 0.05 BiIacHI 3HAYCHHS 1 BJIaCHI BEKTOPH MaTPHIII
CUCTEMH.

12. 3naiiti Bei BacHi mapu {1, X} MaTpwIIi i3 3aBAaHHs | CTEMEHEBUM METOIOM
1 METOAOM CKaJSpHUX MOOYTKiB, BUKOHABIIM B KOXXHOMY 3 HUX YOTHUPH
itepartii. [lopiBHATH oieprKaHi pe3yJIbTaTH.

13. TloGymyBaTn MaTpuIo Bimobpaxenns | —\WW T 3a sekropom W' =[1,2,3,4].
[Toxazatu, 1m0 ofep»’aHa MaTPHUILI € OPTOTOHAIBHOIO.

14. 3naiitu MetogoM ckaysipHUX 100yTKiB 3 TouHicTiO 0.001 HaiiOutblIE BiacHe
3HAYEHHS 1 BIATIOBIIHUMA BIIACHUW BEKTOP CUMETPUYHUX MATPULb:

1 2 3 1 2 1
)2 3 4[,2)(2 3 2|
3 45 1 2 1

15. BukoHaBmu 5 iTepailiii CTEIEHEBUM METOJIOM 3HAWTHU JIBa HAHOUIBIII TTO MOy~
JI0 BJIACHI 3HAa4Y€HHs Marpulb 13 3agadl 14. IlpoanHamizyBaT TOYHICTh
3HAIEHNX 3Ha4YeHb, AKIO A4 =9.62347538..., 1, =-0.62347538...

16. 3actocyBatu 3BeJieHHs 1O MaTpulll XaycxoJuepa aisa daxkropusanii QR -Me-

TOAOM MaTpPHUIb:

1 1 1 1 3 -2
D2 -1 -1 2)|-1 -2 3
2 -4 5 1 1 2

17. Hocoiautu BrummB noxuoku 0 < & <<1 npu 3actocyBanHi LU — anroputmy 1o
MaTpHLl TOPAIKY N

0 0
0 0
000 ..01
& 00 .. 00

Posrnsnytu Bunagok N =10, & = 10710,
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18.

19.

20.

21,

22.

23.

24.

Jlnst 3aaHUX MaTpUIlb CTENIEHEBUM METOJIOM 3HAWTH HAOIMKEHI 3HAUYCHHS
BJIACHUX 3HAYEHbB 1 BIACHUX BEKTOPIB:

49 181 43] [15 69 17|

> 30 48 181 187 3 i 78 g
I3 14 24| 2= =L 2| gl L _2]
3 15 -25 8 8 4 8 4
I S A 3 3 U

T2 2 8 4 |

ITepartii 3aBepIuTH IpHu 301raHHI TPHOX JAECATKOBUX MU(P BIACHUX 3HAYCHD.
I3 TounicTio 0.001 oOuuCANTH CIEKTPAIbHUIA pajlyc MaTpUIIL

5 1 2
1 4 1.
2 1 3

JloBecTH, IO 11 CUMETPUYHOI MaTpwili Matpulld nomioHocti Q y (8.6)

oproroHansHa (Q ' =Q").

JloBecTH, mo 11 €KCTPEMAIbHUX BIACHUX 3Ha4eHb A 1 A, CHMETPHYHOI

X n

MaTpulll A TpaBUJIbHI OLIIHKHU:
A (A) SMIN(,), Ay (A) > MaX(,).

Hexait A= A" >0. JloBecTH, 110
A (R) = Max R, (X), 4,

(AX, X)

ne R,(X) =-———+ — BigHomeHHs Pernes.
(%, %)
Hexait A— cumeTpu3oBHa MaTpuilsi, TOOTO ICHYE HEBUPOKEHA MaTpuIls T
taka, mo TAT ' — cumerpuuna. JI0OBECTH, IO CHCTEMA BJIACHUX BEKTOPIiB MaT-
puili A TIOBHA.
[Tokazatu, 1O TO eleMEHTapHe MNepeTBOpeHHs mnojaioHocTi (8.6) pyitHye
CTPYKTYPY CTPIYKOBOT MaTpPHIIi, HAPUKJIIA]] TPU1arOHAJILHOT MAaTPHIL.

(A)=min R, (x),

in
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Po3ais 9. HabimxeHHst pyHKILii

3amaya HabmmxeHHs (yHKUIA. [HTepnomsmiiiauii MHOorouwnen Jlarpanxka, mo-
xuOka iHTepnoatoBanHa. [lonineHi pi3HMIIl Ta X BIACTUBOCTI, IHTEPIIOISIIIMHINA
MHoroujeH HpioToHa. [HTepnoatoBaHHs 3 KpaTHUMH BY3JIaMH, 1HTEPIOJISIIIHI
mHorouwieHu Epmita. MiHimizallisg moXuOKH 1HTEpPIOMIOBaHHS. 3ayBasKeHHS PO
30DKHICTh IHTEPNOJALINHOTO Tporecy. JIiHIHHI 1 KyOl4HI 1HTEpIIOJAIINAHI
CIUIaiiHu, T0OYj0Ba Ta BiIacTUBOCTI. CepeTHbOKBAAPATUYHE HAOIMKEHHS.

Jlireparypa [1, 5, 13, 26, 28, 35, 36, 66, 73, 80, 83]
Enexrponni mxepena [105-107]

9.1. ITocTanoBKka 3a1a4i PO HA0IMKeHHA PYHKUIN

Hexaif Ha citmi a<Xx <X <..<X <b 3amaHo 3HaueHHA
f = f(x) ¢ynkuii y= f(X), Bu3HaueHoi Ha Binpi3ky [a, b]. 3amaua
HoJjisirae B HAOJMMKCHHI 3a UMK JaHuMu QyHKIil f geskoro (yHk-
miero @ =@(X,a,,a,,...,a,) , IPOCTOIO JUII OOUNCIICHb, A€ &,,&,,...,a, —
napaMeTpu, siki MmoTpiOHO 3HaTU. SKImO0 M>N, TO 3amada HEJO-
BU3HaueHa. Halfuacrime QyHKIIS ¢ € AiHIIMHON 3a mapamMeTpamu a |

PX2g1118,) = Y80, () 9.1)

ne {¢}, — cucrema JniHIHO HE3aJEKHUX HA BiApi3Ky [a,b] pyHKmii,
JOCUTh MPOCTHX IS OOYMCIIeHDb, HANPUKIa aareopaiunux 1, X, ..., X"
a00 TpUroHOMETpUYHHX 1, SiN X, COS X,...,SiN KX, coskx. KoedimienTun y

dbopmyni (9.1) BubuparoThCs 3riJIHO 3 JSIKUMH KpUTEpisiMHU. Po3ris-
HEMO JIBa 3 HUX.
1) Hexaii n>m. 3a Mipy HaOJIM>)KEHHSI MOKHA B3SITH (QYHKIIIIO

F(a,2,,-a,) =i(yi — (%18, 8,))"

Enement, misi sikoro cyma KBaApaTiB BiAXWICHb HaOyBae Haid-
MEHIIIOTO 3HAYEHHS, HA3UBAETHCS eNeMEeHMOM HAUNINUI020 cepeo-
Hbokeaopamuunozo Haoaudcenns (EHCH). Omxe, 3amadya TyT
3BOJUTHCS 0 MiHIMI3amii QyHKii F 3a 3MIHHUMH @,,d,,...,d .

2) dxmo N=m, To mapameTpaMu @,,a,,...,8, BH3HAYAIOTHCA 13
CUCTeMHU N +1 piBHAHB 3 N+ 1 HEBlGOMUMU
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Yi =(%:85,8y,..,8,), 1=0n. (9.2)
['eomeTpuuno 11€ 03Ha4ae, mo rpadixk QyHKINI ¢ TPOXOAWTH Yepe3
3aJlaHl TOYkH (X, Y,), i=0,n. (puc. 9.1). SIkmo ¢ — niHiitHa GyHKIs 3a
napaMeTpamu a,,a,...,a
CJIAP

TO 3a7ada 3BOAUTHCSA JO PO3B’SA3yBaHHS

n?o

>ag(x)=Y, j=0n 93)

3amava iHmepnoas-
yii mojsArae B 3aMiHI
¢yukmii f Ha Bimpizky
[a,b] dyHKIiIEO g i3
JESKOTO Kiacy (yHKIIIH
TaKoo, mo (yHKIlsA J B
TO4YKax X,, X...., X , Ha-

y=fx)

¢ OyBaja THUX caMHUX 3Ha-
YyeHb, MO ¥ QyHkmis f,
TOOTO 1100 BHUKOHYBa-
nack ymoBa (9.2). Touku
X,; X.s..., X Ha3UBaIOTh-

0’ 1
Csl By3JIaMH I1HTEpIIOJIOBaHHS, 3ajaya 3HAXOJKEHHS HAOJIMKEHOIO

I
I
1
I
X

W

|
|
I
I
I
|
I
I
|
I
i
h

n

Puc. 9.1. KupHoto JniHi€l0 MO3Ha4€HO rpadik
GyHKLII, IKy HaOIMKAEMO

3HaueHHs QyHKmii f B Toumi X# X, | =0,Nn, 3a 3HAaYCHHSIM (YHKIII
o(X;a,,...,8,), MO 3aI0BONBHSAE YMOBY (9.2), Ha3WUBAETbCS iHMmMep-
HOTIIOBAHHSM.

JIiHiiHa 3a mapameTpamMH a,,d,...,d, QYHKOIA ¢, AId SKOi
BUKOHY€TbCSI yMOBa (9.2), Ha3UBAETHCS IHMEPNONAYIUHUM MHO20Y e~
nom i ynkuii f 3a cucremoro ¢pynkuiit {@ }.

9.2. InTepnoasiniiinuii MHOTOwWIeH Jlarpanaxa

n

Bubepemo npocty s o0uuciens cuctemy pyskmii 1, X,..., X .
I{s cucTema IHIAHO He3ale)kHa Ha JOBUIBHOMY MpPOMIXKKY [a,b],
OCKUIBbKU MOOY0BaHUM 1151 HEi BUBHAYHUK BpOHCHKOTO
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1 x x%.. X
0 1 2x.. nx"* °

I
—~
H
o

WIL X,...,x"] =
0 0 O.. n!
Haragaemo, mo BuzHauHukom Bponcekoro W[u,,...,u, ] cucremu

dynxwiit U, € C*'[a,b] HasuBaeTHCA BU3HAYHUK BUIIIALY

ul(x) UZ(X) uk(x)
W[u,,....u, ] = U; (X) U(x) . U(X)
u!Px) ufP ) . udP ()

Teopema 9.1 [61, c. 167]. Axwo susnaunux Bpoucvkozo cucme-

mu @ynxyitt Uy (X),...,U, (X) He nepemsoproemvca 6 mynv xoua 6u 6
oOnili mouyi npomixky [a,b], mo maxa cucmema ¢@ynxyin ninitino
He3ANeHCHA HA YbOMY NPOMINCKY. |
. . .

Cucrema piBHAHb (9.3) 3amumersca and (QyHKOIA @ =X,

i:O,—n TaK:
Z_O:aix} =f, j=0,n. (9.4)

OCKUIBKH BYy3JI1 Xi piSHi, TO BHU3HAYHHUKOM CHCTEMH € BU3HAYHUK

Bannepmonpaa, axkuil BiAMITHUM Bia Hyss. OTXe, cUCTEMa JIIHIMHUX
piBHsiHb (9.4) Mae eAuHUN pO3B’SA30K, TOMY I1HTEPHOJALIAHUMN
MHOTOYIEH ICHYE 1 € TUHUM.

dopma 3anucy I1HTEPHNOJALIRNHOIO MHOrO4WIeHAa MOXe OyTu
pi3HOIO0. Y opmi Jlarpanxka BiH HAOyBa€ BUTIISILY

L, (%) =if(xi)cbi(x),

ne @, (X) — mHorounenu crenens n, npudomy @ (x)=11 @ (x)=0,
komu j#i. Tomy L (X )= f. Muorouren ®; mobymyemo y BUIIsi
®;(x) =C T T(x—x;). Ockimpbku C [T(X —X,)=1 10 C =1/T](X —X)).

j=i i# i

Tenep iHTepnoNALiitHUN MHOTOUIEH Jlarpanika 3anUIIEThCA Y BUTIISIL
n X—X.
L,00 =2 O T—L (9.5)
i=0 — X

= X j
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Hamnpukian, komu n=0, o L (x) = f,. Jug n=1 maemo:

LI(X)—f X— X1 1 X—% :(X_Xo)fo—"(xl_x)fl.
X0~ X1 X =% X =%
Jitst n=2 onepxumo
oo DEXEX) | (X)) | (=x)(x=x)
(X, =X )(%, =X ) (Xl X, )(X, =X ) (X —%,)(%, =)
OuiHuMO OOYMCIIOBAJIBHI ~ 3aTpaTH  JJid  IHTEPIOJIIOBAHHS
dbyskmii y = f(X) y Touri X 3rigHo 3 ¢popmyiaoro (9.5). KinbkicTh
apudMeTUUHUX OTepalliii CKiiaiae
(N+D2(n-1)+2n+2)+n=4n"+5n. JIngd BeIUKUX N Ii¢ IPHOINU3HO
4n* apupMETHYHUX OIEPALiii JOJABAHHS i MHOKEHHS.
Hexait @ (X) '=(X—X)(X—X)-....-(X—X ) — MHOTOUJICH CTeTe-

g n+1. Moro moxigna o' (X)= ZH(X X.). lIpn X=X Maemo

|OJ¢I

@, ,(X)=TI(X —X,). Tomy inTepnonsuiiiuuii Maorounex (9.5) Mox-

J¢I

n+1

Ha 3alluCaTHu TaAKOXK Y BI/IFJ'IX,HI

910
L f b 9.6
0= 2 G oy 0

3ayBaxkennss 9.1. Hexau f(X)=g[q(X)]. V desxux sunaoxax

MOYHIWULL  pe3ybmam  IHMEPNoNIO8AHHSI  00EPHCYEMBCA,  AKUIO
CKOpUCMAMUCL — Y3A2AlbHEeHUM  IHMEPNOAAYIUHUM — MHO20UIEeHOM
Jlazpanoica suenady

L= Y Q).

q(x)—a(x;)
Q(x) = = q(x) #q(x;) npux; #x;.
1J':!CI(Xi)—Q(X,-) ’ :
3ayBaxkenHs 9.2. /[ cnpowents o6uucienb iHmepnosaYitiHo2o
MHO20YNIEHA ~ MOJICHA 3acmocy6amu cxemy  Eumxena. Hexaii

JHOBAHHSL X, ..., X,. 30Kkpema, | (x) = f(xk). Cnpasoscyemvbcsi pieHiCmb

p (X =Xp.4))

..........

(9.7)

Ik,k+1,...,p+1( )
p+1

OCKINbKU Npasa dacmuna € mHoeounenom cmenens P—K+1 i
30icaemves 31 snauennamu @yuxyii f y mouxax X,..,X,,. Cxema
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008HOMY OOYUCNIEHHI 3Ad O00NOMO20I0 gbopmyﬂu (9.7) enemenmis
maoauyi 3HaueHb IHMepnoNAYIUHUX MHO20YNEHIB

,(X)
Il(X) IOl(X)
IZ(X) I12 (X) |012 (X)

I (X) In 1n(X) In 2,n ln(X) *012.. n(X)

9.3. Ouinka NOXUOKM IHTEPIOJTIOBAHHSA

[Mpunyctumo, mo f € C™'[a,b]. 3naiinemMo Bupa3 1 HOXHOKH
R (x)=f(x)—L (x)
IHTEPIIONIAIIHHOr0 MHOrOowIeHa y Toumi X e[a,b]. ¥V Bysmax cirku
R (x)=0, ToMy po3risHeMO BHIAJOK, KOIH X # X. 3BereMo
¢ynkmito w(t)= f(t)—-L (t) - Ke  (t), ae crany K Bubepemo Tak,
mo0 y(X) =0. PiBHICTE ¢(t) =0 BUKOHYETBHCS B TOUKAX Xy, X ,..., X,; X.
Tomy Ha migcraBi Teopemu Poitst moxinna y/'(t) mopiBHIOE HYJIIO HE
MmeHie, Hixk B (N +1)-i Touri, w"(t) —y n Toukax i 1.1. [ToxigHa
y" M) =10 -0 - (0 = 1T (1) -K(+D)!=0

xo4a 0 B OfHil ToOULi, Mo3HaYKMMO ii uepes & Tomi K = ™M (&)/(n+1)!
OTxe,

_ ")
R, (%)= (n+1)!

3ayBakumo, 1o koiu f(X) — MHorowien cremers P, P<n, TO
FO()=0 i R,(Xx)=0. Slxumo max FOD(x)| <M

xe[a.b]

@,.,(X), xe[ab]. (9.8)

r1> TO MAEMO ISt

R, (X) OLIIHKY BUTJISTY

R09/= e

@, (X)|- (9.9)

9.4. IloaisieHi pisHULI

Jlist 3anucy iHTepnosIiiHOro MHoroujieHa y ¢gopmi HerotoHa,
K TIeBHOTO aHajory Qgopmynu Teimopa, mOTpiOHO BBECTH MOHSTTSA
nooinenoi pisnuyi. IloaineHa pi3HUL HyJIbOBOTO MOPSAKY B TOYI X;
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30iraethes 3i snauennsm (X ). Hexait X # X;, xomu i # . Pisuuui
MEPIIOro MOPSAJKY 3a4al0ThCs PIBHICTIO
FOx)—1(%)

f(x;%;)=
X; =X,

PI3HUII APYTOTO MOPSIAKY MalOTh BUTJISI
f(x;%) = F(%X;)
X =X
Pizaung k -ro mopsinky f (X, X,,..., X,,;) BU3Ha4a€eThcA 4yepe3 pi3HHMI

f(xi;xj;xk):

(k —1)-ro mopsaky 3a GopmMysI010

f (X X )= T (Xgreeer X 1)

f(X,,%X,....X )=
(K, —
Tadaunga 9.1
[TonineHi pi3HUIl
Xp | FO) | FOGX) | FOx5%0) (XX %3 %) o (X Xeetaa i %)
X | F(X)
P01t (i)
X | 1) (Ko X3 X3 Xs)
f(xl;xz) f(X'X'X)
x, | f(x,) v
2 2 o (X %55 X35 X,)
(X5 X3) F(X0%0:X,) i X i Xg)
X; | f(x;)
f (X33 %,)
e f (Xn—3 ’ Xn—Z ’ Xn—l; Xn)
f (Xn—Z ’ Xn—l; Xn)
f(X, 1:%,)
X, | f(x,)
Jlema 9.1. Cnpasoocyemnvcs pisHicms
S f(x)
f (X Xp0ee X ) = D (9.10)

i=0 H(Xi _Xj) |

Jis k=1 maeMo
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f(X f

Xo =% X=X

3aBepIIy€EThCS JOBEICHHS JIEMHA METOJOM MaTeMaTUYHOI 1IHAYKIlII. W
I3 piBHocTi (9.10) BUILIMBAIOTH TaKi IB1 BIIACTUBOCTI:
1.[dna ¢ixcosanux X,,...,X, nooinena pisHuys € MiHIHUM DYHKYIO-

F (% %)=

HANIOM:
(o fy+a, £,)(X5 o X ) =g FL(X5 - X )+ T (X5 X ), oy, v, R
2. Ilooinena piznuys € cumempuuroro QYHKYIEIO CBOIX apeyMeHmis.

3okpema, [Jig TOAICHOI PI3HHUII IEPIIOro IOPSJAKY MaeMO

f (%, X,) = f(X,,%). Hwkx4ye HaBeieHO TaOIHUITIO TIOUIEHUX PI3HUIID.

9.5. Intepnossiuiiinuii MHorowieH Hororona

ITokaxkemo, IO 1HTEPHOJSIIMHUNA MHOTOWIEH L, (x) MOKHA
3aMuCcaT y BUTIISIAL

P (X) = f(X))+ T (Xg; X)X = Xg) + T (%03 X X, )(X = X )(X = X,) +...

(9.12)
(5K %) (X % )(X = X)X~ %, ).

3anuiieMo IHTepHoAIHHNN MHOrowieH Jlarpanxka L (x) Tak:

L, () = L0+ (L)~ Ly() + o+ (L (9 + L, (9) . (9.13)
3posymino, mo L,(X)= f(x,),a

L1<x>—Lo<x)= A f(x) +— Xx°f(x1>—f(xo)—
:x<f<x1>—f(x0>x>1—_xxo<f(x1> (00 _ ()i

Pizanms L, (X) — L _,(X) € MHOro4wieHoM ctemeHst K, KOpeHi SIKOTO
Xoy Xp o1 X1 - OCKLIBKH
L () = L5 (%) = f(x), i=0k-1,
10 L, (X)— L _,(X) =A,®,(X). Hexaif X=X, Toxi
f (%) — La(X) = Acar (%) - (9.14)

3 iH1I0TO OOKY,
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F(x) =L, (x)=f(x) - Zf(X)H_ "

(9.15)

e )
O(X XI) ﬁ(x_x_)—l_;(xi_x)n(xi_xj) |

j#i

n
i=

[TopiBHsiBIIM piBHOCTI (9.14) 13 (9.15) 0JIEP>KUMO, 1110
f (X) _ Ln(X) = f (X. Xosess ) n+1(X) (9.16)
Haotn=k-11Xx=x, 13(913)1(915)M21€M0Akl—f(XO X 10 % )
Orxe, L (X)—L _,(X)=f(X;X;-; %) (X). IincTaBuBmm 1i Beu-
yuuu B (9.13), onepxumo dopmyny (9.12), sika Ha3uBa€eThCs iHmep-
noaayitiHum mHo2ouenom Horomona.
3ayBaxxenns 9.3. @opmyna (9.16) cryscums oyiHKow noxuodKu

6 mouyi X 0N IHmepnoaayitinoco muozodnena Hvromona (9.12).
llopisusasuwu (9.8) i (9.16), o0epacumo

. 1)
f AR ) EO,b.
(6Xg1%) == s < [0]

9.6. Minimi3anisi moXuOKM iHTEPNOJTIOBAHHS

Hexait ¢pynkuis f(X) anpokcumyeThes Ha [@, b] iHTepmosmiii-
HUM MHorouigeHoMm Jlarpamxka L, (X) 3a By3namMu iHTEpIOJIOBaHHA
Xy X, X, €[@;b]. dns 3amanoi gynkmii f, sk BUIIMBaEe 3 OIHKH
NoXUOKM iHTeprnotoBaHHsA (9.8), MiHIMI3AIllg TOXUOKH MOKIMBA
IITSIXOM BUOOPY BY3IMIB Xy, X;,--+, X, ¥ QyHKIIT W (X).

Hns n>1 xoedimient npu X' wmHorowiena Yebumea T (X)

nopisrtoe 2", Muorowten T (X)=2""T (X)=X"+... Ha3zMBacThCA
MHOTOYJICHOM, SIKHH HaiMEHIIIE BIIXWISEThCS Bl HYJIS.

Teopema 9.1. kw0 P,(X) — mHo20unen cmenens N 3i cmapuium
Kkoegiyicnmom 1, mo

max|P, (x)| = max|T, (x)| =2"".

[(-31] [-31]
JHoBenennsi. Hexail BHCHOBOK Teopemu HenpaBHanI/Iﬁ. OckinbKu
creninb MHorounena T (X)—P, (X,) mopiBaroe n—1, To, 3rigHo 3

< 2" nns BCiX P, TOMY

IIPUITY LLIEHHAM
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sign(T, (x;) — P, (x,)) =sign((-1)"2"" = P, (x,)) = (-1)°.
OTxe, MUK KOXHAMH JIBOMA TOYKAaMH X, X,, MHOTOWICH

T (X)=P,(X) 3mimoe 3mak. Tox muoroumen T (X)—P,(X) cremens

N—1 Mae N pi3HUX HYIIB, IO € CYNEPEUHICTIO. u
Binpizok [—1, 1] niHiiiHOO 3aMiHOIO
b+a b-a
t= + X
2 2

BimoOpaxkaeThcs y BiApi3ok [a,b]. Crapumii koedimieHT MHOTOWICHA
_(2x—(b+a : 2 Y : .

T, (#j IOPIBHIOE (—j . Ha mincraBi teopemu 9.1

b-a b-a
MHOTOWJICH

-ITn[a;b] (X) = (b—a)" 21—2n-|-n (ZX —(b+ a)j
b—a

31 cTapmuM KoedimeHToM 1 € MHOTOWICHOM, SIKWM HalMEHIIe BiJIXH-
JSIETBCS BiA HyJs Ha nmpoMixky [a, b]. e o3nauae, mo a1 10BiIb-

HOro MHOrowieHa Burisiay P, (X) = X" +... BUKOHYETbCSI HEPIBHICTh
max|P, (x)| = max|T,"**(x)| = (b —a)"2"".
[a;b] [a;b]
7(2k 1)
2N
MHorouwicHa YeOuiieBa, To By3JIaMH IHTCPIIOJIOBaHHS Ha [a, b],

OCKIIbKM BEIUYNHU COS( ) k 25, Ha [-1 1] e mymsamu

T06TO HysIsMu MHOrouneHa T ' (X), € Touknu
X = b+a+b_acos(mj, kK=1n. (9.17)
2 2 2N
Otrxe, MoxHa  MiHIMI3yBaTH  1oxuOky (9.8), Km0
Wy () =2""T,,(X). Tomi |w,,(X)|=(b—a)2"", komu xe[a;b].
Tox y3saBum (9.17) 3a By3IM IHTEPNOJIOBAHHSA, OAEPKUMO

wna0) =T, 00, ¥ wowy munanxy max|w, , ()] = (b-a)"2""

ToOTto mpu TakoMy pO3MIIIIEHH] BY3JIiB

. n+l ~»-1-2n
max| f (x) - L, (] < Meal®=8) 277
[a:b] (n+1)!
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OpnepxaHy OIIIHKY HE BIA€ThCA TMOJIMIIATH, OCKUIBKH IS
muorowiena f(x)=ax""+..+a, a,#0, cremens n+1 Maemo

fD(@)=a,(n+1)!, TOMy HEpiBHICTb IEPETBOPIOETHCA B DIiBHICT.
OTxe, s JOBUIBHUX BY3JIIB IHTEPIOJIIOBAHHS

r[nagq f(x)-L, (X)| > r[n%i(‘ £ (04D) (X)‘ (b—a)™12 2,

9.7. IHNTEepNOJIOBAHHSA 3 KPATHUMU BYy3J1aMH

Hexail y TOuKax Xo,X;,..,X,, X #X; KONU i=#j, 3amaHO HE

m!?
TinbkK 3HaueHHA QyHKOii Y, = f(X.), ane i 3HaYeHHS MOXiTHHUX IO
nopaaky n. -1, n =1, n=n+n+..+n —-1. fxkmo n =1, 1O
fO(x)=f(x). Yacno n, HazBeMo KpaTHICTIO By3ia. OTxke, BXiAHI

NaHl Ha0yBalOTh BUTJISY:

X, X, e X
F(%) F) e T(X)

f(no—l)(xo) f(nrl)(xl) f(nm—l)(xm)

3amaya moinsrae B Tomy, o0 nodyayBatu MHorowieH H (X) crenens
N 3 yuciaoM koedimieHTiB N+1 Takui, mo

HO(x)=fP(x), i=0,m; j=0,n 1.  (9.18)

IcHyBaHHS Ta €AMHICTH TAKOTO MHOT'OYJICHA BUILJIMBAE 3 TaKUX

MIpKyBaHb. PosrisiHemo BianoBiaHy (9.18) omHOpimHy cucteMy
PIBHSIHB

HY(x)=0,i=0,m, j=0,n 1. (9.19)
Kopinp X, piBHAHHA (9.19) Mae kpaTHIcTh HE Memy, Hix N, —1. OTxke

CyMapHa KpaTHICTh BCiX KOpPEHIB He MeHmIa, HiX N+1. OCKUIbKU
H_ (X) MHOrousieH cremeHs N, TO 1€ MOXJIHMBO TOAI 1 TUTBKH TOI,

komu H_ (x)=0. Ile o3nauae, mo cucrema (9.19) BigHOCHO N+1
koedinienTiB MHOrowIeHa H_ (X) Mae Tinbku HyJIHOBUH, a BIAOBIAHA

HeoHopiaHA cucTteMa (9.18) — equHUIM pO3B’A30K.
[aTepnonsauiitnuii MmHorouwieH Epmita OyayeTbcsi y Takuil ke
croci0, sik 1 MHorousieH Jlarpanka y BUTIIsiI1

222



H, () =22 fP06)D;(x),

i=0 j=0

ae @ (x) — anreOpaiuHuii MHOTOWIEH CTENEHS N, KU 3310BOJILHSIE
. k _ - _ . - _ k _ .

ymoBu: @ (x)=1 xomn i=| i j=k ta ®[(Xx)=0, B immmx

BUIIaAKax.

9.8. 30ikHICTH iIHTEPHOJALIHOTO MPOLIECY

Ha TpynHoui, moB’si3aHi 3 1HTEPIOJIIOBAHHIM, yYKa3aB IIe Y
1901 p. K. Pyare ma mpuxmami ¢ysxmi f(x)=(1+25x°)",
AHAJIITUYHOI HA X € [—1; 1]. ITocnmiaoBHICTh IHTEPHOIAIIMHUX MHOTOY-
neHiB L, (X), mo intepromioe ¢ynkuito f(X) Ha piBHOMIpHIHN ciTHi,
3pOCTaHHSIM N He 30irajiach A0 HEl y KOJHIA TOYIl. KpPIM BY3JIIB
iHTepnoatoBanns (puc. 9.2). Sk mokazano B [10, c¢. 31], 3pocranns

MaKCUMAaJbHOI MOXMOKHU I1HTEPHOJIOBAHHSA 31 30UIBIICHHSM BY3JIB
IHTEPIIOIIOBAHHS HA0yBa€ 3HAYCHbD:

n r[ge}f](\ f(x) - L,(%)| n r[TawB](\ f(x)— L, (%)
2 0.9615 12 0.5567

4 0.7070 14 1.069

6 0.4247 18 4.214

8 0.2474 20 8.573

10 0.2994

AHaJIOTTYHUN pUKIan 1 QyHKii Y = |X|, Xe [—1, 1] no0y/10BaHUU Y
1916 p. C. bepHmreriHOM.

Hexait {A,} — mocninoBHicTh ciTok Ha Bimpisky [a,b]: A, =
={x:a<x” <..<xV <b}, n=01.. IlobymyemMo MOCTiIOBHICTE
THTEPIOJSALINHUX MHOTOWICHIB Ln[f], K1 1HTEPHOJIIOIOTh (DYHKIIIIO
f e C[a, b] Ha citmi A
IHMePNOAAYIUHUM NPOYECOM.

Osnavenns 9.1. Iumepnonayiinuii npoyec 36icacmovcs 00 QhyHK-
yii f(x) y mouyi xela,b], axwo rlgpo L[ f()]=f(X). 36ixcnicme

n=0,1.. Ha3BemMo 110 MOOCJIIOBHICTH

n?

pisHOMIpHA HA [a,b], AKWO rTEa%(]‘ f(x)—-L, [ f (X)]‘ =0 npu N —> 0.

301KHICTh UM PO30DKHICTH 1HTEPIOJALINHOIO Mpollecy 3alie-
XKUTh BiJ BHOOPY MOCIIJIOBHOCTI CITOK A 1 riagkocti ¢yHKmii f.
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HapegeMo Teopemu mpo po30DKHICTE 1 301KHICTh 1HTEPIOIAIIMHOTO
poIIeCy.

Teopema 9.2 ((I)aﬁepl). AHxor 6 He Oyna nocnioosHicms Cimok
A, 3Hali0embcs HenepepeHa HA [a,b] Qyuxyia f(X) maxa, wo

nocnioosnicme  iHTepnosuniiaux — MHorowreniB L [f(X)] ue
30icaemucs pisnomipno 0o T (X) na [a,b]. m
Otxe, piBHOMIpHY 30DKHICTh Ha KJIacl HEMEPEPBHUX Ha [a,b]

byHKII He 3a0e3nedye XKOAHA MOCTIAOBHICTH CITOK. AJie AKIIO
3adiKCyBaTH HEMEpepBHY (yHKIIO, TO MOXHaA MNOOyAyBaTu
CHELIAJbHY MOCIIJOBHICTh CITOK A, IS SKUX IHTEPHOJALINHUM

npoiiec 30iraetees 70 f(X) piBHOMIpHO Ha [a, b].
Teopema 9.3 (MapIII/IHKeBI/I‘Il). Axwo pynxyia f(X) nenepeps-
na na [a,b], mo icuye nocnioosnicme cimox, 0 AKUX 8iONOGIOHUIL iH-

mepnoAyiuHUIL npoyec 30i2acemovCsi PIBHOMIPHO HA NPOMIJICK) [a, b] N

20-i CTemiHb 075

/ 5-f1 CTEmiHb

el

——
-1.00T—"5 45 —050 -0.25 025 050 g5

1

—0.25 1

~0.50 1

Puc. 9.2. ®yukiis Pynre, 110 iHTEpIoONMIOETHCS MHOTOWICHAMH 5-T0 1 20-T0
CTETeHS

3ayBaXXUMO, 1[0 AJITOPUTM MOOYIOBHU CITOK y TBEPKE€HHI 9.3 nocuth
cknagHuid. Tomy B 0OUMCITIOBaH1A MPAKTUIl HE KOPUCTYIOTHCS 1HTEP-

! Harancon W.I1. KoncrpykrusHas Teopus yskmmit. — M.: Focrexmsmar, 1949. — 532 c.
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MOJIAIIMHUMA MHOTOYJICHAMH BUCOKHX CTEIEHIB. 3HAYHO €(EeKTHUB-
HIIIAK amapaT alpoKCUMaIIii CrijlaliHaMU.

9.9. IlouaTTH CIJIAaMHA

[Tig craiinom (Big aHri. Spline — rHydka JiHIMKa) PO3YMIIOTh
arperaTHy (PyHKIIIIO, sKa 30Ira€TbCs 13 MPOCTIIMMMU (YHKIISIMH Ha
KOXKHOMY €JIeMEHTI po30uTTs Bigpiska [a,b]. Hanpuknan, nus

¢ynkiii Yy = f(X), BusHauenoi Ha [a, b], xyOiunuii crutaite “ckirero-
€TbCS” 13 KyOIYHMX MHOIOYICHIB, MOOYJIOBAaHMX Ha eJIEeMEHTaXx,
SKAMH € IPOMDKKH [X _, X.]. MakcUManbHUI CTEMiHb 3 BAKOPHUCTAHUX

Ha BIOIMOBIIHUX €JIEMEHTAX MHOI'OWIEHIB HA3UBACTLCSA CHEneHem
cnaatina. PI3HMIS MK CTEIICHEM CIUIaiiHa 1 HOro riaakicTio Ha [a, b]

Ha3UBaEeThCS depexmom cnaatina. Hanpukian, kyOluHUHN CIUTaiH S,
mae nedexr 1, sxmo S, € C*[a,b], i nedexr 2, sxmo S, € C'[a,b].

KyOiunuii iHTepnonsamiiinuii crtaitn aedexty 1 moxxkHa mpoi-
JIOCTPYBATH HA MPUKIIAJl THYYKOI CTaJbHOI JIHIMKH, 3aKpPIIJIEHOI B
rouKax (o, Yo) s (% Yo)wes (X, ¥,) (pc. 9.1).

IIpu BIACYTHOCTI 30BHIIIHIX HABAaHTAXEHb HA KIHISX JIHIAKH
npodiak CTPYHH 3a70BOJIBHSIE KpalOBI YMOBHU

S"(x,)=S"(x,)=0.

3rigHo 13 3akoHoM bepnysi-Einepa nminiape3oBane audepeH-

1aJIbHE PIBHSIHHA 1J1 MPO(LII0 CTPYHU HAOYBa€ BUTIISALY

aS"(X) =—M (),
ae M(X) - MOMEHT MHpPOTHHY, SIKMH 3MIHIOETHCS JIHIAHO BiJ OIHIET
TOYKH OMOPY JO IHINOI, & =CONSt — koediieHT xkopcTkocTi. [licns
IHTErpyBaHHs KpaloBOI 3aa4i oAepKUMo, o S(X) — KyOiuHa QyHK-
11151, AB14Y1 HEMepepBHO audepeHIliiioBaHa Ha [Xo, X, ]

CrtaiiHM IIMPOKO 3aCTOCOBYIOTHCS B TEOpili HAOIUXKEHb 1 B
MPUKIAIHUX 3a7a4dax. 30KpeMa, JJis 3aJaHHs TOBEPXOHb Y CHCTEeMax
KOMIT' FOTepHOTO MojentoBanHs (Hanpukiag kpusi besre, NURBS).
[HTEHCHMBHE BUBYCHHS CIIAHHIB PO3MOYAIIOCS 3 APYToi MOJTOBHHH XX
cromtTs. Tepmin “crutaitn” 3amnpoBaauB Icaak IllonGepr (I.
Shoenberg) y 1964 p. wis nomiHOMiagbHUX cIUTaiHIB®. JeTaIbHO
pi3HI MUTaHHS TEOPii CIUTalHIB po3risiHeHo B [1, 26, 40, 66] Ta iH.

2 Schoenberg 1. Contribution to the problem of approximation of equidistant data by analytic
functions / 1. Schoenberg // Quart. Appl. Math. Part B. — 1946, Ne4. — P. 112-141.
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9.10. JliHiiHI iHTEPNOJALIMHI CIIAWHA

Hexait Q_[a,b] — MHOXHMHA MHOTOWICHIB, BH3HAYCHA Ha
npoMibkky  [a,b], cremimp  gkux  He  mepeBumye M,
A={x 1a=Xx, <X <..<X =Db} - ciTka Ha Bigpisky [a, b].

OsnavenHss 9.2. @yuxyia S/(X) Hazueacmovca  NiHIUHUM
IHMePnoaAYIUHUM CAaUHOM, wo inmepnomoc ¢gyukyito T na cimyi
A, axwo:

1) S, eQ x4 %] i=1n;

2) S, eClab];

3) S,(x)=f(x), i=0,n.
Orxe, crotaiid S;(X) — ¢yHKmis, “ckieeHa” y Bys3max X, i=1n, i3
niniianx GyHKii (puc. 9.3). Ha xoxHOMY 3 Bigpiskis [X ,x ], i=1n
MaeMo piBHsSHHS craiiHa S (X) =Y, +K (X—X ). OCKiIbKH KyTOBHIA

koedimieHT Kk, :&, TO PIBHSHHS JIIHIAHOTO IHTEPHOJALIAHOTO

i i-1

cIjIaliHa Ha MPOMIXKKY [X ., X ] HaOyBae BUTISALY

S, (X) =V, +w(x—xi), i=1n. (9.21)
| Xi = X

1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1 %
1 i i &
T T T

1
1
1
1
[ ~
T C

X5 % X X Xy x5

Puc. 9.3. Jli"iitHu#t 1HTEpIONAIIAHAN CTITIAiTH

Jnst  OImiHKM TOXWOKHM 1HTEpPHOIIOBaHHS CrutlaiHoM S, (X)
¢byukiii f una cimyi A BBemeMO MOHATTS MOJYJS HENEPEPBHOCTI
byHKITI.
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Osnavenns 9.3. Hexaii f eC[ab], 0<d<b-a.
Yucro @(S, )= max ‘f(x‘”)_f(x)‘

X,X+te[a,b]
t<s
Hazueacmvcsi Mooyiem nenepepsrocmi Qynxuyii .
Moayap  HENEpEepBHOCTI  MOKa3y€e,  HACKIUIbKH  MOXYTh

BipisHsTHCH 3HaueHHs GyHkiii f y Toukax t,x€|a,b], Bincrams

MDK SIKUMUA HE MEPEBUINYE O . 3ayBa)KUMO, IO JJIsI HETEPEPBHOCTI
¢byukuii f Ha Bigpizky [a b] HEOOX1THO 1 JOCHUTH, OO BUKOHY-

Bajach yMOBa ijLr()l w(s, £)=0.

YBenemo nozHaueHHS: |f||=max|f (X)), |A]=max( —x.)-
xela,b] i
Teopema 9.4. Hexau f eCl[a,b], S, (X) — ninitinui inmepnoas-

YitHutl cniauw, saxuti inmepnonoc @yuxyiro [ una cimyi A. Tooi
CNPagoAHCYIombCsl OYIHKU:

[£9-sP| <K Al oAl £, j=0.1, (9.22)
oe 2Ko=K;=1, S'(x,) — 00na 3 noxionux S'(x, £0).
JoBenennsi. Ha Binpisky [X._

| £/(x) = S{(x)| =
& € (Xig: %)

Hexaii 7 — HallOmmxuui 10 X KIHENb BlI[plBKa [Xi-1,Xi]. Tom1

S1(2)=f(2) i [S,(x) - f (x)| = j( [(t)-'(t))dt|<

<05[ale(lAl. ).

[NepemoBIy 10 HOPMH ||| otepskUMo ApyYTyY 3 OIiHOK (9.22).
Hacainok 9.1. Hexaii cimxka A — pienomipua cimka 3 kpokom h.
Tooi

X.] maemo

—‘f (&) f (x)‘<a)(HAH f'),

y|—1 _f (X)
- X

i-1

—f/(t)|dt <

5,09 1 (] < ho(n. )
Hacuinok 9.2. Posenanemo nocvzzdoemcmb cimok A, :
m m m
asX, <X <..<X5=Db
[ BIONOBIOHY MNOCNIOOBHICMb JIHIUHUX [HMEPNOJAYIUHUX CHIAUHIB

S, (X;A,), wo inmepnomoroms @ynxyito feC'lab] na A_. Hxwo
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||Am||—>0 npu m—oo (abo h—0 orn pienomipnoi cimku), mo 3

meopemu 9.4 euniusac pieHoMipHa 30idCHICMb NOCAIO0BHOCHII
S,(X;A,) oo T npu m— oo,

9.11. Ky0iuHi inTepnoasiuiiii cruiannu aedexry 1
OsznavenHns 9.4. @yuxkyisa S,(X) nazueacmovca KyOiuHUM iHMeD-

RONAYIUHUM chnaatinom Oepexmy I, wo inmepnonoe Gyukyiro [ Ha
cimyi A, AKWO BUKOHYIOMbCA MAKL YMOBU.

1°. S, € Qy[* 4, % ], i=1m;

2°. s, eC?[a,b];

3% S, (x)=f(x), i=0,n.

Otrxe, KyOluHMI IHTEpHOAMIMHUN crmaiH S;(X)— KyCKOBO
KyOluHa (DyHKIIis, CKJIE€EHA Y BHYTPIIIHIX BY3JIaX CITKH 3 TTAJKICTIO 2-
ro nopsaky, Tomy aedekr d =1. Taka KOHCTPYKIIiS CITy>KUTh MaTeMa-
TAUYHOIO MOJIEJUTI0O (POPMHM THYYKOI JIHIWKH, 32 JOIMOMOIOK) SKO1
IIPOBOJINTHLCS TIJIABHA JIiHIS yepe3 (p1KCOBaHI TOYKM Ha ILIOIIMHI, a i
€0 MPYKHOI CHIIM MIHIMI3Y€bCSl TOTEHIIATIbHA €HEepris mpu ii
nedopmyBaHHi.

Posrasinemo anroputM moOy 0B KyOI4HOTO 1HTEPHOJISIIIIHHOTO
crutaitHa nedexkty 1. Ha koxHOMY BIiApi3Ky [Xi_l, Xi] CIUIaliH
3aMUCY€EThCS Yy BUTJIAI

p(X)=a +b(x—x)+c(x—x)*+d (x-x)>, i=Ln. (9.23)
Tomy motpiOHO 3HaiiTH 4N koedimienTiB &, b, ¢ Ta d.. g mporo
maemo 3(N—1) yMOB HEnEPEpBHOCTI CILIaiiHa

(pl(—Jl) (Xi—l) = (Di(j)(xi—l)7 i1=2,n; J=012 (9.24)
Ta N+1 yMOB 1HTEPHOIIOBAHHS 3°, Bcporo € 4n—2 ymoB. Ille 2
YMOBH 33Jal0ThCS B TOUKaX X, 1 X , IK KpaioBl ymoBHu. Hanpukiap,

S"(x,+0)=S"(x,—-0)=0, (9.25)
a00 nepioAnYHI KpaiioBl YMOBU
SW(x, +0)=5"(x,-0), j=012.
3BEeEMO 3a7a4y 3HAXO/KEHHS KOE(ILIEHTIB MHOTOWIEHIB @, J10
po3B’sizyBanHsa CJIAP 3 TpuaiaroHaqabHOK MaTPHUIICIO JJISI HEBIIOMUX
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. .. 0
C,,.-,C,, Uepe3 sKi BUpaxaTuMyTbcs koedimientu d., b.. I3 ymoBu 3

BUILINBAE, o ¢, (X,)=f,, ¢ (X)=f, | =1n. Tomy

a =1, i=in (9.26)
Kpim Toro, npu X = X, 0aepKUMO
a —bh +ch’ —dhy =1, (9.27)

OcK1I1bKHU

@ (X) =b +2¢;(x—x) +3d, (x - Xi)z'

@(x) = 2¢; +6d, (X — X)),
TO 3 yMOB HemnepepBHOCTI (9.24) crutaiiHa Ta mepmioi Ta JIpyroi
MOX1JHOT MaEMO:

a,=a—bh+ch’+dh’ (9.28)
b, =b —2ch +3dh?, (9.29)
2c_ =2c,—6dh, i=2n. (9.30)

I3 kpaitoBux ymoB (9.25) BummuBae, mo ¢(X,) =0 i ¢'(x,) =0,
TOMY
c,—3dh =0, c =0. (9.31)
VYBeaemo ¢iktuBHy HeBigoMy C, =0. I3 (9.31) 1 3 nepoi piBHOCTI
(9.30) omepxkuMO
d=5"% j=1n. (9.32)
3h
[TlincraBumo a, = f, y piBHicTh (9.28)

f =f-bh+ch’—dh’, i=2n.

3B1CU MaEMO

b = f(x,x ,)+ch—dh? i=2n, (9.33)

me f(x,x )= f(x)—f(x_/h.VYpaxysasuu Bupasu mis d. i3 (9.32)

1(9.33), onepxumo, mo b = f(x,x_)+ch — %hi a0o

b =f(x,x.) +%(20i +c.), i=2,n (9.34)

[TincraBumo tenep 3Hauenns b mpu k=i—-1Ta i B (9.29).
Tomi
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2 1
f (X0, % 5)+ gci—lhi—l + gci—zhi—l =

= f (%, %) +§Ci h; + %Ci—lhi —2¢,h +(c; —ciy)h.

[Ticns mepeTBOpEHb OACPKUMO

hi oG, +2(h, +h)c, +he =3(F (%, %) — F (X X,,), 1=2,n,
c,=c, =0.

Otxe, maemo CJIAP i3 TpuniaronasibHOIO0 MaTpulieto (9.35), npuuomy
3 MEepPEeBaror0 roJIOBHOI JiilaroHali. ToMy iCHy€e €IMHUNA PO3B’ 30K II1€1

CHUCTEMHU, IKHUM MO>KHA 3HAUTU METOJOM MPOTOHKHU.
Matoun 3HaueHHss C,..., C,,, 3a Qopmymnoro (9.27) i (9.34)

(9.35)

3HAXOIUMO  3HAYeHHS D, i=1n. 3a dopmymnamu  (9.32)

obumucmotothes d., 3 (9.26) 3HaxoATHCA &, | :1,_n.
Hacainox 9.3. Hexaii A — pienomipua cimka ua [a,b]. Tooi
h =h i CJIAP (9.35) nabysae npocmiuiozo euensioy

C,+4c +c =6f(x X ,X) i=2n;

i-17
c,=c =0.

Tym uepez f(X_,,X ,X) — nodineni pisnuyi opyeozo nopsaoxy. Koegi-

i-17
yienmie a, d; 1 by o6uucnroromvcs 3a opmynramu:
c—-C. . —

a=f(kx), d=—-""1=1n,
=fe) d="

xi)+g(20i+ci_l), i=1n.

b = f(x

Hexait Ez[a, b] — npocrip (b - a)-nepioguurux QyHKiH, AKi
MaloTh HETIEPEPBHY JIPYTY MOXITHY H f H = max f (X)‘ :
Teopema 9.5 [26, c. 12-13]. Hexati xybiunui cnnaun S, (X)

inmepnonioe y eyznax pienomiproi cimku A gyuxyio f e éz[a,b] I
3A0080JIbHAE NEPIOOUYHI KPAUOBI YMOBU

S7(%)=S"(%), S;(X%)=S"(X\1), Xy =%, + N, Yos =V,
To0i 0113 noxubok anpoxcumayii cnpagoAHcYIomsvCsi OYiHKU

|£©-s9| <Kih*w(h, £7),i=012, 8K,-K,=K,=5. n

30kpeMa, i3 Teopemu 9.6 BummBae, wo || f —S,[ < 0.625h*w(h, f").
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[Tpu naOmwxeHHi KyOiuHMM crutaiiHoM S, (X) ¢yHkmii Pynre

npy po30UTTI Bipi3Ka Ha N PIBHUX YaCTHHH, SIK MOKAa3aHO B Mpaili
[10, c. 50], makcuMaabHA MOXUOKA IHTEPITOIIOBAHHS CIIAJIAE:
n max f(x)-S,(x)

[-11]

2 0.9246 12 0.02932
4 0.5407 14 0.01661
6 0.2500 16 0.01000
8 0.5562 18 0.006339
10 0.09562 20 0.004195

KyOiuHi iHTEepnOALiiHI CIJIAWHU BOJOIIIOTh BaKJIUBUMHU EKCT-
peMalbHUMH BiacTUBOCTSAMHU. OJIHA 3 HUX MOB’si3aHAa 3 TUM, IO MPO-

¢bine rHY4YKOI MiHIHKH, 3aKpiMJIeHo] B 3aJaHuX Toukax (X,V:), 1=0,n,
1 3aoBonbHsIE KpaiioBi ymoBu S”(X,)=S"(X. ) =0, nHabyBae dhopmmu,
NpU AKI TOTEHI1aIbHA €HEPTis JIHIMKHA MiHIMajdbHa. MaTeMaTu4HO B
THITHOMY BUIAJIKY 1€ 3BOJUTHCS 10 HEPIBHOCTI [26]

J (8:00p%x < [ ( ()7,

HIpUYOMY piBHICTH gocsraeTbes Titbku i f (X) = S,(X).
Hexai Wf[a,b] — TIPOCTIp BU3HAYCHUX Ha [a,b] byHKIIIH,

Ipyra HOXI1JIHa IKMX IHTErpoOBaHa 3 KBaapaTtoM. Po3risHeMo 3amauy
po MiHIMI3ali0 (yHKIIIOHAIA

1(f) :I(f”(x))zdx

Ha MHOKMHI fomyctumux (ynkuii W, [a,b].

Teopema 9.6 (excTpeMajbHa BIACTHBICTh KYOIYHHMX CILIAiHIB)
[26]. Cepen ycix ¢ynxuiit f eW,/[a,b], ski iHTepromo0Th 3HaYeHHS
Vi, i =0,n, KyOiuHuil iHTepronAniiiauil crmaitn S,(X) 13 kpailoBUMU
ymoBami (9.25) miniMizye ¢ynkmionan |(f).

Hacainox 9.4. V ninitinomy eunaoky enyuka cmanvua JiHiliKa,
3akpiniena 6 moukax (X.,V;), I =0,n, Habysac hopmu KyoOiuHO20

IHMepnoNAYIUHO20 CRIAUHA. m

[ToGyaoBa mapaboMIYHUX 1HTEPHOIAIIMHUX CIUIAHIB Ma€ MEBHI
oco0imBoCcTi. MoKHA TTOKa3aTH, 110 MPU JCSIKUX YMOBaX, HAIIPUKIA/,
IPU 33/1aHH] TIEPIOAUYHUX KPAaHOBUX YMOB, CIUIAH HE 3aBKIH ICHYE.
[To-gpyre, njst CITKA A 4YMCIIO MapameTpiB JAOPIBHIOE 3n, a KiJIbKICTh
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yMOB (HETIEpepBHOCTI i iHTepmoaoBanHs) ckiaagae 2(N—1)+(n+1) =
=3n—-1, To0TO € OMH BUIbHUM MapameTp. SKII0 3a7aBaTH KpaioBy
YMOBY Ha OJTHOMY 3 KIHI[IB Bi/Ipi3Ka, TO MOXKHa OTPUMATH HECTINKHIA
OoOYHCTIOBANILHUN TIpoliec (MIBUJKE 3POCTaHHS MOXHOKH 1 CHIbHY
OCITMJIAIIIIO CIIJIaifHA).

VY 3B’S3Ky 3 IIUM BY3JIHM MMapabOoigYHOIO CIIaiiHAa BU3HAYAIOTHCS
citkoro A={X:a=X <X <..<X <b=x_} me X, 6 <X <X.
30KkpeMa, Ha pIBHOMIpHIH ciTiii MoXkHA B3sTH X = (X, + X )/2.

®OyHKIIg S, HA3UBAETHCS MApaOOIIYHUM CIUIAfHOM, SIKUH 1HTEp-
nomoe GyHKIi0 f Ha ciTii A, SKIIO BUKOHYIOTCS YMOBH!

1.S,eP, xe[x,x], i=1n.
2. S, eC'[a,b].
3.5,(x)=y, i=0,n.

[Ipu TakomMy BHOOpI CITKH ICHYE€ €IUHUN 1HTEPHOJISIIIHHUN
napaGomiunuii crmait [40, 66]. Skmo f e C'[a,b] i crumaiie mepio-
nnunwnii, To6To S* (a+0)= g (b—-0),k=0,1, to

‘ fP(x)—S» (X)‘ <K.h"a(h, ), j=01 Vxe[a,b],
ne 2K, =K, =5.

9.12. CepeanbokBaApaTUYHI HAOJIMKEHHS

9.12.1. Haijine cepegnbokBaapatuude Ha0amkeHns (HCK). [x-

TEPIOJIFOBaHHS 3pYyYHO 3aCTOCOBYBATH IIPU HEBEIMKOMY YHUCII1 BY3JIIB,

3HaYeHHA QYHKIIT B IKUX 3aJ]aHO TOYHO. SKIIO X Il 3HAYEHHS BigoMi

3 TMOXUOKaMHu, HaNpHUKIaJ € pe3yJbTaTaMu EKCIEPUMEHTY 4Yu

CIIOCTEPEKEHHSI, 1 KUTbKICTh iX JOCUTH BelauKa, To OyayeTbess HCK,
Hexait gynkuito Yy = f(X) 3agano 3HaueHHsIMH Y, ,..., Y, , SKHMH

MOXYTh OyTHM pe3yiabTaTh OOYHUCIEHHS, CIOCTEpeXEeHb abo
BUMIPIOBaHb y BYy3IaxX X ,...,X . IIpumyctumo, mo X, <X <..<X,.
[ToOymyemo HaOIM>KeHHs QYHKIIIT Yy BUTIIAI

(p(x;ao,...,am):iaj(pj (x), (9.36)

ae m<n, a QyHKIil ¢ (X) — miHIHHO He3aleXHi Ha [X,, X ] 1 JOCHTH
npocti jysi oOuucienHs ¢Qyskuii. Bubip dyHkuii ¢ Moxe rpyH-
TyBaTUCh Ha aHali3l pe3yJbTaTiB TaOIUYHOTO 3aJaHHs (QYHKIIII.
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Takoro moxe OyTu NiHIMHA @ =a,+aX abo KBaApaTU4HA (DPYHKIIS
@ =2a,+aX+a,x’. KoediienTn a BUOHMPAIOTHCS TaK, 0O MiHiMi-
3yBaTH CyMy KBajpaTiB BiaxwieHb Y, —@(X;a,,a,...,a ) MDK eMIi-

PUYHUMU 1 TEOPETUUYHUMU 3HAUYCHHSMHU. TOOTO MOTPIOHO 3HANTH Taki
3HAa4eHHs Koe(ilieHTiB a,,a,,...,a_, 11100

May 2u08,) = YT~ 032,808, )F =min.. (9.37)

SIK1Io BiZiOMi OIIHKYM MOXHOKM ¢&; 3Ha4deHb Y, ¢pyHkmii Yy = f(X),
TO KpuTepiH (9.37) Burnsanae Ta:

_Zn:pi[yi —o(X;8y,8,,..,a,)]° =min,

7€ BaroBi koediwieHTn p, >0 1 XapakTepu3yroTh TOUYHICTb: YUM BHILA
TOYHICTb, TUM OiNbIIi X 3HaYeHHs. 31e6inbine p =& > [28].

I3 HeoOXigHOT yMOBH ekcTpemyMy QyHKLiT A(a,,a,,...,a,,)
OJIEP>)KMUMO CUCTEMY PIBHSHB JJIsI 3HAXOKCHHS KOEe(III€HTIB
a,,8,,..,a_ "

OA
oa,
K110 BBECTH CKAJISIpHUHN J0OYTOK

(§0i 1P ): é% (Xk)§0j (%),

TO CUCTE€Ma PIBHSIHb HA0yBa€ BUTIISAY

0, j=0m. (9.38)

5 (p.o By =(0 F)i=0m, (9.39)

Martpuns CJIAP € marpunero ['pama, sika CMUMETpHUYHA, a TAKOXK
JOAATHO BU3HAYEHA, SIKIIO cUCTeMa (DYHKIIIMI {(oi} € 4eOUIIOBCHKOIO

[28]. Haramaemo, o cuctema ¢yukmii {g,(X),..., ¢, (X)} HasuBaeThes
cuctemoro Uebumena Ha [a,b], sxmo Bru3HauRNK

0o (%) o @, (X%)
#0

Po(X,) o @, (X)
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V {Xgsn Xo )y % €[@,b], X =X, Vi j. Ipuxnagamu e anreOpaiuna
crcreMa {x", K :1,n}, cucrema {1,C0SX,SinX,...,SiNNX,COSNX}, MHoO-

rounenn Yebumena T, (X) = cos(k -arccosx), X e[-1,1],k = 1n.

HapeneHnuii cmnocid 3HAXOJKEHHS AampOKCUMYHOUOi (YHKIIIT
. . 3
HA3UBAETHCA MEMOOOM HAUMEHWUX K8AOpamia'.

Jliist anre6paidyHoi CUCTEMHU {xk, k :ﬁ} CJIAP (9.38) naOyBae

BUIILAY

> (XY, = (X, y), i =0m

ne (Xi,Xj)=kZ_(lJXL+j, (Xi,Y)=kZ_(l)Xikyk-

OCKUIbKY TIPU BETMKUX N CHCTEMa MOraHo 0OyMOBJIEHA, TO B 3a/a4ax
nooynosu HCKH n=1-5.

9.12.2. llpuxkaaau nodyaosu HCKH. IloGyayemo niniiiHe HaOIu-
KEHHS

P(X) =3, +aX.
VY 1poMy BUNIAJIKY
Aag.a) = [y, — (@ +ax)I
1=0
1 CJIAP (9.39) naOyBae BUrisiy

ao(n+1)+a12Xi = ZYU
i0 i—0

aOZXi + a1zxi2 = inyi'
=0 i—0 i—0
Jlist kBaipaTuyHO1 (QyHKIIIT

P(X;8,,8,,8,) =8, +8,X+a,X"

(9.40)

MaeEMO
A@3,3) = 31 (3 2 + 20T
i=0

Koepimientn a,a,,a, 3Haxonarscs i3 CJIAP

¥ Po3po0OKa 1150ro MeTo 1y 1oB’si3ana 3 imenamu K. Tayca it A. Jlexannpa.
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anN+a, ) X +a, > X' =2y,
aozxi +a12Xi2 "'azzxi3 =inyi,
a, > X +a ) X +a, ) x =Y xty,.

13 CUMETPUYHOIO MaTPHUIICIO.
9.12.3. 3rnagkyBaHHsA JaHMX. KO 3HA4YEeHHS Y, B1IOMI 31 3Ha4-

HUMHU MOXMOKaMH, TO MOKHA 3aCTOCYBAaTH MPOLEAYPY 3IJIaJKyBaHHS
KUIbKOX cyciaHix Touok 3a gomomororo HCKH i3 ognum abo nBoma
koedimieHTaMu. LleHTpanbHii TOUll NMPUIUCYETHCS 3HAYCHHS, OJEp-
’kKaHe B mporieci anpokcumaitii. Posrinsaemo npukian. Hexail 3HaueH-
HS Y, BUMIpsAHI Ha PIBHOMIpHiHN ciTii 3 KpokoM h. 3a 3HaueHHSIMHU
Yi1r Yir Vi TOOYITyeMo miHiliHE HaOMmwKeHHS @(X) = 8, +a,X. I3 mep-
mioro piBHsHHS (9.40) onepKuMo
38, +3%X3, = Yy 1 + Vi + Vi

3B1IKH 3HAXOIUMO

o(%)=ay+aX =Yyt Y+ V) /3.
VY pamioTexHil Takuid croci0 3riaKyBaHHS HA3UBAETHCA (iibmpon,
OCKIJIBKHM BiH TOCJIa0JIF0€ BUCOKOYACTOTHI KOJMBAHHS, MaJio BILIMBA-
10YM Ha BUCOKOYacTOTHI [28].

Hexait ¢ynkuis f(X) mepiommuna 3 mepiogoM 27. TaKUMH
(YHKIISIMUA ONMHUCYIOTHCS 3BYKOBI, CBITJOBI Ta 1HII TEPIOJUYHI
nporecu. Axmo nepiox pyukuii T >0, o dyukuia g(x) = f(Tx/2x),
Oyze BXKe 27 -TeplogndHOoI0. PO3rasHEMO NUTaHHS HAOIMKCHHS ITi€l
GyHKIT TPUTOHOMETPUIHUM MHOT'OUJICHOM

M -1
o(x) = a, exp(ikx). (9.41)
k=0
[TpurrycTrMoO, 1110 B piBHOBIIAICHUX By3JIaxX
2\

X, =2, j=0,N-LN>M +1,
N

3aano 3Ha49eHHs Qynkuii y; ¢ymkuii f. BpaxoByroum oproronans-

HicTh cuctemu Qynkmiin {exp(ikx)} koedimienTnn a, 3HAXOAATHCS B
SBHOMY BUTJIsL i [28]

a, = %E f(x)exp(—ikx,). (9.42)
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Koedimientn (9.42) MoxxHa oiepKaTH TAKOXK K pPe3yJbTaT YHCIOBOIO
IHTeTpyBaHHS METOJOM TpPaBUX NPSMOKYTHUKIB IHTETPANIB Y
koedimienTax posiany Gynkmii f(X) B psag Oyp’e.

®opmyiy (9.41) moxHa 3actocyBaTu npu Benukux M. 3pydHo
B3 M KkpaTHuUM 6, 30Kkpema st N =6 abo 12 koedirientu (9.42)
MIPOCTO OOUYHCITIOIOTHCA.

3ayBaskenns 9.1. Ilpu sacmocysanni MHK sunukae npobnema
eubopy xinobkocmi ¢ynxyiu @, 6 (9.36). B okpemux sunaoxax maxuui
8UOIp 3po3yminutl i3 ananizy mabauyi 3Havensv Qyuxkyii abo ix sizya-
ni3ayii, HAaNPUKIAO, KOIU 3HAYEHHA Y, NPUA2aromsb 00 0eaKoi nPAMoi,
mo m=1 ¢@,=1 @ =XV 3qearvnomy eunaoky ona @ixcosanoi

m .«
cucmemu {(oi }i:O’ nouuxnaemo 3 deakoeo M=0, 3Haxooumo xoeghiyi-

€cHmu  @; U  ODYUCTIOEMO — CEPEeOHbOKEAOPAMUYHE  GIOXUILCHHS

0, =+JAI(M+1). Hxwo o6,>¢&, mo uucio xoegiyicumie nedoc-
mamue i M nompiono 30invuwumu. Axwo O, K &, mo cmapuii koegi-
yieHmu HedoCmogIipHi i M nompiono 3menwumu. Koau oocsieaemocs
pisHicmob O, = &, mo ubip M ONMUMATLHU.

Metoa HaiiMeHIIIX KBaJpaTiB 3aBJSKH MMHUPOKiK cdepi 3acTocy-
BaHHS MOCiAa€ BUHSATKOBE CEPel METO/IIB MAaTEMAaTUYHOL CTATHCTUKH .

3rigHo 3 Teopemoro [ayca-MapkoBa OLIiHKa, Of€p:KaHa METOIOM Haii-
MEHIINX KBAJIPATiB, € HAWIIMNIIOK JIHIMHOK HE3MIIIEHOIO OIIHKOKO.

Ipukaaau po3B’si3yBaHHS THIIOBHUX 32124

3agpaua 1. [IloOyayBatu 1HTEpPHOJSIIMHUA  MHOTOWIEH  JIS
HaOmmkeHns (Qynkuii  y=(1+X)" 3a 3HaYeHHAMM Yy By3Jax
X, =1+0.2n, n=0,1,...,5.

Po3p’sizyBanHss. OCKUIBKM KUIBKICTH BY3JIB JIOPIBHIOE 6, TO

IHTEepHOJALINHUNA MHOTOWIeH y (opmi HproToHa Mae creminb 5 1
HaOyBa€ BUTIISTY

P.(x) =0.5-0.227(x—-1) +0.094(x -1)(x —1.2) —0.036(x —1)(x —1.2) *
*(X—1.4)+0.013(x-1)(x -1.2)(x-1.4)(x—1.6) —
+0.004(x —-1)(x-1.2)(x -1.4)(x -1.6)(x —1.8).

* Jloycon Y., Xencon P. UncieHHoe peleHre 3a1ad MeTo[0M HAMMEHBIINX KBaAPATOB. — M.:
Hayxka, 1986. — 232 c.
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V touni x=1.5 maemo L (1.5) =0.400000390234765. [Toxubka
inTepromtoBanns ckiaae | f (1.5)— L (1.5)| =3,90234765246239%x10" .

3agaua 2. IIpointepromoBatd ¢QyHKIIFO Y =SIN X mpu X=23° 3a
snauennsmu Sin 10k, k =0,5.

Po3B’si3yBanHns. 3actocyeMo cxemy EitTkena. PesyiabTaTt 004KCIICHD

HaBeaeHo B Ta0. 9.2.
Taoauus 9.2.

Xk Ik Ik,k+1 Ik,k+l,k+2 Ik,k+l,k+2,k+3

10 0.17365
20 0.34202 0.39253
30 0.50000 0.38578 | 0.39051
40 0.64279 0.37694 |0.39019 |0.39073
50 0.76604 0.36618 | 0.38990 |0.39072
60 0.86603 0.35367 |0.38962 |0.39072

Cnoctepiraetbes crabdimizailisi 3Ha4€Hb B OCTAHHHROMY CTOBIIIII.
3rimno 3  ¢dopmynoro  (9.16) 3a cxemorw Elitkena Sin 23
~l,,,(23°)=0.39073. BinxuneHHs Bix TOYHOro 3Ha4eHH: SiN23° He

O WN P O|x

MIEPEBUIILYE 107,

3amava 3. [loOyayBatu iHTepnosALidiHui MHOrowieH Epwmita s
TaKuX BXIJTHUX JTAHUX:

f/
Po3B’si3yBanHs. MHorowien EpMira 3anuiemMo y BUTIISAL
H, () = fo /K (%) + f,R(X) + f,F,(X) + fF, (%),
ne F(x) i B, (x) — MHOrOuNIEeHH  CcTEneHs 3, IPUIOMY

F (Xj) = 5ij d Fj,(xi) =0, F11(Xj) =0, F1,1(X1) =1, 1,]=012,
d;; — cumBoi Kponekepa. Ha migcrasi nux ymoB gpynkuii F i F;,
BUOEpPEMO Y BUTJIAI
Fo(X) =Co(x— X1)2(X =X%,), F(x)=C,(x- Xl)z(x —X%g),
Ry () = (X=X, )(AX+ B)(X—%,),  Fiy() = C, (X~ X)X~ X) (X~ X,)
3riIHO 3 YMOBaMH Ma€MO:
Co =1/((%, - )(1)2()(0 =X,)), G, =1/((x, - X1)2(X2 — X)),
Cy =1/((% = %) (% = X,)).
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Crani A 1 B BU3HA4aloThCs 3 CUCTEMHU PIBHSIHD
(% =% )(AX = B)(x, —X;) =1,
A = X%0) (% = %;) + (AX + B)(2X, — X, = X;) =0,
PO3B’SI3KOM SKO1 €
2%, — Xo — X, B XoXy — X7
(= %) (X = %) (X = %) (X —%p)*

3aBIaHHA TA 3aNIUTAHHA JJIS CAMOCTIMHOI po00oTH

1. Slx MokHa MIHIMI3yBaTH 3AJMIIKOBUN YJIEH IHTEPHOJAIIIHOIO MHOTOY-
neHa Jlarpanxa?

2.11lo 3MiHUTBCS y MOOYAOBI IHTEPHOJAIINHOTO MOJIIHOMa 3a (OPMYIIOI0
Jlarpanxa, sIKIIIO MOMIHATH CUCTEMY BY3J1B, HAIIPUKJIAA, JOJIATH 1€ OJUH
BY30.17

3. SIKi BIACTUBOCTI MaOTh MOJIIICH] P13HUII?

4.V sKuxX BUMAJKaX IHTEPHOJSALINHUNA MHOTOWIEH Kpallle BUKOPUCTOBYBAaTH
y ¢opwmi Jlarpanxka, a konu —y popmi Herotrona?

5.UuM BijIpI3HAETHCS MOCTAHOBKA 3aJiayul 1HTEPIIOIIOBAHHS BiJ MOCTAHOBKU
3a/la4l  CEpEIHbOKBAJIPATUYHOTO HaOmmxkeHHA? B  skux BuUMaakax
BUKOPUCTOBYETHCS KOXKEH 13 METO11B?

6. Jlatu mpakTHUHy OIIHKY MOXUOKHU 1HTeproatoBanHs B IMJI ta IMH.

7. JlaTy reOMEeTpHUYHY UTFOCTpAIIiIO JIHIHHOT Ta KBaIpaTUYHOI IHTEPIIOJIALII].

8. 3a Tabsuiero 3HaYeHb QyHKIIT Y = f(X)

X 112 |3
fx) | 1[-1] 0 |-2
1) moObynyBaTu iHTepnosauiiiHuii MHOrouieH Jlarpanxa 1 HeroToHa;

2) noOynyBaTu JiHIAHY (QYHKLIIO METOJIOM HaWMEHIIMX KBaJparTiB,
3HAUTH CepeaHIO TOXHUOKY.
3) moOyayBaTH JIHIHHUKA 1HTEPHOJIAIINHNN CIIIaliH.

9. JloBecTH, 110 SKIIO BY3JIM 1IHTEPIIOJIOBAHHS PO3MIIIEHI CUMETPUYHO BiJI-
HOCHO CEpEeJIVHHU BIJpi3Ka 1 3HAYCHHS B CHMETPUYHHUX TOYKAX OJHAKOBI, TO
IHTepHOJIALIMHIA MHOTOUJIeH Jlarpamka — mapHa (QyHKITiS.

10. Jna ¢ymkuii f(X)=x*? 3i spauennmamm f(0,1)=6.08581, f(1,2)=
=0.76071, f(2,7)=0.92540 i f(4,9)=0.09220 moGymyBatn y3arais-
HEHUI 1HTeprosmiiaui MHOrowieH Jlarpanxka, skmo g(x) =1/X.

11. TTokazaTu, 110 AJIs TOAUICHOT PI3HHUII BUKOHYETHCS PIBHICTh
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AP {1 NN (O B (< N
(Xo B Xl)(XO o Xz) (Xl - XO)(Xl - Xz) (Xz - Xo)(xz - Xl)

JloBecTu aHanoriuny BiaacTuBicTh s pizHuLi f (X, X,...,X.) .

12. TlopiBHATH iHTeprOAIiMHI MHOTowIeHu Jlarpanka 1 HeroToHa 3a Kijib-
KICTIO  apu(PMETUYHUX OIepalliii, HEOOXITHUX IJid 1HTEPIIOIIOBAHHS
dbyHKIIIT B TOYIl X.

13. Ouinutu moxmOKy HaOmmxeHHs (QyHKOii €° MHoroumenom Jlarpamka

L, (X) , no6ynoBanoro 3a By3namu 0, 0.1, 0.2 B roukax X=0.05 i x=0.15.

14. O6unciautu HaGmkene 3Hadenns f (X) =€ mia x=11 x=1/3 3a
P +PXx

p
1+gx

. . 5
JI0TIOMOTO¥0 JiiaroHansHoi anpokcumManii [ange® f ™Y (x) =

akmo f(—1.2)=0.301, f(0.5)~1.649.

15. 3 SKMM KpOKOM MOTPiOHO CKIacTh Tabimiro SiN X Ha [0,7'('/ 2], 100

MoXuOKa JiHiHHOT iHTeprnosii He mepesumtysana 0,5-107°?
16. TloGymyBati MEOTOUNEH Py(X)=a, +a,X+a,Xx’ +a,Xx°, AKuil 3a10BOIbHSIE
ymos: ) ,=1 R(0)=PR,(-)=P,0)=0;
6) R(-)=0, RO =1 P(2)=2, R1)=0.
17. Ha mpomixky [0;1] moOymyBatn MHOrouieH ctemeHs N=2; 3 i 4, ski

HalMEHIIIE BIIXWISIOTHCS B1Jl HYJIS.
18. IloOymyBaTu iHTepmOSIiiHI MHOTOWIeHH y ¢dopMmi Epmita 3a Takumu

JTAHUMU:
a) X, X X, 0) X, X X,
f(x)  f(x) f(x,) fix) () f(x)

) F) (%)

19. Ina dynkmii f(X)=SinX BU3HAYUTH KPOK CITKH 3 PIBHOBIITAICHUMHU
By3JIAMHM JUTS JTiHIHHOTO i KBaAPaTHIHOTO {HTEPIOTIOBAHHS 3 TouHicTIO 10°°,
20. OninuTtr moxuOKy anpokcumarii Gyskiii f(x) = Jx y Toumi X=111.6, a

Takok Ha npoMixky [100,144] inteprionsuiiiaum MHOTOWIEHOM L,(X) 3
By3mamu {100,121, 144},
21.V T1abn. 4 3agano 3Hauenusa Gpyukmii f(X) =2sin(xz/2) +1. IlooynyBaTu

cepeaHbOKBaApaTuIHe HaOmkeHHs BUTIsiny f(X) =asin(xz/2)+ f Ta

®> Cohen H. Numerical Approximation Methods. — New York: Springer, London:
Dordrecht Heidelberg, 2011. — 455 p.
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N
o0uncnuTi noxuodky E = ngz
k=1

Tao6auus 9.3
X f(x)
0.6 -0.895
1.1 0.011
1.4 2.990
1.9 0.691

22. IlobynyBatu cucteMy pIBHSHb Yy METOJAlI HAMMEHIIWX KBaJApaTiB IS
(GYHKIIOHATBHOT 3aJIEKHOCTI BUTIISATY gD(X; a, b):aebx i go(x; a, b, C):
=a+b/x+c/x’. BukoHaBIIM 3amiHy Tak, MO0 CHCTEMa HOPMAJbHHX
pIBHSIHB OyJia JIIHIHHOIO.

22. 3rimHo 13 3akoHOM ['yka, BenWyMHA BUAOBXKEHHS MPYKUHUA Y JIHIAHO
3alexuTh Bim Macu Y=gm/k, me K- xapakrepuctrka npyxuHH. 3a

pe3yiibTaTaMH BI/IMipIOBaHB
m 21 42 94 123

y, 12 23 57 81
noOynyBaTH JiHIHHE CEpPEeHHOKBAJIpAaTUYHE HAOJIMXKEHHS 1 JIHIAHUA Ta

KyOlYHUI 1HTEPIOSALINAHI CIIAHU AJI1 BEJIMYMHA BUJTOBXKEHHS IPYKUHU.

23. MetonoMm HaiiMEHIIMX KBaapariB 3HaWTH KoedirieHT C y TpeThoMy

3/ 2 ne X—Bincranp mmanerd Big CoHIs (MUTH.

3akoHi Kemepa T =Cx
KM.), T — mepion mpoxo pkeHHs 1mo opOiti (110). Bimomi manmi (X, T) mis
yoTuphoX HabOmmxunx no0 Conng mimaHetr Mepkypis, Benepu, 3emui ta
Mapca: (58;88), (108;225), (150;365), (228;687). OOUMCINTH MaKCH-

MaJIbHY maX‘Tk —'?k‘ 1 cepeHto @‘Tk —T_k‘)/ N Ta cepelHbOKBAIpATUUHY

0 12
(Z(Tk —Tk) /N) HOXH6Ky, aec Tk — pe3yibTaT CHOCTCPEIKCHD,

T, =Cx’*, N =4.
24. MeTtoioM HaliMEHIIMX KBaApaTiB 3HANTH 3Ha4eHHS mapameTpiB A 1 C y
TpetboMy 3akoHi Kemmepa T =Cx” Ha mifgcrasi 3Hadenb BimcTami X i

nepiogy ooeptanus T jyuist AeB’saitu 11aHeT COHSYHOT CUCTEMH.

25. 3a nmanumu MinicTepcTBa (iHAHCIB YKpaiHM YMCENBHICTh HACEJIEHHS
Vkpainu Ha 1 ciuas B 2011-2018 pp. cknagana BignoBigHo 45778.5,
45633.6,45533.0, 45426.2,42928.9, 42760.5, 42584.5 1 42388.4 Tuc.
MeTtonoM HalMEHIIUX KBaJpaTiB MOOYAyBaTH (PYHKIIIO 3aJIekKHOCTI
YUCEIHHOCTI HACEJICHHS BiJ 4acy, MiAIOpaBIIM BIAMOBIAHUN BUTIISA ITi€l
dbyHKIIT Tak, Mo cepeHLOKBaIpaTHYHA MOXMOKa He nepesutryBana 0.1.

240



Pozaia 10. Yucaose nudepeHuiroBaHHA

[lepma 1 gpyra pi3HHIIEB]I MOXigHI Ta iX TouyHICTh. [loOymoBa gopmyn uyucmio-
BOTO Iu(EpeHIiIOBaHHS METOJ0M HEBH3HAUYECHUX KOE(IILI€HTIB Ta 3a JOMOMO-
rOI0 IHTEPHOJSAIIHHIUX MHOTOWIEHIB. HekopeKTHICTh omepallii 4icioBoro aude-
peHITifOBaHHS. ATTPOKCUMAITiSl YACTUHHUX MMOX1THUX.

Jlitepatypa [13, 22, 28, 45, 59, 73, 78, 100]

10.1. Ilepma Ta apyra pizHuneBi NOXigHi

@opmynu uyuciaoBoro gudepeniioBanHs (DOYJ]) naityacrtiiie
3aCTOCOBYIOThCSI JIJISI HAOJMIYKEHOTO OOYMCIICHHS 3HAYEHHS MOX1THUX
npy TabMMYHOMY 3anaHHi GyHKIIT U=U(X) abo mpu po3B’s3yBaHHI
mudepeHIiabHUX PiBHAHL. Hampukian, oG4ucieHHs HaOIMKEHOTrOo
PO3B’A3KYy KpalloBOi 3aj1a4i

u”+ p(x)u’+g(x)u=r(x), a<x<b; (10.1)
u@) =, u() = 4,
B TOukax X, =a-+nh, n =1,N-1, h=(b—a)/N, 3BoAUTbCS O PO3-
B’SI3yBaHHS  BIJIMOBIJIHOI CHUCTEMH  PI3HUIIEBUX  PIBHAHb, SKa
OZIEPXKYEThCS 3aMIHOK MOXiAHMX U 1 U’ y BHYTpIIIHIX TOYKax
X, y+:ey Xy_1 PI3HULIEBUMH IOX1JHUMHU.

Hexaii A [a,b]={x :x =x,+nh, n=0,N; x,=a} — pisHo-

MipHa ciTka Ha [a,b] 3 KkpokoM h. 3 o3Ha4YeHHsS MOXIAHOI B TOYI X

OJIEPKYIOThCA TaKl GOPMYJIH Jis 11 HAOIUKEHOr0 OOUUCIICHHS:

u, :M’ (10.2)

Uy, = ——, (10.3)

ae U =u(x). ®opmymu (10.2) i (10.3) Ha3uBarOTHCS BIAMOBITHO
npaeow i 1ieow pizHuyesor) noxionorw. CepeaHe PIZHUILIEBUX
HOXIAHUX U 1 U BU3HAYAEC YeHMPANbHy PI3HUYEEY NOXIOHY

Uy Uy

u,  =-—=—"r= 10.4
= (104)

Jpyry pi3HMIIEBY MOXIJHY MOXHa OJEPKaTH aHAJIOTIYHO Ha
MiJICTaB1 NEPUIMX Pi3HUIEBUX MOXiAHUX, K U = —u_)/h.

VY niacymky oaepxxumo hopmyny
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u.,—2u +u
u — _n+ n n-1 , (105)
Xx,n hz
sIKa HA3UBAETHCA YEHMPAIbHOIO PI3HULEE0I0 NOXIOHOIO.
Ha miacrasi pizauiieBux noxiguux (10.3) 1 (10.4) anst kpaiioBoi

3anayi (10.1) maemo pi3HULIEBY 3a7a4y

1 n
F(yn—l - 2yn + yn+1) +%(yn+1 - yn—l) + qnyn = rn1

N=LN-L Y,=u Yy=4u,
100T0 CJIAP 13 TpuUIiarOHAJILHOIO MATPUIICIO MJIS 3HAXOKEHHS
HaOJIM>KEHOI'O PO3B’SI3KY.
3Haitnemo nmoxuOku pizHuneBux noxiguux (10.2) — (10.5) ta ix

ouinku. Hexaii U e C*[a,b], Toxi 3a hopmymoro Teiinopa

U —u :%(un +hy +%h2u”(xn +Oh)—u)—u :%hu”(xn +0h),

X,n

ae 6, €(0,1). Ockinbku ¢yHkmis u” odmexena Ha [a,b], To
u, —ui<M,h/2,

e max\u”(x)\ < M,. Taka  oliHKa MpaBWIbHA 1 JUIsI TOXUOKH JIiBOT

pisuuiesoi noxignoi. ko u € C’[a,b], To maemo

u,—u =u"(x +6,h)h*/6, 6,e(-11 (10.6)
1 BIITIOBIJIHY OITIHKY
<M,h?/6.

[ToxubKky Ta ii OILHKY MJIs APYroi PI3HUIIEBOI MOXITHOI U

'
u)‘(,n o un

MOKHa OJIepyKaTH, IpuycTuBIy, 1o U € C*[a,b]. Toxi
2 3 4

u_,=u thu +h—ur’]'i—u:’+ h—u(‘”(xn +6;h),
2 6 24

n+l

ae 6 1 6, — gesxi yucna 3 iHTepBany (0,1) i (—1,0) BixmomigHO.

IlincraBuBiuy U, y BUpa3 JUld PI3HULIEBOI MOXiAHOI U , OJEPKUMO
o — U= 2—; (Uu“(x +6:h)+u®(x +6,h)).
Ockinpku noxigaa U (X) memepepsHa, TO
o — U= Eu(‘” (x, +6h), Oe(-11). (10.7)
3B1JICH BUILIUBAE, 11O
Ugyn —Up| <M 0 /12,
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1e crano M, ooMexeHnuit Moayis moxigHoi U™ (X) Ha X €[a,b].
Bemnunna h®u'® /12 — zonosna cknadosa noxubku. Jlns pizuu-
nepux noxigaux (10.1) — (10.3) maemo I'CIT hu’/2, —hu”/2 i
h’u”/6 BigmoBimHO.
[TincyMKoBi pe3ynbTaTu HaBeneHi B Tadu. 10.1.

Taomaunga 10.1
OcCHOBHI TepIIa Ta Jpyra pi3HUIEBI MOX1IHI

®opmyJiia YUCIOBOTO ITosna- | Ilops- | IloxuOka I,
nudepeHITiFOBaHHS YEeHHS JIOK

(U, —U,)/h=ug+r, Uy 1 | hu"(&)/2
(un _un—l)/h:ur; +1, Ugn 1 _hu”(é:n)/z
(un+1 - un—l)/2h = u;1 +1, Uy n 2 hzum(é:n) /6
(-u, +4u, —3uy)/2h=ug +r, Uy o 2 h?u"(£) /3
(Buy —4uy_; +Uy o)/ 2h=uy +T, Uy N 2 —h*u"(&) 13
(un—l — 2un + un+1)/h2 = ur,; +h Usxn 2 h?u® (ézn) /12

10.2. IlooymoBa dopmya 4Yuca0BOro audepeHilOBAHHS
METOI0M HEBH3HAYCHUX Koe(ilieHTIB

OYJI MmoxHa oAepkaTh NiAO0OPOM KOePIlI€HTIB JiHIHHOT KOMO1-
Hauli 3HadeHb (QyHKOII U Ha citmi A, y BIANOBIAHINA (HOPMYJ Tak,
mo0 noxuOKa amnpokcuMalli MOXiAHOI Maja HAWUBUIIUNA TOPSAOK
moa0 Kpoky citku h. PosrmsHemo naBa mnpukiamu. I[loOymyemo
PI3HHUIIEBY MOXIiJIHY JJIs IPaBoi MOXiAHOI Uy 3a By3namu X, X, | X, Y
BUTJISIL

1
Uy = U, = E(au0 +bu, +cu,).

Hexaii u € C’[a,b], Toxi moxubxa OYJI
2 3

U, —Ug =%[ au, +b(u, + hu; +?u +—uo)+ )+
+c(u, + 2hu) + (Zh) @UO')] u;

u_ I

h
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Jpyruii mopsoK alpoKCUMaIIii JOCATAETHCS, SIKIIO
a+b+c=0, b+2c=1 b+4c=0.

3Biacu maemo: a=-3/2, b=2, c¢=-1/2 ipi3HUnEBY NOXiIHY

1
u=0 =—(-3u +4u —u.). 10.8
x,0 2h( 0 1 2) ( )

0
Ockinbku b+8C=-2, To HaliBUIUI TOPSIIOK PI3HUIEBUX MOXITHUX
Takoro Burasmy apyruii, TCII nopisnioe —h?u!’/ 3.
AHaJNOTIYHO OJIEPKYETHCS PI3HUIIEBA MOXIHA APYrOoro MOPsIKY
IS TBOT MOXITHOT Uy,
_ 1
U, =U, ':E(?’UN _4uN—1+uN—2)' (109)
SIxkmo u € C*[a,b], To cepen hopmy BUrIsSLyY

(au,,, +bu, +cu. ),

F n+l
K1 allPOKCUMYIOTh APYTY MOXiJAHY, HAMBUILMMI, TIPYTUH TOPSIOK Ma€
pizauieBa moxigHa (10.5), komm a=Cc=1 1 b=-2 € po3B’s3KkoM
CUCTEMH JIIHIMHUX PIBHSIHb

a+b+c=0, a-c=0, a+c=2

10.3. 3acTocyBaHHs iHTEPNOJALIMHUAX (POpMYJI

Jist pyHKOil U Ha citil A, moOyIyeMO 1HTEPHOJISIIIIHHANA MHO-
rowrten Jlarpamxka L, i moximay U’ ampoxcumyemo moxigHowo L.
AHQJIOTIYHO, MOHa CKOPUCTATUCh HAOJMKEHUMHU PIBHOCTIMU
noxigui U"(X) = L (X), u®(x) = Lﬂ‘),k <n. SIk mpukian, po3rISTHEMO

®YJI, sxi omepKyrOThcs Ha MmifcTaBi MHOrOwIeHa Jlarpamxka L;n(X),

noOyA0BaHOro 3a By3namu X, ., X, X..,. Maemo:

i W N W C
(Xn—l o Xn)(xn—l o Xn+1) " (Xn o Xn—l)(xn o Xn+l)
(=% )x=%)
" (X — X )Xoz~ %,)
PosristHemMo BUMago0K piBHOMIPHOT CITKH 3 KpokoM N . OCKiTbKU
X, —X =X —X_,=h, X —X_ =2h, to

L2,n (X) = un—l

I—2,n (X) = Z—i.-lg[un—l(x - Xn)(X - Xn+1) - 2un (X - Xn—l)(X - Xn+1) +
+un+1(x - Xn—l)(X — X, )] .
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Hexaii X |, =X iV,TO 1
ni}é n 2 A

, 1
L2,n (X) = W[un—l(zx — Xy~ Xn+1) - 2un (2X —Xpa Xn+2) + un+l(2X —Xpa — Xn)] =

:%{un_{x—%j—un(x—xn)+un+l(x—%j—un(x—xn)}:

1 u,, —u, u,—-u,
= E[(X - Xn_uz)lT + (X —X) Tl]

Ockinmpku X, = (X, +X. ,)/2, 10

n+1
' <1 _ l . .
u (X) ~ L2,n (X) - h [(X Xn—%)ux,n + (Xn+% X)ui,n] .

3a oxaepxaHOr (GOPMYJIOK MOXHA OOYHCIUTA HAOJIMKEHE
3HaueHHS MoxiaHoi U'(X) y moBinbHIM Touni X. Jng X = X omepxumo
LeHTpanbHy pi3HHLEBY noxigHy (10.3). Skmo X=X & abo X ,, TO
MaeMo pi3HuULeBl nmoxiaHi Burisay (10.8) 1 (10.9) BinmosigHoO.

Hpyra moxigna u"(x) =~ L) (X)=(u,, —u,)/h doa X=X oxep-

KUMO PI3HHUIEBY HNOXiIAHY U_ , IOPAJIOK AKOI IPYTUH, 110 BUILJIMBAE 3

xx,n ?
. . " " 1 2,..(4 3
piBHOCTI Ug , —U"(X) = (X, —X)u; + Eh u,” +h°... V Bumagky, xomu

X # X, Maemo U1t U"(X) mepIiwii mopsiioK almpOKCHUMAIIii.

10.4. HekopeKTHICTH onepauii YucJa0BOro
nudepeHilOBaAHHSA

3raueHHs QYyHKINT U(X) y By3/Iax CITKH MOKe OOYHCITFOBATHCH 3

MOXMOKOI, 30KpeMa BHACIIJIOK 3a0KPYTJICHHS. Y AESKUX BHUMNAJKaX
MOXMOKa OOYMCIICHHS PI3HUIIEBUX MOXITHUX MOXKE 3HAYHO TIEPEBUIILY -
BaTH TOXWOKY OOYMCIICHHS 3Ha4YeHHS (PyHKIil U(X) 1 3pocTaTu mpu
h— 0. Y mpomy ceHci onepallis 4uciaoBoro Aud)epeHIiroBaHHs (Ha
BIIMIHY, HalIPUKJIaJl, BiJl YUCJIOBOI'O IHTETPYBAHHS) € HEKOPEKTHOIO.
PosrnsiHemMo 11¢ Ha TpUKiIaAl OOYHCICHHS PI3HUILIEBOI IMOX1JTHO1
U, =(U,,—U,)/h. Hexali 3amicTb TOYHUX 3Ha4eHb U; QyHKIii U

Ma€eMO HaONWKeH1 3HadYeHHA U =U, +&, ‘gi‘ <g, I=n,n+1. Tomi

3aMICTb U, = OOYUCIIOETHCS 3HAYEHHS
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[Toxubka oOumcnenHs U, cknamae &  =U —U =(g,—¢,)/h.
Tomi

€,,|<2¢lh, (10.10)
npuiaomy £, =2&/h,xomm ¢, =—¢,=¢.

Sxmo & He 3anexuts Big h, To npu h — 0 noxudka ¢, HeoOMe-
keHo 3poctae. Ilpp mamux h mnoxubka & Moxke HabaraTo
MIEPEBUIIYBAaTH 3HAYCHHS PI3HUIIEBOI IMOX1THOI u,,. Tomy, o6 He
JIOMYCTUTH ~ 3MEHIICHHSA TOYHOCTI OOYMCIEeHHs U, TOXHOKa
3Q0KPYIJIEHHS &, MAac HE IEPEBUINYBaTH MOXHOKM anpOKCHMAIii.
BpaxoBytouu ominky (10.5), onep:xkumo

€..|<2e/h<M,h/2. (10.11)

3B1jICM MaEMO

e<M,h*/4.
Skmo & dikcoBane, To 3rimHO 3 (10.11), oOumcieHHsS MOTPIOHO
MIPOBOJIUTH 3 KPOKOM, 1110 3a10BOJIbHSIE HEPIBHICTh

h>h =2,/¢/M,. (10.12)
Otxe, cymapra mnoxubka r(h)< f(h)=2¢/h+M,h/2, a
ONTHMAJIbHE 3HAYCHHS KPOKy N JOCSATaeTbes y TOUII MIHIMyMy

¢dynkii f(h) (puc. 10.1).
f N\

hy h
Puc. 10.1. Cymapna noxubka @Y/ U, .
Hexait ¢ =107, M, =40. Togxi, 3riguo 3 (10.12), onTumansHui

Kpok citku ckiagae h=h =2,/¢/M, =10". Skmo 3agaté Kpok
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h=10"°, 10 &<10h’=10". Taka TOYHICTb JMJOCATAETbCA IIPH
BUKOpHUCTaHHI AaHux tumy double wa mosi C.
[Ipu oOunciIeHH] PI3HUIIEBUX MOXIAHUX BUIIOTO MOPSIKY BILIHUB

MOXMOOK 3a0KpYIJIEHHS 1€ Baromiliuii, OCKIIbKH 3HAMEHHHUK
pisHnneBux Gopmyn ckaamae h, Kk >1. Hanpuknazm, mist pisHHLIEBOT
MoXigHOi U, TOXHOKOI 3aokpyrnenHs € BemmumHa O(s/h%), i B

XX,n

1IbOMY BMIAJKy NOTpi6HO BuMaraty, mob & = O(h?).

10.5. IigcymMKoBi 3ayBaKeHHS

1. PisHuueBi moXiaHi Apyroro i Bumux nopsiakis. Ha yotupu-
TOYKOBOMY IIAOJIOHI X, X, X,, X3 3 KPOKOM N ISt mepioi moxigHoi y
By3Jlax ciTku maemo OY/I:

u, ~ 6—1h(—11u0 +18u, —9u, +2u,), (10.13)
u, zih(—Zu0 —3u, +6u, —Uu,), (10.14)
u, ~ 6—1h(u0 —6u, +3u, +2u,), (10.15)
u, ~ 6—1h(—2uO +9u, —18u, +11u,), (10.16)

u, :ﬁ(uo—8u1+8u3—u4). (10.17)

Ominka nmoxubku pizHuneBux noxiaux (10.13) 1 (10.16) ckiamae
M,h®/4, (10.14) i (10.15) — M,h®/12, pisauuesa noxingxa (10.17)
Ma€ 4YeTBEPTUHM MOPSIAOK TOUHOCTI.

Pi3HuIIEBI TOXiAHI JAPYroro MOPSAAKY Ha TakOMYy K IIa0JIOHI
MarOTh BUTJISI:

Ug ~ 1 (2u, —5u, +u, —u,), (10.18)
ul"zh—lz(u0 —2u, +U,), (10.19)
uy ~ %(—uO +16u, —30u, +16u, —u, ). (10.20)

Ouinka noxubku Qopmyn (10.18) mopismioe 11h°M, /12, a
(10.19) h*M, /12. ®YJ] (10.20) Mae TpeTiii MOpsAA0K TOUHOCTI.
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dopmynu HAOIMKEHOTO O0YUCIECHHS TPETHO1 MOX1THOT
u? ~ (~u, +3u, —3u, +u,)/ h°, (10.21)
Uy = (U, + 20, — 2u; +u,)/ (120°), (10.22)
us® =~ (u, —8u, +13u, —13u, +8u, —u; )/ (8h°) (10.23)

MaroTh BIJAMOBIIHO MEPIIUM, IPYTUH 1 4ETBEPTUHN MOPSATOK TOUYHOCTI.
Jlnst  anpokcumariii 4eTBepTOi MOXiAHOI MOXHA 3aCTOCYBaTH
cuMmeTpuuHi @Y/

ul) = (u, —4u, +6u, —4u, +u,)/h*, (10.24)
uy) ~ (~u, +12u, —39u, +56u, —39u, +12u, —u, )/ (6h*), (10.25)
SIK1 MAlOTh BIJITIOBITHO APYTUH 1 Y4ETBEPTUH MOPSAIOK TOYHOCTI Mo N .

2. 3acTocyBaHHs iHTepnoJsiniiiHoro mHorowiena Heorona
3i CKIHYeHHMMH PI3HUUAMH. Y IbOMY BUIIAJKY

f(x)~ N_(x, +th) =y, +tAy, + t(tz_ll) A%y, +

LHt=D).(t=n+D)

n!
[Ticnst nudepeHiiitoBaHHS OJIEPKUMO:

f'(x) z%(AyO +%(2t DAy, +%(3t2 -6t +2)A’y, +

A"y, t=(x=X%,)/h

é(Zt3 —ot* +11t - 3)A'y, +...),

f"(x) z%(Azy0 +(t-6)A’y, +$(6t2 —18t +1DA"y, +...),

e Ay, =Yy, —-Y,, Ay, =Ay,—-Ay,=Yy,—-2y,+y, i tT.a. Yucmno
TOAAHKIB y 1MX (opMyiax 3al€XUTh BiJ KUIBKOCTI BY3IIB, fKI
BUKOPHUCTOBYIOTBCS JIsI OOUMCIICHHS IMOX1THUX.

3. HixBuimenHus ToyHocTi anpoxkcumanii. Tounicte Y/ mox-
Ha IJBUIIUTH, 30UIBIIYIOUM KIJIBKICTh BY3JIB. AJle 1€ BeAe 0
3pocTaHHa 00cAry oOuucieHb. [Ipu ¢ikcoBaHii KITBKOCTI BY3IIB
YTOUYHUTH Ppe3yabTaT MOXHa 3a ¢opmynolo Pynre, y Ouibi
3araJpHOMY BHUITAJIKY — 3a popmyioro Pombepra [6, 13, 28, 43].

Hexait g(x) — moximHa (yHKII, SKy alpOKCUMYEMO Pi3HHIIC-
Bor0 popmyoro ¢(X,h), a h"y(x) — T'CII, To6T0

g(x) = p(x,h) +h"w(x) +o(h").
OOuncaumo pizHHUIEBY MOXiAHY 3 kKpokoM gh, 1<qe N. Toxmi

248



g9(x) = g(x,ah) + (ah) "y (x) + O((gh)").

[rHOpYIOUM BENMYMHM, TMOPSAMOK SKMX BHmmi h°, i3 mmx mBox
dbopmyn ozepKuMo Bupas s HaommkeHoro 3HadeHas ['CI1

- X,h) — p(x,gqh
b (x) = 2 )p (x,qh)
q° -1
[TimcraBuBIIM 3HAlACHE 3HAYCHHS y BUpa3 I ((X), OACPKHMO
dbopmyny Pynre

¢(X’ h) B ¢(X1 qh) (10 26)
Q-1 |
s ¢popmyna (10.26) mo3Boisie 3a pe3yJbTaTaMu JBOX 3HAYECHBb

o(x,h) 1 @(x,qh) 3 mopsakom P 3HAWTH HaOIMKEHE 3HAYCHHS

g(x) = p(x,h) +

MOX1AHO1 3 MmopsakoM TodHocTi P +1. Hampuknan, mas pi3HHIEBOI
BU3HAYCHOI 3riaHo 3 (10.4), mnsa K = 2 maemo
u’=(4u, (h)—u,, (2h))/3+o(h?).
4. AnpokcuManis YaCTHHHUX NOXiAHUX. Po3risHeMo GyHKIIIO
IBOX 3MiHHHX U =U(X,Y). Hexai u; :u(xi,yj), X, =X, +ih, i :O,—N;

MOX11HO1 U

Xx,n?

Y=Y+ )z, J=0,M. Anpokcumanmii YaCTMHHHX MOXIJHUX 3

HEPIINM TOPSIKOM HAOyBalOTh BUTIISIY:

(8“) ui+1'j - ui,j au ui,j+l B ui,j
OX J, ~h 7 Loy ; o

3a aHaJNori€r 3 LUEHTPAIbHOIO pi3HULIEBOIO MoXigHOK (10.4) MoxHa
oJiepKaTH 3 Moxuokorw O(h?) piI3HULIEBY NOXIIHY

(8_11) ~ui+1,j_ui—1,j
X J, 2h

Amnpokcumanis Jpyroi 4YaCTUHHOI MOXIAHOI 3 OI[IHKOK MOXHUOKH

o(h?):

o2 ) h?

3acrocyBaBimy iHII po3kiaan ¢yHkmii U(x,y) B psaa Teitmopa,

2
(5 Uj Uiy j =205 Uy
ij

MOXHa BHUBECTH (POPMYJIM YHCIOBOTO IU(EPEHIIIIOBaHHS 3 HEO00-
X1THAM TOPSIKOM arpoKCUMaIlii. 3amuieMo JIesKi 3 HUX:
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Kﬁzuj _ Ui ju 2u2 s j—1+O(T2)’
ij

oy® ). 7
o’u _ Uit o —Uisaja — Uiy jun Ui 0 4 O(h2 N 2_2).
OXoy i 4hr

Opnepxxani  (GOpMyJIM MOKHA BHUKOPHCTATH [JiS IMOOYJI0BH
PI3HHUIIEBUX CXEM JUIS PO3B’SI3yBaHHSA PIBHSIHb 13 YaCTUHHUMHU
noxXigHuMH. Po3ristHeMo 3amady MOMIMPEHHS TeIla B OOMEKEHOMY
OJHOpigHOMY cTepikHi [6, 58, 59]

ou_ou
o
u(0,x)=p(x), 0<x<I;

u(t,0) = 1, (t), u(t,l)=z4(t),
ne f,@, y,, 1, — 3anani ¢pynxuii. Hexair u’ =u(t ,x)=u(kz,ih). Ha

+ f(x,t), O<x<l, t>0;

M1JICTaB1 allpOKCHUMaIlIN MOX1THUX OJIEP>KUMO SBHY PI3HUIIEBY CXEMY

1, .. 1

_(yik - Yik) - _g(yik+1 - 2yik + yik—l) + fik’

T h

k=01.. 1=1N-1 Nh=lI;

V=g, i=LN; y‘=u4 yi=4 k=01..
3Bigcu it koxkHoro K=0,1,... ABHO 3HAXOIUTHCA YNCIOBUMI
po3B’s30Kk Y, i =1, N, myst koskroro k =0,1,...

Po3B’si3yBaHHsI TUIIOBUX 3a/1a4

3apava 1. [ligBummtu nopsgoxk @YJI Ha migcTaBl mpaBoi pi3HULIEBOI
noxigHo1 3 kpokoMm h i 2h.

Po3p’szyBanns. Kopucryrounch BUpa3oM Hjisi MOXHOKH Pi3HUIEBOI
MOXiJHOI U, ;, JUIA 3HA4eHb KPOKy Citku h 1 2h omepxumo

ul) =(u, —u)/h=u/+hu//2+0(h?),

u? =(u,, -u,)/2h=u ‘+hu+0(h?).

X,

Toml 3 TOYHICTIO 10 BEITUYNH O(h ) 0JIEPKUMO

u' ~ uiﬁ) - 2u§11i) = 2—1h(—3ui +4U;,; —Us,,).
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3anava 2. 3HalTH ONTUMAJIBHUI KPOK CITKH JIJIs1 PI3HUIIEBOI IMOX1THOT
U, ., SIKa alpoOKCHUMY€ JPYTy HOXigHy U, SIKIIO TOYHICTh OOYHCICHb

Xx,n 2

sHageHb QyHKUIT U(X) He mepeBuIye &.

Po3p’si3yBanns. Hexaii u € C* [a, b]. 3rigHo 3 ominkoio (10.7)

M ,h?
; ,I\/I4:maxu(4)(x)‘.
6 [a.b]

Akmio 3aMicTh TOYHHMX 3HA4Y€Hb U~ BHUKOPHUCTAEMO HaOJIMIKEHI

3HaYeHHA U, +&;, |gi|S€, TO OLIHKA IOXUOKU OOYMCIIEHHS U,

XX,n

<

ur —u,

CKJIa/ie
(|5n+1| +2|e,|+ |e9n_1|)/h2 <4g/h®.

CyMmapHa MmoxuoOka (p(h) =M,h? / 6+4¢/h?. MiniMansHe 3HAYCHHS
byHKIil go(h), kosu h >0, nocsraerscs npu hy = 243 / M, .

3agaua 3. Mogor nporpamyBanss C 3 tunamu nanux Float i Double
obuncIuTy MoxuOku pizHuneBux noxiguux (10.2)—(10.4) 1 (10.5) 3
kpokoM h=10" B Touni X, =1 mns gpynxuii f(X)=(x+1)".
Po3B’si3yBanHs. Pe3ynbratu o0unciens HaBeaeHi B Tadn. 10.2 1 10.3.
CriocTepiraeTbCsi CIOYATKy 3MEHIICHHS TOXMOKH JO TEBHOTO
3HAYEHHS KPOKY, a BIITAK JJOCUThH PI13KE 3pOCTAHHSI.

Taéauunsa 10.2
[ToxrOkn HAOIMKEHOTO OOYMCIEHHS MEepIIoi Ta JPYroi MOXITHUX

ynxuii f(x)=(x+1)" y Touni X, =1 3 Kpokom 10, tun manux Float.

K | Tloxubka u,, Toxubka U, Ioxunbka u, Moxu6ka U,
1 |0,0119047078 0,0131579607 0,0006266264 0,0006266862
2 10,0012440171 0,0012560405 0,0000060117 0,0000057732
3 10,0001132666 0,0001218406 0,0000042869 0,0148926457
4 10,0000289813 0,0000539896 0,0000414854 0,0000829771
5 10,0003382546 0,0003407614 0,0003395080 0,0006794771
6 |0,0115815345 0,0033198686 0,0041308329 14901,153222

JInst apyroi pi3HULIEBOI MOXIJHOI U, 1€ 3pOCTaHHS 3HAYHO LIBUJIILIE,
HK Ui iepmux moxigaux, ;g h=0.01 nocsraerbcst HaliMeHIe 3Ha-

ueHHs ToxuOku 0,00000577, a mpu h=10"° ii 3HaueHHs mocsrae
14901,15.
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[ToxuOka HaOIMKEHOT0 OOYUCIICHHS MEePIIOoi Ta APYroi

Taoauusa 10.3

MOX1THUX

dynxmii f(x)=(x+1)" y touni X, =1 3 kpokom 10, Tun nanux Double

uX,O ui,O uX,O l"IXX,O
1 [0,0119047619 0,0131578947 0,0006265994 0,0006265664
2 |0,0012437810 0,0012562814 | 0,0000061297 0,0000062501
3 10,0001249375 0,0001250625 0,0000015484 0,0000000625
4 | 0,0000124993 0,0000125006 0,0000207451 0,0000000006
5 10,0000012499 0,0000012500 0,0001697557 0,0000002774
6 | 0,0000001250 0,0000000125 0,0016598718 0,0000277545
7 | 0,0000000123 0,0000000123 0,0240116146 0,0027802206
8 | 0,0000000027 0,0000000025 0,1250000013 0,2774643569
9 | 0,0000000205 0,0000000069 0,1249999897 27,788735181
10 | 0,0000000206 0,0000000206 0,1249999896 25000,00000

3anaua 4. 3agaHo TaOMUIIO 3HAYEHb PYHKINT Y =1/X

Taoaunga 10.4

n 0 1 2 3 4
X 1.0 1.2 1.4 1.6 1.8
u, 1.00000 0.83333 0.71429 0.62500 0.55556

1) OGuucnuth B TOUIll X =1.4 3HAYCHHS MEPIIOi PI3HUIIEBOI HOXITHOT
3a popmynamu (10.2) — (10.4), (10.8), (10.9), (10.14) 1 (10.17).
2) Y mii ke Toumi oO0umciuTd Apyri pizauneBi moxigai (10.18) i

(10.20), Tpetto moxigny (10.22) ta uerBepTy noxiany (10.24).

3) IlopiBHATH oOjepKaHi pe3yJbTaTH 31 3HAYCHHSMH BiJIIOBIIHUAX

MOX1HUX Yy Toull X=1.4,

Po3p’si3yBaHHA. 3HAUYEHHA NOXIJHUX ugk) =y

nopiBHIOIOTH BiamosigHo — 0.51020, 0.728863, —-1.56185 1 4.46243.
Taoauns 10.5

Pe3ynbprat HAOIMKECHOTO OOYUCIIEHHS U'(1.4)

TUTS

k=14

dUJT (10.2) | (10.3) | (10.4) (10.8) (10.9) | (10.15) | (10.21)
[Hopsaox 1 1 2 2 2 3 4
3uauenns | -0.446 | -0.595 | -0.52128 | -0.49602 | -0.47619 | -0.51256 | -0.50925
Abcomotsa | ner | 085 | 0.0108 0.014 0.034 | 0.0024 | 0.00095
noxuoOKa

Bumocna | 4o 00l 1050 | 21 27 6.6 0463 | 0.186
noxuoka (%)
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Pe3ynpTaTit 004YMCIEHD MEPIIMX PI3HUIIEBUX MOXITHUX 3T1AHO 3
BIAMOBITHUME (hOopMyIaMH HaBeaeHo B Ta0a. 10.4.

HaBeneHi  pe3ynabTaTd  UIKOCTPYIOTh  3POCTAaHHS  TOYHOCTI
oOuucieHsp 31 3poctandsaM nopsaaky OYUJI 1 HeBenuKkuii TpeH 1 3Ha4YEHb
y MeXax OJHOTO Mopsaky. 3okpema, y ®YJI apyroro nopsiaky (10.4) i
(10.8) po361xHICTH BITHOCHOT NOXUOKHU ckianae 4.5%.

2) 3HAYCHHS PI3HUIEBUX IOXITHUX HAOJIMKEHOTO OOYHUCIICHHS

u (1.4), k =2,3,4, naBeaeno B Tadi. 10.6.
Taoaunsa 10.6
Habnuxeni 3HaueHns noxigaux u”, u”, u®

u” u" u®
oY/ (10.29) (10.21) (10.24)
(10.19) | (10.20) | (10.22) (10.24)

[Topsimox 2 2 2 2

3Ha4yeHHs 0.743965 | 0.72751 | -1.73625 4.9875

AbcomoTrHa 0.0151 0.00134 0.174 0.525
MOXHOKa
BignocHa 207 0.18 10.04 10.53

noxu6ka (%)

Jnst npyroi pi3HUILIEBOI MOXIAHOT PICT TOYHOCTI Y3TOJKYETHCS 3
poctoM nopsanky @YJ[. TodyHICTh TPETHOI Ta YETBEPTOI PI3HULIEBUX
MOXIJHUX 3HAYHO HIK4a MopiBHAHO 3 DYJ[ Toro x MOpSAIKYy s
NepuIoi Ta APyroi MoX1iJHUX.

3amaua 5. Ha HepiBHOMIpHiii citmi 3 maGmosoM (X, ,X,,X,,;) H06Y-
JyBaTH allpoOKCHUMAIIli IEPIIOi 1 IPYroi MOX1AHOI.
Po3p’si3yBanns. Hexait h , =X ,—X, h =X =X ,, h =X —X,

7. =h . /h — mapamerp perymsapuzamii. Sdxmo ., =1 Vn, To citka

n+1

— piBHomipHa. [Ipunyctumo, 1mo U ECB[a,b] 1 po3kiaaeMo 3a Gop-
mynoto Teitnopa dyHkmiro U(X) y Toumi X,, OpH X=X, 1 X.,.
Onepxumo:

n-"n-1

U, =U,, +hu.  +h¥u’, /2+h’u"(z,)/6,

n-n-1

IS é:n E(Xn—l’xn)’ 77n E(Xn’xn+l)'

u, =u,,+hu. +h’u’, /2+h’u"(&)/6,
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BunyuynBmmm 3 oJep)kaHHX piBHOCTeW U, 1 pO3B’s3aBIIN
BIZIHOCHO U/, OJEPKUMO amnpOKCHUMAIII0 MEpPIIOl MOXiJAHOI y JiBii
KpalHINA TOYII

2
1 (1+ 7/n+1) u
A _ n+1
Ug g = h _(2+7/n+1)un—1+ u, -
n+l Vni Vi1
SIxkmo h=const, To 7,,, =1 i onepxumo ®YJ] (10.8).
AHAJIOT{4HO, 3AIHCHUBIIN PO3KIax QyHKII U(X) B TOUKax X, i
X, OJEPKUMO AIpPOKCHMALII0 NEPIIOi MOXIJHOI B KpaiHIA MpaBii i
IEHTPaJIbHIN TOYKaX BIJIMOBIIHO:

. 1 1+y..) 2+
ux,n—l -7 7/n—1un—1 a ( 7/n+1) un + ( 7/n+1) )
hn+1 7/n+1 7/n+l
. 1 2 1 1
u = _|:_7/n+1un1 + %Lun + —un+l:| .
xn hn+1 yn+l 7/n+l

Sk nokazano B [40], moxuOku oxepxanux O@YJI MaroTh BUTJIS:
2 2

r h h
u —1_ux,n—1‘SE(1+7/n+1)M3,n’ SEynHMS,n’

u"(x)).

Hexaii Temep U € C“[a,b]. PosknaBmy QyHKIIO u(x) s X, i

n

u, —a
X,

2

h
g?(l+7n+l)7n+lM3,n; MS,n: max

Xn—l’Xn+1]

1 oY

u

n+l = “x,n

u

X,,; Yy TOoUlll X=X, JIO YETBEPTOro MNOPSAIKY, NOJABIIN OJEpKaHI

Bupasu i ckopuctasiuch ®JY mns U, ogepxkumo [40]
x,n

3agaya 6. MetonoM HeBH3HaueHUX KoedilieHTiB noOyayBatu ®JIU

"

apyroro nopsaxy (10.21) mist HabnmxeHoro oouuciaeHHs U, .
Po3p’si3yBaHHA. 3a TppOMa By3IaMU X,, X, X, Ha PIBHOMIpHIN CITL]

3 kpokoM h ogxepxkyerbes DU/ (10.5) apyroro mopsaky Juis
HaOIIKeHoro oOumciieHHss U, . ToMy 3acTocoByemMo malioH 3 5

BY3JIIB X, | = 0,4 i noGyayemo ®YJI BUrsILY

L4

3
Uy =V, = (8,U, +a,U, +a,u, +a,u, +a,u, )/h*.
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Hexait ueC®[x,,X,]. PoskmaBum dynkuito u(x+ih) B Toumi
X, =X, +2h mng i=%1 1 i =22 ta npupiBHsABIHM KoedilieHTH TPH
k = T,B, onepxxumo CJIAP
a,+a, +a,+a,+a, =0,
—2a,—a,+a,+2a, =0,
4a,+a +a,+4a, =0,
—8a, —a, +a, +8a, =1,
16a, +a, +a, +16a, =0.
Po3B’s130Kk cucTeMu piBHsHB: @, =—a, =1/12, a,=-a, =-2/12,
a, =0, i ogepxyerbca @Y/ (10.21). IIpu upomy I'CII mopiBHIOE
haul® /24,

3amaya 7. 3a 10MOMOrO0 1HTEPIOIALINHOTO MHOTOUYJIEHa Jlarpanka
L,(x) Ha piBHOMIipHiii citui 3 kpoxom h oxepxarn ®YJI (10.13) i

(10.15) mist obumcnenus Uy 3 TOpsAKOM 3 1 U, 3 MOPSIAKOM 4.
Po3B’si3yBanHusi. Bpaxoyiouu, mo X, —X; =(i— j)h, ogepxumo

L (%) =] U (X =% ) (X =% ) (X=X ) = 3U, (X =% ) (X =% ) (X=X, ) -

—3u2(x—xo)(x—xi)(x—x3)+u3(x—xo)(x—xi)(x—xz)]/(6h3).

e L;(x)=@aiui;(x_xj)J /(Ghs),
ae 8y =-8;=-1 a=-a,=3.

ITincraBumo X = X,. Toxni
u, ~ L3(X2) =|:—U0(X2 _X1)(X2 —X3)+3U1(X2 _Xo)(xz _Xs)_
=3, (% =% ) (% =% )+ (% =% ) (% =% ) + (X, =% ) (%, = %;) ) +

+U; (X, = %, ) (%, =%, ) |/(6h?) = (u, —6u, +3u, +2u,)/(6h?).
AmnanoriuHo, mpu X = X, ogepxumo ®YJI (10.13).
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3aBIaHHA Ta 3aNIUTAHHA JJISI CAMOCTINHOI po00oTH

1. SIx MOXHa anpPOKCUMYBATH TIEpITY 1 APYTY MOX1HI HA HEPIBHOMIPHIN CITIII?
2. MeTo0M HeBH3HAUYeHMX Koe]il[icHTiB Ha piBHOMIpHiH citii 3 kpokom h
noOyryBaT (POPMYJIM YKMCIOBOrO NU(EPEHIIIOBAHHS MOPSAAKY 2, 3 1 4 s
HaOIMKEHOTO OOYKCIICHHS MOXiqHUX U 1 U/,
3. 3 IKUM HaHBHIIUM MOPSIIKOM MOXKHA allPOKCUMYBATH MOXiTHY U’ 3a
JIOTIOMOTO0 PI3HUIIEBOT (hOpMYITH
(au,,+bu ,+cu +du ,+ed ,)/h?

3naiitn koedimieHTn i€l Gopmynu, skmo (yHKIiS U=U(X) audepeHi-

n+l

HloBHaA MOTPiOHE YKCIO pa3iB.

4.3a 1OmMOMOrOI 1HTEPHOJAIIAHOTO MHOrouwilieHa HploTOHa Ha pIBHOMIpHIN

CITI 3 By3/1aMu X, = X, +1ih, 1= 0,3 moGyyBartH:
a) DY/ (10.13) — (10.17) nyst mepiioi moxiHOi;
0) ®YJI (10.18) — (10.20) anis npyroi moxigHoi.

5. [MobynyBatu ®YJ[ (10.20), (10.22) Ha pPIBHOMIPHOMY IT’ITUTOYKOBOMY
mabJioHl 3a JOMOMOTOI0 IHTEPHOJAIiHHOTO MHOrouwileHa HproToHa abo
METO/IOM HEBU3HAYEHUX KOE(PIIIE€HTIB.

6. Onep>katl Ha PIBHOMIPHIN CITII (POPMYIIA YETBEPTOTO MOPSIKY TOUHOCTI IS
NEePILIOi 1 APYTOi MOX1THOI BUTIISILY:

u% = (-u, + 27u, — 27u, + U,) / (24h) + O(h*);

uy = (-u, +16u, —30u, +16u, —u,) / (12h*) + O(h*).
6. Busectu dopmyny u, =~ JUis HAOIMXKEHOTO OOYHMCIECHHS YETBEPTOI MOXIIAHOI

(4) . o e . .
U~ Ha miICcTaBl PISHULEBUX HOXIAHUX Uy 1 Ug ).

7. 3a 3HaueHHsAMHU QyHKIIT U=SINX g X=0, 7/6, 7/3 1 n/2 3uaiitn
HaOJKeHe 3HayeHHs noxigaux U’ i u” mua x=rx/4.

8. JlocmimuTh 3MiHy MOXMOKM anmpoKCHMalii pi3HMIEBUX moximuux U ., U 1

%0
U, , 21 QyHKOii U=COSX y Toumi X = /2 3i 3MeHIIeHHsIM KpoKy h 10
MIHIMaJbHO MOJKJIMBOTO 3HAYEHHS JUIS PI3HUX THIIB JaHUX 1 PI3HUX MOB
porpaMyBaHHSI.

9. [Nokazatw, 110 Ha PIBHOMIPHIH CiTiii (popmyra

U~ 3u —4u . +u_,
3X. —4X , +X ,

mae noxuoky O(h?) mpu h — 0.
10. Hocmiautu noxuOKy pizHutieBux noxiguux (10.23)1(10.24).

256



11. 3HaiiTH BeTMYMHY ONTUMAIBHOTO KPOKY 1 OLIIHUTH TOYHICTb, SIKa MPU
IbOMY JOCSTAEThCA, ISl PI3HUX allPOKCUMAIlIN MepIIoi 1 APYroi MOXiTHUX.
12. 3HaiiTu onTUMaIbHUM KpoK st DY/
u'(x) = (u(x—2h)—8u(x —h)+8u(x+h)—u(x+2h))/(@12h),
sSKa Ma€ YeTBEPTHH MOPSIOK, ‘u(s)(xj <M 1 3HaueHHd (QyHKII]

OOYUCIIOETHCA 3 TOYHICTIO & .

13. 3agano Tabauill 3HadyeHb (yHKII. 3a gomomororo OYUJI npyroro mopsaxy
oGuncmth U'(X) i U"(X) B 3a1aHMX TOUKaX.

a) | X u(x) | u'(x) fu"(x)| o x| ou(x) |u(x)]| u"(x)

0.1 0.1564 0.5 2.4834
0.2 0.2812 0.7 3.5216
0.3 0.1920 0.9 3.2212
0.4 0.1448 1.1 3.5682

14. Tloka3zartu, o dhopmya

4) o - _
un ~ uixix,n - hz (uix,n+1 2uXx,n +u¥x,n—1)

Ma€ YeTBEPTHH MOPATOK TOYHOCTI.
15. Ilocanka yiTaka Ha MayOy aBIaHOCLS XapaKTEPU3YEThCSI TAKUMU JAHUMMU:
t,cek |0 051 1.03 1.74 2.36 3.34 3.82
u,m | 154 186 209 250 262 272 274

Tyt U — BiAcTaHb BiJ KiHIM nanyOu, t — yac mocaaku Ha nanyOy. 3HaWTU

HIBUIKICTH 1 TPUCKOPEHHS y OYATKOBHM 1 KIHIIEBUI MOMEHTHU 4Yacy, KOpHC-
TYHOUHUCh (OpMyJaMU APYroro MOpsAKY TOYHOCTI.

Puc. 10.2. Asianocernp "/xepansa @opn" (CLIA, 2018 p., (poto 3 Bikinesir))

u ., u

X,n? XX,n

16. Jlna aHami3y TOYHOCTI OOYHMCIIEHHS PI3HULEBUX NOXIAHUX U, ,

3aCTOCYBaTH Ipasmio Pynre i3 ciBBigHOmeHHAM kpokis: h,,qh,, O0<h<1.

3HaiiTh HAOIMKEH] 3HaYeHHs TOXuOKu a1 g = 1/2 1 1/4.
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Pozaii 11. YUnciioBe iHTerpyBaHHs

[aTepnonsuiiini kBaapatypHi ¢opmynu (IKD), obuucnenns koediiieHTiB Ta
ominka nmoxuoku. Keamparypui popmymu (KD) Herotona — Koreca. IIpocti Ta
ckaageHi K@, ix moxubku. [IpakTuyHi cmocoOuM OIIHKM TMOXUOKH CKIIQICHUX
K®. ITonsTTs npo kBaapatypHi GopMyinn HAaWBUIIOTO alreOpaidyHOro CTEMEeHs
tounocTti (KOHACT). Meroa nosropHoro 3actocyBandsi KO npu obuncienHi
no/BiiHUX 1HTerpaniB. KybarypHni popmysu, TouHi i anredpaiuyHuX MHOTOY-
JICHIB HaWBUIIOTO cTemneHsa. HaOmmkeHe oOYMCICHHS KpaTHHX I1HTETpaliB
metoaoM Monte-Kapio.

Jlitepatypa [5, 13, 43, 44, 46, 59, 64, 73, 82]
Enexrponni mxepena [103, 105-107]

11.1. KBagparypHi popmy.iu

VY npukiagHuX 3a7adax BU3HAYCHI IHTErpad HaldacTiIe 00Juc-
JTIOI0ThCS HaOmkeHo. lle moB’s3aHO 3 TUM, IO MITIHTETpajibHA
byHKIis Moxe OyTH 3ajaHa TaOJMIEI0 3HAauYeHb ab0 NEpBICHA HE
BUPAXKAETHCA Uepe3 eJeMeHTapH1 (yHKIIIT, HAPUKIIAA JIJIs IHTErpaia
X 13

t°dt
O(x) = [,
t
e -1

AKUM y CTaTUCTUYHIA TEPMOAWHAMIII CIYXUTh I BU3HAYCHHS
TEIJI0OEMHOCTI TBepaoro Tina. Ille ogHuM mnpukiaaaoM € QyHKIis
IIOMMJIOK

2 X
erf (x) = —jexp(—tz)dt.
V7
[1omia moBepxHi Tija 0OepTaHHs 00UYHCIIOETHCSA 3a (POPMYIIOI0

S = 2;;} f(X)y/1+ (F/(x))2dx

i, manpuknan juis Gynxmii f (X) =Sin X°, o6uncIoeThC HAGIMKEHO.

[lepBicHa st TPOCTHX MIAIHTErpabHUX (PYHKLIN MOXKe
Ha0yBaTH CKJIaIHOI'O AaHAJITUYHOTO BUTJIALY, HAITPUKJIIA]]

b
[t - () o (),

TOMY JOIIJILHO 3aCTOCYBAaTH YHUCIIOBE 1HTETPyBaHHS.
Po3risiHemMo mijixija 10 00YMCIIEHHS BU3HAUYEHOTO 1HTerpasa
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1(£) = [ p(x) f (x)dx, (11.1)
10 IPYHTYETHCSI HA MOTO SaaMiHi CYyMOIO
1L(f)=>C, f(x,),
1€ X, — KOOpAUHATU PI3HUX TOUOK kz;ymiB) 3 mpoMixkky [a,b], C, —

koedimientn KD, sxi ve 3anexats Big f. Heig’emHa yHKIis p(x) y
dopmymi (11.1) Ha3MBa€eThHCS BaroBo, HAOIMKEHA PIBHICTh

[ () f (x)dx = 3C,  (x,) (112)

— KBajapaTypHOW (opmyior, cyma B mpaBidi yactmai (11.2) —
KBaJIpaTypHa cyma, pi3HUIIA

r(f)=1(f)-1,(f)
Ha3UBAaE€THCI MOXUOKO K.

[Ipoctum mpukitagom K®, sxi MarOTh HarIsSgHy T€OMETPUUYHY
umtoctpaittito (puc. 11.1), € popmyna aiBUX NPSIMOKYTHUKIB

[ f(xdx~ f(a)b—a),
HpaBI/IX HpHMOKYTHI/IKiB

T f(x)dx ~ f (b)(b—a)

1 HIEHTpaAIbHUX MPSIMOKYTHUKIB

Tf(x)dXz(b—a)f(aTer), (11.3)
a Takoxx KO Tpa;euiﬁ
[ f(x)dx ~ b‘Ta (f(a)+ f (). (11.4)

K® Biapi3HAI0THCS 32 cioco0aMu BUOOPY BY3JIB X, , IX YHCIIOM 1
OPUHIUIIAMH, 32 SKUMU OyAYyIOThCS IHTEPIHOJSALINHI MHOTOYJICHHU.
Hanpuknan, y ckimagennx K® Bigpizok [a,b] po3ouBaeThes Ha 4acTH-
HU U 1HTerpaiau oOuucioThes sk cyma KO Ha KOXHIA 3 4acTHUH.

[Tpoctimnn K® BUKOPUCTOBYIOTH PIBHOBIAJQICHI BY3JH, aje
€()EeKTUBHIIIUMHU € METOJIU, 0 IPYHTYIOThCA Ha CIHEIIaJbHOMY iX
BHOOp1. Po3poOka 4MCI0BUX METOJIB IHTErpyBaHHS Mepeadadae sk
nooynopy K® i meBHMX KIIACIB MIIIHTETPATbHUX (DYHKIIN 1
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obJyacTeil iHTEerpyBaHHs, TaK 1 JOCTIKEHHS 1X MOXUOKHU Ta CTIMKOCTI
BiZIHOCHO 30ypeHb 3Ha4ueHb f (X, ), BHOIp By3iB TOLLIO.

AY AY
X X
a b - a b
Puc. 11.1a. Meton niBux Puc. 11.16. Meton npaBux
PSIMOKYTHUKIB NPSIMOKYTHUKIB
AY Ay
X X
a (at+b)/2 b - a b -
Puc. 11.1B. MeToa IeHTpaIbHUX Puc. 11.1r. Meton Tpaneiiit
MPSMOKYTHHKIB

K® 17151 BUBHAYEHHUX 1HTETpaIiB MOXKHA BUKOPUCTATH ISl 00UHC-
JICHHS TIOJABIMHUX 1HTErpaiiB Ta 1HTErpaTiB BHUIIOI KpaTHOCTI [9, 46,
59]. Ane s TakuX iHTErpajiB e)eKTUBHIIE BUKOPUCTOBYBATH METO-
nu tuny Monte-Kapiio, siki IpyHTYIOTbCA Ha BHIAJKOBOMY BHOOpI
BY31iB 1HTerpyBaHHs. [IIBUAKICTH 301)KHOCTI IIMX METOAIB HEBHUCOKA,
aJie CKJIaJIHICTh iX 3HaYHO MEHIIIA, Hi’K MPY MOBTOPHOMY 3aCTOCYBaHHI1
K®, 1 noxubOka IHTErpyBaHHS TyT HE 3aJ€XKUTh BIJI KPATHOCTI
iHTerpana [5, 64].

11.2. InTepnoasiniiHi KBagpaTypHi popmysiu

3a tabnuriero 3HaueHb GyHkii f y By3max citku A[a,b]:=

={X ra=X,<X <..<X =Db} mobynyemo inTepnonsauiitauii MHO-
rousieH Jlarpanxa

L0 =3 F(x), (). (11.5)
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e
XX Wa(X) — (x— ). (X —
.00 =TT = e 00 = 00X ()

Tomi 3 dopmyn (11.2)1(11.5) O,Z[epH(I/IMO
I _Zf(x )J' n+1(X)

(X Xk )wn+1 (Xk )
OTtxe, koedimieHTn KO Ha6YBaIOTB BUTJISITY

k =i “os®) 4w _om, (11.6)
a (X=X )wh, (%)

Osnauenns 11.1. Qopmyna (11.2), 6 axiu koeghiyienmu C, 06-

yucaoemocs 32i01o 3 (11.6), nazusaemovcs IKD.
Sxmo f e C™[a,b], To mist moxubku inTepmossmiiinoi KD

= [(F00—L, 00

a
BpaxoByrOUM BUTIISIA (9.7) mOXUOKK 1HTEPHOSAIINHOTO MHOTOYJICHA
Jlarpanxa, o1epKUMO

r(f)=—

(n+Dt

TO

j FODOX))W,,()dx.  (11.7)

n+1?

SAxmo max | f ™ (X)‘ <M
xe[a,b]

< (nff)l vl

OnxuM 13 kputepiiB ToUHOCTI KD cityKuTh Te, 14 SIKUX KJaciB
(GyHKII1I1 BOHU TOYHI, HAPUKIAA JIJIsl adreOpaiyHuX MHOTOUYJICHIB.

Osnauennss 11.2. K® wmaec ancebpaiuny cmeninb mounocmi
Mm=>0, akwo 6ona mouHa 0Nl 6CIX MHO2OUNIEHIB, CMENiHb SAKUX He
nepeguuyye M, i HEe BUKOHYEMBCSA MOUYHO Xoua 6 Ol 00H020 MHO20U-
JleHa, Cmeninb sIK020 Oinbuwuti 3a M,

3ayBaXUMO, IO TEPEBIPUTH YMOBY aireOpaiyHOro CTEMEHS
ToyHOCTI K® piBHOCMIBHO MepeBiplll il BUKOHAHHS ISl OJHOYWICHIB

1 X, X"
Teopema 11.1. SAxwo f eC™[a,b], mo IK® (11.2) mac anzeb-

paiunui cmeninb mouHocmi N.
JNoBenenns. Hexait KO (11.2) — inTepnonsiuiitia. 3 dhopmynu
(11.7) BurummBae, mo r, =0, sxmo f(X) — MHOrouneH crenend P <n,
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ockineku y mpomy Bumaaky [ (x)=0. Jma f =x"" moxubka

r = j w,,,(X)dx # 0 @1t noBimpHOTO BUOOPY By3iiB. OToke, M=N. m
a
[Mpuknagom IK® e popmyna tpaneniit (11.4), sika onepKyeThCs
IIpY IHTEPIIONIIOBAHHI Y By3Jax X, =a 1 X, =b MHorowieHom

X—Db X—a
X)=f(@a)——+ f(b)—.
L= f@ =+ 1) —
K® (11.4) mae anrebpaiuny creminb TouHoCcTi M=1. Taka X TOYHICTH

1 KO (11.3), a nnga K® niBux 1 mpaBuX NpsIMOKYTHUKIB ajireOpaiuny
cteninb ToyHoCcTi M=0.

11.3. Ksaagparypsi ¢popmyau Herorona—Korteca

11.3.1. IlooynoBa K®. Hexait 3naueHns ¢pyukuii y = f(X) 3agano y
PIBHOBIIIAJICHUX By3JIax X, =X, +kh,k = ﬁ; X, =a, X, =Db,
h=(-a)/n. IK® 3a Takorw cucTeMOIO BY3JiB Ha3uBarOThCsi K

Herotona—Koteca. Y npomy BuMNagKy MoOKHa YHi(iKyBaTh 0OYMC-
neHHs koegiuieHTiB C, , AKl BU3Ha4ar0Thes 3rigHo 3 (11.6), Ta noci-

JWUTH 1X BIACTUBOCTI. 3poOKUMO 3aMiHy 3MiHHOI X = X, +th. Toxi
t =(x, —x )/h=k, x—x_=th—kh=(t—k)h.
W (xX)=w_ (X +th)=th(t-2h-...-(t—n)h= h””ﬁ(‘[ —k).
[leperBoprMO BUpa3 AJisl HOX1AHOI
W (%) =TT(x =x)=[T(k - )h=
=h'k(k-2)-...-1(-1)(-2)...(- D" (n—=k) = ()" h"k!(n — k)!
K® Hrrorona—Koreca HaOyBarOTh BUTIISIAY

T £ (x)dx ~ (b—a)iﬂy F(%,). (11.8)

Muoxauk b—a motpibeH st Toro, moO KoedimieHTH A He
3aJIe’KaNIM B1J MEK iHTerpyBaHHs a 1 b. Ha mingcrasi (11.6) ogepxxumo

RO SN ), [ mtt=t)..{t=n)
C, =(b-a)A _x‘[(X—Xk)wr,Hl(X ) J.h(t kK)h"k!(n—k)!(-1)" K

_ h(-)"™* tt(t-1)..(t—n) it
ki(n—k)!4 t—k '
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Ockinpku b—a=nh, To

NS

nk!(n—k)!!g(t j)dt, k=0,n. (11.9)
11.3.2. BaactuBocri koedinieatiB Hororona—Koreca

1) Cyma xoedimientiB KO HrroTona—Korteca 10piBHIOE OTMHUIII.
Cupasni, KO (11.8) Touna qis muorounena f (X) =1. Tomy

Tldx=(b—a)=(b—a)Zn:A(, OTXKe, Zn:,% =1.

2) A=A, K =0,N, 1O BUILINBAE 3 (11.9) npu 3amini K Ha n—K.

3) Ana n=8 icuyrots koedimientn A <0. 3okpema, A, =A =

928 4540

=" 28350" ¥ T 28350

11.3.3. llpuxkaaau. BukoprucToByro4Yn BIacTUBOCTI 1), 2) 1 hopmymy
(11.9) moxna obuucnutu koediientu Gopmyn Hrrotona — Korteca

i N=8.

g BiamoBigHoro Nn. Y ta0mum 11.1 s n:1,_8 HaBEJIEHO III

KOe(ILIEHTH TTPU HAOJMKEHOMY OOYHCIICHHS 1HTerpaa
Xo+nh

1 (h) = j f (x)dx

3a qormomMoror Ko

1,(h) =ha, Y B, F(x,),

a Takox moxuoky K@ r (h)=1(h)—1_(h).
Hns n=1onepxumo A=A 1 A+ A =1, tomy A, =A =1/2 i maemo
dbopmyny tpanemnii (11.3). SAxmo n=2, To
1 ¢ 1 4
=A=——|0t-Dt-2)dt==, A=1-2A=—
A)Azwg( Jt-2)dt==, A=1-2A =
1 onepxkyerbesi KO hopmyna Cimrcona

Tf(x)dmb;;‘(f (a)+4f (a%b} f(c)). (11.10)

Hns n=3 maemo A =A =1/8, A =A =3/8. Bignosigna Kd

Ha3UBAETHCA POPMYJIOIO ,,TpU BOCbMUX’, a00 HproTOHA
b

J(x)dXz%(f0+3fl+3f2+ f,).

a
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Taomunga 11.1

Koedimientn 1 moxudbka KO Herorona-Koreca myst n = 1,_8

r.(h)

1 o

1 Py 1 1 __f(2)
: 5 7©
l 5

2 | 3 1|4 1 —%f(‘”(é)
3 5

3| 3 1 |3 3 8 ﬂ £ ()
2 7

4 & |1 |32 |7 32 1 gz £O(2)

5 > 19 | 75 50 50 75 19 275h7 fO&)
299 12096
1 9h9

6 | Tin 41 | 216 | 27 272 27 216 41 f®
140 ~1200 400 (&)
’ 8183°

7 | T5oan | 751 | 3577 | 1223 | 2989 2989 | 1223 3577 | 751 f®
17280 518400 &)

8 5 989 | 5888 | -928 | 10496 | -4540 | 10496 | -928 | 58887 | 989 _ 2680 a0 (&)
28350 7 ) ) ) T a67775

Pesynbrat oOuYMClIEHHS 3a J0NOMOTrow Jieskux K neHtpaib-
HUX npsaMOKyTHUKIB Ta K® Hrrorona-Koreca 3 2, 3. [ 4-ma By3namu
interpana erf (1) naseaeni B Tadm. 11.2.

Taoauns 11.2

HaOmmwkene oouuncienns 3HaueHus erf (1)

Ksangparypna Ha6mmkene Hoxu6ka
dbopmyia 3HAYCHHS
Henpanbrux 0,8788 _0.0361
IPSIMOKYTHHKIB
Tparenii 0,7717 0.0710
Cimricona 0,8431 0.0004
,» I p¥ BOCbMUX 0,84289 0.0002
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11.4. Crilikicts K® Hniorona-Koreca 10 mnoxuook

B 00UYMCJICHHI 3HAYEHb MiTiHTerpajbHol QPyHKIil

[Tpunyctumo, mo 3HaueHHs f(X,) oO4YHCIIOETBCS 3 JESIKUMU
|

nmoxubkamu A, k=0,n, |Ai|SA, TOOTO MaeMO 3HA4YEHHS

f_(xk) = f(x,)+A,. Toxai 3amicte ToyHOTO |, ONEpPKUMO HAOIIKEHE
3HAYEHHS KBaIPATypHOI CyMH

T =b-2> AT(x). (11.11)
I3 popmyn (11.11)1(1 1.8)k1:;1nn1/113ae, 10
< (b—a)zn:|Ak|-‘ F(x)—f(x)|< (b—a)AZn:|AK| .
Axmo n<8, 10 A >0 1 };OniILCTaBi MIepIIOi BJIACTHUBOCTI 1\;;0€M0
I -1 |<(b-a)A,

n n
0 XapaKTepu3ye CTIMKICTh KBajparypHux (opmyn (11.8) mo mo-
xnOok B oOumcienni f . Skmo xx n>8, To cepen koedimieHTiB A, €

In_ln

n

Bix emHui. Koedimient d =Z|A(| 3pocTae 31 30UIbIICHHSM N, Ham-
k=0

pukmax d, =3.1, d,, =500, mo Moxke mpHBECTH IO 3POCTAHHS

NOXUOKH, SIKIIO 30IraTUMYThCS 3HAKM KOe(iUieHTIB A 1 MoxuOok

o0uKCIIeHHs 3Ha4YeHb f, .

11.5. Ckaaneni K@ Hrnrorona—Koreca

JIs1 nOoCsTHEHHS 3a1aH0i TOYHOCTI OOYMCIIEHHS 1HTerpajia mpoMi-
HKOK [a, b] noniuMo Ha N YacTHH JOBXKHHOIO h= (b — a)/ N, Ha

KOXKHIM 3 sKkux 3actocoByeMo Jesaky K®. Hanpuxnan, sKio
npocymyBatu KO tpaneniil Ha BinpizKkax [Xk , Xk+1]

Xk 41 h
[ f0)dx~ Lt fal k=0N -1,

TO ojiepxuMo ckiageny K® tpamneniit
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b
If(x)dng[f0+2(fl+...+ f )+ f 1=

b—a

=——I|[f,+2(f, +...+ f, )+ ]

2N

(11.12)

Halitounimuii pe3ynbpTaT g TUMy JaHux Float olepKyeTbcs, KOIH
KPOK CITKH J0piBHIOE 27, a mist tumy Double — 27,

Taoannga 11.3.
IMoxuOku oOumcieHHs 3HaueHHs erf (1) 3a JOMOMOTOI0 cKianeHoi Kd

Tpamneuii 3 po30UTTAM IPOMIKKY [0,1] Ha N =2 wgactun, peanizarmis

moBoro C, erf (1) =0.84270079295...

[Toxubka, | —1 [oxubka, | —1,

‘ Float Double “ Float Double

2 0.00433303 | 0.00433302 16 -0.00000022 | 0.1611 E-10
4 0.00027026 | 0.00027029 18 -0.00004147 | 0.1013 E-11
6 0.00001694 | 0.00001689 20 -0.00003527 | 0.9026 E-13
8 0.00000121 | 0.00000106 22 -0.00697325 | 0.1732 E-13
10 0.00000067 | 0.00000007 23 0.02172609 | 0.7772 E-15
12 0.00000013 0.4124E-8 24 -0.09673648 | 0.3708 E-13
13 0.00000011 0.1031E-8 26 0.56060599 | 0.1363 E-12
14 -0.00000017 | 0.2577 E-9 28 0.77217709 |-0.1952E-12

Cknanena K@ CiMmicoHa oJepKyeTbes, SKIIO MPOCYyMYyBaTH
dbopmynu (11.10) Ha mpoMiKKax JOBXKUHOKO 2h. Y 11boMy Bumaaky N
—napHe, Ckinanena KO Cimncona HaOyBae BUTIISAY

b
I f (x)dx = %[fO + fy +4(f +.+ f ) +2(F, +...+ f )] (11.13)
Cximagena K® “tpu Bocbmux” N =3l mae Takuii BUTIIS:

b
If(x)dXz%[f(ﬁ fom +2( o4 fy ot £ )+

+3(f,+ f,+ f,+ fo+. .+, + )]

3ayBaxxenns 11.1. Cxnadena K® yenmpanvnux npsamoxymuuxie

Habyesace su2nsaoy
b
b—a h h h
!f(x)dXzT[f(xo+§)+ f(x +§) fy +.+ f(xN_1+§)].
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11.6. Iloxnoxa K® Hriorona—Koreca

11.6.1. ®opmyaa Tpaneniii. ¥ KO Tpanermnii
F(x)=Lx)+R(x),

ne Ry(f) :% f"(@(x))(x—a)(x—b), O(x)e(a,b), Tomy moxmubka iH-
TETPyBaHHSI
n(f):= { f(x)dx — b;za( f(a)+ f(b)) = %}[ f"(0(x))(x —a)(x —b)dx.

Sxmo QyHKIisS @ — HemepepBHa, a i — iHTerpoBHa Ha [a,b] i
HE 3MIHIOE 3HAK, TO 3FiI[HO 3 TEOPEMOIO npo CepelHeE

j Py (X)dx = p(£) j p ().
®dyukiisa y(X) =(X— a)(x b)>0 KOJIU Xe[a b], Tomy
rl(f):Ef”(é)j(x—a)(x—b)dx:, a<é<b,
OTtxe, a
1 " 1 3 1 2 b__(b_a)3 "
f (5)(§x -2 @+b)x+ab)| =—=—=-F7(2)

Binnosinna orinka moxuOku ckiaagae (b—a)’M, /12, ne cramoro M,

oOMeXeHUH f”(x)| Ha [a,b]. Ha mpomixkky noexunoro b—a=h,

maemo I (f)=-h*f"(£)/12.
s ckianenoi popmynu tpaneniit (11.11)
v h3 14 14
r(f) =L T &)+ 1G] =
h3

"(&)+...+ (D] N = o f"(0),
ne 6 € (a,b). Ockineku hN =b—a, To
_ h? (b—a)
r(f)=————21"(0).
+(f) B (0)
I3 1i€i piBHOCTI BUILIMBAE OIliHKA MOXUOKH ckiiageHoi K® tpamerriii
k(f) < h | (11.14)

3actocyeMo cknaneny Kd Tpaneum JUIs. HAOJIMXKEHOTO OOYMCIICHHS
interpana B erf (1). Pe3ynpratu HaBeaeHi B Tadu. 11.4.
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Taoanua 11.4

KinpkicTb dopmyna [Toxnbka
BiApi3kiB N | Tpameuiii I -1,

2 0,855263 0,012502

4 0,838368 0,004333

8 0,841619 0,001082

16 0,842431 0,000260

32 0,8423633 0,000068

64 0,842684 0,000017

128 0,842697 0,000004

11.6.2. ®opmyaa Cimncona. K® (11.10) Touna anga AOBIIBHOTO
MHOTOYJIeHa cTeneHs M <2, sk inTepnosimiiina KO (teopema 11.1).
AJle HECKJIQJIHO TIEPEBIPUTH, 110 BOHA TOYHA 1 JJIs1 KyOI4HOIO
muorounena P,(x)=(x-c)?, c=(a+b)/2. Ockinbku KyGiunmit

MHOTOYJIeH MOKHa 3anucaTy y Burnsai P, (X) = a,P,(X) + P,(X), 1e a,

— xoedimient npu X, To KO Cimmcona TouHa AIs BCiX KyOlYHHMX
MHOTOYJICHIB.

[ToObynyemo nst QpyHKIii
Epmita H,(X) 3a smawemmsmu f(a), f(c), f(b) i f'(c), zme

f(X) iHTEpHOJIALIMHMA MHOTOYWICH

c=(a+b)/2. Binomo, mo moxubka iHTEpIIONOBAHHS TAKOTO MHO-

ro4JI€CHa

R,(x) = 9 (£(x))(x—a)(x—c)*(x=b)/ 4, £ e (a, b).
3aCTOCOBYBABIIIM TEOPEMY IIPO CEPEIHE 1 BUKOHABIITU 3aMIHY
X =a+th, ogepxumo moxuoxy K® Cimricona

_ib (4) . A\ (v :_(b_a)5 (4)
r2—24£f (0(x))(x—a)(x —c)*(x —b)dx —25.9of (&)

Otxe, it KO Cimricona moxmnoOka

(1) =-0=2 g,

s cknagenoi K@, ypaxyBaBIH JOKalbHI TOXUOKH HA KOXKHOMY
3 MPOMIXKKIB [X,, X, +2h], [X, +2h, X, +4h],..., [X, + (n—2)h, x, + Nh],

N =2I, onepxxumo
5 5
(f) =~ F )+t FO = (FO ) .t T )1

90
Ockimeku | =N/2 i Nh=b-a, To

268



- 2058

BignosinHa ominka HaOyBa€ BUTIISIAY

M h*
Flf) < 11.15
.( )‘ 180 ( )

11.6.3. ®opmyJa ,,tpu BocbMux”. [Toxuoka K® mae puris [15, 16]
5
n(N=-C 2 o)

£ ).

6480
Jiisa cknagenoi KO «rpu BoceMux», koau N =3l i b—a=h, maemo
B (b—a)h* ,,
r(f)=——"--""-—1%(n).
L (F) 20 (17)
Omiaka noxubku cxiagenoi Kd
M h*
r(f)<——. 11.16
I () 20 ( )

3ayBaXnMo, 10 MHOXHHK 1/80 B y3arajibHEHIH (GopMyli ,,Tpu
BOCBMUX ™ OLIbIINHI, HIk 1/180 y BianoBiaHii ¢popmyiti CiMIicoHa.

11.7. IlIpaBuso Pynre oninku noxudku ckiaageHnx Kd

Jl1s1 BUKOpHUCTaHHS OMIHOK TToXuOKH Burismy (11.15) ado (11.16)
y Meto1 Tpanerii 1 Cimncona ado B iHmmux ckiageHux K®, norpidHo
3HATU OLIIHKY MOJYJIs BIJMOBIJHOI MOXIJHOI, SIKa HE 3aBXKJH BlJOMA.
Tomy HalyacTillle BUKOPHCTOBYIOTHCS OIIHKH, OJEPXkaHI IIIIXOM
NOPIBHSAHHS HAaOJIMKEHUX 3HA4YEeHb IHTErpaja Ha CITKax 13 PI3HUM
KpokoMm (meroau Pynre, PomOepra ta iH.). Hexait

I(f)::if(x)dx:IN(f)+rN(f),

ne |, — neska ckmameHa K® na citui 3 kpokom h=(b—-a)/N.
[Mpumnyctumo, 1110 ist MOXUOKH BUKOHYETHCS YMOBa

r,(f)=Ah? +0(h"),
nme A — neska craja, M0 He 3alexurh Bix h. 3a Ticro x KO
obumcianMo HabmKkeHe 3HadeHHA |, 3 kpokoMm h/2. BinmkuayBrmm

senmunnn 0(h”), onepxumo
~ Pil o -P ARP
=1, +Ah" il =1, +2"Ah".
[Ticist BUsTydeHHs cTanoi A3 IUX PIBHOCTEU MAaEMO
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-1, z% (11.17)

Hns cxknagenoi K@ tpanmemiin (11.11), sk BummBae 13 (11.15),
p=2.0T1xe,
Iy =Ly = (I —14)/3.
st cknagenoi KO Cimricona p =4, tomy
| -1, = (I, —1)/15.
Takwuit crmoci6 moOynoBu oniaku noxuoku K® HaszuBaroTh npasuiom
Pynee. YTouHeHe 3HaUCHHS 1HTETpasia OOUHMCIIOETHCS 32 (HOPMYJIOHO
~ I2N — IN
I =1, + R (11.18)
VY tabn. 11.5 g neskux KO, HaBeeHO 3HAUYCHHS MOPSIAKY P,
MOXUOKH Ta (OPMYJIM YTOUHEHHS 3HAYEHHSI 1HTerpaa.
OTxe, 00UMCIIEHHS] HAOMM)KEHOTO 3HAYeHHST 1HTEerpaja 3 TOYHiC-
TI0O £ >0 METOJ0M MOJBIMHOTO MEPEPAXYHKY MOIATAEOCH Y YOMY '
1)  oOuuciuTH HaOJIMXKEHI 3HaYCHHS iHTerpaiB | ta |, 3
kpokamu citku h=(b—a)/N i h/2 BiamosigHo;
Taoannsa 11.5

CkraieHa Habmmxene
YTo4YHECHE 3HAYCHHS
KBaJ[paTypHa p 3HAYCHHS .
iHTerpaga
dhopmyna MOXHOKHU
JliBuX 1 mpaBUX T ol _|
IPAMOKYTHHKIB ! 2NN (21 = 1y)
HenTpanbHux
IPSIMOKYTHUKIB i 2 | (Ly—-1y)/3 (41, —1,)/3
Tparnemii
Cimricona i (IZN _IN)/15
HetoToma 4 @ael,, —1,)/15

2) 3rimHo 3 dopmymoro (11.17) oOuumciutu HAOTMKCHE
3HadYeHHS oxuOku K® uncimoBoro iHTerpyBaHHs;
3) sKio |I —I2N|Sg, To 3a ¢opmyrnoro (11.18) obumcnutu

YTOYHCHE 3HAYECHHS IHTErpaja I mporec OOYHCICHb 3yIUHUTH.
[nakme, Bigpizok [a,b] momimut Ha 4N piBHMX YacTHH, OOYUCITHTH

,,(f) i nepesiputu BukoHauHs HepiBHOCTI |l,, — Iy |/(2m —1) <g.

[Ipotiec mocinioBHOTO 30UbIIeHHS yABIYl uKcia By3iniB KO (3meH-
HICHHS YABIYl KPOKY IHTETPYBaHHS) MPOJOBKYIOTh O THX Mip, MOKH

270



Ha IEBHOMY Kpomi K He JocsraeTbCs 3aJaHa TOYHICTH ab0 KOJIHU

KUTBKICTB TTO1IIB KPOKY CITKH TEPEBUIITYE NESIKE 3a/1aHe 3HAUCHHS.
3ayBaxkenns 11.1. Axwo acumnmomuxa I'CII nesiooma, mo

MOJICHA obuucaiumu inmezpan (abo iHWLY GelUYUH), 3ANeIHCHY B6i0

. . ) . . o
Kpoky cimku) Ha cimkax 3 kpoxamu h,qh i q°h idnosiono. Hexaii

h = qih, |. — 6ionosioni 3nauenns inmeepana, i = @ Tooi gionocHo
nopsioky P i cmanoi C maemo cucmemy pieHsitb

| =1, +Ch” +0(h"),

| =1,+Cqg"h” +0o(h"),

| =1,+Cqg*"h? +0o(h").

Po3s6’szasuu yto cucmemy 3 mounicmio 0(h®), ooepacumo
1, —1,)? i P
I ~ I + ( 3 1) In 3 2

1 , P= -
21, -1, -1, Inp I,-1,
Haegeoenuii aneopumm nazueaemuocs npoyecom Eiimxena.
3ayBaxenns 11.2. Pozensnemo 08a npuxkiaou maxux Gopmyi.

Ha siopizky [a, b] oosacunoro h=b—a nobyoyemo K® mpaneyii

T(h) i T(h/2) 3 kpoxamu h i h/2 eionosiono i niocmasumo ix y
opmyny 0Ons ymounenus inmezpana 32i0Ho 3 npaeuiom Pyuee

| zT@%@T @_T(h)j
YV niocymxy — odepocumo Izh(f(a)+4f(a+gj+f(b)j,

mobmo K® Cimncona 3 xkpoxom hl2. 3acmocysaswu maxy npoye-
oypy ons |=2,3,..., nouunarouu 3 kpoxy h=b-a, odepoacumo
pexypenmuy K@ Cimncona

S, =(4T,-T,,)3, j=23..,
de T, =T((b—a)/2j), S, :S((b—a)/Zj), AKa Mmae yemeepmuil

NOPSI0OK MOYHOCHMIL.
AHanoeiuno modxcHa nobyoysamu pexypeHmHy opmyiy

B, =(16S;-S,,)/15, j=23,...,

AKa Mae wocmuti nopadox moynocmi, akwo f e C° [a, b] [13, 46].
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11.8. KBaaparypHi ¢popMyu HAUBHIIOI0 AJre0OpaiyHoOro

CTeneHs TOYHOCTI

11.8.1. ITocTanoBka 3aja4i i npuxkgagu. OQHUM 3 KPUTEPIiB OI[IHKU
K® € Te, HacKIbKM BOHHM TOYHI1 ISl IEBHUX KJIAaciB (DYHKIIIH, 30KpeMa
uisi  anreOpaiyHuX MHOTOWIeHIB. Po3risiHemo Taky 3amady. s
HaOJIMKEHOT0 OOYMCIICHHS 1IHTerpajia

J 200 1 000

ne f — moBimbHA (yHKINSA 3 JIEIKOro Kiacy, O (Ha3MBaTUMEMO ii
BaroBOl0) — JOBiIbHA (pikCcOBaHa, iHTErpoBHA 1 HeBin’ eMHa Ha (a,b)
¢dbynkuis, nodyaysatu KO

[ 00 ()0x zb;zaz& F(x), (11.19)

TOYHY JUISl BCIX alreOpaiyHuX MHOTOYJICHIB HAMBUIIOTO CTEHEHS M.
Taky K® masuBarote xeadpamypoio layca ab6o K® HaWBUIIOrO
anreopaiunoro crernens TouHocti (KOHACT). ko (1.19) — IKD 13
3aJJaHUMU BY3JIaMU X, X ,..., X, TO M=N—-1.

s mooynoBu K® (11.19) nmoTpibHo BHOpatu 2N mapaMmeTpiB:
N BY3IIB X, X,,..., X, 1 N KoedimieHTIB A, A,,..., A . Ilokaxemo, mo ix
MOXHa BKazaTu Tak, o0 K® (11.19) mana anreOpaiuHy TOYHICTH
m=2n-1, To6T0 Oyia TOYHOIO JAJis BCIX MHOTOYJICHIB, CTEIIHb SKUX
He mepeBuirye 2N—1. 3ayBaXumo, M0 MHOTOWICH cTemeHs 2n—1
BU3Ha4Ya€ThCs 2N koedimienTamu. TouHicTs 2N — 1 qocsraeTbesi, KOJIU
K® (11.19) Touna mis 1, X, X%,..., X" Tak OJIEPKUMO CHUCTEMY 2N

HEJIIHIMHUX PIBHIHB 13 2N HEBIJIOMUMH BHUTIISTY

n 2 b
AT j p(X)dx,

n

2 b
> XA, = E.IXp(x)dx,

k=1

Posristnemo npukian, ko b=—a =1, p(x)=1. Toxi
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1

j )X =Y A, (%)
-1 k=1
Jling N =1 maeMo cUCTEMY ABOX PiBHSAHB

1
Al:Idx:Z Ax :dex:o
1 |
Otxe, A =2, X, =0 i omepxumo KO neHTpanbHUX IPSIMOKYTHHKIB

1
j f (x)dx ~ 2 f (0),
-1
anredpaiyHa TOYHICTh sIKOi M =1,
Hexaii n = 2. Jlnsg BU3HaueHHs napaMerTpiB X, X,, A, A, MaeMo

CUCTEMY 3 YOTHUPHOX PIBHSHb
A +A,=2, A X2+ ALXE —%

A X, +A,x, =0, A +ALX =0.
[3 cUMETPUYHOCTI CUCTEMHU BUILJIMBAE, 1110 BOHA MA€ PO3B’SI30K

A =A,=1 X =-X,= % Bianosigna K@ Tayca

1

J.f(x)dx~f(\/_ f(J_

[i cremins Tounocti M =3 sk i KO CimncoHa, ane 3 TpboMa By3/IaMH.
3rigHo 3 K® (11.21), erf (1) =0.842442, mo Ttounimre, Hix 0.8431
0.8431 3a tputoukoBoro K® Cimrmcona.
11.8.2. IcnyBanus ta equHictb KOHACT

Teopema 11.2 [59]. K@ (11.19) mouna ona dosinbroco anced-
paiuno2o MHo2ounena cmenens M, M<2n—1, mooi i minbku mooi,
KOJIU BUKOHYIOMbCS YMOBUL.:

1) mmuoecounen w, (X) opmoconanvHull Ha [a, b] 3 8a208010

(11.20)

pyuxyieto p(x) 00 6yob-sKoeo muozounena (X) cmenenss p<n-—1,
moomo

j‘p(X)Wn (x)q(x)dx =0; (11.21)

2) K® (11.19) — inmepnonayiuna, moomo ii koegiyienmu obuuc-
JIIOIOMbCS 3210HO 3 HOPMY 010

C.=A(b-a)l2 =i @ gy k=0 (11.22).




HoBenennsi. Hexait K® (11.19) Touna nma Oyab-sSKOTo
MHOTOYJICHA, CTCIiHb sSKOro He mepeuinye 2n—1. Skmo q(x) —

MHOrowieH crermeHs P<n-1, o w(X)q(X) — MHOro4IEeH CTEIECHS
m<2n-1i

Jp(w(a(dx =2 A (x)a(x,) =0

OTtxe, piBHICTH (11.22) Bukonyetbes. Te, mo (11.19) inTepnionsuiiina
K®, BumiuBae 3 teopemu 11.1, ockibkM BOHaA TOYHA JJIsI MHOTOY-
JIeH1B cTerneHs n—1.

2. Hexali Tenep BUKOHYIOTbCS ymoBU 1), 2) 1 f(X) — MHOrouieH

creneas M<2n-1. Tomi f(X)=w,(X)q(x)+r(x), ze q(x) — mHOTO-
4JieH CTEMeHs He Buiuil Big N—1, a r(x) mae cremup p<2n-1.
Tomi

J () £ (0dx = p(X)w, (aX)dx+ [ p()r(x)dx =] p()r(x)dx.

Ocki1pKH KBagpaTypHa GopMyJia iIHTEpIOJAlliiiHa, TO BOHA TOYHA JIJIs
mHorouwieHa r(X). Orxke,

[p0arde =23 A,r(x,) -

:b;;zn:Ak(f(xk)—wn(xk)q(xk)):b;zazn:Akf(xk). .

Tax Ha migcraBi Teopemu 11.2 mobymoa KOHACT 3Bomuthcs A0
3HAaXOJUKCHHS BY3IIB X, X, ,..., X,. Koe(iieHT 004HCIIOI0ThCS 3T1IHO

3 (11.20). PiBusHHS Anst X, X,,..., X, olepxkyroTtbes 3 (11.22), saxmro
B3aTH 3aMicTh (X) dymkmii 1, X, X°...,X"". Omepxkumo cuctemy N
PIBHSIHB

b
jp(x)ka(x)dx =0, k=0,n—1.

Skmo b=-a=1 p(X) =1, To Maemo TaKy cucTeMy pPiBHSHb:

1
I(x—xi)...(x—xn)x"dx=0 ,  k=0,n-1.
1

st n = 2 MmaeMo
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1 1
I(x — X )(X—X,)dx =0, j X(X —X)(X—=X,)dx =0.
-1 -1
ITpoiHTErpyBaBIIH, OAEPKUMO: X X, = -1/3, X, + X, =0, 3B1AKHN BUII-

JMBAE, Mo X, =—X, :]/\/§
IcHyBaHHS 1 €IWHICTP TAaKOTO MHOTOYICHA, a TaKOX Te€, IO BCI
KOPEHI HaJIeKaTh BiApi3Ky [a,h] maeThcs HACTYITHUM TBEPHKCHHSIM.
Teopema 11.3 [59]. Axwo w,(X) — mHocounen cmenemns N, opmo-
eonanvhutl Ha [a,b] 3 eacosoro gyuxyicro p(X) >0 0o dositbHoeco
MHO204NIeHa, CMenilb siko2o He nepesuwye N—1, mo eci tioeo kopeni
pisui [ Hanedxcums 6iopizky [a,b]. m
11.8.3. Biactupocri K& Tayca
1. Yucmo m = 2n — 1 — anreOpaiunmii crenins TouHocti KO (11.19).
CnpaBnmi, mma MHorouwneHa f(X)=w’(X) cremeHs 2N  MaecMo

[ pOOW* (x)dx > 0. Ockinbxu o(x,) =0, To

Zn:ckf(xk):zn:C w?(x.)=0.

ToOTo Ayt iHTErpasia 1 BIAMOBIAHOI KBAJPAaTypHOI CYMHU PIBHOCTI HE
JIOCSATAETHCS.

2. JIns gosinsHoro N >1 xoedinientu KO Tayca noxarui. I{g BracTu-
BICTh BaXXJIMBa JJIsi CTIMKOCTI OOYHMCIICHB 1 JI03BOJISIE 3aCTOCOBYBATH
Taki KO 3 10BUIBHUM YHCIIOM BY3IIIB.

3. MoxHa gosectH, mo noxudka K® Tayca (11.19) mae pursy [31]

f(2n) b ,
(f)= (Z—ngf) J 0w (e, £ < (a,b).

Baysaxkenns 11.3. K@ [ayca nanexcamo 00 popmyn 6iokpumozo
muny, moobmo Koau XHcoOeH i3 8y3nie He 30icacmbcs 3 KIHYyeM
inmezpysanns. Taxki K@ opmynu ocobauso kopucHi mooi, KoJu
nidinmezpanvHi QyHKYii maroms 0cooAUBOCMI HA KIHYAX BIOpI3Ka
IHmMe2pyBaHHts, HanPUKIAO MAKUX, K

‘ 1 tsinx
|, = exp[——jdx, |, = | ——dXx.
' ;[ X? ’ j yl
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11.8.4. YacTuHHI BUIAAKH

1. K® Tayca—Jlesxanapa. [na takux popmyn po(X)=1, —-a=b=1.
OproroHansHy cuctemy GyHKIIH Ha [—1, 1] yTBOpIOIOTE MHOTOYIICHU
Jlexannpa (y Burisial popmynu Poapira)

1 d"
P(xX)= X° —1)"
(%) 2”n!dx”( )" (11.23)

[Mepmi 3  wux: P(XX)=1, PX=%x, PX=03x"-1/2,
P.(X)=(5x*-3)x/2. Kopeni wmuorowienis Jlexanapa po3MilleHi
cumerpuuno Ha [—1, 1]. Koediuientu K® Tayca—Jlexanapa

—_ 2 —_—
kzgg—ﬁﬁn k=1n.
n Pn (Xk)
[Toxuoka KO Tayca—Jlexanmapa [75, 97]
22n+1(n!)4 )
r(f)= 3 FE(e).
[(2n)!] (2n+1)

Bysmu i koedinienTtn KO Iayca—JIexanapa HaseneHi B Ta0i. 11.6.

3ayBaxennsn 11.4. J[na obuucnenus eusnauenoco inmezpana

b+a b-a
+

2

b
I f (X)dx nompiono 3pobumu 3aminy sminHoI X =

a

t . Tooi

b-at.(b+a b-a
jf(x)d — 1f( — jdt~—ZAf()

Taoauus 11.6
Bysnau i koeditientu popmyn Tayca—Jlexanapa

Bysnmmu KoedimienTn

n=2

+0.577350 1.000000
n=3

0.000000 0.888889
0.555556 +0.774597
n=4

+0.861136 0.347854
+0.339981 0.652145
n==8

+0.960290 0.101229
+0.796666 0.222381
+0.525532 0.313707
+0.183435 0.362684
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I n=1 onepxxumo K@ neHTpanbHUX MPSIMOKYTHHUKIB. SKIIIO

1
n=2,to A=A=1 X=-X=—~=1
A=A=1X 7

o (3

st n =3 maemo taky KO

if(x)dng{f (—\E}sf (X)+ f[\/gn

2. K® Tayca-YeOummesa. Y 0pOoMy BHIAAKy BaroBa (yHKIis

p(X) = ZI/ V1-x*, —a=b=1. OproronansHy cucreMy (yHKIiii Ha
iaTepBami (-1, 1) 3 Takor BaroBol (YHKIIEIO YTBOPIOIOTh
muorounenu Yedumesa T, (X) = 2" cos(N-arccos X) , KopeHsAMH SKUX

€ X = COS(Zkz;l)ﬂ, k =ﬁ. Koeopinicatn K@ Iayca—Yebumena
n
C,==,n=1n
n

K® nalyBae Burismy

1 n

J' f(X) dXzEZf(Xk),

-1 1—X2 n k=1
a noxuoka Ko

m ()
rn(f)_22n_1 (2 )I | {E(—l, 1)

P [f(_f)”(fj

3. K® rayca—EpMiTa. OO0UNCTIOETHCS HEBJIACHUN 1HTErpal
1(f) = j e f (x)dx.

3 BaroBorw ¢yukmiero o(X) =exp(—x*), —a=b=o0. Oproronansuy
cucteMy GYHKININA Ha (—oo, o0) 13 TaKOK BaroBOK (YHKIIEIO yTBO-

proroTh MHOTOUJIEHN EpmiTa [68 100]:

H (x) =(-1)"e

st N =2 oaepxumo J.

Bysnu 1 koedimientn KO fayca—EleTa HaBezeH1 B Ta0. 11.7.
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Tadoauusa 11.7
Bysmu i koedinientu Gpopmyn [ayca—Epmira

n Xy A
2 | £0,707107 0,886227
3 0,0000000 1,181636
+2,224745 0,295409
+0,524648 0,804914
+1,650680 0,081313
0.000000 0.945309
5 | +£0.958572 0.393619
+2.020183 0.019953
+0.436074 0.724630
6 | £1.335849 0.157067
+2.350605 0.004530

Ouinka moxubku K® Tayca—EpwmiTa

|
|rn|S2r:'(ﬁ), fyp)\f‘z”’(ﬁ)\,fe(—oo, )

11.9. HaOam:xeHe 004YHCJIEHHSI KPATHUX IHTErpaJis

Po3risiHeMO crmoyatky METOJM HaOJUKEHOro OOYMCIICHHS MO/I-
BITHUX 1HTETpasiB BUTJISTY

1(f) = j j f (x,y)dxdy, (11.23)

ne D — 3amkHeHa o6nacth B R, ¢yukuis f Busnausena B D i Bonogie
JIOCTATHIM 3aIlacoM TJIaJKOCTI. ICHYIOTh pi3HI MIAX0AW 10 MOOYI0BHU
dbopMy BUTISTY

|(f)zZZCijf(xi,yj), (11.24)

K1 Ha3UBa€eTbes KyoamypHumu. OCHOBHI 3 IUX CMOCO01B Taki: 1) moB-
TopHe 3actocyBaHHsA K®; 2) mooymoa KOHACT; 3) imoBipHOCHI
MeToau tuity Monte—Kapio.

11.9.1. IoBTopHe 3actocyBanHst K®. Hexaii D — mpsMOKyTHHK
{(x,y):a<x<bh, c<y<d}. Ilooyayemo B D mnpsMOKyTHy CITKy 3
kpokamu h =(b—-a)/N,, h,=(d—-c)/N,. 3anucaBmmu iHTErpaN
(11.23) y BuUrIsiai HOBTOPHOTO 1HTErpaJia

JJ £ y)dxdy=i(} f (X, y)dy)cx

D a
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1 3aCTOCYBABIIIN JIJIT HAOJIMKEHOTO OOYMCIICHHS 1HTEeTpaIiB
d b
F(X) = j f(x,y)dy, I(f)=~ j F(x)dx (11.25)

a
cknaneHi KO, onepxumo kybatypny popmyny (11.24). Akmo kpoku
h, =h,, To nouinbHO BUKkopuctatu K@ onHOro nopsaxy.
Posrnsiuemo  mpukiagu.  3acTOCyeMO Uil HAOJUKEHOTO

oOuucnenus iHterpaniB (11.25) cknaneny K® neHTpaibHUX OpsiMo-

KYTHHUKIB. To/Al 01€pKUMO
Nl N2

() =hh,> > f(X.7),

i1 1
ne (X,Y;)=(,+h/2,y,,+h,/2) — xoopmuHaru neHTpiB mpsmo-
KYTHHUKIB, Ha fKi po30utuii npsmokyTHUK D. Ilpu 3actrocyBanHi
ckiasienoi K® tpaneniii ogepKuMo Taky KyoaTypHy GopMyry

1(f)~ hl;z Zioijf(xi,yj), (11.26)

ne C,=C, =C,  =C,, =1, B iHIKX By3/Iax HA CTOPOHAX MPIMO-
kyranka C; =2, a y sBHyrpimHix By3nax C, =4. Ilosropne
3actocyBaHHs  cknageHoi K®  CimrmcoHa 3  KPOKOM  CITKH
h=(b-a)/4ih,=(d-c)/4 npuBonuts 10 KybarypHOi hopmMyH

Puc. 11.1. Koedimientu kydbatypnoi popmymu (11.27)
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I(f)z%iiajf(xi,yj), (11.27)

i=0 j=0
KoediienTu sikoi D, mokasani Ha puc. 11.1.
Henonikom nmoBTopHOro 3acrtocyBanHsm K@ e Tte, mo 31 3poc-

TaHHSIM KPaTHOCTI 1HTErpaia MIBUJIKO 3pOCTA€ KIJIbKICTh BY3JIIB, OTXKE,
1 KITbKICTh OOYMCIICHb 3HAYEHb MIAIHTErpaaIbHOI (DYHKIIII.

11.9.2. Ouinka noxuOku kKyoatypuux ¢gopmyi. Hexaii y Hanmpsmi
KOXKHOI 3MIHHOI 1HTErpyBaHHSI 3aCTOCOBY€TbCs ckiajgeHa Ko
Tpaneiiii. HaBegeMo oniHky noxuOku kyodarypHoi ¢opmynu (11.26),
xomu D =[0,1]x[0,1] i h =1/N,. Posrmsemo inrerpan (11.23), ne

moximui f,, 1 f, . migiHTerpanbHoi QyHKIIT — HENepepBHI B KBapaTi

D, M, =max
D

fex, (Xl,Xz)‘, k=12. Jlng HaOIMKEHOTO OOYHMCICHHS

iHTerpana 3actocyemMo KybOarypHy dopmyny (11.26). Jlns omiHku
noxuOku I maemo [1]:
1 M, M,
r|< = (o y Mz,
12 N7 N;
M. + M
W. Hexaii M, =M, =60. [s
nocaraends TouHocTi & =0.00001 4uymcao N 3HAXOOUTHCS 3
nepiBaocti 10N” <g, 3Bigku N >1000. Ormxe, KiIbKiCTh BY3IIiB

cirku Ha D ckmage (N +1)° ~10°. J{ng IIECTHKpPATHOIO IHTErpania,

Axkmo N, =N, =N, 10 |r|£

koimu M, =M, =100 i &=0.001, yucno By3uiB yxe nocsraec 10% i
NpPaKTUYHO  peai3yBaTH OOYHUCIEHHS 32 Takow KyOaTyporo
(GbopMyJI0I0 HE BAACTHCS.

11.9.3. Kyb6arypHi ¢opmyiu HAMBUIIOr0 AJreOpPaivHOro CTemeHs
TOYHOCTI. fIK 1 y BUIIaJIKy BU3HAUEHOTO IHTETpalia sl HAOJIM>KEHOTO
obumcneHHs monBiHOTO iHTerpana (11.23), moxHa TOOYyIyBaTH

KyOatypHy hopMyy BUTISTY
[ £ yydxdy = > C f (x,v,), (11.28)
1

D 1=
ne xoedimientu C, i Touku M,(X;,Y,) BuOuparoThes TaK, mob KyOa-
TypHa Qopmyna (11.28) mana anreOpaiuny TtounicTh M. Taki
dbopMynu po3paxoBaHi Ha MiAIHTETpajibHI (PYHKIIT BUCOKOT TJIAKOCTI
1 BHMaralroTh 3HAYHO MEHIINE OOYMCIICHb, HDK MPH IOBTOPHOMY
3actocyBaHHi K®. IloOymoBa kybOaTypHUX (GOpMYJ TaKOro THILY
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3QJICKHUTH Bl 00yacTi iHTErpyBaHHA. Skmo D - onuHWYHUN KpyT 13
IIEHTPOM y TMOYATKy KOOPJAHMHAT, TO MOXHa 3aCTOCYBAaTH KyOaTypHY
dbopmyny Jlroctepuuka—/liTkiHa

5
T
[ £ yydxdy = =(2F(0)+ " £ (M,)),
D 8 k=0
2 T
ne M, — ToukM 3 NOJSIPHUMM KOOPAHHATAMU P, =\/g, O, =§k,

k=0, 5, ToOTO TOUkH M, € BepIIMHAMHU IIPABMIHHOTO MECTUKYTHUKA,

BIIMCAHOTO B KOJIO pajiiyca \/%

Koedimientn Ta By3nu kyOaTypHUX ¢GopMmyd IJjs KBaapaTa 3
BepmmHamu B Toukax (L1), (-11),(-1L-1),(1,—1) # ommHMYHOTO
KpyTa 3 IIEHTPOM Y MOYaTKy KOOpJUHAT, MOoKa3aHi Ha puc. 11.2-11.5.
Tyt cumBomamu o, A 1 O MO3HAYEHO BY3IU 3 Koedilll€eHTaMu, SKi

BKa3aH1 CTpUIKaMHU, M— anreOpaiuHuil CTeNiHb TOYHOCTI.
A

1 47 .
L] /\ L]
1 Q______Q 1
I X | = >
/X N\ /N | !
OO |
A1

Puc.11.2. m=3, D—)%,A —>%, 0] —>% Puc.11.3. O —1, 5:1/\/5

A

Puc.11.4. m=3,0— /4 Puc. 11.5. m=5, £=10,707107,
0—0,1309, A —0,523599
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3ayBakMMO, IO PO3TJIAHYTI KyOaTypHi (OpMyJIH MOXKHa 3acTo-
CyBaTH ISl TOBUILHOTO Kpyra abo efirca, KBajapaTta ad0 MPSIMOKYT-
HUKa TICIs BiAMOBIJHOTO TEPETBOPEHHS CUCTEMHM KOOpJAMHAT abo
po30uTTs oomacti D Ha oOmacti Takoro Burisaay [35, 44, 63].

11.10. Metoa MonTe—KapJio

[loBropHe 3actocyBanHa K@ 1 oO4yuCIEeHHA KpaTHHUX
IHTErpalliB Bele /O pI3KOro 3pOCTaHHs BY3diB ciTku. KybOaTypHi
dhopMyJiM HaWBHUIIOIO aJIreOpaidHOro CTEIEHS TOYHOCTI OpPIEHTOBAHI
Ha chemiajibHl 00JacTl 1HTErpyBaHHS 1 sl (PYHKIIM BHCOKOI
rIIaakocTi. EdekTuBHUM MeTOoq0M HAOMMKEHOTO OOYMCICHHS Kpart-
HUX 1HTerpaiiB € Meron Monte—Kapno, skuii Mae HWMOBIPHICHY
npupoay. Y 1LbOMY METOJI KUIBKICTh BY3JIB HE TIOB’A3aHE 3
KPaTHICTIO 1HTerpaja, aje OI[iHKa IMOXUOKH OJIEPKYEThCS TIIBKU 3
NEAKOI0 WMOBIPHICTIO. 3aCTOCYBaHHSIM TaKOIO0 METOAY MOXHA

HAONMMKEHO OOYMCIUTH MOTeHIian oxxoro Tina V, — R® Ha imme
V, c R3, SIKM BU3HAYAETHCS MIECTUKPATHUM 1HTETPAIOM

W = ” I ”_[’01’02 dx dy,dz dx,dy,dz, ,

VixV,

2 2
Ac T, = \/(X1 _Xz) +(y1 - yz) +(Zl - Zz) , pyHKIi L (Xi i g )’
I =1,2,3a1a10Th TYCTHHY PO3MOJIUTY Mac B KOXKHOMY 13 TiJI.
PosrnsiHeMo kpatHuit iHTeraJI BUTJISTY

IJ' X, ) dx,...dx, .

Hexait x=(X,...X,), G =[O, 1] — n-pumipauii ky6. Toxi iHTerpan

I(f):J‘f(x)dx.
G
3agamo N BHIIAAKOBUX IONAPHO HE3ANEKHUX TOYOK X,..., Xy, fAKI

MaTHUME BUTJIA1

piBHOMIpHO posnoaiieHi B G. Hexat M 1 D - cumBomnu
MaTeMaTUYHOI'O CIOAIBaHHA 1 gucrepcii. Ha mijgcTaBi piBHOMIpHOTO
PO3MOJLTY TOYOK X, 1 TOro, 1o mMipa G gopiBHIoe 1, MaeMo

M (y;)=[f(x)dx=1(f), D(y,)=M(y?)-M*(y,)=D(f).

G
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OG6uucnumo HabmwKeHe 3HaueHHs iHTerpama |I(f) s3rigHO 3
dhopMyJI010

SN(f)zﬁzli:f(Z). (11.29)

Toai M(S,) = S M(y)=1(f),  D(Sy)=—152.D3)= (1),

3rimzHo 3 HepiBHicTiO YeOumeBa 3 iMoBipHICTIO 1—(, e

q e(O,l), Ma€eMO
s, (F)=1(f) < /[;_(f )

Hamnpuknan, st g = 0.01 3 imoBipHicTio 0.99 mpaBuibHa OIliHKA
S, (f)-1(f)}<10{/D(f)/V/N.
Hucnepcito D(f ) MOKHA HaOJIMKEHO 00YNCIIUTH 3a (POPMYIIOI0
1

()~ 3 (5 -5,(1)-

ToOTO TOPSAIOK OIIHKA MOXHUOKH HAOIMKEHOTO OOYHMCICHHS
interpana mae mopsnok 1/+/N ~Ha BiaMmiHy BiI JeTepMiHOBaHMX

KyOaTypHUX (OpMYJI, Y SAKUX MOPSAOK OIIHOK IIBUAKOCTI 301KHOCTI
MOTIPIIYETHCSL 31 3POCTAHHSM KPATHOCTI 1HTErpayia. Baxmauo, 1o
OIliIHKa HE 3aJIeKUTh BiJ] KPATHOCTI 1HTErpayiia. 3 1HIIOTO OOKYy, IIs
OLIIHKA MMOBIpHICHA. KpiM TOro, BUNaAKOBI BEIMYUHU X, ..., Xy OHEP-
AKYIOTBCS 32 IONIOMOTOI0 JaTYMKa BUMIAJKOBHX, a00, K iX Ha3UBaIOTh,
NICEB/IOBUMAIKOBUX YHCEJN, 5Kl T€HEPYIOTh IOCIIJOBHICTh BHUIA-
KOBUX YHCEIl, pIBHOMIPHO po3noaiiienux Ha nmpomikky [0,1]. Ane ue
3aBXKIU BIAETHCA JOCATHYTH OaXaHUX CTATUCTUYHUX BIIACTUBOCTEMN
Takux yucen. Hanpuknan, Aeski JaTYMKHU MCEBAOBUIIAKOBUX YHUCEN
TeHEPYIOTh MOCTIOBHICTh YUCEN, Ky MOXHA pO3TJSIaTH TUIBKU SIK
MOMAPHO HE3aJEXKHI, & HE SIK HE3aJIe’KHI 32 CYKYIHICTIO.

Ipuxiaagu po3B’si3yBaHHSA TUIIOBHUX 32124

3amaya 1. 3HalTH OIIHKY MOXMOKH IpoCToi Ta ckiaaeHoi KO 1eHt-
paJIbHUX MPSIMOKYTHHUKIB.
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Po3p’3ypanns.  Hexaii f eC?[a, b], c=(a+h)/2 i

( )‘ <M,. Jlns npocroi K® nenrpanbHux NpsMOKYTHHUKIB i3

Xe[a,b]

po3kiany GyHKIIT

BHUIIJIIMBAE
b

[t (0dx—(b-a)f (c)=f] (c X—C)+ = £7(E (x))(x=c) |dx—
a a 2

b24a) (&), £e(ab)

f y Toumi X=C Ta TeopeMu IIPO CEpeaHE

—(b-a)f

SD'—;O'

s cknagenoi KO (puc. 11.6)
b

b—a h h h
!f(x)dX~T[f(xo +E)+ f(x1+§) f +.t f(xN_1+§)]

AY

X

[

Puc. 11.6. Meton ueHTpanbHuX

PSIMOKYTHUKIB
Maemo
b h h3 " "
rN :jf( dX hZf(Xk 2) ﬂ[f (770)+...+ f (UN—l)]z
(b—a)h?

=, '), ne(ab).

Omuinka noxuOku ckiageHoi KO neHTpaibHUX NpSIMOKYTHUKIB
Ir,|<(b—a)h*M, / 24.

3apaua 2. Oninutu noxubky K® tpaneriit, CiMIicoHa 1 «TpU BOCh-
MUX» MPU OOYMCIICHH] 1HTerpaia
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erf (1) = j e dx, 7 ~3.1415927.

T

Po3p’si3yBanns. Ha nmpoMixky [O,l] 3HANAEMO OLIHKU JAPYTroi 1 4eT-
BepToi moxixHoi pynkuii f (X)= e . Maemo: f "(x) = 2(2X2 —1) e

f"(x)= 4x(3— 2X° )e‘X2 , F9(x)= 4(3—12x2 + 4x“)e‘X2 . OCKLIbKH
moxigma f”(x)#0, mpu Xxe [0,1], TO HAWOUIBINE 3HAYEHHS OCH-

racThCd Ha  KIHIEAX  BIApi3Ka, NOpH  [OMY m[ax] f”(x)‘:
xe[0,1

max(‘f”(O)Hf” (1) ‘):2:: M, . Hani,
‘f ‘<4max3 12x* +4x‘| =

Xe[Ol]
4max(‘ ‘f ‘) 20=M,.
Ha miacraBi ominkwu (1 1.14) st KO Tpanerriit
1-0)*-2
r|< 28202 1 4 gg06

Jr 12 NI

I3 popmynu s moxubku s KO CimricoHa BUILIMBAE OIliHKA

2
rnN—
e 2% .90 7

2 27

||J_720

Tabn. 11.2, nepeBUIIYIOTh TOYHI OLITHKH.

20<0.007846. Jlns K® «Tpu BOCBMHUX» MAaeMO

5
1 -20<0.00348. Opepsxani OLIHKH, K BUIHO 3
p

3amaua 3. Jlnst HabmimkeHoro obumcienns interpana erf (1) samucarn

CK® Ttpaneniii, HeHTpaJIbHUX NPAMOKYTHHUKIB 1 CIMIICOHA 3 KPOKOM
citku h. J{ns koxnoi 13 CK® BUOpaTH KpOK CITKH Tak, mo0 moxuoka

He mepeBumryBana 107°.

Po3B’si3yBanns. P0310’eMO pomixKOK [0,1] Ha N =2l Bigpi3kiB 10B-
xuHoro h=1/N. By3mu oxpepxkanoi citku X, =kh, k=0,N.
Cknanena K@ Tpaneuiid, neHTpabHUX NPAMOKYTHUKIB 1 CiMIICOHA
Ha0yBarOTh BIJMOBIAHO BUTJISY:

l; 1=%(1+e1+2Nie(k“)zj, f {e jz

k=1
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N/2-1
Tret 44y oM@ | e‘”’"z}, N=2l.
3\/_{ Z kZ;

Hnsa CK® Tpanemiii 3 mnoxubku (11.14) BumnimBae, 110

2
ih—z 10°. Tomi h*<3-10°%/zr i h<J3.10%Yr=

Jr 12

=0,0023059. Tomy moxubku CK® tpamemiii He mepeBuinrye 107°,
skuio B3t h, =0,002.

Hius CK® neHTpanbHUX NPAMOKYTHUKIB h < J6-10247 =
=0,00326 i TouHicTb 3a0e3neuyeThes, ko hy =0,0025.

Ha nincrasi ominku (11.16) nna noxubku CK® CimrcoHa Maemo

4
% 12—0 20<10°, TOMy h£4%-§/;-410_6 =0,05314... Otrxe, mis

Kpoky citku h, =0,05 nocsiraerbcs 3amaHa TOYHICTH i NMPH IOMY
N =h, 1 =20.

3amaya 4. O0unucIUTH HAOIMKEHE 3HAUYCHHS 1HTerpasa
| = Ism X+ X
N4 —X?
3actocyBaBi K® I'ayca—YeOuiieBa i3 yoTupMa By3jaMu U OI[IHKY
MOXUOKH.
Po3B’si3yBanHs. 3aMiHOIO X = 2t MEepeTBOPUMO IHTETPAJT IO BUTTISTY

I:Ism2t+4t

J1-t2

Tyt f(t) =sin2t+4t*, f® () =-2°sin2t, max‘ f® (t)‘ < 256.

[_111]

Koedimientn K® A =x/4, By3m t=-1 = COS% ~ 0.9239,

t =t =cos>” ~0.3827. Omxe, |, = -8 cos® ~ +cos* 7 | = 2r.
8 4 8 8

Orwigka moxuoKu

max | f @ (x 8
7 M P07 2 g g0
2’ 8! 27 8!
3amaya 5. 3a gonomorow Metroay MonTe—Kapio 3 KUIBKICTIO BY3/iB
N =2, ne k=3,6,9 i 12, o6unciauTH iHTerpan

<2
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1111

J = E[ j _[ fexy cos(%uvjdxdydudv,

000
y 3HauyeHHi1 sikoro 1.150073 Bci nudpu npaBuiibHi.
Po3p’si3yBanns. KoopauHaTu By3/miB BHOMpPAIOTHCA SIK TICEBJO-
BumaakoBi yucia [82]. Jns Bkasanux N oTpHMYIOThCS pe3yNbTaTH:
J,=1.027190, J,, =1.149216, J ,6=1.120108, J,, =1.1499/0.

cknagae =~ 0.0001.

4096

[ToxnbOka HaOIM>KEHOT O 3HAYEeHHA J,

3aBaaHHA Ta 3aNIUTAHHS JJISI CAMOCTIIHOI po00OTH

1. o Take K® 1 3 sskux MipKyBaHb BUOMPAIOTHCS 11 KOE(ILIEHTH Ta BY3JIU?

N

[{o Take anreOpaiuna cremidb TouHOCTI KD? HaBectn nmpukinaam.

3. Slxka K® wnHazuBaetscs inTepnodsmiiHoo? HaBectn mnpukmamu. Yomy
JOPIBHIOE 1i anre0paiuHuii cTeniHb TOYHOCTI?

4. Sxunii Burimany mae K@ Hrroronma—Koreca? OOumciIeHHS Ta BJIACTUBOCTI
KOoe(DIIliEHTIB.

5. Hatu reomerpuuny imoctpaiito K@ npsmoxyTHUKIB, Tparneniit 1 CiMrcona
Ta MOPIBHSATH X 32 AJIreOpaiuHUM CTEIIEHEM TOYHOCTI.

6. Sk Bubmparotscs By3iu Ta kKoedinientn y KOHACT?

\l

. Onepsxaru Bupasu s noxudku npoctoi 1 CK® Cimncona.

oo

. 3anucatu ckiageHy K® nenTpaibHUX NPSIMOKYTHHUKIB, Tpamneiiit 1 CiMrncona
1151 oourciienns 3 TouHicTio £ =0.0001 takux iHTErpais:

1 2 1
1) J'sinz xdx; 2) Ixze‘xdx; 3) jxcosxdx.
0 0 0

9. IlobynyBatu mpocTi i ckinaaeni K® Heiorona-Koreca, KiTbKiCTh BY3IIB Y
aKux 51 6.
10. TToOynyBatu cknagaeni K@ miBux 1 mpaBux mnpsMokyTHuKiB CimmcoHa i
HrroTtona (“tpu BocbMux 7).
11. [ToGynyBatn CK®, Habmu3uBmm QyHkiito f iHTEpHOSMIHHEUM KyOiYHIM
1

craitnoM S, (X). Bimomo, mo 7 :j dx . 3HaliTu HAOJIMKEHE 3HAYCHHS
0

1+ X2

9yCcIa /T, 3aCTOCYBAaBINM: a) ckiajgeHy K® Cimmcona 3 n=2 Bigpiskamu,
k=1,7;6) KO layca 3 2 i 4 By3namu.
12. Tokasaru, wo Mix cknagenumu K@ nentpansanx npsmokytaukis | (h),

tpanewuiit | (N) i Cimncona | (h) BukonyroTses criBBigHOMEHHS:
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1) IC(h):gln(h)+%lT(h),h:(b—a)/N; | (h) =1 (h)+R. (h),

ne R,(h)=(l,(h)—1,(2h))/3 — nonpaska Piuapacona.
13. Hexaii T — tpuxyrauk Ha miomuHi, 1e A, B,C — cepenunn itoro cropin.
[Toka3zartu, o kybaTypHa gpopmyia
[[ fO)dx~ 18, (f(A)+ F(B)+ f(C))
:

TOYHA IS BCIX IOJNIHOMIB 3MIHHHX X; 1 X, crenens 2. Tyr S; — mioma
TPUKYTHHKA.
14. Hexait I1 — npsimokyTauk Ha mionwHi, A,B,C 1 D — cepenunn #oro cropin, E —
rieHTp. [lokazarw, 1o KybarypHa dopmyria
[[ £00dx =5, (f(A)+ f(B)+ f(C)+ f (D) +2f (E))
A

TOYHA JJs BCIX aireOpaiyHUX MHOTOYIEHIB JBOX 3MIHHHUX TpPETHOIO

CTCIICHAI.
1

15. 3HaiiTH OIIHKY TOXUOKHU OOYMCIICHHS 1IHTErpalia I f (x)dx, f(x)=(1+x*)"
0

3a ckiaacHoro KO
S(f))=[f(0)+2f(0,)+2f(0,2)+...+2f(0,9) + (1,0)]/20.

16. Ominut  MiHIManpHE 4YKciIo BYy3nmiB ckiageHoi K® Civmcona s
2

00uMCIIEHHs IHTErpaia j f (X)dx , mo 3a6e3meuye Tounicts e<10™ Ha Kimaci
0

(GyHKIIIH, SIKi 33I0BOJIBHSIIOTH YMOBY: )I:lg[gl)z(] | f9(x)|<1.
17. 3uaiitu koedimienTn KO
JZ. f(x)dx=C f(0)+C,f(1)+C,f(2),
0
TOYHOT [T aJIreOpaidHUX MHOTOUICHIB HAWBHUIIIOTO CTCIICHSI.

2
18. It oOumciieHHs iHTerpana j f (X)dx 3acrocyBaru ckianeni K® tpamnertiii i
0

HEHTPAIbHUX MPAMOKYTHUKIB. OIIHUTH MiHIMaibHe 4yucio N po30uTTS
Bigpiska iHTerpyBaHHs, ske 3a0esmedye TounicTh 10”° Ha IBOX Kiacax

2
dynxuiit: [0 <11 [|f"(x)dx<1.
0

19. 3a nonomoroto ckinageHux K@ neHTpanbHUX NPSIMOKYTHHKIB, Tpameuin i
Cimricona oGunciuty 3 Tounictio 10 inTerpan
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TOYHE 3HaueHHS sikoro 7/6, 7 =3141592654...
20. JloBecTH, 1m0 B TPUKYTHUKY 3 BEpUIMHAMHU (0,0), (0,1) 1 (1,0) KyOaTypHi

dbopmynu (puc. ).

e (39 03 B3 -GGG

MaroTh ajaredpaiuHy cTerniHb TOYHOCTI M=2.

Ay A y
2
— ¢ --9
L |
2 ! 1|
: o
I T
2 6 3
Puc. 11.6 Puc. 11.7

21. Tlo6ynyBatu K® Tayca 3 gBoMa i TppboMa By3JaMu JJIsi OOUMCIIEHHS iHTer-

paiB BUTIISY:
1

3 7 sin2x
1) [sinx2dx: 2) [ef(x)dx: 3 dx.
) j ) j () ) j —

22. 3actocyBatn K® Tayca 3 omauMm, ABOMA i 4OTHpMa By3JaMH [Ijisg OOYHC-
neHHs iHTerpanis |, 1 1, 13 3ayBaxenns 11.1.

23. I3 TounicTio 10°° o6umcanTH 32 JOMOMOTOI0 CKIaeHOi KBaAPaTypHOI
dopMyTH Tpareriii miomnty (irypn, 0GMeKeHOI CHIMOTI00"
o(x) =(+e™) ™" iBiccro Q, ma Bipisky [-1,1].

24. O0YHMCIIUTH 32 JTOITOMOT0I0 Oy 1b- siKO1 ckiagenol K@ inrerpan [35, ¢. 190]
200000

-1 j t” exp(—t*/2)dt ~1.0.
\/Z—ZOOOOO

Ao 1e He BIACThCA 3pPOOUTH, TO MOXHA 3MIHUTH MiAIHTErpajbHy

GyHKIIII0, OCKUTBKM BOHA MaJlo BIJAPI3HSAETHCSA BiJl HYJS Ha BIJIPI3KY , IO

ckaamgae 0,01% Bixg 3agaHoTO.

! TIpoctmii Bupas s noxignoi o'(X) = o(X)(A—o (X)) depes camy QyHKIIO CIpHYH-
HWIO il BUKOPUCTaHHS B HEHPOHHUX MeEpekax depe3 3MEHIIEHHS 00YMCIIOBAIBHOT
CKJIAJTHOCT1 METOJTY 3BOPOTHOTO MOIITHUPEHHS TOMUJIKH.
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25. BuBectu Qopmynu asis HaOMMXKEHOTO 3HAYEHHS IHTErpaja Ta MOPSIKY
I'CII, 3a iioro 3HaueHHSMH Ha ciTkax 3 kpokamu h,gh Ta g%h, q— mine

J0JIaTHE YHCIIO.
26. JloBecTw, 1o Bci koedinientu KO ayca 3 BaroBoro gyHkimiero o(X) >0

JIOJaTHI.
27. Ha Bigpi3ky [Xi_l, X; ] MiIIHTeTpajbHa (PYHKIIISI alPOKCUMYETHCS KyOI1UHUM
CILJTAHHOM
S3i(X) =& +b (x—%) + ¢ (x— x)? +d (x=x)".
[ToOynyBaTu popMyiy criaitH-KBagpaTypy Ta JOCIITUTH i TOUHICTb.
28. Meronom Monte—Kapno obuucnutu iHTerpa
j J' exp(x*y? Jdxdy ,
D

ne D — onuHMYHUN Kpyr 3 LIEHTPOM Yy TOYIl (0,0), KUIBKICTh BY3JIIB

N =10%,10° i 10*. TlopiBHaTH OfepsKaHi 3HAUEHHS 3 pe3yAbTaTAMH HPHU

3aCTOCYBaHHI KyOaTypHHX (HOpMyJl HAWBHUIIOTO ajireOpaidyHOro CTEMeHs
TOYHOCTI 3 YOTUPMA BY3JIAMH.
28. 3mnaiiti mapamerpu B, B, i X, € (a,b] rak, mo6 K®

T f(x)dx=B,f(a)+B,f(x,)

6yna TOYHOIO JJIA JJIA aJ'II“€6pa.1"-IHI/IX MHOTOWICHIB HaﬁBHHIOFO CTCIICHAI.
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Po3aia 12. OqHOKPOKOBI YHCJI0BI MeTOAN

po3B’sisyBanns 3aaa4vi Komri xis 3/1P

Yucnosuii po3s’sa30k 3amaui Komri. ABHuit Ta HesiBHu MmeTonu Elinepa. IToxubka
arpoKcumalriii 1 301KHICTh SBHOTO MeToay Eifniepa. 3araiibHa cxema I BHUX METOJIIB
Pyure—Kyrtu. SBHI Metomu Pynre—KyTrTm apyroro, TpeThoro 1 4YeTBEPTOIO
nopsaky TodHocTi. Orisan sBHUX MeToAiB Pynre—KyrTtu Bumux nopsakis. Amoc-
TepiopHa OLIHKA MOXUOKHK YMCIOBOTO po3B’s3Ky. CTIMKICTh IBHUX METOJIB PyHre
— Kyttu. HesBui metonu Pynre—Kyrtru.

Jlireparypa [4, 5, 13, 16, 21, 48, 59, 65, 73, 75, 77, 84, 98]
Enexrponni mxepena [103—108]

12.1. YucaoBuii po3B’a30K qu(epeHuiaaibHOI 3a1a4i

MarematnuHi Mojem (Gi3uaHUX, 010JIOTIYHUX, €KOJOTIUYHUX Ta
IHITUX MpoleciB GOPMYITIOIOTHCS Y BUMIISAA AUdepeHIliaIbHUX PiB-
HsHb. JIOCIDKeHHS 1IUX MOJEJeH BUMAarae 3HaXO/KEHHS PO3B’S3KiB,
BUPA3UTH SIK1 4yepe3 BiOMI (PYHKIIT MOXKJIUBO JIMIIIE Y BUMAAKAX IS
CIpoIIeHUX (MOJAENBbHUX) 3a/ad. ToMy akTyajibHa 3ajiadya MnooyaoBU
YUCJIOBUX PO3B’A3KIB AudEepeHIaIbHIX 3a/7a4, BHU3HAYEHUX Ha
JTUCKPETHIA MHOHHI TOYOK — CITII].

PosrnssHeMo audepenitiagbie piBHSIHHS MEPIIOTo TOPSIAKY

u=f(t,u), (12.1)
ne U= (:i_E[J te [to, t, ] uU=u(t) — mykana QyHKIiS HE3aJICHKHOT 3MiH-

Hoi t, pynkuis f BusHauena B obmacti G =[t,,t;]xD, D < R. Skmo
(12,1) — cucrema d 3BuyaitHux naudepeHIiabHuX piBHAHb (3P), TO
u=col(u,,...,u,), f=col(f,..,f,), DcR"

Piusas (12.1) mae ciM’i0 pO3B’S3KIB, IO 3aJCXKHUTh BiJ
TOBLIBHOT cTanoi. ToMmy juIsi 3HAXOJKCHHS YAaCTHHHHUX PO3B’SI3KiB
MOTP1OHO 3aJ1aBaTH J0aTKOBI YMOBH, HAIIPUKJIa]] I0YaTKOBY YMOBY

u(t,) =u,. (12.2)

Po3B’s3kom 3amaul Komni abo mouaTtkoBoi 3amaul (12.1), (12.2)

Ha Biapi3ky [t,,t;] HasuBaeTbcs HemepepBHO IudepeHLiIHOBHA

¢byskmis U=u(t), taka, 110 (t,u(t))eG i U(t):f(t,u(t)) TUTS
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teft, t;],1u(ty)=U,. Y Toukax t, i t, mix moxigHoro Gymemo po3y-
MITH IpaBy ¥ J1BY MOX1JIHI.

Sx Bimomo [61], B pasi HenepepBHocTi ¢yHkuii f B obmacti G,
4yepe3 KOXKHY TOUKY (to,uo) € G mpoxoauth xo4a O oJHa 1HTErpajibHa
niHis piBasHHES (12.1). Skmo, kpim Toro, ¢pyHkiis f (t,u) B 00acTi
G 3a10BOJIBHSIE TIO APYTOMY apryMeHTy yMoBY Jlimmuilst ado rnoxijgHa
f, (t,u) HernepepBHa B G, TO iCHye eauHUI po3B’s30K 3amaui Korri
(12.1), (12.2) B neskomy OKOJIi 1OBUIBHOI TOUKH 7 € [t,, T, ].

VY G1IBIIOCTI MATEMATHIHUX MOJEJICH, K1 OMMUCYIOThCS AudepeH-
I[laJJbHUMH PIBHSHHSIMH, HE BIA€ThCS 3HAWTH TOYHUN PO3B’SI30K B
aHaJITUYHOMY BUILiAl. Hampuknag mojaens B3aeMOli XWXKaka 1
XKepTBH, Ky 3anpononyBamu A. Jlotka (1925 p.) 1 B. Bonbreppa
(1926 p.) bopMymIrO€THCS 32 JIOMIOMOTOI0 CHUCTEMU JIBOX HEJIHIHHUX
nudepeHIiaTbHUX PIBHSIHb

u=(a—bv)u,

V=(-cu+dv)y,
ge u(t) i v(t) — BemuumHM momyswii (YncenbHICTH aGo Giomaca),
te[0,T], a,b,c, id — gonarsi crani.

I3 npyroro 3akoHy HbpOTOHA OJE€pKYETHCS PIBHSHHS KOJMBAHHS
MaTEeMaTUYHOr0 MasTHUKA. Hexaii Ha HeBaroMii HHTII JOBXHHOIO |
MIJBIIIICHUM BaHTaX Macor M. 3a BiJICYTHOCTI OMOPY PyXy MasiTHUKa
nudepeHiaibHe PIBHSAHHS APYroro NopsiaKy, AK€ BU3HAYAE HOTO pyX,
3aMHUCYETHCA y BUTIISAII [61]

li(t) + @’ sinu(t) =0,
zie U(t) — KyT Mik HUTKOIO i BEPTHKAJLIIO B MOMeHT vacy t o” =g/,
g ~9.8mlc*— MPUCKOPEHHS 3€MHOT'O TSKIHHS .

VY nesxux BUMNAIKaX, HAPUKIAA A1l pIBHSHHS U = —t, MOJKHa
u-+

o . u
3HaWTH iHTerpai In (t2 +Uu? ) + 2arctg T =C, ajne g o04YUCIeHHS 3Ha-

4eHb PO3B’SA3KYy U= u(t) y TouIll { moTpiOHO HAOIMKEHO PO3B’SI3aTH

TPaHCIICHJAECHTHE PIBHSIHHS.

st po3B’sizyBaHHs AU(EpeHIliaIbHUX 337a4 3aCTOCOBYHOTHCS
YHCJIOBI METOJIM, 3a JOIOMOTOI SIKHUX 3HAXOMATHCA HAOIM)KEH1 3HA-
4eHHs pO3B's3Ky y By3dax U citkm a=t, <t <...<t, =D, sxy mo3na-
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4uMO Yepe3 A, [to, t, ] Jnst piBHOMIpHO] citku h=(t; —t,)/ N, Toxi
t,=t,+nh, n=0,N. Jlmx mepiBromiproi citku h=(h,...hy) -
BEKTOp KpokiB, h. =t —t ., n =1, N . OTxe, 9HCIOBHii PO3B'sI30K U~
depeHmianbHol 3amadi — ue citkoBa ¢Qymkuis Yy, = Y(t,), BusHaucHa
Ha citul A, [to,tf ] Sxmo 3agano ymoBy (12.2), oy, =Uj.

B 0AHOKpPOKOBHUX YMCIIOBUX METOAAX HAOIMKEHHS Y, , UL TOY-
HOrO 3Ha4eHHs U, =U(t,, ) OOUYMCIIOETBCS Ha IACTaBi BiZOMOrO
HaOmvkeHHs Y, y By3ml t. SIBHI OJZHOKPOKOBI METOIM MOJKHA
3aIycaTy y BUTIISI1

yn+1: F(yn’h)’

a HeABHI TakK
yn+1 - G(yn' yn+1’ h)’
ne ¢yskuii F 1 G Bu3Ha4YaroThCs BiAMOBIIHUM YUCIOBUM METOIOM.
VY 06araTrokpoKOBHX METOJaX CTapTOBUMH € M, M>1 3HaYCHb
Yo megreee Y, JUIS1 OOUKCIEHHS HAOIMKEHOrO PO3B S3KY Y, ;.

12.2. Yucaosi MeToau po3B’sisyBanHs 3aga4i Ko,
SIKI IPYHTYIOThCA Ha (popmy.ai Teisiopa

Taki wMeroan OyaylOThCS TUISIXOM  PO3KJIALy PO3B’SI3KY
u :u(t+h) piBasaHEs (12.1), (12.2) 3a crenensimu h B Toumi t=t
3rigHo 3 hopmynoro Tefinopa. [Tpunycrumo, mo gyukiis f (t, u) Mae
B obnacti G HemepepBHI YacTHMHHI MOXiAHI J0 mopsaky . Toxi
PO3B’s130K U (t) piBHsiHHSA (12.1) nudepeniiioBuuii 10 nopanky r+1.
3actocyBaBiu popmyiny Telnopa, oaepkUMO
. h2 . hr hr+l
u,=u +hi +—u +..+—u®+_ ——
r! (r+1)!
ne ul =u®(t,),i=0,n+1, 9e(0,1).

3a HaAOJMMKCHE 3HAYEHHS PO3B’A3Ky B Todll i ,, MOXHa B3ATH

u™(t, +6-h), (12.3)

m+1, m<r, nepmux JOJaHKIB y IIpaBii yacTuHi piBHOCTI (12.3)
m

: h
u, +hu_+...+—u'™.
m!
3HaueHHS MMOX1THUX OOYMCIIIOIOTHCS 3TiAHO 3 piBHAHHAM (12.1):
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f(t,u,), U =(f+ff)

n!>=n

(12.4)

nl

U, =

Uy = (f+2ff, + £2F, +(f+f,f)1,)
n tt tu uu t u u n yere
SIKmo 3HaYeHHs U, B1IOMO, TOYHO YM HAOJIMKEHO, TO OAEPKUMO

dbopMyTy 711 00UMCICHHS HAOIMKEHOTO PO3B’A3KY

. h"™
yn+1:yn+hyn+...+my,(1 ), n=0,N—1, y,=u,,

ne noxigni Y ) o6uncmroroThes 3rigHo 3 popmynamu (12.4).

Henonikamu 11,0ro MeToy € norpeda oouuciaeHHs QyHkIii Ta ii
noxiguux (12.4). Ile Bumarae HanucaHHsi OJOKIB OOYMCIICHHS MOX1]-
HUX, 1[0 CYNEePEeUUTh TEHJICHIIIT CIPOIIEHHS CTOCYHKIB MK KOPUCTY-
BaueM i KoM 'toTepoM. Hampukmam, ans pisEsEHS U=t +U° i3
JIOCUTH MPOCTOIO MPABOI0 YACTUHOIO MAEMO

U= 2u° +2ut® + 2t,

U =6u*+8u’t® +4ut+2t* +2,

u® =4u(6u® +4t> +t)(t° + u®) + 4(4u’t +u + 2t°).

OyHkuio Y, =Y, (t), BusHadeHy Ha citui A, [to,tf ], OyaemMo
Ha3WBaTU CITKOBOIO. J[7si Takux (YHKIIH TPUPOIHO BU3HAYAETHCS
oriepalliss MHOKEHHS Ha YMCJI0 ¥ apudMEeTHUH1 onepariii

(yh © Zh)(t) ={V, (t)o Z, (t)’ teA},

7€ CUMBOJIOM o TMO3Ha4yeHo omepauii + abo —. IIpocrtip ciTkOBUX
GyHKIIA MOXHa HOpMmyBaTh. Hamami BHUKOPUCTOBYBAaTUMEMO TaKi
HOPMH JIJIs1 CITKOBUX (DYHKIIIH:

(0] ||yh||2:(zhy;(t)]%.

tEAh

[y, = max

12.3. Metoau Ensiepa

12.3.1. IloOynoBa pisHuneBux cxem. ¥ By3mi t , n=0,N -1, citku
A, [to,tf] aIPOKCUMY€EMO MOX1AHY U, IIPaBOO PI3HULEBOIO MOX1THOO

(10.2). Toxl y npomy By3mi piBHAHHS (12.1) MOXXKHa 3aMIHUTH JTHCK-
PETHUM aHAJIOTOM

%:f(tn,yn), n=0,N-1; y,=u,. (12.5)

HaGnwmxenuit po3B’si30k piBHsSHHA (12.5) MOCIHiIOBHO OOYHUCTIOETHCS
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3T1IHO 3 PEKYPEHTHOI (HOPMYJIOI0, SIKOK0 BH3HAYAETHCS SIBHUH METOJ
Ennepa
Yo =VYo +hf(t,,y,), n=0,N-1, y,=u,. (12.6)
Bpaxosytoun, mo f (t,,y,) — KyToBuii koedimieHT foTHYHOT 10 iHTET-
panbHOi KpuBoi y Toumi (t,,Y,), sBHHiT Merox Eiimepa mae mpocty
reoOMEeTpUUHY UTtocTpaito (puc. 12.1).
Skmo Kk anpokcumyBath mnoxizHy y Bysm t., n=0,N -1,
JiBOI0 pi3HHUIIEBOIO ToxigHOK (10.3), To HaOMMKEHE 3Ha4YeHHS
PO3B’SI3KY Y, ., BU3HAYAETHCS 13 PIBHAHHSA

%: f(tha Vo) N=0N =15y, =,

1 Maemo HessBHUI MeTo Eiinepa
yn+1: yn +hf (tn+1’yn+1)1 n:olN _11 yO :uo- (127)

ImrocTpartii MeTo/1iB HaBeieH1 Ha puc. 12.2.
u 4

U &
] '}’l
» U, : u,
$ ) |
Uy = Vo p=----- , : Uy =Vo ¢------ . i
; ; 1 i E t
3LO rL IO IL
Puc. 12.1. Asuuii metox Eitnepa Puc. 12.2. HesiBauii meton Eitnepa

I3 miHiHOT KOMOiHAIi SIBHOTO 1 HesiBHOro MeTojiB Eiinepa
onepxxumo cumerpuuny PC (Meton Tparneitiit)

YoaYo 2 (t,y,) + £ (G Vo)l N=ON-L 129
AKa € HEABHOI 1 Ma€ Ha MOPSJOK BHUILY TOYHICTh, HD)K METOJHU
Einepa.

Jns xoxuoro N piBHsgHHA (12.7) MoxHa po3B’s3aTu,
HAIIPHUKIIAI, METOI0OM TIpocToi iTeparii (5.13)
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Yo =y, +h- £ (6= (v8), k=01..  (129)
(0)

o OOYMCIIIOETBCS 33 (OPMYIIOO SIBHOIO

[TouaTkoBe HAOIUXKEHHS Y

metony Efnepa (12.6)
Yo=Y, +h-f(t,y,).

Slkmo moximna f,(t,u) obmexena B obmacti G cramoro M; > 0, To

JIOCUTH Majoro h

g'(u)|=h-[f,(t,u)|<hM, <1,
Tomy itepariitauit meros (12.9) 36ixuwmiA mpu K — oo.

1 mo4aTKOBOTrO HAOMMIKEHHS y,(ﬁ)l,

OJIM3BKOTO 10 TOYHOTO
PO3B’SI3KY, 13 mOpsIAKOM 2 30iraeTbes MeToa HrroToHa:

yr(ll-(;lrl) = yr(1k) + [1_ h%(tnﬂ’ yrﬁﬂ)]_l(hf (tn+1’ yr(1|—(+)1) + yn - yr(1|—(k)l)’ k = 0’1’ (1210)

dopmyna (12.10) onmepkyeTbes mpu 3acToCcyBaHHI MeToAay HbioToHa
no pisustaas F(y)=y-y, —hf(t ,,y)=0.

3ayBaxkenns 12.1. @opmynu (12.6) i (12.7) moosrcna odepocamu
U iHwumu cnocobvamu. Hanpuxnao. npoinmeepysasuiu pisnanns (12.1)
y mexcax 6i0 t. 0o t. . i 3acmocyeaswiu 0151 06UUCIeH s iHme2pana

thia
j f (t,u(t))dt
tn
Gopmynu nisux abo npasux NPAMOKYMHUKIE, OICMAHEMO 8i0N08IOHO
sA6HUl | HesaeHUul Mmemoou Etinepa. m
VY 4ucioBOMy METOi MOXKYTh BUKOPHUCTOBYBATHCH 1 3HAUCHHS
PO3B’sI3Ky He Yy By3Jsax citku A, . Hanpukian, o0uuciooun iHTerpan

METOJIOM IIEHTPATLHUX MPIMOKYTHHUKIB (11.3) omepxumo popmyiy:
V.=V, +hf(t. +h/2,y(t +h/2)),

ae Yy(t. +h/2)=y +hf(t ,y,)/ 2, sxoro Bu3HaYaeThcss MeTox PyHre—
Kyt npyroro nopsaxy.

12.3.2. Ioxuboka anpokcumanis PC Eiinepa. Ilo3zHaunmo uepes
z,(t) =V, (t)—u, (1), teA, [to,tf ], CITKOBY (YHKIIIO, SIKA XapakTe-
pu3ye MoxuOKy MeToay y By3iax citku. Hexait |||| — JIesiKa CITKOBA
HopMma. Bemmuunna z, =Yy, —U, — moxmbka meronmy y Bysml t, a

||Zh|| = ||yh —uh|| — rio0anbHa nMoxuOKa Ha ciTUl. BuBenemMo piBHSAHHS

296



g 1MoXHOKHM sABHOro Merony FEimepa y By3mi t . IlizcraBuBmm
y,=U. +2, y popmyny (12.6), onepxkumo

Zn+1h— 2 _ 4@, (12.11)

e w,ﬁ”=—%+f(tn,un), v = (tu,+2,)— f(L,u,).
1)

n

Oynkiis v, N=0,N —1, Ha3uBaeThCs Heg A3k010. a00 nOXUO-

KOW anpoxcumayii pisHuUye020 Memoody Ha po38 a3Ky oOugepen-
M

yianbHoi 3a0a4i. 3HAYECHHA Y/,

OJIEPKYETHCS SIK pe3yJIbTaT TiJC-
TaHOBKH 3HAYCHHs TOYHOTO PO3B'si3Ky U(t) 3amaui (12.1), (12.2) y PC

(12.6), 3anucany y BUTIISIL
— yn+1h_ Yn + f (tn’ yn)=0-

Os3navenns 12.1. Pisnuyesuti memoo abo PC anpoxcumye
ougepenyianviy 3a0ayy, AKULO y KOHCHOMY Y3l l//(l) —>0 npu h—0

n
i mae P—ii nopadox anpoxcumayii, pP>0, axuwo <’ =O(hp) npu

h—>0 abo me o came, wo ona documv manux h euxonyemocs

HEepIBHICMb

@

¥n

Hexait U eC? [a, b], ToAl 3a popmyioro Telsopa,
2

un+1:un+h-un+h?u(tn+«9-h), 0<(0,1)-

<MhP", M =const > 0. (12.12)

pe M, =max|i(t)], M =M,/2. Bpaxosyroun, mo f(t,u,)=0,,

to<t<t,

onepxu-Mo ) =

7 =—hti(t, +6-h)/2 ioninka moxuOku anpokcumarrii

| <M,h/2=Mh.

OTxe, METOJ Mae MepIuil TOpsSA0oK anpokcuMmarii. Takui xe
HOPSIOK anpoKcuMaltii Mae i HesiBuui meton Eiiepa (12.8).

|- pe

0<n<N

Jns wrfz) OHEPKUMO
w® =f(t,u +0z)z , 0<(0,1).

To6To momanok y\” mpomopuiitauii moxubui Z, i Mae MOpAMOK, He

(93 . 2
MeHIINH, Hixk Z, . 3okpema, y'” =

n ?

0, skmio mpaBa yacThuHa Au¢epeH-
11JIbHOT'O PIBHSHHS HE 3aJICKUTh BiJT U.
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12.3.3. 30ixknicTs Metoay Eiinepa. [{oBememo 301KHICTh SIBHOTO
metony Eitnepa (12.7), ToOOTO moka)xemMo, 10 B KO>KHiM o4l t, ciTku
z,=Y,—u, —>0mpu h—0.

Osnavennst 12.2. Memoo 36icacmocs 3i weuoxicmio O(h®) npu
h—0, p>0, 0o poszs’sizky oughepenyianvroi 3adaui (mae nopsook
mounocmi P ), AKWO BUKOHYEMbCS DPIGHICMb |yn _Un| =0(h™) npu
h— 0, abo, wo me e came, ona documsv manrux h cnpasdxcyemvcs
HepI6HICMb |yn - Un| <Ch", de cmana C >0 i ne 3anexcums 6io h.

Teopema 12.1 [59]. Axwo uacmunni noxioni f (t,u), f, (t,u)
nHenepepsni 6 obnacmi G i obmedsceni pazom i3 pyuxyicro f(t,u)
cmanow A>0, mo memoo Eiinepa mae nepuiuii nopsoox mo4HOCMi.

Josenaenns. 3rigHo 3 popmysoro (12.12), 11 moxuOku

wP|<Mh, 1e M =trr[1ag§|u’(t)|/2=
= mé51x| f.(t,u)+ f (tu)f (t,u)| [2< AL+ A)/2. dns w'? onepxumo

=|f (t,.u,+2,)— f(t,.u,)

z, =Y, —U Maemo

n

<Alz,|.

w?

3B1ICH MAaEMO

z |I<|z|+h +hA|z |=(1+hA)|z |+ h®M.
2, <2, |z,|=(1+hA)|z,|

v

AHaJIOTIYHY OL[IHKY MOXHA 3aIUCATH 1 I Z,,Z 4,..., ;.

OCKUIBKH
Z,=Y,—-U,=01Nn+1<N, 10

12,4 < (1+hA) |z, .|+ (1+hA)hM +h?M < (1+hA)""|z,|+
n+1 N
(1+ hA) -1 < Mh(1+ hA) |
Ah A
Ha mincrasi HepisHicTi 1+t <e€', komu t >0, i BpaxoByrouH, 110
hN =t, —t,, omepxkumo st goBinbHOrO N, 0<N <N -1,
z,..| < A*Mhe™ = A"Me" *h =Ch, C=AMe" ™",

OTtxe, Mmeton Eitniepa Mae nepiiuii mopsiJ;IoKk TOUHOCTI. |
3ayBaxkenns 12.2. Ockinoku 2, =0, mo

leyl_ulzu0+hf0_u1:

+h*M zn:(1+ hA)' =h*M
v=0
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- h{— “1;“0 + f(to,uo)} = hy .

Tomy, |21| <Mh?. Hexaii U e Cs[to,tf ] Tooi moxcua 3anucamu
z, =—li(t,)h? / 2+0(h?). n
Bupas e (h):=-li(t,)h’ /2 nasuBaeTbcs 2071061010 CK1A0060I0

noxubku (I'CIT) sBuoro wmetomy Elinepa Ha kpoii # BHKOpHC-
TOBYETHCS I aHaAJI3y MIBUIKOCTI 301)KHOCTI PI3HUIIEBOTO METOAY Ta
NOPIBHSHHA HOro 3 I1HIIMMU MeTojgamu. ToOrto, meron Eiinepa
30IraeThCs 3 MEPUIMM MOPSIKOM TOYHOCTI, a MOXUOKA I[bOTO METOIY
Ha KpOLll Ma€ Ipyruil MOpsI0K II0A0 KPOKY CITKH A, .

12.4. s1Bni meTtonu Pynre—KyrTn

12.4.1. 3araabHa cxema siBHUX MeToliB Pynre-Kyrru. Ockinbku
U1 TJI00adbHOI TMOXMOKHM sSIBHOTO MeToay Einepa BHUKOHYETHCS

OL[IHKA ||yh —uh|| < Ch, To, mo06 onmepxatu y HaOIMKECHOMY PO3B’SI3KY
IIICTh TPABUJIIBHUX AECATKOBUX IM(Dp, MOTPIOHO OpiEHTYyBAaTHCS Ha
kpok citku h, =10"°. Ha citui A, [0,1] a1 mporo norpi6Ho o6uuc-
maru 10° 3nawens ¢ynkuii f(t,u). ¥V 1895 p. K. Pynre sampo-
IIOHYBAaB 11 OOYUCIIEHHS Y, , 3aCTOCYyBaTH QOpMyJTy

y... =Y +hf (tn+g,yn+gf(tn,yn)), n=01,... Y,=U,,

Ky 3PYYHO 3aIMCATH Y BUIIIAAL
Vo .=y +hk(h), n=0,1,..., (12.13)
h h
ne k, (h) = 1 (tn 0y, +§k1j, k=T (6,Y,):

®opmyny (12.13) B meromi PyHre mokHa oJiep’KaTH, SKIIO

npointerpysaru piBHsaHHS (12.1) y mexax Big t. mo t. ., i3acTocyBath

JUIsl 00UMCIIEHHS 1HTerpaia (opMyIly LHEHTPATbHUX MPIMOKYTHHKIB

u,,~u +f tn+h,u(tn+hj .
2 2

: h
Binrak 3HadueHHs po3B’sA3Ky U (tn + > HAOJMKEHO OOUYUCIUTH SIBHUM

MeTonoM Ennepa
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u(thrDjzunJrD f(t,.u,).
2 2

Tounicte MeTony (12.13) p=2, i 100 ofepkKaTH IICTh MPABMILHUX
nudp noTpibHO OpieHTyBaTHCh yike Ha kpok h, ~107° =1000h,. Ile
edeKTUBHIIIE, MOPIBHSAHO 3 MeTon0M Eifniepa, xou 1 BUMarae y Kox-
HOMY BY3JIi OOUMCITFOBATH J1Ba 3HaYeHHs QyHKIIT f .

VY 1901 p. K. KyTTa chopmyintoBaB 3arajibHy CXeMY SIBHUX OJIHO-
KPOKOBHUX METOJIB, BiJJoMi sik MeTou Pynre—KyrttH, 1 moOyayBaB Me-
TOAM MopAnKy 3,41 5.

3adikcyemo 1iyie S>1, sske Ha3BeMO YMCIIOM CTalii, a BiAmOBig-
HUW MeTOJ S-cTaiiitHuM. BBeieMo no3HaueHHS:

k()= f(t,.y,),

k,(h)=f(t, +c,h,y, +a,hk,),
ky(h) = (t, +c;h, y, +a,hk, +a,hk, ), (12.14)
k,(h)=f(t, +ch,y, +a,hk, +..+a,,hk ),

ne Koe(illieHTH C;,d; HE 3ale)aTh Bil KpoKy h i mpaBoi wacTuHu

piBHsHHS (12.1).

3rigHo 3 merogoM Pyrre—Kyrru, HaOmmkeHe 3HAUCHHS PO3B’ 13-
Ky VY., 32 BIIOMHM 3Ha4eHHSM Y, OOYHCIIOEThCS 3TiTHO 3
dhopMyJio10

Yo = Yo + - (bky (N) +...+ bk, (), (12.15)

ne koedinientu by,...,b, Takox He 3anexats Bix h 1 pynxmii f .
Jlng 3agaHoro S mIAJISIra€ BHU3HAYCHHIO (52 +3s —2)/ 2

koedimienTie a;,0, Ta C;, Aki 3pyyno samucatu y Tabmuui Byruepa

ij ?

[76, 83].
C, Ay
Tabauusa 12.1
C a a KoepiuieHTn SBHUX METO/IB
’ o % Pynre—Kyrrn
z Ay a5, as,s—l
bl b2 bs—l bs
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Koepinientn a,, bIj ,

B’s13Ky 3amaui (12.1), (12.2) po3kiaa moXuOKH anpoOKCHMAIlii METOTy

e =—%+blkl(h)+...+bsks(h), (12.16)

3a cTeneHsMH N TOYMHABCS 13 MAaKCHMMAJIBHOT'O BHCOKOTO cTereHs h
JUISL TIOBUIBHOTO KPOKY CITKU 1 JOBIJIBHOI MPaBO1 YaCTHUHU PIBHSHHS
(12.1) 13 meaxoro knacy ¢yHkuiii. Haiuacrime Takuii kjiac QyHKIIii
BU3HAYAETHCS iX TMIAaaKicTIO 3a 3miHHEEMH t,U. Y dopmyni (12.16)

Bupasu it K (h) 3anexars Bix U, .

C; BU3HAYAIOTBCSA TaK, 100 HA TOYHOMY PO3-

3ayBaxkenns 12.1. Koegiviecnmu senux memooie Pynee—
Kymmu 30eb6invue 3a00601vHs10mb yM0o8U
aboC, =a,,,C; =C4; +Cy, ..., C, =ay +---+a

i-1 -
C=a, i=2s.
j=1

Ak 3aznaueno 6 monoepadhii [15], yi ymosu 6ynu nputinami Kym-
Mo 6e3 NosACHeHb. 3micm iX nouseae 8 momy, Wo 6ci MOYKU, 8 AKUX
obuucnroemocs gyukyin f, € nabauscennsimu nepuioco nopsoxky 0o

poss’azky. V [75, po3ain 11.2] naseoeni 3acanvni ymosu nopsioky oas
S-cmaoiunux memoois Pynee—Kymmu nopsoxy p.

Hoseneno [2, 75, 84], mo m=sS ans s=1,4. [Mo3HauuMo Taxi
meronu uepes PKm. Mertogu 13 S=>5 craaisMH MaroTh HOPSAIOK
armpokcumariii m<s.

Hexaii s=11 ueC? [a,b]. Tomi
Your = Yo TBihky (), ks (h) = (8, ¥,).
e =—%+blf (t,.u,)= (1D ), —0.5hi(t, + 6h), &< (0,1).
Tineku mpu b, =1 mMetox Mae mepuInii MOPSAAOK ampOKCUMAaIlii, OTXKe,

meton PK1 — sBumii meton Eiinepa (12.6).

12.4.2. Metoa Pynure—KyrTHn apyroro mopsiaky. ¥ nupoMy BUNAIKY

You =Yy +h-(bk; (h)+ bk, (h)), (12.17)
ne k(h)=f(t,y,), k,(h)=f(t,+ch,y, +a,hk,). 3anaua nomsrae
y BU3HauUeHHI koedimientis b,b,,a,,,C, Tak, mo6 poskiax 3a crere-
HIMU h TIoxuOKM anpokcumartii
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i =—%+blfn(tn,un)+b2f (t, +Chu, +a,hf ),
TIOYMHABCA 3 MAKCUMAJIBHO BUCOKOTO cTeneHs h.

[Tpunyctumo, mo U e C3[t0,tf ] JI1s bOro AOCHUTH, 100 1CHY-
BaJM APYTi HemepepBHi YacTHHI moxinui ynkuii f (t,u) B obmacti
G. Hexaii y niif obnacrti max(| fuu|,|ftu|,|fn|)£ M,. 3rigHo 3 Qop-
myJioro Tenmopa

U =u +hi +%hZun +%h3U'(tn +6,-h), 6,(01);

k,(h)=f, +(f,).coh+(f,) f.ah+hr,(h),
ne f,=f(t, )(f)_f(tm u,) (f,).="f(.u,),

h) |: +2C a21 n(Ah)ftu(Ah)_'_aZlfn fuu ):I/Z’

A =(t,+ ﬁzh,un +6,ha,, f, ) —Touka B obmacti G, 6, €(0,1).

VYpaxyBaBlmn 11 pO3KIaaAM 1 3amMiHUBIIM moxigHi U ,U . 3Ha-

wennamu f i (f) +(f,) f, (f +f,f) Bignosizo, onepxumo

i (h)=(b +b, -1) 1, +(b2c2 —%)h( f), +(aﬂb2 —%)h( f), +
+(b2r2(h)—%ij'(tn +91-h)jh2.

Jpyruii MopsiAoK almpoKCUMAIlii 10CITa€eThCs, AKIO KoePIieHTH
32JI0BOJIBHSIIOTH CUCTEMY PIBHSIHB

b, +b, =1,
b,c, =1, (12.18)

a,,b, = %

CnopaBai, Iy KOXHOTO Takoro Habopy koedimientiB b,b,,C,,a,,

Ma€EMoO
l

<|b2|<M +3M, (c} +2|c,a,|M, +aZ M/ ) )h* /6 = Mh”.

Hexait b = bz. I3 1pyroro piBHSHHS BUIUIMBAE, O a,, = a,. Onepxu-
MO OJIHOTIapaMETPUUHY CiM 10 PO3B'SI3KiB:

b =1-b, c,=a, =1/(2b), b=0.
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Sxmo ueC* ['[o,tf }, To MokHa BuaumMTU I'CII anpokcumariii,

sika Habysae surnany (ber,(0)—i /6)h? =

=[(8c, -2)f, +(3a,, —2)(2f, — ff ) f —2f, (f — ff )] h®/12.

Axmio QyHKIisA y mpaiil yactuH1 piBHSIHHSA (5.1) HE 3aneXuTh Bia U,
to6to f =f(t), 0 f,=0 i misn ¢, =a,, =2/3 roxi I'CII=0 i meTox
Ma€ MOPsI0K BUILIUN, HIXK 2.

HaifuacTiie BUKOPUCTOBYIOTHCS METOJU MOPSAKY 2, OfepKaH1
Pynre’, komn b=1, b=1/2 i b=3/4 (tabn. 12.2-12.4).

Taoaunsa 12.2. Taoaunsa 12.3. Ta0oauna 12.4.
1)1 2 2
22 1)1 3|3

0 1 1 1 1 3
2 2 4 4

VY 3aranpbHOMY BHUMOAJKYy [JIg JIBOCTAIMHOTO METOIY (S = 2)
MOPSZIOK HE MOKe OyTH OuUTbINM, HDK M = 2. CripaBi, AJ1s 3aj1a4i
u=u, te[0,1]; u(0)=1

MoXMOKa anpokcumartii
vt =(1-b,=b, )-u, +(b,a, - %)) -hu, —%hzu(tn +6-h).

3rizno 3 (12.18) i BpaxoBytoun, mo U(t) =u(t)=€' =1, omepxumo
2

Hw,fl)H _n max|u(t)| > %

6 oOst<1

12.4.3. Metoan Pynre—KyrTn Tperboro nopsiaky. Po3risiaemo
TpucTaAiiHui aBHUM Meto Pynre—Kyrru (s = 3):

You = ¥a + Dbk (h) + bk, (h) +bky (), m=01,...; y, =Uy;

k,(h)y=f (tn, Ya), kz(h) = f (tn +c,h,y, +a21hk1),

k,(h) = f(t, +c;h,y, +a,hk +a,hk,).

Hexait f eC*(G). Poskmagemo 3a ¢opmynono Teitnopa

u(t ..)=u(t +h) B Touni t mo Benmuun nopsaky O(h*) i Bukopuc-
TaEMO B ojepxkaHoMy poskinanl Bupaszu (12.5) anga noxigHux U,

' B niteparypi Metox 3 koedirientamu B Tabr. 12.2 HasuBaoTh MeToxoM Pynre a6o Eiirepa-
Korri, B Ta6s. 12.2 — meronom ['tona [45].
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semmauH nopsaaky O(h®) i mpupisaaTu 1o Hyns koedimientu npu h',
v=0,1,2 y noxuobui anpoxcumanii i f.,(f,),,(f,),,..., To B miacymky
OJICP’)KMMO CUCTEMY piBHSHB [4, 6, 59, 75]:
b, +b, +b, =1,
(12.20)
b,C, +b;C; =b,a,, +b;(a; +ay,) :}/’ (12.21)
C22b2 T C§b3 =C,0,8,, +C;b; (8 +a;,) = b2a221 +0,(a + 6‘32)2 = }/1 (12.22)

12.23
a203b32 = Csbzlbsz = % ( )

I3 cucremu piBHsHb (12.23) BumnBae, mo

C,=a,
1 MAaTUMEMO OJHE PIBHIHHS
Czbsasz = %
I3 (12.22) onepxyeThbes 8y, + 8, =C,.

OTtxe, 119 3HaXO/I)KEHHSI BOCbMU MMAPAMETPIB MAEMO CUCTEMY 13
IIECTU pIBHAHb. Bu3Hauummo 4epe3 a,, @, Bcl 1HIN HeBlgoMi. I3

cuctemu piBHsIHB (12.21) 1 (12.22) 3HaX0AUMO 3HAUYCHHS
_ 2-3c, b — 3c, -2
3 1 M2 T '
6C3 (Cs o Cz) 6C2 (Cs o Cz)
Toni 3 (12.20) maemo b, =1-b, —b,. lani 3Haxoaumo a,, =C,,
Ay = (GCzbs)_1’ 8y =C3—ay,, C;#0,C, #Cy, C, 7&%'

Haluacrinie BUKOPUCTOBYIOTBCS METOIH, KOJIH C, = }/ , ;=1

(tabn. 12.5)i ¢, = }/ , Cy = % (Tabun. 12.6). Y nepiiioMy BUNIATIKY

h
yn+1 = yn + g(kl + 4k2 + k3)1
y IpyrOMy BHMAJKY
h
yn+1 = yn + Z(kl + 3k3) .

IcHye e ABI OJHONApaMeTpPU4Hl CIM’1 PO3B’SI3KIB. SKIIO
IPUITYCTUTH, 110 C, =0, T0 8, +a,, =0,
1 1 1
C22b2 =§’ C,b, =§’ c,bsa, =g’ C,=a,, b=1-b-b,.
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Taoauns 12.5. Taoaunsa 12.6

Meron Pynre Meton XoiiHa
1 1 1 1
2 |2 3 |3
1 -1 2 2 2
3 0
1 4 1 1 3
6 6 6 4 0 4

3BiJICH OJIEPKUMO TaKy CIM IO PO3B’SI3KIB:
C, :am:y’ b, = 34’ A, =-a,, b :%_by b, e R/{0}.
JAxmo ¢, =C;, T0 C, =4, :a21:y,
8b, -3 3
A = 4b,’ N _—4b3 , b, —Z—b;.;, b, —}/, b, € R\{0}.
Otxe, ma S=3 MOPAIOK ampokcuMaili P=3 1 MaeEMO OJHY
JBOMapaMETPUYHy 1 JB1 OJHOMapaMeTpU4Hl CIM’1 PO3B’s3KiB. ICHY-

I0Th 1 YOTUPHUCTAJIMHI METOAM TPETHhOr0 MOPAJIKY, 3alIpPOINOHOBAaHI
Pynre (12.7), Xotinom (12.8) Ta iH.

12.4.4. Metox Pynre—KyrTu yerBeproro nopsaaxky. Posrisaemo vo-
TUPUCTALINHUAN METOL

You = Yo +N- (0K +bk, + bk, +b/k,),
e ko =1(t,y,), k=f( +chy, +a,hk),

k, = f(t, +c;h,y, +a,hk +a,hk,),

k, = f(t, +c,h,y +a,hk +a,hk, +a,hk,).
Y Bumaaky S=4 BHAETbCS 3HAUTH KOE(PIIIEHTH METOAY Tak, 100
MOPSIOK alpOKCUMAIlii JOPIBHIOBAB YKCITY CTajlii, TOOTO p =S = 4,

C, | &, Tadoanusa 12.7
SABHMI YoTUpUCTaaIHUN MeTo ] PyHre-
KyrTn
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[ToxnOka ampokcumaliii MeToay HaOyBa€ BUTIISITY

(1) _ _% + bk, +b,k, + bk, +b,k,.

n

[Mpumyctumo, mo ¢ynkiis f(t,u) 3a smiranMu t,U Mae Here-
pPEPBHI MOX1HI 10 YETBEPTOr0 NOPSAKY BKIOYHO. Po3knanemo U, ., B
Touni t. a0 Benmmuunu nmopsaaky O(h°), ¢ymxuii k (h), i=2,3,4 1o

semmuna O(h*) i Bpaxyemo supasu ws U, i=14. [pupisassmu

n 1
BHUpa3n OIS h',i=0,3 1o HYJIS, OACPKUMO JIJIs1 3HAXOHKEHHS 13-TH
Koe(iIliEHTIB CUCTEMY 3 OJAUHAALATH PiBHSIHG [2, 4, 59, 75].

b, +b,+b,+b, =1, a, =c,,
ay +383 =C;, 4 +a, +3,3=C4,

b,c, +b,c, +b,c, = % b,c2 +b,c2 +b,c? = % (12.24)

1 1
bZCS + b3C§’ + b4CZ’ = Z’ (bsasz + b4a42)C2 +Cya8,5C; = E’

1
(bBaSZ + b4a42)022 + b4a43C§ = E,

1
b3332C2C3 + b4a4zczc4 + b4a43C304 = g ’

1
C,C a8, = a '

Cucrema (12.24) mae oaHy ABOmapaMeTpU4Hy 1 TpU OJHOTMA-
paMeTpUYHUX CiM’T PO3B’A3KIB.

JIBomapaMeTpu4Ha ciM’sl pO3B’A3KIB, 3aJIE’KHA B1JI ITapaMeTpiB C,
1C;, C, # }/ , C, #C; 1 C; # 0, HaOyBae BUIIISTY

2c, -1 1-2c
c,=1Db,= 3 , by = 2 ,
1202 (Cs o Cz)(l_ Cz) 1203 (Cs o Cz)(l_ Cs)
_6c,c—4c, -4 +3 4ci —c, —5¢c, +2

Y o12(1-c)(-c,) ¥ 24bc,(c,—c,)(1-c,)’

1-2c,
A3 :12b4Cs(Cg—Cz)’ a, =1-a, —a,, a, =C,—a, , &, =C,,
b =1-b,—b,-b,.
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Sxmo 2c,=cC, = % , TO OJICPKUMO METOJ, SIKUUA Ma€ Has3By ,,TPH
BochMuX’’ (Tabim. 12.9).

SAxmo a, =0, To oepKyeThCS OAHONIAPAMETPUYHA CIM’s1 O3B SI3KIB,
3aj1e’KHa B1J napamerpa C, #0:

1 1 2 1
C2:§:a21103207 C4:1, blzg—b3, bzzg, b4:6,

1 1 3
aslz_aszzﬁ’ a41:_§_6b3’ a42:§’ a,; = 6h,.
Hexaii C, =C,. Toni € ciM’s1 po3B’sI3KiB, TaKOX 3aexHa Big b, #0:

1 2 1

C2:C3:a2125’ C4:l’ bzzg—bs, b1:b4:g,
11,1
%75 6b3’a32 6h,

a, =0, a,=1-3b,, a,=3b,, a, =1-a,.
Hns b, = % OJICP)KYETBCS METOJ YEeTBEPTOro mopsaky (tadm. 12.8),

nooynoanuii Kyrroro B 1901 p., 1 skuii HailyacTiilie BUKOPHUCTO-
BYETbCS B OOUUCIIIOBAJIbHIN MTpakTULl: &, =a, =a,, =0,

1 1 4
C, =G, 232125, C,=a, =1 b =b, :E’ b, =b, :g'
Taoauus 12.8 Taoaunsa 12.9
Knacuunnit merox Pynre—Kyrru Cxema “Tpu BOCbMHX
1 1 1
12 3 |3
2
1 1 2 1
210 2 3 3 1
1/0 O 1 1 1 -1 1
1 2 2 1 1 3 3 1
6 6 6 6 8 8 8

e onHa ciM’a po3B’3KiB 171 C, = C,, 3aJ€KHA B1J IIapaMeTpa
b, # 0, HaOyBae BUTIIAAY:

1
022042321:1’ C3=§1 b1=



3 1
Ay =3asz ==y Qp=—7"—) Qy :1+a42’ A3 :_2342-
8 6b,
Ha mpuknami 3amadi Kommi U= (1-u)u, u(0)=2, skor ommcyeThCs
JTUHAMIKa 130J1b0BaHOI MOMYJIALIT 32 YMOBH KOHKYPEHIIii, MOPIBHIEMO
TOYHICTh OOYMCIIEHHSI YMCIIOBOT'O PO3B’sI3Ky MeTojamu PyHre—KyrTu
PI3HOTO HOPSIIKY. Tounmii  po3B’s30K  3ajadyi u(t) =
=2¢'/ (1+2(e' —1)). Yucnosi po3B’sa3ku, oduucieHi merogamu PK2-
4, koediieHTH SKUX HaBeAeHl B Ta6m. 12.2112.3,12.5112.6, 12.8 1
12.9 nonani y Ta6ma. 12.10.
[IlicTe mpaBwIbHUX HUDP Y HAOIMKEHOMY PO3B 3Ky sl t =5
onepkano merogamu PK3. Metogom PK4-2 3nauenns U(5) 3HaiineHo

3 ciMOMa MPaBUILHUMU ITU(PpaMU MiCIs KPaIKHU.

Taoauua 12.10

t[i] | Tounuit | Meron | Pynre- | Pynre- | Pynre- | Pynre- | Pynre- | Pynre-
po3p’sa30k | Eiinepa | Kyrtu | Kyrtu | Kyt | Kyrtu | Kyttu | Kyt
2-1 2-2 3-1 3-2 4-1 4-2

0.0 | 2.00000 | 2.00000 | 2.00000 | 2.00000 | 2.00000 | 2.00000 | 2.00000 | 2.0000000

0.5]1.43527 |1.39500 |1.43915|1.43786 | 1.43513 | 1.43499 | 1.41490 | 1.4352685

1.0 | 1.22540 | 1.19663 | 1.22789 | 1.22713 | 1.22532 | 1.22524 | 1.21062 | 1.2254009

1.5]1.12557 | 1.10642 | 1.12710 | 1.12667 | 1.12553 | 1.12549 | 1.11565 | 1.1255756

2.0]1.07258 |1.05991 | 1.07353 | 1.07327 | 1.07255 | 1.07253 | 1.06598 | 1.0725794

2.5]1.04280 |1.03443 | 1.04339 | 1.04325 | 1.04278 | 1.04277 | 1.03842 | 1.0427994

3.0 [ 1.02553 | 1.02002 | 1.02591 | 1.02582 | 1.02552 | 1.02551 | 1.02263 | 1.0255292

3.5/1.01533 |1.01171 | 1.01557 | 1.01552 | 1.01532 | 1.01532 | 1.01342 | 1.0153303

4.0]1.00924 |1.00688 | 1.00939 | 1.00936 | 1.00924 | 1.00924 | 1.00798 | 1.0092425

4.511.00559 |1.00405 | 1.00568 | 1.00566 | 1.00558 | 1.00558 | 1.00476 | 1.0055856

5.0]1.00338 |1.00239 | 1.00344 | 1.00343 | 1.00338 | 1.00338 | 1.00285 | 1.0033804

12.5. Metoau Pynre—KyTTH niis cucrem
nudepeHmiaIbHAX PIBHAHD

Metonu Pynre-KyTTu mnepeHocsThcs Ha cUCTEMH OH(EpEeH-
iaJbHUX PIBHAHB. PO3MIISHEMO CHCTeMy piBHAIHb Topsnky d y
HOpMaJbHIN (opmi

u,=f (tu,...,u,), t e [t,t.],

13 mouarkoBuMu ymoBamu U, (t,)=u,,, v=1d.
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VY 3aranpHiii cxemi siBHOro metony Pynre-Kyrtu mo3naummo
¢ynxkuii K, (h),...,k,(h), sxi BignoBigaroTh KOMIOHEHTI pO3B 3Ky U,

uepes k' (h),...,k (h). Toni cxema meToxy HaGyne BUrIALY
O =y +hbkY +..+bk?), v=1d,
nie kM =1 (t,yP,...,y),

n

kW =1 (t +c,hy® +a,hk®,..., v +a, hk®),

n

hk()

v 1 1
k& = £, (t, +bh y¥ +a,hk® +...+a, , ,hk?,, ...,
(d)
hk;>).
3anumemo popmynu ssHoro metony Einepa (PK1) i meTtony Pynre—
Kyttu nopsiaky 4 mjist cuctemu ABOX AudepeHIiiaIbHUX PIBHSHb
u, = f,(t,u,u,),
u, = f,(t,u,u,).
Asuuit Mmeton Elinepa HaOyBae BUTIISY:
1 1 1 2
wn =Y 0 (Y00,

n+l

1= Yo N,y e ).

n+l —

dopmynu knacudHOro mertony Pynre—Kyrru nopsaky 4:

h
0=y 4k + 2k 4 2 k),

y +a,hk!® +...+a

s,5—1

n+l = Jn

@) _ yo +2(h‘” +2kD + 2k 4 K@),

n+

Ac
kl(V) — f ('[ ’ (l),y(Z)),
h h h
k") = f (t +—, (1)+—k(1), @) L k@ ’
2 v(n 2 yn 2 1 yn 2 1 )

h h h
k(V) —f (t +—, (1)+_k(1) (2)+_k(2) ,
3 V(n 2 yn 2 2 n 2 2 )

kM =f (t +h,y® +hk®, y® +hk{?), v=1,2.

n

MareMaTHYHUMU MOJEISMU CYYaCHHUX MPUKIAJHUX 3a]ad CIy-
XKaTh CUCTEMH IU(PEPEHIIIaIbHUX PIBHAHb BUCOKOTro mopsaky. Ilpu-
CKOKOPEHHSI OOYHCIIIOBAJIBHOTO MPOLIECY MPU PO3B’SI3yBaHHI TaKHX
CUCTEM 3JIIMCHIOETHCS Yepe3 po3napajieFOBaHHA OOUUCIICHHS MTPaBUX
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Puc. 12.3. CynepkomI I0TEpHUN KOMILIEKC
CKIT Incruryty kibepuetukn HAH Ykpainu

qacTUH 1 MaTpuIll Sko0i. Hexait KinbKiCTh piBHSIHB N, a (] — KUIBKICTh

. n . .
nporecopis, | = {—} — mina yactuna uncia, S= P(l+1)—n. Toxi Ha

p —S peani3zytothcs Ooku 1o | +1 piBHSIHB, @ HA S mporecopax 1o |

piBHsAHb. [lakeTn mporpam po3B’sI3yBaHHS CHUCTEM AMQEpeHIliaTbHIX
PIBHSHB pealli3oBaHi Ha cynepkomm torepHoMy komruiekei CKIT,
OITKC 1X HaBeJeHO B [51].

12.6. S1Bni MeToau Pynre—KyTrTu BUImx nopsiakis

KinbkicTh cTaziil 1 NOPSIOK anpoKcUMallii SBHUX METOiB PyHre
— KyTTn 30iratorbcst Tuibku aisa nopsiaky 1-4. e 8 1901 p. B. Kyrra
Hamarascs o0y yBaTH I’ ITUCTAAIMHUN METO/ 11’ SITOTO MOPSAKY, AJIs
SAKOro MOTpiOHO BU3HAauuTU 15 mapamertpiB. HeraTuBHy BiANoBiAb Ha
1Ie TUTaHHA ojepkaHo TiIbkH B 60-x pokax [85]. Illectucramiiinmii
METOJ MOPSAAKY P =95, mo3Hauumo oro uepe3 PK6(5), modynoBanmii
y 1925 X. Hioctpemom (Tabn. Al3). Takuii »e MeTOJ 3amporio-
HoBaHuii P. Inrnenmom (tadm. 12.11). JoOpe 3apekoMeHIyBaB ceoOe
ceMHCTamiiHuii MeTon 1 sToro mopsiaky [lopmana—IlIpinca (tabm.
12.13).

Teopema 12.2 [75, c. 198]. Axwo p =5, mo ne icnye senux me-
mooie Pyne —Kymmu i3 yucniom cmaoiu S= P, moomo S>> p+1. m

Metoau mIOCTOTO MOPSAIKY 3 UUCJIOM CTaAld S =/ moOyaoBa-
Hi B 1964 p. I. Byruepom [85], koedimienTu B Tabm. Al4 i Al5.

BusBnserbcest, 0 BOCBMHUCTAIIMHUX METOJIB CHOMOT'O TIOPSJIKY
TaKOX HE ICHYE.
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Teopema 12.3. [86]. s p =8 nue icnye sisnux memooie Pynee —
Kymmu nopsaoxy p makux, wo S=p+1. |

JleB’sTUCTAIIMHUN METOJI ChOMOTr0o MopsaKy bytuepa 3 55 koe-
dimienTamMu HaBeneHO B Ta01. A16.

Metoaun BocbMoro nopsaky 3 11 cragismu nodyaysanu A. Kyp-
tic [88], T'. Kymep i 1. Bepuep [87]. Tinexku B 1985 p. . Byruep
JIOBIB, 110 HE ICHYE JAECATUCTAIIMHUX METOAIB 8-r0 mopsaKy. Tadmurs
koedimientiB meroay 7-ro i 8-ro mopsakiB Hopmana—IIpinca 3 11
cTamisMu HaBeaeHa B [75, c. 208].

Teopema 12.4 [89]. /[ns p =8 mue icuye senux memoodis Pynee-

Kymmu nopsaoxky m, sixi maroms S = P+ 2 cmadii. _

Taoanna 12.11
Merton Iarnenga (p=>5)

1| 1

2| 2

1| 1 1

2| 4 4

1| 0 -1 2

2 | 7 10 1

3| 27 27z O 27

1| 28 125 54 546 378

5| 625 625 625 625 625
14 0 0 35 163 125
336 336 336 336

VY xuury pexopaiB ['iHHeca 3aHeceHUl pe3yabTar, OJepKaHUN y
1975 p. A. Kyprticom [89]. Bin noOynyBaB siBHMI MeToA nopsaky 10 3
18 cramismu. E. Xaiipep y 1978 p. noOyaysas meron 10-ro mopsiaky
i3 17 cragismu (Tabm. A19), ane Bxe 3 ippallioHATPHUMHU KOEQiIli€H-
tamu [ 75, ¢. 203-204; 95].

Meton nopsinky 12 naBeneno B [99]. Hosi sBHI MeToau PyHre—
Kytra Bucokoro mnopsnky no0ynyBaB T. @eiirid, 3acTOCYBaBIIH
meroauky E. Xaiipepa noOymoBu sBHOrO Metony Pynre—Kyrtu
JIECATOTO TIOPSNKY, 1 SAKi Bimomi sk M-cumerpwuHi metomu [101].
[ToHATTST M-CcUMETpPii 3HAYHO CHOPOIILYE TEHEPYBAHHS METOJIB
BHCOKOT'O TMOPSAJIKY 3 PO3YMHOIO KIIBKICTIO cTamid. Jlns Takux
MeToAiB 12-ro mopsaky notpioHo 25 cramiit, a ans metony 14-ro
nopsinky — 35. ITocioamk 20181123 10, 12 i 14 maBeneni y [101].
dyukmionye cadt ToBapuctBa MeromiB  Pynre—Kyrtm  [102].
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KoedimienbT SBHUX METOMIB SBHUX MeTOMIB PyHre—KyTTH, mopsmok
akux 1-8 1 10 HaBeAeH1 B 10JaTKy A.

12.7. 30i:kHicTh ABHUX MeTOAIB PyHre-KyrTn

Hexaii HaOmwxeHe 3HadyeHHs po3B’si3ky 3amgadl Komn (12.1),
(12.2) oOuucmoeTbest S-crauiitHuM metoaoMm Pynre—Kyrru (12.195),
Koedimi-eHTH sKoro BU3HaueHi B Tabn. 12.1, a ¢ynkuii K, 3rignHo 3

(12.14). Sk i panimie, mo3HaYUMO 4epe3 Z, =Y, —U. TOXHOKYy MeToay
y By3al t , a yepe3 €,— MOXMOKy METOLY Ha Kpoll, TOOTO MOXHOKY
IicJIg OJHOIO KPOKY METONy, 32 YMOBH, O Y, =U. . 3po3yMmilIo, 110
Z,=€,=0, z, =e,. Il noxuOku npourtocTpoBano Ha puc. 12.3, ne

v

Uy — 3Ha4€HH1 Yy By3Jl t, TOYHOrO PO3B’A3KYy 13 IOYATKOBOIO

ymoBoro U(t )=y, , v=0,N -1,

Teopema 12.5 [59]. Axwo nopsoox anpoxcumayii memooy
Pynee—Kymmu oopienioe m, mo nopsook noxudxku Ha Kpoyi ckiadae
m+1. Toomo € (h) =0(h™") abo me xc came, wo oas docums manux

h suxonyemocs nepienicmo |en (h)| <Ch™*, C=const>0. u

Y migpo3mimi 12.3.3 moBeaeHO 301KHICTH SBHOTO METOMY
Eiinepa, To6to sBHOTO Merony Pynre—Kyrrm mepmioro mopsaxy, i
MOKa3aHo, 10 MopsAAoK TouHocTi P =1. ChopmyroeMo Teopemy Mpo

30DKHICTB i OwiHKY s rnobanbHOi moxubku |z,|=max|z,| seHux

0<n<N
meroniB Pynre—Kyrru. Ha puc. 12.4 rmobanbHa moxubOka MeETOIy

JOpiBHIOE Y, — Uy .

a;|, B, =max |b|.

I<i<s

BBenemo nmo3nauenusa: A= rrzli';}x<S
Kj<s-1
Teopema 12.6 [59]. Hexati ¢hynkyin f 3a0o6onvuse no opyeomy
apaymenmy ymogy Jlinuiys
| f(t,u,)— f(tu)<Llu,—u.
Tooi Onsn noxubku 7, memooy Pynee — Kymmu na cimyi A,

NpasuibHa OYIHKA o
Y, —U,|< T exp(aT)- max |y®|, & =sBL(L+ ALBh)**, n=1,N.

0<i<n-1
Axuwo memoo Pynee—Kymmu anpokcumye 3aoauy (12.1), (12.2),
mo ein 30ixcnutt npu h— 0, npuuomy nopsioox mounocmi dopisHioe
NOPSAOKY anpoKcuMayii. |
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Puc. 12.4. Tloxubkxu merony Pynre—Kyrru

12.8. IIpakTH4Hi clIOCOOM OLIHKU MOXUOKH

YHCJI0BOI0 PO3B’A3KY

VY teopemi 12.6 maeThcs omiHKa rI100aIbHOT MOXUOKH YHCIIOBOTO
pO3B’s3Ky 0€3 3HaHHs 3HA4eHHs Y, (ampiopHa OIliHKa), HAIPUKJIAL,

ominka (12.6) B reopemi 2.1 nns sssHoro meroxny Eiinepa. Takoro tumy
OIIIHKA OJICP)KYIOThCS Ha TIJICTaBl OIIIHOK BIiANMOBIAHUX MMOXIJIHUX
PO3B’SI3KY, AKl CKJIQJIHO OAEPKATH 1 MOXKYTh OyTH 3aBUILIEHUMH. ToMy
B OOYMCIIOBAJIbHIM MpaKTUIll HAW4acTille KOPUCTYIOThCS HaOIu-
YKEHUMHM OIlIHKaMH, MOOyJ0BaHUMHU Ha T1JCTaBl MOPIBHSHHS YHCIIO-
BUX PO3B’SI3KIB, OJEPKAHUX B OAHOMY M TOMY *k BY3Ji CITKH 3 pI3-
HUMU KpoKaMHu ab0 pI3HUMHU METOJaMH, TOOTO 3a pe3yJbTaTaMmu
IIPOBEICHUX OOYHMCIICHD (AITOCTEPIOPHi OIIHKH).

12.8.1. Ouinka noxuOKu po3B’A3KYy 32 MPABUIOM PyHreZ. [Ipuryc-
TAMO, 10 TNOXMOKa  OJHOKPOKOBOIO  METOAY Ha  KpoIl
z(h)=y(t,+h)—u(t, +h), ne y, =u., mae BUTISAA

z(h) = Ah™ +o(h™), A=A(t,,u), (12.25)

? K. Pynre BukopucToBYBaB 3 1895 p. 0GUMCICHHS 31 3MCHIIIEHHAM YIBidi KPOKY CITKH,
JI. PiyapicoH pO3BHHYB 1/1€10 OLIIHKHM MOXUOKH 3 pi3HUMHU Kpokamu B mparisx 1910 1 1927 pp.
[76, c. 175].
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Jonanok A= A(t ,u )h™* — T'CII. ®opmyny (12.25) moxHa ozep-
kaTu, npumyctuBmm, 1mo ¢ynkmis f(t,u) Ta Bei T moximHi 10
nopsimky M+1 HemepepsHi B obmacti G. Tomi ueC™?[a,b] i 3a
dhopmyioro Teitnopa
2(h) = 2™(0) R 2" (6h) ™2
(m+21)! (m+2)!
Hoxigra z™™(0) = y™(t) —u™? (t) sBHO BupaxaeThcs yepes 3Ha-

, 0<(0,1).

yeHHs B Tourli (t,U) dynkmii f Ta T moXigHUX 10 TOPSAAKY, SKUH HE
nepesuirye M+1. Posrmsaemo meton Ednepa (12.7), skuii Mae mep-
i mopamok Toudocti. dkmo ueC® i y(t)=u(t), To moxubka
METOJly Ha Kpolii

z(h) = y(t+h) —u(t + h) = —%U‘(t)hz —%U'(t +ho)h?, 0 e (0,2).

Orxe, m=1, A:—%U(t), G(t) = f.(t,u)+ f, (t,u)  (t, ).

Jns meroay PK2, 3rigno 3 (12.19), royioBHa cKJIagoBa MOXUOKH
nopismioe (C,r,(0)—U(t)/6)h°.

[IpaBuno PyHre monsirace B TOMy, IO YHCIIOBUM PO3B’SI30K y
By3Ji 141 OOYMCIIOETHCS OAHUM 1 THUM JK€ METOJOM 13 PI3HUMU
KpOKaMu M oOJiep>KaHl 3HAUYEHHSI PO3B’A3KY BUKOPUCTOBYIOTHCS MJIs
ouinky moxuoOku. Hexait y By3mi t , =t +h ogHOKpOKOBHM MeTOIOM
13 MOPSIKOM TOYHOCTI P oOuuciieHo 3HadeHHs Y = Y(t +h) HaGmmke-

hm+2

HOTro Po3B’s3Ky. IrHopyroum B (12.25) Benmmuuny O(h™ ), omepxxumo

3 TounicTio 70 BesmunH O(h™)

y(t+h)—u(t+h) = Ah™. (12.26)
Hexait Uu=u(t+h), 3nauenns Yy, =Y(t+qh) obOuucnene 3 Kpoxom
h=h/d, ne q — mine gucno, q=>2. OCKNbKH Ha KOKHOMY KpOIIi

nopxkuHot0 h, moxubka ckmagae O(h™), 10 3a q kpokis
Y, —U~ qA(%)m”. (12.27)

IMomuoxuBmm (12.27) Ha ™ i BigHSBIIN BiJ OJEPKAHOTO PE3YIBTATY
piBHicTb (12.26), ogepxuMo

q"(y, —u)—(y-u)=0, abo (q" -1(y,—u)+Yy,— Y, ~0.

3BiJICH Ma€eMO aroCTEPIOPHY MOXUOKY YUCIOBOI'O PO3B’S3KY VY, :
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1 oy (12.28)
qg -1

Ockinbky 3HAYCHHS Y, 1 Y, Binomi, Tomy popmyina (12.28) Bukopuc-

yi—u=

TOBYETBCS SIK IS HAOJIMKEHOrO0 OOYHCICHHS IOXUOKHU Y, —U B TOYIl
t+h, Tak i quist yrouHenns Y, 3a Gopmyioro
1
u(t+h)~ y1+qm _1(y1_y)- (12.29)
VY ¢dopmynax (12.26) i (12.27) nmomyineHa MOXUOKa, MOPSIOK
sxoi O(h™?), Tomy, 3rigHo 3 (12.29), HAGNMKEHHUI PO3B’SI30K 3HAXO-

muThes 3 noxubkoro O(h™™), mo Ha MOpAKOK TOYHIMI, Hik Y, .
B oOuncioBasibHINA NpakTUIll 4acTo ( =2, TOOTO KPOK JUIUTHCS
nonoiam. Toxai ays merony Eitnepa (m = 1) maemo
Yy —u=y-y.
VY metoni PK2 3namennuk y dopmyni (12.29) nopisHioe 3, a s
PK3 pinutu notpi6uo Ha 7. s metony PK4

1
—u=—(y—-Y,).
A 15(y Y1)

k110 3a1aHa TOYHICTh OOYUCIIEHHS YUCIIOBOTO PO3B’sA3KYy & >0,
TO TIPU BUKOHAHHI1 HEPIBHOCTI

" - |y-yf<e
BBAYKAETHCS, 1110 TOYHICTh JOCSATHEHA. [HaKIIIE, KPOK 3HOBY JIJIUTHCA 1
m

Yoy =Y, /(2" -1).
[Ipouec noauty KpoKy IMPOJOBKYETHCS 10TH, JOKU HE Oy/ie TOCATHYTa
3aJlaHa TOYHICTh YHCIOBOTO PO3B’A3Ky. OOHaK BapTO OOMEKYBATH
YUCJIO TIOCIIIIOBHUX MOAUTIB KPOKY, IO 3A1HCHIOETHCS B OJIHIM TOYIII.
Hanpuknan, oOMexyroun KUIBKICTh MOAUIB yucioM 10, Mu pomyc-
KaEMO MaKCHMaJbHe 3MeHImeHHs Kpoky B 2'° ~10° pasi. V 6inb-
IIOCTI BHIIAJIKIB I[OI'O JOCHTH, SKIIO TUIBKM KpokK h He crae
HACTUJIBKM MaJIUM, 110 HE BUKJIMKA€E 3MIHM 3HAUYEHHS apryMEHTy X.
OctanHe o3Hayae, mo X@h =X ma1 MalIMHHOI apu(pMETHKH J10/1a-
BAaHHS YMCeJ 13 TIJIaBal04Y0I0 KPAIKOIO.

[IpocTimwuii, ane MEHII CTPOTUM CMOCIO OLIHKK MajoCTi KPOKY
h nmpu obumcnenni Yy, 3a meromom PK4, momsarae B oOuucrneHHi

B Toulli t+h mMOpIBHIOETBCS 3 & 3HAUCHHS

BeanuuHu [ 73]
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kz _ka

Q=23
kl_kz

Skio BeauYMHA HE MEPEBHUINYE KITBKOX COTHUX, TO MOXHa IPOJIOB-

KYyBaTH OOYMCIICHHA 3 IaHUM KPOKOM a00 30UIbIITyBaTH MOTO, 1HAKIIIE
KPOK BapTO 3MEHIIUTH.

12.8.2. 3acrocyBaHHfI MeTOJIB Pi3HOI0 NOPAAKY TOYHOCTI.
AMOCTEepIOpHY OIIIHKY ITOXHOKH MOXHa OJiep)KaTd, 3aCTOCYBaBIIU

METOJIM Pi3HOTO MOPSIKY TOYHOCTI, Hampukiag m i m+1. Hexait y*
3HaineHo B Touni t, =t +h 13 mopsaaKoM TOYHOCTI Ha Kpoui M + 1,
a y? i3 mopamkom m + 2, T06TO
y(l) Y :O(hm+1)’ y(z) Y =O(hm+2).
Toni y* —y® =0(h™") i noxubka nabmmxenoro po3s’si3ky Yy Ha
KpoIIi Tpy Maaux N Moxe OyTH JOCHTh TOYHO HAOJIMKEHA BEIIMIMHOIO
YOy y® Y@,

Taoannsa 12.12
Brxmaneni metoau ®enpadepra 4(5)

1] 1

4| 4

3 | 3 9

8 | 32 32

12 | 1932 7296

13 | 2197 2197
439, 3680 _ 845

11 216 513 4105

1| 16 3544 1859 11

2 | 135 2565 4104 40

c, | 25 |, 1408 2197 1
210 2565 4104 5

| 16 , 665 28561 9 2
135 12825 56430 50 55

st meroniB Pynre-KyTTu OCHOBHI OOYMCIIEHHS OB’ si3aHl 13
3Haxo ukeHHsAM BenumauH K (M) . Tomy s minimizanii oO6csry oouuc-

JIEHb JIOIJIBHO BUKOPUCTOBYBATH GKIAOeHi memoou Pynee—Kymmu
[76, 84], saxi nmnsg NIOBHINEHHS HOPSJAKY TOYHOCTI HAa OJUHUIIO
BUMAararOTh JOJATKOBOIO OOYHMCIEHHS MIHIMAJIbHOI  KUIBKOCTI
BenmunH K, (h). YV Ttabmmmi 12.12 momani KoedimieHTH METOIIB
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Pynre—KyTTn werBepTOoro i m’sToro MOPSAKIB TOYHOCTI, SKI BIJII-
OBIJHO MAfOTh BUTJISAI

5 6
vy =y, +hY ck, (h), Y&h=Y,+h> Tk, (h).
v=1 v=l1

[Ile oaHMM NPUKIAIOM € BKJIaACHI (POPMyIM YETBEPTOTO 1
1’ sitoro nmopsaaky Jlopmana — Ipinca (ta6:a. 12.13):

7
y{ =y, +h> ¢k, (h)
v=l

(4eTBepTHUil MOPAMIOK),

7
y® =y + hZEy k,(h) (I’ ITHI TIOPSIZIOK).
v=l
[e#t meTon Mae Ty TmepeBary, 110 CTajal MHOKHUKHU B TTOXHOI hopmy-
JIU T’ SITOTO TOPSJIKY MiHIMaJIbHI (Cepes] aHaJIOTIYHUX METOIB). Bi3z-
HauUMO TaKOX, 110 3HaueHHs K, mia t=t 1opiBHIOe K, 1u1d Hac-

TynHoro By3na t ., ockineku koediuientu b, i C,, v=1,6 30ira-
I0TbCsl. TOMY Ha KOXXHOMY KpOIll MOTPIOHO BHKOHATH JIMIIE IIICTh

oOuwrcieHb 3HaueHb GyHkiii f . [H Meronu HaBeaeHi y goaatky B.

Tadoaunsa 12.13
Brmaneni metoau Jlopmana—IIpinca 4(5)

1 1

5 5

3 3 9

10 | 40 40

4 44 56 32

5 45 15 9

8 | 10372 25360 64448 212

9 | 6561 2187 6561 729
9017 355 46732 49 5103

1 | 3168 33 5247 176 18656
35 , 50 2187 2187 1

1 384 1113 6784 6784 84

c, | 35 , 50 2187 2187 1
384 1113 6784 6784 84

c | 5179 , 5L 393 92097 187 1
57600 16695 640 339200 2100 40
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12.9. CriiikicTs MeToaiB PyHre-KyrTn

[TokazHuKamMu SKOCTI 3aMiHM AUGEpPEHIaIbHOI 3a7a4ul pi13HULIE-

BOIO CIIY>KHUTh MOPSAIOK allpOKCHUMAIIll HA TOYHOMY PO3B’SI3Ky abo Io-

XMOKH METOAY Ha KpOIll, 301’KHICTh PI3HUIIEBOTO METOJy Ta MOPSI0K

TOYHOCTI. BaxkanuBo Takox, 1100 JUCKpETHA 3aja4ya 30epiraia BIIacTH-

BICTh CTIMKOCTI po3B’s3Ky audepeHiianbHoi 3anaui. Po3risHeMo e
Ha npukiaai 3aaaqi Ko

u=Au, t>0, u(0)=u,, (12.30)

Ky Ha3MBaTUMEMO MOJENbHOI0. Po3B’ 30k 3amaui  U(t) =u,.e™ —0

mpu t— oo, skmo A < 0 abo Red < 0 gus A €C. ToOTo po3B’s30K
u=0 mudepeniianpHOro piBHAHHSA U= AU aCUMITOTHYHO CTIAKHH 1
ais oBimbHUX 7 >0 1 U, € R BUKOHY€TBCS HEPIBHICTD

lu(t +72)[ <|u(t)|. (12.31)
Axmo U, #0 1 7>0, TO HepiBHICTh cTpora. [lpupoaHo Bumaratu
TaKo1 K TMOBEIIHKU PO3B’S3KY 1 JJIs1 PI3HUIIEBOT 3a/1aui.

OzHavennsi 12.3. Po36 30k pi3HUuesoi 3adaui HA3UBAEMbCS
cmiuxkum (memoo cmiukutl abo PC cmiiika), AKWO BUKOHYEMbCA
HepIBHICMb

|Yoa| <|y.|, n=01... (12.32)

Po3rasineMo, siK peasni3yeTbesl BIACTUBICTh CTIHKOCTI PO3B’SI3KY

Ha npukianl ssHoro merony Eitnepa (PK1) mnsa 3amaui (12.30). Ha
nigactasi (12.7) 1 (12.30) maemo

Y., =@@+h)y..
Po3B’s30x PC cTiiiknid, SIKIIO |1+ /1h| <1. Sxmo A HaOyBae MIMCHUX

3HaueHb, T0 —1<1+Ah <1 a6o —2<Ah <0. Orxe, g A < 0 meTox
CTIMKHH, IKIIO KPOK CITKH 3aJ0BOJILHSIE YMOBY

O<h<-2/1. (12.33)
Hexait L €C, u:=Ah=s+io, ne i — yaBHa ogunuIA. Toai ymo

2 .
Ba |1+ 4= \/(1+ S)" + 0’ <1 BUKOHYETBCS AJIsl BCIX 4 3 OQMHHYHOIO

Kpyra KOMIUIEKCHOT TUIOIMHKHHY 13 TieHTpoM y Toutti (—1,0) (puc. 12.5).
Y Bunaaky nudepeHiaibHOTO PIBHIHHS

u=f(tu)

BUOIp KPOKY TSI 3a0€3TeUeHHs CTIKOCTI BU3HAYAETHCST YMOBOTO [48]

318



C

h. <———,
max |4|

min

Jie ctajia C < 3, max|/1| = max

JUISl CKaJISIPHOTO PIBHSIHHA 1 max|/1|

— MaKCHMaJIbHE 10 MOAYJIIO BJIACHMX 3HAYCHHS MaTpuii SkoO1 mis
cUCTEMU JTU(]epeHIliaTbHUX PIBHSIHD.
Jlnst HesiBHOTO MeToAy Einepa niist MmoaenbHOT 3a1a4i

yn+1 B yn

h - ﬂ’yn+1’ yO = uO’ (1234)

-1 cu .
maeMo Y, , =(1— ) Y,. YMoOBa cTiikocTi HaOyBa€e BUTIISIILY
1-4]>1a60o (1-s)’ +5s* =1,
TOOTO CTIMKICTH JOCATA€THCSI JISI BCIX TOYOK KOMIUIEKCHOI IUIOIIMHA

3a BUHATKOM OJJMHUYHOIO Kpyra i3 meHtpoM y T. (1, 0) (puc. 12.6).
Osnauvennss 12.4. Mwuoowxcuna mouok u, O AKUX MemOO

CMIUKUU, HA3UBAEMBCS 00JIACMIO CMIUKOCMI PIZHUYEB020 MemOo0).

AG AG
Im p —Imu
/ \ / k
S S
= o >
" ° . » 0 1 2
\
\ /
Puc. 12.5. O6nactb cTiliKOCTI Puc. 12.6. O6nacTh CTIHKOCTI
ABHOTO Metony Eitepa HessBHOro Mertony Ennepa

Oznauvennss 12.5. Piznuyesuti memoo abCoONOMHO CMIUKUL,
AKwo 6in cmitikuil 01 0ogitbro2o h>0, i ymosno cmitikuil 6 pasi
o0OMedicents Ha Kpok cimKu h.
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AAOCOIIOTHO CTIMKMM € HesiBHUM MeTon Eiinepa, sBHUM METON
Eiinepa — ymoBHO cCTiKui. [IpoimrocTpyeMO CTIMKICTh METOMIB
Eilinepa Ha npukiaji YucIoBUX PO3B’SA3KIB JUIsl TOYATKOBOI 3a/1a4i [9]

U=-10"u+(10* -De™, t €[0,1], u(0) = 2,

-10%t

TOuHHMH pPo3B’A30K sikoi U(t)=e ™ '+e'. HabGmuwxeHuil po3B’s30K

O00YHU-CITIOETHCS SIBHUM 1 HESIBHUM MeToamu Eitnepa BiAMOBIIHO:

V... =@-10"h)y +9999he™,
¥ .. =@+10"h)™"(y, +9999he "),
Kpox h=10" me 3agoBoneHsie ymoBYy criiikocti, s h=10"

maemMo —Ah=1, a 1ns h=10" BuxoHyeThcs HepiBHicTH —Ah <1.
Pesynbrat 00uncieHb 1 TOYHUN PO3B’SI30K 13 IIICThMA IPABUILHUMHU

nudpaMu HaBeJeHi B Tabmmin 12.14,

Ta6auus 12.14
Criiikicte MeToaiB Eiliiepa B 3a51e:KHOCTI BiJl KPOKY CITKH

Tounui SBHui merox Eitnepa Hessunit meton Eisiepa
t, h pO3B’s- YucnoBui BignocHa Yuciosuii | BigHocHa mo-
30K pPO3B’SI30K | MOXuOKa, % | PO3B’SI30K xuoka, %
10° -8.001000 901.864 -8.001000 901.864

0.001 | 10 | 0.999046 | -0.998901 0.015 -0.998901 0.015
10° 0.999617 0.003 0.999017 0.003
107 2.65.10®° | 2.93.10% | 0.903933 0.168
0.1 |10*]0.904837 | 0.904747 0.010 0.904747 0.068
10° 0.904828 0.001 0.904828 0.001
10° -1.66-10%° | 4.15.10%7 | 0.604131 0.101
0.5 | 10" |0.606531 | 0.606470 0.010 0.606570 0.011
10° 0.606525 0.001 0.606521 0.001
107 1.17-10*® | 3.48.10°° | 0.367860 0.012
1 10* [ 0.367879 | 0.367843 0.099 0.367809 0.001
10° 0.367876 0.001 0.367875 0.000

Posristaemo meton Pyrre—KyTTu npyroro nopsiaky (12.17).

yn+1 - yn +h(k1+k2)/2'

Tl piBastaHs (12.30) Bin HaOyBae BUIIISAY
Yoa = Yo +0.50(RY, + Ay, +Ahy,)) = (L+ 1+ 0.54°)y,.
YMoBa criiikocTi ‘l+ 1+0.51° ‘ <1 piBHOCWJIbHA CHCTEMI HEPIB-

HOCTEH
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1+0.51% <0,
0.54° + u+2>0,
po3B’si3KOM K01 1ist A € R € Bipizok —2 < 1 <0, sK 1 AJisl SIBHOTO

merony Ennepa.
Meton PK3 ms piBusinns (12.30) nHaOyBae BUTTISTY

1 1
=(A+u+=+= 1)y .
yn+1 ( lu 21” 6:u)yn

YMoOBa CTIMKOCTI METOY 3aJ]a€THCSI CUCTEMOIO HEPIBHOCTEH
p(u’® +3u+6)<0,
{Lf +3u° +6u+72>0.
Po3B’s13x0M cuctemu € Biapizok —2.51< 1 <0, T00TO 067aCTh CTIMKO-
cTi S, Aemulo mupia, Hixk obnacts S, s meroxy PK2 (puc 12.6).
Jns ximracuunoro merony PK4
Yo=Y, +h(k, +2k, + 2k, +k,)/6

00J1aCTh CTIMKOCTI BUBHAYAETHCA HEPIBHICTIO

1+,u+2,u +6,u +24,u <1.
Ha niiicHiit oci po3B’3KOM € IpoMixkoK [4,,0], ne 1, = —2.78.

Otxe, sBHI Metonu Pynre—KyTrtu ymMoBHO cCTiiiki. 3 pocTom
MOPSAKY anpoKCHUMaIlll METOQy O00JIACTh CTIMKOCTI PO3LIMPIOETHCS,
10 NPOUTIOCTPOBAHO Ha puc. 12.7.

Puc. 12.7. O6nacri criiikocti MeToiB Pynre—KyrTu nopsiaky 1-5
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[Ipu po3B’s3yBaHHI AUCKPETHOI 3ajayl Ha KOMII IOTEpl JO
NOXUOKU METOJy JOJAa€ThbCsl MOXHOKa 3a0KpyrieHHsA. Po3risHemo
BILUIUB OOYMCITIOBAILHOI MMOXUOKM TIpU peaizallii siBHoi cxemu Eitnepa
(12.7), sika B IbOMY BHUIIQJIKy HAOY/ie BUTIISITY:

yn+1:yn+hf (tniyn)+§n1 nzoiN_li (1235)
Yo =Uy + Sy; |5n|55s n=0,—N-

J{ns moxuOku y By31i t

MAa€EMO CITIBBITHOIIICHHS

z..=2 +hy® +hy®+5, n=0N -1.

n
BpaxoByrouwu, 1110 ‘wﬁl) < Mh?, max‘l//,ﬁz)‘ <M, |z,

te[ab]

n+1

,neM, = tref[lsg(]|l](t)|,

M =0.5rr[1aé|l'j(t)|, aHaJIOTIYHO SK MpU JO0BeIcHHI Teopemu 12.1,
tela,

onepxumo z,,,| < (1+M;h)|z |+ Mh* +|5, | <
<1+ M;h)™z, |+ i:(Mh2 +|6,[) @+ M;h)" <
v=0

< 1+ M;h)™ 5, [+ (Mh? +|s])(M,h) ™ (@+ M;h)" —1) <

5|+ e(b‘a)“"l(%h . %) _ e(b‘a)“"l(%h +ls)+ %
1 1 1 1

< e(b—a) M,

).

Sxmo kpok citku h — 0, To moxuoka merony Efinepa (12.35) npsamye
no Hyns (teopema 12.1), a moxubOka peamizaiii Ha KOMI OTepi
3poctae. ToMy, YUCITOBUNA PO3B’A30K 3aBXAMU Oyje BiAPI3HATHUCS BiA
MaTeMaTUYHOro po3B’saA3Ky. IloxnOka MamIMHHOI peanmizaiii JaeTbces
B3HAKU MJI1 KPOKIB CITKH, MOPIBHSHUX 13 TOYHICTIO OOYMCIEHH O 1
BenmkoMy umcimi KpokiB N~ o™, Tomy mpu BHOOpPI KPOKY CITKH
NOTPIOHO BpPaxOBYBaTH SK TOYHICTh YHCJIOBOTO PO3B’SI3Ky, TaK 1
BILTUB 30ypEHb BHACIIIOK OOUYUCIIEHb HA KOMIT FOTEPI.

VY Ttabn. 12.15 HaBeneHo pe3yiabTaTH OOYHCIICHHS SBHUM METO-
noM Eitepa B Toumi t =2 3Ha4eHHS 4YHCIOBOrO PO3B 3Ky Y, 3amadl

Kommn
u=2t>+2u, u(0) =1,

Ta MOXMOKHM Z, Ha ciTi i3 KpoKoM h =10 k=338
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Taoauua 12.15

h 0.001 0.0001 0.00001 | 0.000001 | 0.0000001 | 0.00000001
yn(2) | 75.048088 | 75.378071 | 75.395309 | 75.396881 | 75.396179 | 75.386163
zp(2) | 0.349137 | 0.019154 | 0.001916 | 0.000344 | 0.001046 | 0.011062

Crocrepiraetbesi 3MeHIIeHHsT moxuOku 2, (2) =Y, (2) —u,(2)

Py 3MEHIICHHI KpOKy h Bif 10~ nmo 10°°. Ilomanbline 3MeHIIECHHS
KPOKY BeJI€ J10 3pOCTaHHSI MOXUOKHU.

Ilpuxjaaau po3B’si3aHHS TUIIOBUX 33124

3apaua 1. [{ocaigutu cTifikicTh ssBHOTO MeToay PK4
Po3p’si3yBanns. [ piBasHHA U= AU meTton PK4 nabyae Burmsiny

yn+1 - q(zu) yn !

1 1 1 : .
ne u=Ah, q(y)=l+y+§y2+gy3+a,u4. VYMOBa  CTIHKOCTI
BUIUIUBAE 3 HEPIBHOCTI |q( y)| <1 (puc. 12.) Ha miiicHiii oci
HaOMMKeHe 3HA4YeHHSA JIIBOI MeXi 1HTepBally CTiMKocTi [44),0]

3HAXOJUMO, 3aCTOCYBABIIIM METO/I ITOJIOBUHHOTO MOALTY O PIBHSHHS
q(u) =1 abo (u+dHu+12)u+24=0 na npomixkky [-3,—2]. Ha
JECITOMY IO KPOKY MaeMO L, =~ —2.7/832.

3amava 2. OgnumM 13 MetoaiB Pynre—KyTTu apyroro nopsiaky 3amm-
catid Gopmysy JIsi OOYMCICHHS HAOIMKEHOTO0 PO3B’SI3KY MOJIeNl
KOJIMBAHHS TJIOCKOTO MasTHHUKA

U+w’sinu=0, ®*=g/l; u(0)=u,, u(0)=u,.
Po3B’si3yBaHHsA. 3anuIeMo piBHSIHHS Y BUTJISIAI CUCTEMU PiBHSIHD
U=V, V=—a’sinu
3 mouaTkoBuMu ymoBamu U(0)=uy, v(0)=U,.
V cucremi piBastab (12.18) mokmagemo b=1/4. Tomi b =1-b=
=3/4, b, =a, =1/(2c)=2 i popmyza (12.17) HaGyBae BUIISLY

h
yn+1 = yn—l + Z(3k1 + k2) .

Jl71st cucteMu piBHSIHb Ma€EMO:
k® =v_, k! =—a’sinu,,
k; =V, +2hk?, k = -’ sin(u, +2hk}).
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Tomi HAOMMKEHUM PO3B’A30K OOUHCITIOETHCA 3a (DOPMYyTIaMH

_ _h _
U, =0 + Z(3k1(1’ + kél)), U, =Uy;

_ _h .
Y =vn+z(3kf2)+k2(2)), V, =U,,n=01,...

n+1

3agaua 3. 3anucatu popmynu metony Pynre—KyTTu yetBepToro
TOPSAKY NIl OOYHMCIIEHHSI YHCIOBOTO PO3B’S3KYy MOJENI XWXKaKa Ta
KEpTBU
u=(a—-bv)u, u(0)=u,;
v=(—c+du)v, v(0)=v,,
ne u(t) i v(t) — BenmMuUMHM MOyl KEPTBI» i «XHKaka» Bifmo-
BigHO B MoMeHT yacy t€[0,T], a,b,c i d — goxarHi crani.
Po3p’si3yBanns. [lo3HaunmMo HaOIMKEHUN PO3B’S30K HA CITII 3
kpokoM h=T/N wepe3 U, i V , n =0,n. 3actocyemo Metona PyHre—
KyTttu nopsiaxy 4 3 koedinienrtamu 3 tadi. 12.8. Toxi
O, =0, +h(Kk® + 2k + 2k +kP) /6, T, =u,;
V,y =V, +h(k? + 2k + 2k + k) /6, ¥, =V,;

k(l):(ﬁl_%vn)ﬁn' k1(2)_( B, + 7.4 )\7
(1) (,81 71(\7n+2' (2)))(U +Tk(1)) =0.5h;

kPky, =(=B, +7, (T, + kP (7, +7k?);
ki =(,81—7/1 v +rk(2) ) U +rk(1)
k{? = ( ,82+72(u +rk(1)))( n+rk(2))
k= (8= 1 (7 +hk)) (@, +hk®),
K =(=B, +7, (T, +hk))(¥

3ayBaXUMO, III0 aJITOPUTM MOXKHA 3alUcaTh KOMIAKTHIIIIE,
sBiBun ¢yukuii f(h,z)=4+xhzig (h, Z) =—p4,+y,hz.

v, +hk{?).

n

3aBIaHHA TA 3aNIUTAHHA JJIS CAMOCTIIHOI po00oTH

1. HackiIbKku BIJIPI3HSIIOTBCA TMOPSAKMA JIOKAJBHOI Ta TJIO0AJbHOI MOXMOOK
HesBHOTO MeToy Eitnepa? IlpouttocTpyBaTu 11eif METOI.
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2. BuxkopuctaBmm ¢GopMysIu YUCIOBOTO 1IHTETPYBaHHS JIIBUX 1 MPaBUX MPSMO-
KYTHHUKIB Ta Tparmerii, oJep>aTh BIAMOBIIHO SBHUM 1 HESBHUN METOAU
Eiinepa ta cumerpuuny PC.

3. Axmit mopsigok anpokcumarniii cumerpuyHoi PC? IlpountocTpyBatu 110
HesiBHY PC.

4. 3acTocyBaTH iTepalliiiHi MeToau MpocToi iTeparnii Ta HproToHa 1715 3HAXO-
*eHHs po3B’sa3Ky HessBHOT PC Elinepa ta cumerpuunoi PC.

5. 3amucaru popmynu metoniB Eitnepa ta PK2 mns o6uncnenHns HaOIMKeHOTO
PO3B’SI3Ky TaKUX MaTeMaTHYHHX mojeiei [11, 42]:
a) B3a€MO/I11 MOMYJISALIN ““KepTBU” 1 “Xmxkaka”

Nl =(@—bN,)N,,
{Nz = (-c+dN,)N,;
0) ximiyHoi KiHeTukH JlequBepa 1 Hikoomica
U=a+u’v—(b+1)u,v=bu—u?;
6. 3acTtocyBatu Metoj PyHre—KyTTu deTBepTOro mopsiaky Jjisi oOYUCICHHS
po3B’si3ky Mozeni Jloperra®

x=o(y-x),
y=rX—y—Xz,
Z=Dbz+xy

Ha BIAPI3KYy [0, 50] 3 moyatkoBuMu ymoBamu X(0)=3.05, y(0)=1.58,
2(0) =15.62, kpokom citku h=0.01 ta 3HaueHHsIMH KoedimienTiB o =10,
r=28, b=8/3. TlobyayBatu y (Ha30BOMy MPOCTOPi TPAEKTOPIiIO

nuHaMivHOI cuctemu. [Ipu BkazaHuxX mapameTpax Mae Micle eexT, sSKuii
HA3UBAETHCS «JIUBHUM aTPAKTOPOM).

7. Merogom Pynre—KyrTu apyroro mopsiiky Ha BIIpPi3Ky [O, 50] 3 KPOKOM
citki h =0.01mo6yayBatn uncioBuii po3s’s30k Moaeri Uya’
X= a(y+ dlx—d3x3),
y=X-y+1z, 2=-4Y,
B SKil BHHHKAIOTh PEXUMH XAOTHYHHX KOJMBaHb, O, =1/6, d, = 1/16,

f =14 . llpoanamizyBaTu JUHaAMIKy CHUCTEMHU IpH 3HAYCHHSIX NapameTpa
a =6.578, 8.198 1 10.769, sxi € Toukamu Oidypkarrii.

3Lorenz Edward N. Deterministic Nonperiodic Flow // J. Atmos. Sci., 1963, 20. — P.
130-141.

* Matsumoto, T. A Chaotic Attractor from Chua’s Circuit / IEEE Transactions on
Circuits & Systems. — 1984/ — vol.CAS-31, no.12. — P. 1055-1058
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8. Meromu Pynre—Kyrru mopsnky 1 i 4 mobymysatu Ha mpomixky [0,10]
4UCIIOBUIA PO3B’ 30K Moaeni Jlotku—Boasreppu 3 kpokom h=0.01
U=u-uv-u/10, u(0)=2;
V=-v+uv—v?/20, v(0)=1.
9. 3anucatu 3amauy Komri , po3B’S3KOM $SKOi € MIUIBHICTh HOPMAJIBHOIO
posnominy
1 1
u(t)= St N
3acrocysaru Meron PK4 3 kpokom h=0.1 st sHaxomkenns u(1) ta u(3).
B 3nauennsx u(1)=0.8413448 i u(3)=0.9986501 Bci mudpyu npaBHIIbHi.

10. KonuBaHHSI IITOCKOTO MaTEMAaTUYHOTO MasTHUKA 0€3 ypaxyBaHHSI OMOpPY

t
je‘fz/zdr, 0<t<3.
0

CepeOBUIIA OMUCYETHCS PIBHSIHHAM

d?6 :
—2+gS|n0:O,
dt |
me | — pmomkuHa Hearomoro crepxms, §~9.8 M/cex’. 3acrocyBatu

mMeroau Pynre—KyTtTu nopsanky 2 1 4 nns oOuncieHHs: po3B’s3Ky 3 KPOKOM
h=0.1 na Bimpi3Ky gacy [0,3], sxio | =1, 8(0)=0 i §(0) =1.
11. Jlocmiautu CTIKICTh HEIBHOTO METOAYy PakuTChKOTrO

You =y, + 0 (€ 4 Yo Yoy
2 2
12. [TobynyBatu Bci Meroau Pynre—KyTrtu npyroro mnopsaky 3 Tpboma
CTaisIMH, KOC(ILIEHTH SKUX 3a7aHl B TaOJuIll, Ta JDOCTIIUTH, Y4 MOXKHA
nodyaysatu metos PyHre—KyTTu TpeTboro nopsiaky 3a TaOiuIero Koedi-
I[IEHTIB TAKOTO BUTJISY

13. Jocnigutu cTiiikicTh HesBHOro Metoay Eitnepa, meromy Tpameniii 1 MeTo-
1y CepeHbOT TOUKH Ha mpukiaai 3aaayi Ko [4, ¢. 143]
du = A(t)u, u(0) = u.
dt
14. Cepen metoniB PK2 (tabin. 12.2) Bubpatu MeTo[ 13 HAaWMEHIIIMMU 3HAYCH-
Hsamu Koedirmienta I'CII s Takux 3amay:
a) U =ulu0)=uy>0,komu 1>1i A<1;
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6) U =g(u), u(0) = uy, ne g(u) — 3amana riaaka QyHKIIs.

15. 3Bectn piBmsHEsS U”+a(X,u)u”+b(x,u)u’=c(x,u) mo cucremu TpHOX
pIBHSIHB TEPUIOTO TMOPAAKY 1 3amucatu siBHUKA Mmeton Eiinmepa i1 Pynre—
Kyttt 2-ro nopsiaky mis moOyaoBU YHCIOBOTO PO3B’SI3KY.

16. Po3p’s3aBmn cucremy piBHAHB (12.20)—(12.23) 3HaiiTH KOedIliEHTH TBO-
napaMeTpUYHOI 1 BOX OJHOMApaMeTpUYHHUX cimer MeToxiB Pynre—Kyrtu
TPETHOTO MOPAAKY. BuAIUTH 3 KOXHOI 3 ciMell Mo ogHOMYy Habopy
YUCJIOBUX KOC(DIIIEHTIB.

17. Po3p’s3aBmmm cucremy piBHAHb (12.24) 3HaiiTH KoeQillleHTH IBOMA-
paMeTpuyHOi 1 TPHOX OJHOMapaMeTpU4HUX ciMell meroniB Pynre—Kyrtu
YETBEPTOTO MOPSAKY. Bumaimutu 3 KOXKHOI 3 ciMedl Mo OJHOMY Habopy
YUCJIOBUX KOE(DILIEHTIB.

18. 3naiiTu nopsaok anpokcumariii Meroay ['rona

h
You =Y, +§[f(tn,yn)+ f (L Yo+ (6,Y,))]

1 JOCJIIIUTHA HOT0 HA CTIMKICTE.

19. Otpumaru popmyiy ajis S-cTaaiiHoOro siBHOro Metoy Pynre—Kyrtu s
piBHsIHHS U = AU.

20. 3apmaya /. byrtuepa: mokaszaTtu, 1o Jyisi JOBUIBHOTO MeToay PyHre—
Kyrtu nopsanky 5
i J

3BiJcH BUIUTUBAE, 110 He icHye aBHUX MeToaiB PKS, B sikux yci b, > 0.

21. ]JInst cKansipHOTO PiBHSHHSA
u=u“ a>0

3anucaT ABoctaaiiauii Mmeto] Pynre—KyTTu 1 3HaliTH HOTO MOXMOKY Ha

KpOIIi.
22. [lomiT cHapsiia Macor M, 30CEPEIKEHOI0 B O/IHIM

TOYIll, Ta 3 BpaxXyBaHHA OMNOpPY MOBITPA,

MPOMOPIIOHAIIBHOTO KBaJpaTy HIBUIKOCTI

cHapsia (‘F‘:Cvz), OMHCYETHCS  CUCTEMOIO

nudepeHIiaTbHUX PIBHIAHB ' S
MX = —C/X* + Y2 X,

my = —c+/X? + y*y —mg,
ne X(t) 1 y(t) — mpoekmii Ha oci Ox 1 Oy,0<t<T. Jlna camoximHOl
aptuiepiiicekoi ycraHoBku 2C1 «I'Bo3auka» maca cHapsiia m= =21.7kr,
~3*<a<70° v,=690m/cex. CKacTH Tporpamy po3paxyHKy BHCOTH i
JadbHOCTI MOJbOTy cHapsaa, skmo C=0.01, T =300 cex, mpu t=0
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23.

24.

25.

26.

217,

28.

nouatkoBi ymoBu: X(0)=y(0)=0, x(0)=v,cosa, Y(0)=v,sine,
a =60°.

Y poskmami moxmbku Y, —U, =ch +C,h* +--- m1a MomensHoi 3amaui
U=AuU 3 moyatkoBoio ymoBoro U(0)=1 3maiitn ctamy ¢, mus t =1 mpu

aHpOKCI/IMaHH 11 pl3HI/IHeBOIO CXEMOHKO
A — Yo T Yn

, n=>0.
h 2

Matematuuna moaens Kepmana—MakkeHprKa MOMIMPEHHS ermiieMii Mae
BUTIJISA L

S=-/8I,

| =451 —-A,

ne S(t) —kuIbKicTh 0cOOMH, CXWIbHUX 70 1H(DiKyBaHHs, a | (t) —KiIBKICTH
iHpikoBanux. Ha wacoBomy Bimpisky [0,20] metogom Pynre—KyrtTn 3Haii-
TH HaOJWKEeHUH po3B’s30Kk i3 mouarkoBumu ymoBamu S(0)=9, 1(0)=1,
akmo f=-0.1, y=0.08.

Jocnigutu CcTiiikicTh siBHOTO Metony FEilnepa Ha mpukiaal po3B’s3Ky
3amadi Komi 0.01u+u=1,u(0)=0.

3HaliTH SIBHUM 1 HESIBHUM MeTojamu Elepa 3HaueHHsS PO3B’SI3KY B TOYII
t; =1 movarkoBoi 3aaul

U, +u, =t%,u, (0) =1;
u, —u, =1,u,(0) =0.

[IporectyBatu meroau Pynre—Kyrru nopsaky 1-4 nns cucremu audepen-
iaJIbHUX PiBHSHb, 3aNIPOTNIOHOBaHUi y [75],

: . 5
U, = 2tuu,, U, =10tu’uy,
PO3B’30K SIKOi 3am0BONBHSE movaTkoBi ymoBu Ui(0)=1,1i =1,4. Tounuii
PO3B’SI30K 3aj1a4i:
u, (t) = exp(sint?), u, (t) =exp(5sint®), u,(t) =sint®+1, u,(t) =cost?,
PosrnsHyTH 3acTOCyBaHHS SIBHOTO 1 HESIBHOTO MeToAiB Eitnepa ajist yucio-

BOro po3B’si3yBaHHs 3afaui Komn s audepeHiianbHOro piBHSIHHS
F(t,u,u) =0, sixe He po3B’sA3aHE BIJIHOCHO MOXITHOI.
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Po3aia 13. baraTtokpokoBi pizHuneBi MeToan
po3B’sisyBaHHs 3aga4i Kouri

baratokpoxoBi pi3zHunesi cxemu (PC). IloOymoBa Ta mnpuxiaad SBHHUX 1
HessBHUX PC Anamca. PC Iltepmepa. Criiikicte OaratokpokoBux PC. YMoBa
kopeHiB. O6macts criiikocTi. Criiikicts PC Anamca.

Jliteparypa [5, 13, 28, 43, 58, 59, 65, 73, 75, 83, 84]
Enexrponni mxepena [103, 105-108]

13.1. ITocTanoBKa 3agaui

B OIHOKpPOKOBHX METOJAaX Il 3HAXOJKEHHS HaOJIUKEHOTO
3HAYEHHS po3B’sA3Ky 3a1aul Ko

u=f(tu) t <t<t, u(t)=u, (13.1)

y By3di t =t +Nh BUKOPUCTOBYBaNOCH TUTBKM 3HAYEHHS Y , Y BY3Ii

t . Hexait B m (m>1) By3nmax t ..t CiTku 3a7aHO 3HAYCHHS

pO3B’S3Ky Y ,..,Y .. 3ajada moJyisirae y 3HAXO/DKEHHI 3a LUMU

3HAYEHHSIMM HaOJIMO>KEHOro po3B’si3ky y Bysml t . Taki meronu

HA3UBAIOTHCA M-KPOKOBUMU. BuaimuMo 13 1pOro Kjacy JIiHiMHI M-
KPOKOBI, Mpu M > 2 — 6araTOKpOKOB1, METO/IA BUTJISTY

%(aoyn +ay +..+ay ) :ibv f ,a #0, (13.2)
n=mN, N=( —t)/h,

ne f =f(t .,y ). Koepimients a i b, v=0,m, BusHagaoThCA
TaKUM YUHOM, 11100 moxuoOka ampokcumariiii PC (13.2)

p =—Fau, + 50 f(.u)=—Tau, +3bu,. (133)

Ha TOYHOMY Po3B’ 3Ky 3aj1aui Komi (13.1) mana HallBUIIMI MOPSIOK.
To6to " =0(h*), ne 0< p — HalbiTBIIE YUCITO IS ASSIKOTO KIIacy

byuxmin f(t,u).
Sxmo b, =0, To PC sBHa, ockinbku 3 (13.2) 3HAX0AMMO

Y, = (aY,, —-a,y,, +2bf.)/a,

Sxmo x b, # 0, To PC — HesBHa, TOMy Y, BU3HAYAE€THCS 3 PIBHAHHA
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_hb,

Y, = f(t,y,)+F(Y, Yo,
ne F=(-ay,, —..—ay,, +h¥bf )/a,.

[cTopryHO OaraToOKpoOKOBI METOIM PO3B’s3yBaHHA 3aaadi Ko
nepenyBanu merogam Pynre—Kyrru. ¥ 1855 p. JIxon Anamc 3amnpo-
MOHYBAB 1€ METOJ| AJis YMCJIOBOTO IHTErpyBaHHS 3a1adl mpo Gopmy
MOBEpXHI Kpar piguau [75, ¢. 323], ska 3BOAWIACH JO CHCTEMU
nudepeHIiabHUX PIBHSIHb BUTIISTY

ds ds ds r
1€ Z — BUCOTA Kparuii, ¢ — KyT MI)K HOpMaJUIIO J0 MOBEPXHI Kparii i

BICCIO Z, I' — pajlyC KpUBU3HH, S — NOBXHUHA 1yTH (puc. 13.1).

4

Puc. 13.1. IIpodim kpammi piaguHu

[lepeBaroro 0araTOKpOKOBHUX METOJIIB HaJd OJHOKPOKOBUMH,
Hanpukiag Mmerogamu Pynre—Kyrtru, € Te, 1110 BUKOpUCTaHHS BIJOMHUX
3HayeHb Yy B M By3Jax MNIABULIYE MOPSAOK anmpokcumarii. Kpim
TOTO, MPU PO3B’A3yBaHHI CKAISIPHOTO PIBHSAHHS ISl BU3HAYECHHS
HACTYIHOT'O 3HA4YEHHsI Y NOTPIOHO OOYMCINTH TIJIbKHA OAHE 3HAYCHHS
¢yukmii  f, Tomi sk B S-cramiiiHoMy wmetomai Pynre—Kyrtu Ha
KO’KHOMY KpOIll OOYUCIIOEThCS S > M 3Ha4YeHb (YHKIl, TPUUOMY Y
By3Jax He Ouiblie ABoX. IIpu 3HaXomKeHH1 3Ha4Y€HHs Y  HaOIMXKe-
HOTO pO3B’s13Ky cucteMu  nudepeHIiaTbHUX PiIBHIHb 00UNCTIOETHCS
sd 3HaueHb (PYHKIIIH 3 MPaBOT YaCTUHHU CHCTEMH PiBHAHB (13.1).

HenonikoM 0araTOKpOKOBHX METOJIB € MOTpeda MonepeaHbo
3HaXOJUTH ‘‘cTapToBl” 3HAa4eHHS Y,,...,Y ,. lle MoxnHa 3poOurwy,

Harnpukiajg, merogom Pynre—Kyrttu toro x nopsaaky. Kpim toro, Tyt
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CKJIaJIHIIIIE KOHTPOJIIOBATH TOYHICTh. Hampukiasn, 3MiHa KpOKy IIpHU
3aCTOCYBaHHI mpaBuiia PyHre morpeOye mepepaxyHKy MONEpeaHixX
3HAYEHb PO3B’A3KY.

13.2. PizuuneBi cxemu Ajgamca

13.2.1. IlooyxoBa PC cxem MeT010M HeBH3HAYEHUX KOe(]Iili€HTIB.
PC Apamca onepxyrorbes 13 miHiHOI PC (13.2), xomn a, =—a, =1,

a, =...=a_=0. Toai PC nabysae Burusany
%:ibv f  n=mN. (13.4)

IMpunycrumo, mo U e C™[a,b], ne p=>m mns sBaoii p>m+1
s HesiBHOI PC. [l mporo moctaTHbO, 1m100 B 00acTi G icCHyBaH
HEeTMepepBHI MOXITHI PYHKIIIT f(t,u) 3a 3MIHHUMU t 1 U 70 HOpsSAKY
p. ITokaxemo, mo BuOopoM koedimientis b ,b,...,0b , Hesanexnux
Bin mpaBoi uvactuHM piBHAHHA (13.1) 1 Kpoky citku h, moxHa
JOCSTHYTH MOPSAIKY allpOKCUMAIIli, III0 TOPIBHIOE [P, TOOTO

pi) = -2 Y b, =O(?),
v=0

3rigHo 3 hpopmynoro Teitnopa Maemo

2

h u . ( ) i u(p+1) +O(hp+l)
2! (p+1)

_;;@ﬂmw+omeV:£ﬁ.

T
Il
M=
<—
— | N

Jnst Bupazy D> b -U_ omepxumo
v=0

bo U +ib‘/ .[i%.u:”) _|_O(hp):| —
(~h
=
0, 50+ EE 4o S0 o),

[TepeTBOpUMO BHpa3 [JIsl PI3HUIIEBOT alTPOKCHUMAIIiT TOX1IHO1

). U 3b, v* +o(h) =

:bo.un +i
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2

h 'Un_ ( )p+l (p) p+l _
- ey ol ))}_

—E(un —unl):—%{un —(u —h-u +

(L) NP o) MR
§(|+1)| ¢ t+o(h") = Zl(l e +o(h").

[lincTaBuBIIM OA€pKaH1 BUPaA3U y CHIBBIIHOIICHHS JJIs1 TOXUO-

p
KU alpOKCHMaIlii, MAaTUMEMO: w“) =(-1+ va)un +

h
3 E S S ) o)
[MpupiBHSBIIN Koe(bluleHTH 61J15[ u.,u,..,u” mo Hyms, omxep-

KHMO CHUCTEMY ] JIIHIHUX piBHSAHB I 3HAXomkeHHs b ,b,,...,b . Jlnsa

HesBHOi PC (b, =0) p=m+1 i cucrema piBHsIHb HaOyBa€ BUTIILY
by, + b+ b,+..+ Db, =1

b+ 2b,+..+ mbmzl,
(13.5)

1
+2"0, +...+4m™b = ——.
b 2 " m+1

Ockinpku BU3HAYHHK cucTteMu JmopiBaroe [ (i—j)#0, To

0<j<i<m
po3B’sizok CJIAP icHye 1 enuauit. OTxke, 11 (GIKCOBAHOTO M HEsIBHA
PC Apnamca, xoedilieHTH sikoi € po3B’sizkoMm cuctemu (13.5), mae
nopsiok p=m+1.
I'CII mae Burisan
(=)™ (”‘*”(Zb i 1 )
(m+ 1)' ' = m+ 2
Hns sroi PC (b, =0) BimmoBigHa cucrema JiHIHHUX DPiBHSHB

JUTsl BA3HAYEHHS KOE(IIIEHTIB Ma€ MOPAIOK p=m 1 Ha0yBa€e BUTIISAY:

b+ b +..+ b =1,

b+ 2b,+..+ mb =

m ]

N |-

(13.6)

b +2"'b, +...+m"'b_ = l
m
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Jlns xos)kHOrO M >1 icHye enuHUN po3B’si30k cuctemu (13.6), a
nopsgok  siBHOI PC  Apamca gopiBaroe m. I'CII  moxuOkwm
anmpokcumaliii HabyBa€e BUTIISIAY

(rD mm(ZQﬁvm__g_)

13.2.2. [Ipukaaau pisHUIEBUX cxeM Agamca. fxmo Mm=1, To aus
HesiBHOT PC Anamca nopsiok anpokcumariii p = 2. Koedimientn by i
b, BU3HAYAFOTHCS 13 CUCTEMHU PIBHSIHb

b, +b, =1 b,=17 .

Orxe, b, =D = % Bignosinna PC Ha3zuBaeTbcsd CHUMETPUYHOIO,

a6o PC Tpaneuiii 1 HaOyBae BUTIISALY

_ 1 .
XLF£i=—(n+fH) n=LN: y, =u,. (13.7)
['CII oxepxanoi PC cxnamae h? ur/12.
Tao6u. 13.1 Taou. 13.2
Hesasui PC Anamca SIsu1 PC Apamca
Hesasui PC Anamca SIBu1 PC Agamca
p b0 bl b2 b3 b4 p b1 bz b3 b4 b5
1 1 1)1
2| 1 |1 213 |_1
2 2 2 2
3| > | 8 | _1 3 (23 | _16 | 5
12 12 12 12 12 12
R L 455 | _ 59 37 9
24 | 24 24 | 24 24 24 | 24 | o4
251| 646| —264 | -106| -19 1901 | —2774| 2616| —1274| 251
5| 720 720| 720 | 720| 720 5/ 720 | 720 | 720 | 720 | 720

Koedimientn siBHOT PC napyroro mopsiiky BH3HAYarOTHCS 13
CUCTEMHU PIBHSHb

b,+b, =1,
b +2b, =1/2.
3sigcu b, =3/2, b,=-1/2. Onepsxumo siBay PC apyroro nopsaky
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Y=Y, +2(3fn1 _f )n=2ZN.  (13.9)

['CII st wiei PC nabysae Burmsimy —5h’u”/12.
Koedimientn sBHUX 1 HesBHux PC Apamca mopsaky 1-5
HaBedeHl B Ta0i. 13.1113.2.
[TopiBHAHHS YKCIOBUX PO3B’s3KiB 3aaa4i Ko,
u=2u-+t* te[0,2]; u(0)=1,
oOuuncneHux 3a metonoM Pynre—Kyrtu mopsaky 4 (tabmn. 12.8) ta

SBHUM METOAOM AjamMca TOro X IMOPSAKY 31 CTapTOBUMHU
3HaueHHAMH, 3HangennmMu MPK4, wnaBeneni B T1abm. 13.3, ne
&=max|y, —u,|, n=120.
Ta6ua. 13.3
Uwucnosi po3B’a3ku 3aaaui Metogamu Pynre—KyTTu Ta Anamca nopsiaky 4
h=0.1 h=0.01
t, MeTton MeTton MeTton MeTton
Pynre-Kyrtu | Anamca Pynre-Kyrtn | Anamca

0.0 1.00000 1.00000 1.00000 1.00000

0.2 1.49773 1.49773 1.49774 1.49774

0,4 2.27829 2.27805 2.27831 2.27831

0.6 3.5203 3.51893 3.52018 3.52018

0.8 5.48944 5.48649 5.48955 5.48955

1.0 8.58338 8.57720 8.58358 8.58358

1.2 13.39439 13.38253 | 13.39476 13.39736

1.4 20.80631 20.78467 | 20.80697 20.80697

1.6 32.13764 32.09951 | 32.13886 32.13839

1.8 49.35539 49.28975 | 49.35735 49.35734

2.0 75.39393 75.28296 | 75.39722 75.39721

IToxnbka & | 0,00331 0.11426 0.000004 0.0000175

Ax BugHO 3 Ta6a. 13.3 TOYHICTH OOUYMCIEHHS METOAO0M PyHre—
KyTTu Ha ABa MOpsAAKY BUIIA, HIX y METO1 AlaMmca.
13.2.3. 30ixxnicte PC Apamca. PiBHSHHSA i1 TOXMOKHM YHUCIIOBOTO
PO3B’SI3KY Z, = Y, — U, HAaOyBa€ BUTIISIAY

Lz -2)=p 4y

5 Y n=m,m+1,...,

m

l)”r(ll) = (un _un—1)+zbv f (tn—v’un—v)’
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Teopema 13.1 [59]. Hexau ueCP?,p>m=1 max|f

(t,u)eG

JLu) <A

suxkonyemucsi nepisnicmo 2Ah|bg| < 1. Tooi dns noxubxu PC Aoamca
(13.5) cnpasosicyemocs oyinka

\Zn\<0

1 o<v<m 1

ne ¢, =exp[A(b—a)c,], c; =

Tox, mpu h—>01iz —0, U=O,m—1, noxubka z —0 VYn=m,N.
13.2.4. Peanizaunia HesiBHMX PC. 3HaxomKeHHS pPO3B 3Ky pPI3HU-
nesoro piBHsaHHA (13.5) (b, #0) 3BoauThCS nO pO3B’SI3yBaHHA

HETIHIKHOTO PIBHAHHA. IS 1bOro MOXXHA 3aCTOCYBaTH METOJI
MPOCTOT iTeparii:

y(k+l) hb o f(tn’ (k))_|_ F(ynl, yn_m), i 20,1,...

n
O

SIkmo B oOnacti G moxigHa ‘fu (t,u)‘ <M,, To gocTaTHa yMOBa
3015KHOCTI

|ﬁ(hb° £(t,U)+ F(Y,0mmy, ) =h

<hm,
a

0

D )

BHKOHYETBCSI JUIsl JJOCUTB MaJioro kpoky citku h <|a,|/(M,|b))).

<1

3a mMoYaTKOBE 3HAUYCHHs Y'” MOXHA B3iTH Y , ab0 o6uuCiInTH

H0ro 3a SIBHOIO 0araTOKpPOKOBOIO cxemoro. Po3risHemo 1ie Ha MpUK-
nagi PC Apgamca tperboro nopsiaky. SIBHa PC Ha3uBaeThCcsi B IbOMY
BUMAJKY NPOcHO30M, a00 npeduxmopom. Hexai

Yo =Y, (231, ~16T, +51,.). (139)

YrtouHtoersea Y, 3a (opmynorw (13.9) HesBHOro meromy Anamca
TPETHIO MOPSAKY BUTIISTY

y:op = yn—l + %(Sf (tn’ y:p“) + 8 fn—l - fn—Z) b (1310)

®opmyna (13.10) HasmBaeThcs kKopexkmopom, a cxema (13.9),
(13.10) — npedouxmop-xkopexmopom. llonanpiiie yTOUHEHHS PO3B’A3KY
3MIMCHIOETHCS 1TEPAIIMHUM METOJIOM:

y;m) =y . _I_%(Sf (tn’ ysi)) +8 fni1 — fniz), = 0L.., y;O) = yr’:()p'

Ha miacraBi siBHOi Ta HesiBHOI PC omHOrO mMOpSAKY MOXKHA
niaBu-muTy nopsjgok PC. Posrasnemo e Ha npukianl PC Anamca
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apyroro nopsaxky. Hexail U — Toune, a V. 1 W — HaOJMxeHI
3HA4YEHHs PO3B’SI3Ky, 3HAiJIEH] 3a sBHOIO 1 HesiBHOWO PC Anamca
BianoBiaHO. BpaxoByrouu Burisa ['CII nux PC, ogepxumo

u =v —5hu” /12 +o0(h*),

u =w +h’u” /12+o(h?).

[ToMHOXMBIIM Jpyry PIBHICTh HA 5 1 JoAaBIId A0 MEPIIOT,
matumemo U = (V. +5w )/6+0(h*). Omxe, 3 TOUHICTIO 10 BETMYHH
nopsaky h® Ha kporri

u, ~ (5w, +v,)/6.

3 aBHOi Ta HesaBHOI PC Anamca TpeThoro mopsaky 3 TOYHICTIO /10

BEJIMYUH YETBEPTOTO MOPSIAKY OJIEPHKUMO

u, ~ (251w, +19v, )/ 270.

13.3. Pisnuuesi cxemu LlTepmepa

HudepeHuianbHe piBHSAHHS N-TO MOPSIKY
u® = f(t,u,u,..,u""?)
3aMIHaMHU MO’KHa 3BECTH JI0 CUCTEMH N PIBHAHB MEPIIOTO MOPSJIKY.
Hexaii U =V,. Toai maemo cucreMy piBHSHB
V,=V,, V,=V,,...,V =V, Vv =Tf(tv,v,.,V).
AJnie yacTo 3pyuHillle 3aCTOCYBaTH PI3HULIEBUI METOJ O€3MOCEePEIHBO
0 PIBHSIHHSA Jpyroro abo BUIIOTO MOPSAAKY. Po3risiHemo 3amauy
Komn s nudepeHuiaibHOTO pIBHSHHS APYTOTO MOPSAIKY
i=f(tu), t,<t<t; (13.11)

u(ty)=u,, u(ty)=u,.
HaituacTime j1s po3B’si3yBaHHS I1i€i 3a7a4l BUKOPUCTOBYIOThCST PC
Irepmepa [13, 28, 76]. Lleit meron po3pobnenuit y 1907 p. mus
OMUCY PYXY 3apsSAKEHUX YACTUHOK y MAar”HiTHOMY Mol 3eMill TIpu
JTOCHIPKEHHI TOJIsipHOTO cAiBa. HaBegeMo nB1 13 IIUX CXE€M BIJIO-
BIJIHO JIPYTOTO 1 TPETHOTO MOPSIIKY:
Yn— 2yn—l T Y= h2 1:n—l’ n=23,..

h2 (13.12)

Yo = 2¥n1t Yo = E(ls 1:n—l - 1:n—2 + fn—S)i n=34,..

s PC ltepmepa apyroro mopsiaky moTpiOHO 3HANTH 3HAYCHHS
y, 13 IpyruMm nopsakoM. s 1nporo BBeAeMO (PIKTHBHE 3HAYCHHS

u_, =u(-h). Toxi
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Uo = (U, —u_l)/(2h)+0(h2),
u, —U, +u_ =h*f (t,, u0)+O(h3).
3 uX piIBHOCTEH MaeMO
U, ~ Uy +hiy +h?*f (t,, uy)/ 2. (13.13)
Pasom (13.12) 1 (13.13) yrBopiotots PC IllTepmepa qpyroro mopsaxy.

[Ipoimtoctpyemo metonu Illtepmepa it Anamca 2-ro nopsiaAKy Ha
pUKJIaal po3B’a3yBaHHs 3aaui Kol
U=u, te[0;1]; u(0)=0,u(0)=1.
VY 1abn. 13.3 noka3ani HaOIMKEH1 3HAYEHHS PO3B’ 3Ky B Toulli {
= 1, 3mnaiigeni 3 kpokamu h=1/N. 3a craproBi 3Ha4YeHHs B3STO

3HAYCHHsI TOYHOTO po3B’s3Ky U(t) =sint.

Tao6a. 13.3
[TopiBusiuns metoxiB Lltepmepa Ta Anamca
KinbKicTs [Toxubka meToay Anamca 2-To
BIJIPi3KiB [Toxubka metony Llltepmepa
TOPSIIKY
pO30UTTS
5 0.0001385033129889 0.0012902443618832
100 0.0000000340824339 0.0000003070943526140013100000
200 0.0000000043213461697888533000 | 0.0000000389146553869679220000
500 0.0000000002787623465394517600 | 0.0000000025108518597605212000
1000 0.0000000000347093465080661190 | 0.0000000003147057059393887400
5000 0.0000000000045810022442083209 | 0.0000000000025227597788557432
20000 0.0000000000212415640632457330 | 0.0000000000000401900734914306
50000 0.0000000001011879469103860200 | 0.0000000000000012212453270876
100000 0.0000000000481630291204737660 | 0.0000000000000135447209004269
200000 0.0000000005372189360031143200 | 0.0000000000000015543122344752
500000 0.0000000002253470743340813000 | 0.0000000000000281996648254789
1000000 0.0000000001584951059285799600 | 0.0000000000000189848137210901
2000000 0.0000000039947937180428994000 | 0.0000000000000580646641878956
5000000 0.0000001848254356229261900000 | 0.0000000000000718314296932476
10000000 | 0.0000030007045980218194000000 | 0.0000000000000301980662698043
50000000 | 0.0014899443813296553000000000 | 0.0000000000002384759056894836

Pe3ynbTaTtu 00UYKCIIeHb CBIIYATH, IO METO AJlamMca JIisl JaHOTO
NPUKIIAAY CTIAKIIIANA N[00 HAarpoOMaJXKEHHSI 00YUCITIOBAIBLHOI TOXUOKH
nopiBHsIHO 3 MeTooM [lITepmepa.

Kpim mMetoniB Anamca ta Illtepmepa, Bijjomi OaraToKpoOKOBI
metonu Minna, Hioctpema, Xeminra [75, 78] Ta in. Jlns po3B’s3yBaHHs
KOPCTKUX cucteM 3JIP IMPOKO 3aCTOCOBYIOTHCS YHCTO HESBHI
pisamIeBi cxemu [57, 75. 84]. KoedimieHTH neskuX i3 0araTOKpOKOBUX
PC naBeneno B nogarky I'.
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13.4. CriiikicTh 6aratokpoxkoBux PC

JochimkeHHsT CTIMKOCTI 0araTOKpOKOBHUX, SIK 1 OJJHOKPOKOBUX
PI3HUIIEBUX METOJIB PO3B’s3yBaHHs 3amadil Ko, 311HCHIOETBCS Ha
MOJIEJTLHOMY PiBHSIHHI

u=Au, 41 €C. (13.14)
Sxmro 3anucatu PC (13.2) ms piBusubs (13.14), tooto komu f = Au,
TO OJICP>KUMO OJIHOPIJIHE PI3HUIIEBE PIBHAHHS MOPSIKY M

m

D (& = ub,)y,, =0, u=7h. (13.15)

v=0
Tomy nocmimxennst criikocti PC (13.2) piBHOCUIBHO JOCIIIKEHHIO
cTiiikocTi piznuieBoro piBHsHHA (13.15), mo no6pe BuBueHo [58, 59].
Po3srisineMo JiHIMHE Pi3HUIIEBE PIBHSIHHS MOPSIKY M

COyn +Clyn—1 +"'+Cm_1y +Cmyn_m :O, CO ¢0 (1316)

P03B’s130K 11pOTO piBHSHHS OyayeThest y Burmsimi Y, =q", me q#0 i

n—m-+1

migarae BusHauenHo. Ilincrasusmm Y, = (' B (13.16) i ckopoTHBIIH
Ha (" " OJEPXKHMMO I ( anreOpaiduHe piBHSHHS MOPSAKY M
9(q)=c,q" +cq"" +...+¢,,q+¢C, =0, (13.17)

SIK€ HA3UBAETHCA XapaKTEPUCTUUHUM.
ko uncno ( € koperem piBHsHHA (13.17) kpatHocti r >1, To

pi3HUIIEBE PIBHAHHS Ma€ 4acTuHHI po3B’si3ku Y, =n'q", j=0,1.

Osnauenns 13.1. Pisnuyese pisnanus (13.16) (8ionogionuii pis-
HUyesull Memoo) HA3UBAEMbCA CMIUKUM 3A NOYAMKOBUMU YMOBAMU
Yor Yir-os Y 1, SAKUWO BUKOHYEMBCA OYIHKA

y,|<B maxly ,n=mm+1,.., (13.18)

! osy<m-1
oe B, — nesanescna 6io n cmana.

OTxe, CTIMKICTH O3Ha4a€ PIBHOMIPHY IO N 0OOMEXEHICTh
po3B’s3Ky 3amadi Komri muist pisHuiieBoro piHsHHs (13.16).
YmoBy (13.18) MoxxHa i1HTepnpeTyBaTH L€ Tak. BHecemo B Y,

noxuoku &,, V=0,m—1, HacaiaKoM sIKUX € MoXuOKa &, y BUBHAUCHHI
y, ipu N>m. Y tepminax noxubok ymona (13.18) naOysae Burmsany:
<B max|e

1 o<vsm-1l VY

gn
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BusBnsieTbes, MO CTIWKICTh YU HECTIWKICTHh piBHSAHHS (13.16) 3a
MOYaTKOBUMHU JAHWUMHU Ha MOJACILHOMY PIBHSHHI IIJIKOM BU3HAYA€Th-
Csl PO3MIIIICHHSIM KOPEHIB XapaKTepUCTUIHOTO piBHsHHS (13.17).

Osunavenns 13.2. Pieusannsa (13.16) 3a00601vH5€ yM0o8y Kopenis,
AKWO KopeHi xapakmepucmuuno2o pieuanus (13.17) neacamov 6 oou-

HUYHOMY KpY3i |q| <1 KomnnekcHoi nIoWUHY, NPULOM)Y HA MeXNCT Kpyea

HeMae Kpamuux KOpeHis.
Teopema 13.2 [59]. Vmosa xopenie neobxiona i docmamusi 0ns
cmitikocmi piznuyeso2o pisHanns (13.16) 3a nouamkosumu oanumu. m
[TosscHuTH yMOBY KOpEHIB MoOkHa TakuMm 4duHOM. [Toxmbkxa PC

BUPAXKAETHCS Yepe3 PO3B’s3KU (], 1 KO KOPIHb XapaKTEPUCTUIHOTO
piBusHHA (13.17) |q| >1, To moxubOka 3pocTaTtuMe 31 3pOCTAHHIM N .

SAkmo x |q| =1 1 KOpiHb Ma€ KpaTHIiCTh I >1, TO moxuOKa TaKOXK

. . . ]
3pOCTaTUME i3-3a HasgsBHOCTI po3B’s3KiB Nq", ..., N q".

13.5.2. Heognopinne piBHsinHA. PosrisHemo 3amauy Komri (13.1)
JUISl HEOJTHOP1THOTO PIBHSHHS

y +ay  +..+ay =hg n=mm+1..., (13.19)

1€ BEIUYUHU Y,,VY,..., Y 1 citkoBa (yHKUIA (, . — 3aJaHl BeJu-

m-1
YU HU.
Os3unavenns 13.3. Pisuaunna (13.19) nasusacmvca cmiukum,

AKWO 015 OYOb=AKUX NOYAMKOBUX OAHUX Yo, Y,y Yoy 1 0118 OYOb=5KOI
npaeoi uacmunu g, cnpasodiCcycmsbcs OYiHKa

y|<B|y°[, + 8,9l (13.20)
Oe megid’emui cmani B, 1 B, He 3anexcamv 6i0 3HaueHb

yo = (yov'-’ ym—l)i g= (gov'-’ gm—l)'

Hpyruii noganok B HepiBHOCTI (13.20) xapaktepusye CTIMKICTh
3a TPaBOK YaCTUHOW. 3a3zHayuMo, 1o HepiBHICTh (13.20) 3amae
CTIHKICTB SIK IIIOJI0 TOYATKOBUX YMOB. TaK IIPaBOi YaCTHUHHU.

Teopema 13.3 [59]. kw0 oonopione pisnsannsa (13.16) — cmiiixe
30 NOYAMKOBUMU YMOBAMU (BUKOHYEMbCS YMOBA KOPEHIB), MO HE0O0-
Hopioue pisnsanna (13.19) cmiiixe i suxonyemocs oyinka

‘yn yv +B2§h‘gk" |

Os3navenns 13.4. Oonacmiwo cmitikocmi pizHUYEB020 Memoody
(PC) po3é’asysanns 3a0aui Kowi nazusaemvcs MHONCUHA 8CIX MOYOK

< B, max

1 0<v<m-1
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u, u=Ah, xomnrexcnoi niowunu, Ons AKUX yeu Memoo npu

3ACMOCY8AHHI 00 MOOeNbHO20 pisHAHH:A (13.4) cmitkuil.
Mpukaang 13.1. 3naitnemo ob6nacte cTikikocTi sBHOT PC

Anamca npyroro nopsaky Y, =Y., +h@3f _,—f ,)/2.
3anmcamm PC s monensHoro piBHsHHS (13.14). omepxkumo
PI3HUIIEBE PIBHSIHHS BUTJIALY

3 1
yn _(1—'_ Eﬂj yn—]_ + E/’lyn—Z = O '
BianoBigHe XapaKTepUCTUYHE PIBHSHHS
3 1
g(a)=9 —(1+—,ujq+—ﬂ:0
2 2
Mae JIBa A1MCHI KOPEH1, OCKUIbKH JUCKPUMIHAHT

3 Y 3 1) 8
D=1+— —2u=|—u+-| +—>0V R.
[ 2“) # (2” 3) g = HT

&

v
Q

KN-S._-__-____---

A

Puc. 13.2

Axmo x>0, To G1IBIINHN 3 KOPEHIB XapaKTEPUCTUIHOTO PIBHIHHS

1 3 9 , . )
g= E 1+ E,u + Z,u + u+1|>1 it yMOBa KOpEHIB HE BUKOHYETHCS.

Host 11 =0 xopent 11 0. Axmo xx 4 <0, To KOpeHi MarOTh Pi3HI 3HAKH,
i |q|$1 TOJI 1 TIIBKH TOJMi, KOJHU g(—l)ZO i g(l)ZO (puc. 13.2).
3Bigcu Maemo cucteMy HepiBHocted w+1>0, x4 <0. TobTto Ha
HiACHIA npsMiii R cTidikicTh mocsraerbess Ha mnpomikky [—1,0].
Haramgaem, mo ansa ssBHux MetonaiB Eitnepa 1 Pynre—KyrTu npyroro
HOPSAKY MUpIa ooiacTk cTifikocTi Ha R 1 cxiramae [-2,0].
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MoxHa TakoXx MokasaTu, o Bci PC Anamca (sBHI ¥ HEsIBHI)
MOpsJIKY P >3 yMOBHO cTiiiki [75, 84]. ObnacTi CTIMKOCTI SIBHUX 1
HesBHuX PC Apamca mopsiaky 2-6 mokaszani Ha puc. 13.2 1 13.3
BiamoBigHo [75].

Puc. 13.4. OGnacTi CTIHKOCTI HESIBHUX PI3HHUIICBUX CXeM Amamca

ITopiBHsSIHHS oOOJjlacTel CTIMKOCTI SIBHUX 1 HESBHUX METO/IIB
Anamca Ta siBHUX MeToJiB Pynre—KyTTu Ha milicHIN OCi HaBeAEHO B
tabmn. 13.4.

Ta6auusa 13.4
O6mnacri criiikocTi HA R 6araToKpOKOBUX METOIB

Hopsinok PC 1 2 3 4
SIBHi MmeTonM Anmamca [-2,0] [-1,0] [-6/11,0] [-3/10,0]
Hesiui MmeTonn Anamca (~o0,0] (~o0,0] [-6,0] [-49/11, 0]
Metoau Pynre-Kyrtu [-2,0] [-2,0] [-2.5], 0] [-2.78, 0]

Haramaemo, mo mist siBHOro 1 HesiBHOro MetojiB Eiinepa
obnactsimu cTiikocTi Ha R € iHTepBanu [—2, 0] 1 (—oo, 0] BiAMOBIIHO
(puc. 13.3). Sk BumimBae 3 Tabn. 13.5, 31 3poCcTaHHSIM MOPSIAKY 00-
JacTh CTIMKOCTI METOAIB AJlamMca 3BYXKY€ThbCS, a METOAIB PyHre—
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Kyt posmmproerscs. SAkmo p =4, To 00jJacTh CTIMKOCTI HIKUPIIA B

Metoai PK4, Hi>k B HEIBHOMY METOJII AjJlaMca TOro K MOPSJIKY 1 HOro
JOBXKWHA B 9 pasiB MepeBUIIY€ BIAMOBIIHE 3HAYCHHS ISl SIBHOTO
Merony Anamca.

Ipukaaau po3B’si3yBaHHS THIIOBHUX 32124

3apaua 1. B sBHOMY MeToq1 [ITepmepa aApyroro nopsiAKy ojepxaTu
(opMyity U1st 0OUHCIIEHHS Y, 31 30€pEKEHHAM IPYroro MopsaKy.

Po3p’si3yBanns. BubepeMo 3HaueHHs ¥ Tak, 1100 MoxuOKa anpok-
cumargii  moximmoi (Y, —VY,)/h="f(t,y,)+» Oyna O(hz) npu
h— 0. Hexait ueC® [to, t, }, posknasim U, =U, (t, +h) 3a dopmy-
noto Telinopa B Toumi t, oxepxkumo y = hf (to, U, ) / 2. 3BigKu MaeMo
Y, =Uy + +huy (1+h)/2.

3agaua 2. [loOyayBaTu TpUTOYKOBHI MeTO ] po3B’s3yBanHs Komi 13
BukopuctanasiM K® Cimrcona
Po3p’si3yBanHs. [HTerpytoun piBHsHHA (13.1) y mexax Bix t | 10

t . OIepXKUMO

n+l

1 1
%(um —U,;) == | F(tu(t))dt.

2h
3acTocyemo y npasiii yactuH1 popmysu CiMIIcOHa

tn—l

n+l

1 1
Eﬁjfﬁya»m=€ﬁwﬁ4n+nyﬂxwy
VY nipcymky oaepxxkumo PC yeTBepTOro nopsiiky anpokcumariii

1 1
%(ynﬂ o yn—l) :g( fn+1 +4fn + fn—1)+o(h2)1 n 21121---

3anaua 3. IloOyayBatu aBHy 1 HesiBHY PC Afamca TpeTboro nopsiaKy
ta 3HauTH ix ['CIIL.

Po3p’si3yBanns. Koediuientu nesasuoi PC 3naxoastecs 31 CJIAP
b, +b +b, =1,

b +2b,= %)
b, +4b, = 17,
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1 HaOyBatoTh BUTISAAY b, = %2 b, = %2, b, =-— %2 1 a1 3HaXO-

YKEHHS Y, MA€EMO PIBHSIHHS
h —
= +—(GBf +8f —f ), n=2N.
yn yn—l 12 ( n n-1 n—2)

st koedillieHTIB SBHOTO METOAY AJamMca TPEThOTO MOPSAKY
(p = m=23) maemo Taky CJIAP

b +b, +b, =1,

b, +2b, + 30, = %

b, +4b, +9b, = 14
3BiJIKM 3HAXOIUMO b, = 2%2, b, = —1%2, b, = %2. HabnwxeHe 3Ha-

YEHHSI PO3B 3Ky TMOYATKOBOI 3ajadi OOYHCIIOETHCA 3a 3 SBHOIO
dbopmyoro

y =Yy . +%(23 f —16f +5f ), n=2N.

3anaua 4. 3HaiiTu o6sacTh cTikKoCTI cumeTpudHoi PC.
Po3p’sizyBanns. Cumerpuuna PC (HesBHa PC Anamca nopsiaky 2)
IU1sl pIBHSIHHS (22) HaOyBae BUTIISIAY

yn = yn—l+ﬂ(yn + yn_]_)/21 n 21,2,...

b

BianoBigHe pi3HUIIEBE PIBHSHHS: q:(1+§j/(l—§). PC criiika,

3B1JICH OACPKHUMO

Ko |g <1. V poMy BUmaaky |yn| < |yn_1|, n=12,... Omxe. g u
Ma€eEMO HEPIBHICTb ‘1+ O.5,u‘ 3‘1—0.5;4. Po3B’s13K0M 11i€1 HEPIBHOCTI
y KOMIUIeKCHIM obnacti C  ciayXuTh JiBa  MiBIUION[MHA
s=Reu=hReA<0, sk i g nesBHoro Mmerony Eiinepa.
3agaua 5. JlochiauTu ctiiikicts siBHOI PC Anamca nopsnaky 3.
Po3p’sisyBanns. Ilincrasusum f, =ay, y PC Amamca, ogepxumo
PI3HULIEBE PIBHSIHHS

12 Yo — (12 + 23:”) Yna _16/uyn—2 + Sluyn—s =0.

BianoBigHe XapakTEepUCTUYHE PIBHSHHS Ma€ BUTIIS
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9(q)=12q° - (12+23u)q* —16,uq+5u=0.
Hexaii (, (, i 0, - KOpPEHI XapaKTEpUCTUYHOTO pIBHSHHI.
Ockuibku 0,0,0, =54 <0, TO icHye Xo4a O OAMH BiJA’€MHUN KODIiHb.
Slkmo 12+ 23>0, T106TO >-12/23, TO YHMCIO 3HAKO3MIH B

cucteMi koedilieHTiB AopiBHIoe 2. Ha minctaBi Teopemu [ekapra
icHye 2 jgojaTtHl KopeHiB abo Hemae koaHoro. OCKiIbKHU

9(0)=-0,0,0, =51 >0 € ozHa 3HaKo3MiHa B cucTeMi KoedilieHTiB
npu 3aMiHl ( Ha —(Q, TOOTO € OJIMH BiJl’ €EMHHI KOPIHb 1 IBA TOJATHUX.
Ile o3Havae, 10 BUKOHYIOTHCS YMOBHU:

q(-1)<0iq(1)=0
a60 #<0 i p>-6/11>-12/23. Takum unHOM Bimpisok [—6/11,0] €

oOactro criiikocti PC.

3agaua 6. Jlocmiautu CTiHKICTh HessBHOI JBOKpokoBoi (M=2) PC
ApnamMca TpeTbOro MopsaKy.
Po3p’si3yBanns. Ha MoeabHOMY piBHSIHHI MaeMO

Y. =Y., +£(5yn +8y,.,—Y.,), N=23,..

BianoBiiHE XapaKTepUCTUYHE PIBHIHHS

5 8 1
M@E@——w}f—@+—u%+—4nﬂ,yeR

12 12 12
YMmoBa KOpeHiB BHUKOHY€TBCA, AKIIO
<0,
m}D=2+%y2Q
g)=-u=>0.

3BigkH oxepkumo, mo 1 €[—6,0].

SAxmo u >0, To ans kBagpatHoro piBHsAHHA ((Q) =0 awuck-
pumiganT D=74°/12+ u+1>0, ToMy KopeHi piBHSHHS IiiicHi.
binpmuii xopias = (1+2u/3+ JD )>1, TOMy yMmMOBa KOpPEHIB HE

BUKOHYeThbCA. OTxke, HesiBHA PC AjnamMca TpeThOro mopsiiky BXKeE €
YMOBHO CTIHKOIO.,
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3aBIaHHA Ta 3aNIUTAHHA JJISI CAMOCTIMHOI po00oTH

1. ITobyayBatu saBHi 1 HessBHI PC AnamMca TpeThoro i 4eTBEpTOro MOPSAIKY Ta
s"aiitu ['CII Ha kporii.

2. [Tooynysatu PC Hictpema npyroro i Tperboro mnopsnaky, 3Haiitu ['CII i
JOCITITATH Ha CTIAKICTD.

3. Uu € cepen sBHuUX OaratokpokoBux PC Buie apyroro mopsiaky A-CTidki
PC? OGrpynTyBaTH BiiMOBIAb.

4. JlocnmiauTu mopsAaok anpokcumariii ta crivikicts PC ltepmepa
2

h
y§+1 - 2yn + yn—l :E( f (tn+l’ yn+l)+10f (tn’ yn)+ f (tn—l’ yn—l)) )

5. Uu € A-criiikumu siBHa 1 HesiBHA PC Aamca Tpetboro nopsiaky? Skio Hi, To
3HaWTH 00/1aCTh CTIMKOCTI Ha IIMCHIM OCI.
6. 3’sacyBaTH, yu anpoKCUMYIOTh nudepeniianbue piBHsHHS (13.1) Taki PC:

1)y, -y, ,=3nf ,;
2) ¥, —3Y,, +2Y,,=3h(f+f.);
3)3y,—4y,,+V,,=3nf.
7. Ins mudepentianpaoro piBHsHHS U = f (t, u) noOyaysatu PC
(Yo —VYao)/2h=a,f +af  +a,f,,

3 HAUBUIIUM TOPSIKOM arpOKCHUMAILi.

8. st 3amaui U+ 4u =sint, u(0) =—-1/17 nobyaysartu tputoukoBy PC mpyroro

MOPSTIKY.
9. 3a gomomororo sBHOi PC Amamca Apyroro i TpeTbOTo MOPSIAKY 3HANUTH YHC-
JIOBUH po3B’s130K Mozeni eminemMiin Kepmaka—Makenapuka

S=-SI, [=SI-1,R=1I
10. Ha Bigpi3ky [0, 20] 3 kpokoM h=0.01 i mMOYaTKOBUMH yMOBaMH
S (O) =49, | (O) =0.1, S (O) =0. latu iHTEpIIpETAIliIO0 PE3YNIHTATIB.
11. Jocaiautu Ha criiikicts PC IlITepmepa nqpyroro mopsaxy.
12. Ha nivicHiit mpsMiii 3HalTH 001acTh cTiiikocTi PC:

1) 5y, +3y., -3y, ,=2h(f, +f )
2) 6y +4y ,—4y ,=h(f +5f )
3) 3y, +5Yy,, -5y, ,=h@f +f ,);
4) 2y, +6y,,—6y, ,=2h2f +f ,);
5) y,+6y. ,—-6y,,=2h(f +3f ).
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13. HoBectu criiikictb PC, siki BUKOPUCTOBYIOTBCS ISl PO3B’SI3yBaHHS 3ajadl
Komi U+au=¢(t),t>0,u(0)=u,, Ta 3Haiitu ctamy C, sika BXOAUTH Y

| = (Y| max|ez,)).

BusHadenss criikocti ||y, | < C| ||, ze |y.|=max]|y,|, | f.
n

Y, = Uy, 1 Takux PC:
1) (You—Ya)/h+ay,=¢,n=01..;
2) Yo —Yo)/h+ay,,=¢,n=01..;
3) (You— Vo) h+a(y,,+Y.,)/2=0(t,+h/2),n=01,..
14. Jlocniguti mopsmok ampokcumarnii Ta criiikocti PC, siKi anmpoKCHMYIOTH
piBHsHHA (13.1):

1) Y=Yz _ ¢ (PC Minmna) ;

2h
2) 3yn _4yn71 + Yoo =f;
2h
3) _3yn72 + 4yn71 —Yn — fn—2 .
2h

15. Tocmiautu PC Ha cTiMikicTh 3a JlaabkBiCTOM:
1) y.,,=5y,,—4y,+h(4f +2f .);

2) (merox Koyemnia yeTBepTOro nmopsiaxy)
Y=Yt % (_ fn+2 +13 fn+l +13 fn B fn—l)'

16. 3HaiiTi MOPSAOK ampoKCUMAIlli Ta JOCHIIUTA TOYHICTh 1 CTIMKICTh METOMY
['rona

h
y”+1 - y” +E|:f (tn’ yn)+ f (tn+1’ yn +hf (tn'yn))]'

17. JIns HaBeneHHUX PI3HULEBUX aNpoKCUMALIN TudepeHI1aTbHOr0 pPIBHSHHSA
U= f(t,u) 3HaliTH NOXWOKY ampokcumarii Ta i1 MOPSAOK, ITOCTIAWTH

ctikicTh PC:
1) Bupy =, +U,,)/6h=(f, +2f, —f,,)/2;
2) (Upyg —U, ) /3n=(f + 1 ,)/2
3) (u,,, +4u, —5u, )/6h=2f +f ,)/3.
18. MaremaTiuHa MOZENb POCTY ITyXJIMHH MA€ BUIIISI]L
d_R:_ﬁ_'_ 24v - ’R(O):a,
dt 3 LR+J(uR) +4v

ne R(t) —paxmiyc myxiuHH, sSKa BBaXKae€ThCs CPEPUUHOIO, S — CMEPTHICTh

KJIITUH B SJpl MyXJUHU, S —PpiBEHb MOXKUBHUX PEUYOBHH, a 4 1 A — CKaJsip-
Hi mapametrpu. I[lpumyckaroun, mo S =0.90, v=0.05, a=0.25 a
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19.

20.

21.

22,

23.

24.

25,

u=A=1, 3HanTH pamiyc myximHa, Koo t=2. 3actocyBatu siBHy PC
Anamca nopsiaky 2.

3anucaru HesiBHY PC AnamMca nopsiaky 2 st mojeni JlopeHia (IUB. 3a1aqy
6 posminy 12), ckmactu mporpamy ii peamizarmii Ha Bigpizky [0, 20] 3
kpokoM citku h=0.01 ta 3HayeHusmu koedimientis o =10, r =28, b=8/3
1 mouarkoBumu 3HadeHHsMH X(0) =3.05, y(0)=1.58, z(0)-15.32. IIpoa-
Hani3yBatu (pa30BUii MOPTPET AUHAMIUHOI cuctemu (puc. 13.5).

Puc. 135

[ToOyayBaTH 1BOKPOKOBHI METOJ BUTIIALY
Ynt&Ynat&Yn o = h(bO fn—l + bl fn—Z)’
AKUU Ma€ nopsaaok 2. JlocmiauTi Moro CTIMKICTb.
3HalTU rOJIOBHY CKJIaJIOBY MOXUOKH alpOKCUMAIlii Ta TOCIIIUTH Ha
CTIHKICTh PI3HUIIEBOT CXEMHU
Yn ~Yno — 1:n +4fn—1 + fn—2
2h 6 '

Jocmautu Ha criiikicts PC

e—ymh— Iy (1-0) " Im1 _hyn—l =1, 0<(00).

[Toka3zatu, 1110 HEOOX1THOKO 1 IOCTATHHOIO YMOBOIO allpoOKCUMAIlii
nudepentianbHoro piHsHHSA (13.1) pizauieBoro cxemoro (13.2) €
BUKOHAHHS PIBHOCTEH

m m m
Ya,=0, Y, =-1 >b =0
v=0 v=0 v=0

MaTeMaTHYHOI0 MOJIEJUTIO PaII0aKTUBHOTO PO3MAy € PIBHSIHHS
u =—ku,
ne crana K 3anexuTs Bij mepiomy HamiBpo3naay At i gopisaioe (In2)/At.

st enemenTa panii At=1600 poxkiB. ¥Y3sBim 3a ogunuito yacy 100 poxis,
00YHCIUTH HAOIMKEHUH po3B 130K Ha poMikKy [0,100] sBHUM 1 HESIBHUM

MeTogaMu AjaMca APyroro HOpSAKY 3 PI3HUMH KPOKaMH Ta IMOPIBHATH
oJicpKaHi pe3yabTaTH 3 TOYHUM PO3B’si3koM U(t) =exp(—kt), mms sxoro

u(0) =1.
[MpoimoctpyBatu Metoa mnpeaukTop-kopekrop (13.9), (13.10) 3 kpokammu
h=01 i h=0.01 mms 3amaui U=2t1+u?),te[0,1];u(0)=0. Tounuit
pO3B’s130K 3amaui U(t) =tg(t?).
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Po3aia 14. UuciaoBi MeToau po3B’A3yBaHHS
KOPCTKHUX CHCTeM Ju(epeHUiaTIbHUX
PiBHSIHb

[Ipukimann Ta TOHATTSA JKOPCTKUX CHUCTEM AudEpeHIialbHUX PIBHAHL. A Ta
A(a) -criiikicte PC. Yucto HesBHI pi3HuIeBl cxemu. HesiBHI Metonu PyHre—

Kyrtn, ix peamizamis Tta cridkicte. OTrnsg IHIIMX METOAIB YHUCIOBOTO
PO3B’sI3yBaHHS JKOPCTKUX CHCTEM.

Jlitepatypa [57, 59, 65, 73,75, 76, 94]
Enexrponni mxepena [102, 103, 105, 107]

14.1. Ilpukaaau KOPCTKUX CUCTEM

TepMmin «wkopctki piBHsHH» (Stiff equations) BeeaeHuit y 1952 p.
Kyprticom i Fipm(benbz[epOMl. Taki 3aa4i BUHUKAIOTh Y PI3HOMAHIT-
HUX MPUKIAJHUX Tady3dX, 30KpeMa IpU MOJEIIOBAaHHI KIHETHKHU
XIMIYHMX pEaKIliid, pPO3paxyHKy €JIEKTPOHHUX CXEM W EJIECKTPUUYHHUX
MepexK, y 010JI0T1i Ta €KOHOMILI1, MOJIEJIFOBAHHI IMYHHUX MPOILIECIB Ta
1H. Y Teopii HENHIMHUX KONUBaHb [62] )kopcTkumu € cuctemu 3P
BUTJISATY

da_x( 2, 0). d(p w(r)

dr

1€ & — BEKTOp aMILTITYJHUX, & () — (1)a3OBI/IX 3MIHHMX, @(7) — BEKTOp

+Y(z, a, @),

4acToT, & — MaJIui JOAATHUN IapameTp.
Hpuxaang 14.1. Enexrpuune kono Ha puc. 14.1 onucyerscs cuc-
TEMOIO JIHIMHUX TU(epeHIliaIbHUX PIBHAHb
_ R1+R u, e(t) U= u u,

' RRC RC Rp * RC, RC,’

1" 271

ne u,(t), u,(t) — 3nauenns Hanpyru. Hexaii R =1 kOM, R, =3 MOwM,
C,=C,=1 mMx®, e(t) =1 B. Ilpu Takux 3HaYCHHIX MapaMeTPiB Oiep-
KYETHCSI CUCTEMA JIIHIMHUX TU(epeHIllaIbHUX PIBHIAHb

u, = —1001u, +u, +1000,
u,=u, —u.,.

! Curtiss C.F., Hirschfelder J.O. Integration of stiff equations // Proc. of the National
Academy of Sciences of U.S.—1952, vol. 38. — P. 235-243.
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(’9 E(t) Uy ,T\:_

Puc. 14.1. Cxema nagirora

Bumachi 3Hagenns A, =-501++/250001 ~ -0.9890 i A4, =-501—

—250001 ~ —1001.0010 marpurii OZHOPIAHOI CHCTEMH € PO3B’sI3Ka-
MU aJIre0paiyHoOro piBHSIHHS

—1000- 4 1
1 -1-1

Po3B’s30K cucreMud DIBHSHB 13 nDoyarkoBumMu vymoBamu U, (0) =
1

=U,(0) =0 mae Burmsn
— - A A A
u,(t) = AU=4) e + Ad=4) e’ +Lu(t)=—2—e"+——e* +1.
A=A, A, —A A=A, A, —A
OTxe, BJIacHI 3HAYCHHS MATPHIll BiA’€MHI, iX BIJIHOIICHHS
A, /2, =1002.003 mocuTh BeIHMKE YHCIO, a IMBHAKOCTI CITaJaHHs

KOMIIOHEHT PO3B’SI3KY 3HAYHO BIJPI3HAIOTHCS.
Hpuxaan 14.2. BizoMum IpuKIIagoM >KOPCTKOI CHCTEMH € HEi-
HiliHAa MOJIEJIb XIMIYHOT KIHETHKH [65]
u, =10*u,u, —0.04u,,
u, = -0.04u, —10*u,u, —3-10"uz,
u, =3-10"uz,
u,(0)=1 u,(0)=u,(0)=0.
Martpuis Sko0i cucteMu piBHSIHb Ma€ OJJHE HYJILOBE BJIACHE 3HAUYECH-
Ha (ockimpkm U () +u,(t)+u,(t) =1,t>0) i aBa gificHUX Bix’ €MHHX
BJIACHMX 3HAYEHHS, BIJHOIIEHHSI SIKUX 3MIHIOIOTHCA B3JOBXK IHTET-
panbHoi kpuBoi Bix O(10*) no O(10°).
VY nitepaTypi € pi3Hi O3HAYEHHS KOPCTKOCTI [57, 65, 73, 76]. Lle

SBUIIE TOJIATA€ B TOMY, 10 PO3B 30K CUCTEMH 3MIHIOETHCS TTOBIIb-
HO, aJi€ ICHYIOTh IIBHJKO 3racarodi KOMHOHEHTH. HasBHICTb Takux
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KOMITOHEHT MPUBOJUTH 0 TOTO, IO OJIEP>KATH YMCIOBHUI PO3B’SI30K
CTAaHJAPTHUMHU SIBHUMU METOJIaMHU YHCJIOBOTO 1HTerpyBaHHs 3JIP He
BJIAETHCS YE€pPE3 CYTTEBE 3MEHIIEHHS KPOKY CITKHU. Po3risHeMo Iie
TaKUM MOJEIbHUNA PUKIIAT

u=-u-+e¢ U =-U1g,

ne ¢ — manuit mapametp, 0 < & <<1, mouarkosi ymoBu U,(0) =u,(0) =

=1. Po3B’s3kom 3amadi € pyHKIIT
t t

ut)=e'+le'-e*|/(l-¢g),u,(t)=e .

Komnonenra U, (t) npu manomy & >0 MBHUAKO clafae 31 3pOCTaHHAM
t, 1 moBemiHKa PO3B’SA3KY CUCTEMH BU3HAYAETHCS KOMIIOHEHTOIO U, (£).
IIpu 3acrocyBaHHI SBHOrO Meromy Einepa criiikicTe aust U,

J0cATaeTbes U1 Kpoky citkm h<2g. Jlns mepmioi KOMIICHEHTH
h <2, mo npakTU4YHO HE OOMEXKye KPOK. 3ayBaKUMO, IO JIJIS CHC-
TeMH PiBHSIHBL U = AU 3 MaTpHUIICIO

-1 -1
A=| - C |
0 —-¢

BiacHi 3HauenHs A =-1, 1, =—&, npudomy A,/4, >1/&>1.

14.2. IIoHATTH KOPCTKOI CUCTEMU

PosristHeMo criouaTtky cuctemy O JiHIHHUX PiBHSHB 31 CTAIUMA
Koe(iIlEHTaMU
u=Au, (14.1)
T .
ne A — matpuus nopsaky d, u=[u,...,u,] . [To3Haunmo BracHi 3Ha-
yeHHs Martpuui A uepe3 A,,...,A;, BOHH € KOPEHSIMH alreOpaiqHoro
PIBHSIHHS

det(A—Al)=0.
Osnauvennst 14.1. Cucmema oOugpepenyianvnux pieusme (14.1)
HA3UBAEMbCS HCOPCMKOIO, AKUIO.

1) Re(4,)<0,v=1d;
max(—ReA4,)
|4
min(—Re 4,)
14
Ockinpku TYT QIrypy€e€ MOHATTA “IOCUTH BEIUKE YHUCIO~, TO U
MOHATTS JKOPCTKOCTI 4iTKO He Bu3HadeHo. Y. I'ip Big3Hauam: “Xoua

2) uucno srcopcmrocmi y = documas 8enuxe.
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3araJIbHOMPHUIHATO TOBOPUTH TIPO ‘“KOPCTKICTh AMdepeHIriaIbHuX
PIBHSIHB, ajie¢ PIBHAHHS camMoO IO co01 He € KOpPCTKUM. JKOpCTKOIO
MOe OyTH KOHKpeTHa 3aaada Ko ajis 1boro piBHSHHS, IPHYOMY B
MeBHUX 00JACTIX, PO3MIPH SIKMX 3aJIeKaTh BIJl MOYATKOBUX JIaHUX 1
JTOTYCTUMHX MOXHUOOK™.

SIkmio cuctema (14.1) neaBronomua, T06to A= A(t), To i BiacHi

3HayeHHs A, =A (), TOMy BBOAWTBCA TOHATTA >KOPCTKOCTI Ha
gacoBoMy Biapi3ky [0,T]. Hexait
max|Re 4, (t)
2(t)=— -
min |Re 2, (t)
O3navennsn 14.2. Cucmema  niniunux  pisusne  (14.2)
Hazusaemucs ocopcmoro Ha [0, T], axwo npu ecix t €[0, T]
Re A (t)<0, v=14d,

i yucno Max y (t) oocumo senuxe.
t€f0,T]

(14.2)

YBeaeMo NOHATTS KOPCTKOCTI Ha BUIAI0OK HEITHINHOT CUCTEMU
u=F(t u),t>0, (14.3)
ne Bektop-¢yskmis F(t, u) = (F(t, u),...,F (t,u))’ Bu3HaueHa Ha
muoxuni [0, T]x D, D = R® i gBiui HenepepsHOo audepeHiiioBHa 3a
3MIHHUMHU U, ...,U, . 3adikcyeMo aedxuil po3’si30k U =U, (t) cucremu
(14.3), a pizaumo z(t) =u(t) —u, (t) posrmsimaTimMeMo sk 30ypeHHS
pos3B’sasky U, (t). Tomi 2(t) =u(t)—u,(t) = F(t,u,+2z)—F(,u,). 3a

dbopmynoro Teitnnopa
4. oF —
F(tu,+2)-F(tuy)=> 6uv (t,uy(t))z, (t)+o(z[), v=1d.
k=1 k
[Mpunyctumo, mo Hopma 30ypenns z(t) mocuts mama Ha [0, T].

BinkuHyBIIINM BEIUYUHY O(HZH), ms Z(t) omepKUMO JiHIAHY CHCTEMY

PIBHSIHB BULJISLY
F
1= ADZ AW =5 AU, 0). (14.4)

JUIsl OTTUCY KOPCTKOCTI SIKOi MOKHA 3aCTOCYBAaTH O3Ha4YeHHA 14.2.
Osnauenns 14.3. Cucmema (14.3) nHazusaemuvcs H#copcmkoo Ha
pose’szky Uy (t)npu t €[0,T], axwo:
1) ons enacnux 3nauenv mampuyi A(t)

ReZ (t)<0, v=1d;te[0,T];
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2)uucio max y(t) docums senuxe, oe y(t) eusnauene 32iono 3
te[0,T]

Gopmynoro (14.2).
Ipuxnan 14.3. Po3risiHeEMO cucTeMy piBHSIHb
U, =uu, —e'u,
u,=u, —e'u,, te[0,T],
sika Ma€ po3B’A30k U, = U, = 0. Marpuns Ako01

oF |u,—¢€ u,
ou -1  2u,—e'|
Jlig po3B’sa3ky U, =U, =0 maemo:

—e' 0
A(t) :=M o ={ _el —et}

ou

Brnacui 3nHauenns wmarpumi  A(t) rtaki:  A(t)=-e" <0,
A,(t) == —e' <0. Yucno sxopcrkocti y(t) = A, (t)/ A, (t) =€* i na Bix-
pisky [0, T] omepxkumo max y(t) =e*. Orxke, Ha [0,1] cucrema He

te[0,T]

KopcTka, ockiabku ¥(1) = 6.3. Sxmo T =2, o y(2) #38.7 1 uucno
*)opcTrocTi 3poctae. Ha Bimpisky [0,1] cucrema >xopcTka, OCKUIBKH

gHCII0 KOpeTKOCTi y(2) = 4.85%10° >1.

14.3. CneuiajJbHi 03HAYeHHA CTIHKOCTI

Yeci sai PC ymoBHO criiiki [65]. HesBra PC Eiinepa (12.7) —
npukian adcomotHo criikoi PC 3 oOmactio cTiKOCTI Ha puc. 12.5,

sika MIcTUTH JiBY miBmiomuny C- ={1:Re A < 0}.
Po3B’s130k U =0 audepeHiianbHOro piBHIHHS
u=Au, A eC, (14.5)
ACUMIITOTUYHO CTIMKUH, ko A€ C (puc. 14.2), ToOTO OyAb-sSKUii
inmmii po3s’s3ok U(t) =u,e™ —0 mpu t —o0. JlouineHo 30epertu
TaKy BJIAacTUBICTH 1 7151 PC, siki anpokcumytoTh piBHsHHS (14.5).

Posrnstnemo 6aratokpokoBy PC (13.2), sika aiist piBHsiHHA (14.5)
HaOyBa€ BUTIISTY

> (@ b)Yy, =0, u=sn (14.6)
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Axmo knacudikyBaTU CTIAKICTh 32 BUTJIAIOM 11 007acCTi, TO MO
aHayioriero 3 oOyactio criikocti piBHsHHA (14.5) mpuxomumo 10
TaKOr0 O3HAYECHHS.

Osnauenna 14.4. (Janksict, [90]). PC, obnacme cmitikocmi

sakoi micmums nieniowuny Ah e C™, nazueaemocs A-cmitikoro.

Im A

Re A

Puc. 14.2. O6nacts ctitikocti piBHSIHHSA (14.5)

IMpuknagamu A-ctitikux PC € HesBHa cxema Einepa (12.7) i
cumerpuuna PC (12.8). Jloseneno [65, 76], mo cepen sBaux (b, =0)
oaratokpokoBux PC Burisimy (14.5) nemae A-criiikux. bimbie Toro,
HaWBUIUH TOPSAIOK HesABHOI A-cTifikoi pi3HmmeBoi cxemu (14.5)
JIOPIBHIOE 2.

Teopema 14.1 (Janksict, [90, 91]). byov-axuti A-cmitixuii
Oazamoxkpokosuti memood Mae nopsadok P<2. Axwo nopsaoox
00pisHIOE 2, mo cmana noxubku 3a0060vHsc nepieuicmo C<—1/12,
Hesisnuii memoo Aoamca nopsoky 2 (npasuno mpaneyii) — eOunuii A-
CMIUKUL Memo0 0py2020 NOPSOK) I3 MAKOW CMAaniow 8 NOXuoyi. u

Ockinpku knac A-ctidikux PC gocuTh By3bKHM, TO BBEIECHO
MOHSTTS CTIHKOCTI 3 HEOOMEeXeHOr0, aie Byk4or 3a C (puc. 14.3),
00J1acTIO CTIMKOCTI.

Osnavennss 14.6. (O.B. Bimnyun’). PC nasusacmvcs A(@)-

CMIlKOW, AKWO cekmop S ={,u:‘arg(—,u)‘ <a, 0<a< %} Micmumao-

cA 8 11 obnacmi cmiukocmi.

2Widlund O.B. A note on unconditionally stable linear multistep methods // BIT. — 1967, vol.
7.—P. 65-70.
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Puc. 14.3. O6nacts A(e)-cTiHKOCTI

T - -

SIKIo o = > to PC A-criiika. Jlo xnacy A(«)-crilikux Hane-
*atb uyncTo HesiBHI pi3HuleBl cxemu (HHPC), yBeneni Kropticom i
Xipmdensaepom y 1952 p.). Cepen niniiinux sBHux (b, =0) Oara-
TOKPOKOBHX MeTofiB Burismy (14.5) me icnye sxomnoro A(a)-criii-

koro mertoay. CmpaBai, 13 BianoBigHoro (14.6) xapakTepUCTUYHOIO
PIBHSHHS OJIEP>KUMO

_aq"+aq" +..+a,
bg" +b,g"? +...+b_

[IpaBa yacTMHa PIBHOCTI 3pOCTA€ JIIHIKHHO 31 3POCTAHHSIM |q

, SKIIO
b #0 aGo cremiup |g| Bumwmi, sxkmo b =0. Tomy s ZOCHTH
BEJIUKOTO | ,u| 3HaneThes Take (, mo Req <0 1 |q| >1. OTxe, ymoBa
KOopeHiB He BHUKOHYeThcst 1 PC  A-criiikoro He Oyxe. IlomiOnHo
JTOBOJMTHCS, IO He icHye sBHUX A(a)-cTilikux PC.

Kpim A 1 A(a), nnsa vessaux PC BBemeno me mousatts L, G i

S -ctitikocTi [65] Ta iH. 30Kpema, 00JIacTh CTIHKOCTI ocopcmKko cmiti-
koi HesBHOI PC nokasana Ha puc. 14.4, ne obmacti §; 1S, BuU3Ha-
JarThCs yMoBamu [94]:

S,={u:—a<Reu<h, ||m,u|£d}, S, ={u:Reu<-a}.
SIKImo MeToJ KopcTKo cTiiikuii, To BiH A(Q)-cTilikuii, ane He HaB-
TaKH.
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Rep

Puc. 14.4. OGnacTb )KOpCTKO CTiiiKkoi HesiBHOT PC

14.4. YucTo HesABHI pi3HUIIEBI cCXeMH

Cepen 0araToKpoKOBHUX METO[IIB, SIKI MalTh IIUPIITY 00JacTh
CTIAKOCTI, HIXXK MeTOIU AJlaMca, JJIs1 YUCIOBOTO PO3B’sI3yBaHHS KOpC-
TKAX CHUCTEM 3aCTOCOBYIOTHCH yHPC? [59]. Hdnsa nudepeniianbHUX
PIBHSIHB

u=f(t,u) (14.7)
YHPC naOyBaroTh BUTJIALY

1
E(aoyn+a1yn—1+"'+amyn—m)_ f(tn’yn)l (148)

8, #0,n=mm+1,...
Ha Biaminy Big PC (13.2), na3zpa “UHPC” nosicHIO€TbCSI TUM, 11O B
npasiii yactuni (14.8) mictutbes Tinbku 3HadenHs f(t,,y,) 3 HeBi-

nomuMm 3HadeHHsAM Y,. PC (14.8) 3py4HO 3ammucatu e B TakoMy
BUTJIAII

y, = Zavyn_v +hpft (14.9)
v=l

ne o, =-a,/ a,, ,le/_ao.

3 Taki cXxeMH Ha3UBAIOTH 1IC dopmynamu audepenuiroBanns Hazan (OIH- ao BDF-
MeToaaMu), Hanpukiaan y [75] . ¥V mawiii poboty BukopucroByemo Hazsy YHPC [59].
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Cim’s A(a) —criiikux YHPC (14.8) nasusaersca PC Iipa [57,

656]. Taxi PC matoth nopsiiok 1—6, koedilieHTH HaBEJICH] B TOJATKY
I, Tabn. I'4. YHPC mas m > 7, yxe He OyayTh HaBiTh A(0)-CTiHKHMH.

Teopema 14.2 ([75], Teopema 3.4). Yucmo nesena M-Kkpokosa
PC (14.8) cmivixa npu m <6 i necmitika npu m2>17. o

Koepiuientu a, B (14.8) 3Haxoa4TbCsA 3 YMOBU JOCATHEHHS Haii-
BUILIOTO NOpsAKy anpokcumanii PC. Hexaii U € C™[a,b]. Hincrasus-
mu Y, =7, +U,, ne z,— nokanpHa noxubka PC, onepxumo

@ (2)
Z n—-v :(//n +Wn !

e ! ——%Za u_, +ft,y), w®="=1t,u+z)-f(,u).
v=0

[lincraBuBmm poskian U, y Toundi { 3a ¢dopmynoro Teitnopa y
@ _

(|) m

Zav v )u(p*l)(t —0,vh) j

Bupas " UIg MOXMOKYU alpOKCUMALlii, OEPKUAMO Y/
! (p+1!

——(au +Za Zp:
v=l =0
p_y™

—f(t.,u, )———Za +Z n_(_) 1Zav +u_+0(h?).

PC (14.7) wmictuth m+l Koe(blmeHTlB 2 I Y- I s i S 0 ¢

BU3HAUCHHS CKJaiemMo cuctemMy 3 M+1 piBHadb. Tomi p=m i

o _
¥n

Onepxxumo CI/ICTeMy M +1 piBHSIHB

Za =0, Zavv+1 0, Zav =0, 1=2,m,

v=0
HKy 3aIInuIimcmMoO y BI/II‘J’DII[I

=0(h™), T00TO pisHMueBa cxema (14.8) MaThMe MOpSIOK M.

a,+a+a,+..+a =0
a+2a,+..+ma =-1
a +4a,+..+m’a =0 (14.9)
a+2"a,+..+m"a_ =0.
BusznauHnkoM cucteMu € BU3HaUYHUK Tuily Banaepmonaa. OTxe,

po3B’s30k cuctemu (14.9) icuye 1 equauii. ToOTO JT0BEJIeHA HACTYITHA
Teopema.
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Teopema 14.3. Hexail po36’sa30k ougeperyiaibHo20 piGHAHHS
(14.7) ueC™[a,b]. Tooi uucmo nessna PC (14.8), xoegiyicnmu
skoi susnauaromocs i3 cucmemu (14.10), mae nopsioox p=m.

Axwo p=m+1, mo 3 (31) i eupa3y o5 wr(ll) 00epIACUMO
3HAYEHHS 20JI06HOI CKIAO0B80I NOXUOKU anpoKcumayii

D
(m+1)!(;avv )ulm ey, n
Posrnsnemo npukianu YHPC. [Ins m =1 maemo a, =—-a, =—1,

T00TO HesiBHY PC FEiinepa. SIlkmo m=2, to 3 (14.9) oxepxxumo
CUCTEMY JIIHIHHUX PIBHAHD

a +2a, =-1,
a +4a,=0,
ao = _(a1 + az)'
. 1 3.
3BIJCH 3HAXOUMO A, = E a=-2,a, = 5 1 maemo PC npyroro
MOPSIKY
gyn - 2yn—l + % yn—2 = hf (tn’ yn)’ n = 2131-" (1410)

PizHuiieBl cxemu 3-ro 1 4-ro MOpsiAKiB HAOYBAIOTh BIJIMOBIIHO

BUTJIALY

11 3 1
Eyn _3yn—1 +—- Yoo _éyn—3 = hf (tn’yn)i n=34,..

2
25 4 1
Eyn_4yn—1+3yn—2_§yn—3+zyn—4=hf(tn’yn)'n:4’51"'1
a6o y Burisiai (14.9)
y—ﬂy —Ey +ghf(t y),n=23,...;
n 3 n-1 3 n-2 3 n! Jn/? A R |

18 9 2 6
=—y —Vy +—y +—hf(t,y),n=34,..
yn 11 yn—3 11 yn—2 11 yn—l 11 ( n yn)

VY 1abn. 14.1 HaBeneHO aOCONIOTHI MOXUOKU OOYHUCICHHS PO3B’A3KY
3anaul Ko

u, =-10u,, u,(0) =1,
u, =-0.2u,,u,(0) =1,

METOJIaMH JIPYyTroro nopsaxky: Anmamca, siBHUM PyHre—KyTTtu 1 uncto
HESBHUM MeToJIoM. CHUCTeMy MO)XHA BBaXKAaTH KOPCTKOI, OCKUIbKHU
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(-A4)(=A,) =50. Jlinmi pe3yabTaTh CHOCTEPIrarOThCS sl HESIBHOIO

Metoay Angamca 1 YHPC nopsiaky 2.

Taoaunnga 14.1.

t| SIBHEE MeTOA HesBuuit meTon SIBHUM MeTOx YucTto HEIBHUM
I Anamca Anamca Pynre-Kyrtu METOJ|
1 2 1 2 1 2 1 2
1] 0,088926 | 0,000025 | 0,000444 | 0,000005 | 0,000932 | 0,000011 | 0,000017 | 0,000019
2| 0,088081 | 0,000043 | 0,000000 | 0,000008 | 0,000001 | 0,000018 | 0,000000 | 0,000033

14.5. HesiBui meTtoau Pynre-Kyrrn

14.5.1. HMPK nuxunx nopsiakiB. Meroau nopsiaky 1 1 2 mpocrto
onepxyerbes npu 3actocyBaHHl K®. [3 KO npaBux npsiMOKYTHUKIB
BurinBae HesBHuii Mmeron Eimepa (12.7). Ha migcraBi K® mnenr-
paTbHUX TPSMOKYTHHUKIB OJEPKYEThCS HESABHUM METOH TOPSIKY 2,

SAKUN HA3UBAETHCS NPABULOM CEPEOHBbOI MOUKU

VYpaxysasuiy, mo K, = (y

h h
k,=f(t +—=,y +=k),
1 (n 2 yn 2 l)

yn+1 = yn + hkl

n+1

—-Yy.)/h, ogepxumo

h 1
=y +hf|t +—, =(y, + :
yn+1 yn (n 2 2(yn yn+1)j

I3 K® tpaneniii maemo cumerpuuny PC, T1o06TO HesBHy PC
Anamca nopsaky 2

h
yn+l - yn + E[f (tn’ yn) + f (tn+1’ yn+l)]'

3rigao 3 KO Pano,

t,+h

un+1 _un = j f (t’u(tl))dt ~

N
4

(f(tn,yn)+3f(tn +§h,u(tn +§h)).

(14.11)

(14.12)

2 : .,
HaGnusuBmm  y(t + 3 h) 3 momomoror  IHTEPHOJSIIHHOTO

MHorowieHa EpmiTa, moOy1oBaHOT0 3a 3Ha4Y€HHAMH U ,U 1 U

u(t +§h) ~(5u +4u_ +2hf(t ,u)/9,

OJICPIKUMO HessHUL Memoo Xammepa i Xoninecyopma
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K= F(t.y), kzzf(tn+§h,yn+g(kl+k2)j,

Y. =Y, +2(kl +3k,).

Sx BUIHO 3 onepxkaHUX (POpMYJ, NI 3HAXOMKCHHS PO3B’S3KY MOT-
p1OHO pO3B’sI3aTH HENIHINHE PIBHAHHS.

14.5.2. 3araabHa cxema HMPK. Meron Pynre—Kyrtu 3 S cramgismu
3a1a€ThCs PopMysIaMu BUTTISAY

yn+1 - yn + hzblkl (h)’
i=1

k = f(tn +ch,y. +hiaijki(h)), i=1s. (14.13)

j=1

Axmio a; = O mpu i < |, TO MaeMO SIBHI METOAH. SIKIIIO K a; = 0 mpu
1> ], 1 xoua O omHe a; # 0, to HamiBHesBHI HMPK. Koedimientn
bytuepa HMPK HnaBezneHna B Tabi.14.2.

Taboauus 14.2
Koedimientn HesiBuux metoniB Pynre—Kyrtu

C1 aig dis
C2 da1 dos
Cs ds1 dss

bl coe bs

Koedimientun y dpopmymni (14.13), sk npaBuio, 3a70BOJIbHSIOTH
yMmoBHu [75] ¢, = Zaij, i=1s.
j=1
Teopema 14.4 (bytuep, [75]). Hexati f —nenepepena gpynxyis i

3a0080bHAE YMo8y Jlinwiysa 3a 3minnoro U 3i cmanow L y desaxomy
OKOJIL NOYAMKOBUX YMO8. AKWO BUKOHYEMbCS HEPIBHICTD

h<1/Lmax)|a (14.14)
b

ij"
Mo ICHYE €OUHUU PO38 30K cucmemu pieHsaHb (14.13), axuii modxcHa
3HAUMU imepayittHumM MemoooM. m
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3ayBaXuMoO, IO IS KOPCTKMX cuCTeM cTaima L>1, Tomy
ymoBa (14.14) Haknagae cuiabHe OOMEKCHHS Ha Kpok ciTku. Jleraii
peamzaiii HMPK naBeneno B [76, po3zain 1V.8].
Ckopucrasmuce Gopmynoro Teitnopa st ¢yskuii f(t—z,u, ;)
y toumi (t.,,U..,), MoxHa onepxxatu ¢opmynun HMPK, anamoriuni
SBHUM MeTojaMm [59]. Meron mepiioro mopsaky (HEsIBHHUM METO.
Eiinepa) 1 apyroro nopsiaky
Y = Yo + (K +3K;),

kl - f (tn+1, yn+1)' k2 - f (tn yn+1 - hki)’

ki € A-CTiikuMH, MeToau nopsaaky 3 14 — A(a)-crifiki.

Omxe, y HMPK 3naxomkeHHs Y, ,, 3BOOUTHCS 1O PO3B’A3aHHSA S
HEJTiHIHHUX piBHSAHB BimHOCHO Ki,...,K.. Jma cucremu d piBHSIHB
ofepxkuMo cuctemy SO y 3aranbHOMY BUIIAAKY HETIHIHHUX PiBHSHb.
14.5.3. Meroau Kynumana—byTtuepa. HesBHi MeTonu Haifuacriiie
OynyroThecs 3 BukopuctanusM K® Bucokoro nopsaxky. Meroau KyHii-
MaHa-byruepa rpynryrorscs Ha KO Tayca. 3HaueHHHs Koe]ilieHTIB
C, € mymsamu mojinoma layca—Jlexanmpa (10.23), «3cyHyToro» Ha
Bizpizok [0,1].

Teopema 14.5 (byruep, [76]). S-cmaoditinuit memoo Kynymana—
bymuepa mae nopsaoox 2s i A-cmiuxuu. |

Taoaunsa 14.3

HMPK nopsnky 4

1.3 1 1.3

2 6 4 4 6
1 3 1 3 1
_+_ R — —
6 4 6 4
1 1
2 2

Posrmsinemo npukinanu. Hexait s =1, toni ¢, =1/2=a,, b =1. Oxnep-
’KUMO HESIBHUH MeToII cepeonvoi mouku (14.11).

s s =2 HMPK nopsinky 4 3amaerbes Tadnuiero byraepa [76].
Posrnsnemo mnpukmagu. Hexait s=1, tomi ¢ =1/2=a,, b =1.
OnepXuMo HESIBHUN MeTO1I cepednboi mouku (14.11).

s s =2 HMPK nopsinky 4 3amaerbes Tadnuiero byraepa [76].
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14.5.4. Metoau Papno. llle oquH Ki1ac HEIBHUX METOMIB OJICPKYETHCS
3 K® Pano (R. Radau), sxi xapakTepu3yloThbCsl TUM, 0 KOS(Ili€HT
c,=0 abo c,=1 (oguH i3 By3/1iB MONAJa€ Ha KIHELb IHTEPBAIY
inTerpyBanHs). [lopsanok takux metoniB nopiBHioe 2S—1. Ilpuxnaau
A-cTiiiknx metoaiB Pago mopsaky 3

HaBejieHO B Tabnuili 14.4.

Taoauni 14.4
Metoau Pano nopsiaky 3

0 1 1 1 5 1
4 4 3 12 12

2 1 5 1 3 1

3 4 12 4 4
1 3 1 3
4 4 4 4

14.5.4. Metoau JloGatTo. SIKIIO By3JlaMM € KIHII BIJpI3Ka, TO
OJIEP’)KUMO HEsiBHI MeToau JlobaTTto mopsiaky 2S—2, siki € A-CTiid-
kumu. s nepmoi 3 Tabmvmp Y., =Y, +(k, +3K,) /4, ne

K =T, Yo) Ko = T(t, +h,y, +h(k +k;)/2).

Taoauui 14.5
Mertoau Jlo6arTo mopsaky 2

0
1 1
2

NI -

1
2

AR, O

3
4

14.5.3. JliaronajbHo HesiBHiI MmeToau Pynre—KyTTu. ¥ 3araasHomy
BUNAJKy B Ta0auii koedimientiB HMPK nocuts Majno HysiB, TOMY Ha
KO>KHOMY KpOIll TOTPiOHO pO3B’s3yBaTu cuctemMy SO HETiHIMHUX PiB-
HSIHbB, 110 € TeXHIYHO CKJIaJHOIO 3aaadero. [1o0ygoBa Takux METO/IIB,
3a BHCIOBIIOBAaHHAM P. Aunekcamzgepa’, ©...3aBOJWTb Y HeIiHiHHI

* Alexander R. Diagonally implicit Runge-Kutta methods for stiff ODE. // SIAM J. Numer.
Nnal. - 1977, v.14. - P. 1006-1021.
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anreOpaidHi JUKYHTJI1, IUBLTI3AINIO 1 TOPSIAOK B K1 OyJlIM BHECEHI B
nioHepchKiit npami Jx. bytuepa”. VYV miaroHanbHO HESBHUX METOJAX
Pynre-Kyrru 3nauenns K,K,,...,K, 3Haxonsrecs i3 curemu piBHSIHB

MEHILIOTO TOPSIAKY, HDK Yy 3araJbHOMY BHUIAIAKy. Takumu €
Oiazonanvro Heseni memoou Pynee—Kymmu [21, 65, 76]. S -craniiina
cxema pgiaroHansHoro HMPK noxazana B Ta6n. 14.6. Koeditientu
Takoro A-CTIKOro METOIYy TPETHOTO MOPSAKY, modynaoBaHoro Hrop-
cetom (Nersett S.P.), naBeneni B Tabn. 14.7. Ilpu 1HIIMX 3HAYEHHSX
napameTpa y METOJA Ma€ Apyruil mopsaaok. Tpucramiiauit A-cTilkuii
meron Hriopcera mopsinky 4 HaBeneno B T1abn. b9 pomarky b. 1106
OOUUCIIUTH
You = Yo + (K +Kk,)/2,

MOTP1OHO PO3B’SI3aTH PIBHSIHHS

k,=f(t, +¥hy, +rhk)
1 3HaiTH Ky, 1 111e OZfHE PiBHSHHS

k, = f(t, +7h,y, +(1-2p)hk, + yhk,).

Taboauusa 14.6
Koedimientun niaronanbHo HesBHUX MeTOA1B Pynre—Kyrru

C1 14
) do1 I4
CS asl - y
b, b, b,
Taoauua 14.7
Merton Heopcera TpeThoro mopsaky y = % + g
Y Y 0
Yoo |1-2y /4
1/2 1/2

[Ipuknan L -cTilikoro aiaroHajibHO HESBHOTO METOAY MOpsAKy 4
HaBeJICHO B JoAaTKy 6. OIiHKa TOXHUOKHU

5 N
y, =¥, => (b, b, )k, = (~6k, — 27k, + 25k, +8k.)/32.
v=l
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14.6. Orasaa iHIWIKUX METOAIB PO3B’A3yBaHHS KOPCTKHX

CUCTEM

14.6.1. Ognokpokosi itepauiiini meroan Po3zendpoka. IlepeBaroro
TaKUX HESIBHUX METOJIIB € Te, II[0 Ha KOXKHOMY KpOIIli 3aMICTh Heli-
HIAHOT CUCTEMHU PO3B’SI3Y€ETHCS CUCTEMA JIIHIMHUX pIBHSAHB. Po3rsiHe-
MO aBTOHOMHY cuctemy 3P

u=f(), u=(U,...,uy)".
SIKIIO crcTeMa HeaBTOHOMHA, TOOTO HabyBae Burisimy U= f(t,u), To
BBEZEMO 3MiHHY U, , =t 1 qomyuumo me ogxe piBHsHHS U =1,
Meron Po3enOpaka, MopsaoK TOYHOCTI IKOro 3, Mae Burisg [34]
Y = Yo + 0K + 0K,
(I =d,hd(y )k =hf(y), (14.15)
(1 —hd,J (y, +ck))k, =hf (y, +ck),

ae J(yn):zgf—u(yn)— marpuus Axo6i. ITapamerpu b, Db,,c,c,,d;,d,

BUOMPAIOTHCS TAK, MO0 OJEPkKATH MAKCUMAIIBHO BHUCOKHW MOPSJIOK
TOYHOCTI 1 HA0YBalOTh 3HAYEHBD:

a =1+ ? ~1.408248, a, :1—§ ~5.917517,

b, =-0.413154, b, =1.413154,

_ —6-+/6++/58+206

1 6+2/6

VY upomy meroai Marpuud ko001 0OUMCIIOETHCS TUIBKU OJIMH
pa3. OueBnana noAioHICTH hopmyi (14.15) 3 aBHUM MeTog0M PyHre —
KytTH, ane 3 Tieto pizHuuero, mo K, i K, € po3s’szkamu CJIAP.,

c,=d ~0.173787.

14.6.2. sIeHi PC ®exyim [73]. Kpim miHIHUX 0araTOKpOKOBUX
METO/IIB PO3B’SI3yBaHHS >KOPCTKUX 3aJay, OCTAaHHIM 4acoM pPo3po0-
JICH1 SIBH1 HEJIIHIMHI METOAM, 001aCTh CTIMKOCTI, OJIU3bKY /10 HESIBHUX
MeToiB. OgHUM 13 MIIXOAIB 0 MOOYJ0BU TaKUX METOIIB € aIlpoK-
CHMallisl pO3B’sI3Ky Ha IPOMIKKY [tn, tn+1] BUTJISY

u, (t)= A/[1+i2k1:ait‘j,

ne A i a — nmeski koedimientu. s K =1 maemo rinmepOotiuny anpox-
cuMailito. BiimoBigHuil SBHUN METOJ MEPIIOTO MOPSAKY 3arpONoHO-
BaHu Denynoro
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2

Yn

y —hf ’
O6nacTh CTIMKOCTI I[LOTO METOJY Taka K, K 1 HEIBHOTO METOIy
Eiinepa (puc. 12.).

14.6.3. HesiBui metoam Paxkmtchbkoro [73]. Taki meromm He
BUMararoTb OaraTopa3oBoro odouucieHHs pyHkuii f. Merox npyroro
MOPSIAKY 301ra€eThCsl 3 HEIBHUM METOAOM AJlaMca TaKoToO X MOPSIKY,
a METOJI YETBEPTOTO MOPSIKY MA€ BUTJIS

Yo = n=1..

h u

h +u h
=y +—|f +f +f|t +—, " |——(f —f)]|
yn+1 yn 6 |: n+1 n ( n 2 2 j 8 ( n+1 n):|

14.6.4. SIsumii meroa I'muucbkoro. e npuknag SBHOro HEMHIAHOTO
METOLy Apyroro nopsaky. SAxmo Yy, , #0, To

y =y I 1—L(3fn_1—fn_2)+ L(sfn_l—fn_z) ,(14.16)

2 yn—l 2 yn—l
inaxwe y, =h(3f,_,—f,,)/2.

VY makeri Mathematica [106] nmns po3B’si3yBaHHS >KOPCTKHX
3aJad  MOXKHA BHUKOpHCTaTH craHgaptHuid omeparop NDSolve.
HanamryBanHsd Ha BUKOPHUCTAHHS HESABHUX METOJIB bpaiitoHa 3
aBTOMATUYHOIO 3MIHOIO MOPSJKY METOJY, BiJ MEPIIOro J0 I ATOro, 1
KPOKOM CITKH 3IIHCHIOEThCS 3a gormomMoroto ommii Method — BDF. Y
pa3i BUKOpHUCTaHHS cTaHaapTHoro omneparopa NDSolve mepenbadueno
MOXJIMBICTh aBTOMAaTHUYHOTO TMEPEXOJy BlJ SIBHUX METOAIB Anamca,
MOPSZIOK SKUX BIJ MEPIIOTO J0 JABAHAAISATOrO, IO HESIBHUX METOJIB
Bbpaitftona 10 m’sToro mopsaky i HaBmaku. J[js 1bOro BiAMOBIIHA
nporpamMa aHaji3ye »OPCTKICTh 3ajadl, a MOTIM Ha OCHOBI OIIIHKHU
KOPCTKOCTI BUKOPUCTOBYETHCS SIBHUM YW HESIBHUN METOJ. 3HAUCHHS
KPOKY 1 TOPSIAOK METOAY 3MIHIOETHCS, BUXOJSYM 3 YMOBH 3a0e€3-
MEYEHHSI MOTPIOHOT TOYHOCTI. Pe3ynbTaTh OOYHMCIEHb 31 3MIHHUMU
KPOKOM 1 MOPSJKOM BHUKOPHUCTOBYIOTHCS AJISI MOOYJIOBH 1HTEPIIOJS-
miiiHoro mosiHoma Jlarpanmka abo Epwmira (omeparop Interpo-
latingFuntion) mist moOy10BM BiAMOBITHUX TAOIUIL 3HAYCHB PO3B’S3-
Ky Ta iX rpadikis.

Koedinientn HesBHUX MetoiB Pynre—KyTTu HaBeieHi B 101at-
ky b, YHPC —y nonatky I.
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Ilpukaaam po3B’si3yBaHHSI TUIIOBUX 3a/1a4

3amauya 1. Ha moaensHomy piBHsiHHA (14.5) nocnigutu ctiiikicte PC
I'ipa

3y, -4y, ., +VY,,=2hf (14.15)
Ta Mo0yAyBaTHU 001aCTh CTIMKOCTI.
Po3p’sisyBanns. [iis pisusaus (14.5) PC naOysae Burisny

2 4
(1__lujyn__ynl+ ynz_olu Ah.

3 3
3 XapaKTepUCTUYHOTO PIBHSHHS (l— — yj yo—— y ——=0 maemo
3 2 i
a 2 q" 29’

ITokaxkemo, 1110 rpaHulsl 00JIacTl CTIHKOCTI — 3aMKHEHA JIlHis, a
0o0J1lacTh CTIMKOCTI — 30BHIMHICTG i€l JiHii. Ha rpanum o6macti

o] =1 Tomy g=e™",t[0,27), Tomy
wu(t) = g —2¢" +%e2”, t €[0,27). (14.16)

Ockinbku 1(0) = 1(277) =0, To rpanunst obnacti ['— 3amMKHEHa JiHiS.
3rizHo 3 hopmynoro Eifnepa, e" = cost +isint

u(t) = g —2c0st + %cosZt +(%sin 2t — Zsintji.

Sxmmo 3aminutu t Ha 27 —t, T0 (277 —t)—fi(t), ne u=s—io.
OTtxe, mHis [ cumeTpudHa BITHOCHO A1MCHOI ocl, (7)) =4.

HaiiGinpmioro 3HadyeHHs ysBHa dacTuHa o(t) =sin2t—2sint
nocsirae, npu t=t, koo COSt =1-/3~-0.7, a sin t =v2J/3-1~
~1.2. Tomi s(t)= 4(\/§—1) ~2.9. Bizsememo u=1. Toai KoOpiHb
XapaKTEPUCTUIHOTO PIBHAHHSA ( =2+ J5>1. OTxe, 00J1aCTIO CTiii-

kocti € C\G, G-ob6mactp y mpaBiii HamiBIUIOIIMHI, OOMEKeHa
niniero (14.16), romy PC (14.15) € A-criiikoro.
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9/0 ey
'

Puc. 14.6. O6nacTts critikocti YHPC mopsinky 2

3apauya 2. Jlng UHPC Ttpethoro mopsaky mnoOyayBaTh o00J1acTh
KOPCTKOT CTIHKOCTI.
Po3B’si3yBanHs. ['panuiis 061acTi CTIMKOCTI TOCATAETHCS MPU \q\ =1,
ko q=e", te[0,27), i HabyBae BUIIISALY
uty="23e 1 3en Lo o5 rio)
6 2 3

S(t) = 1—1—3003t +§cos 2t —15033t,
6 2 3

o(t) =-3sin t+gsin 2t —lsin 3t.

Haiimenmie 3mavenns ¢yskmii  o(t) mocsraerbess  mpu
cost=1/12 i popiBaroe —1/12. BinmoBigHe 3HaYeHHS YSIBHOI
JaCTUHU o(t) npu IIbOMY d=3J3/4. OTxe,
a=1/12, b=0, d=33/4 (puc. 14.7).

Reu

Puc. 14.7 ¢
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3aBIaHHA Ta 3aNIUTAHHA JJIS CAMOCTINHOI po00oTH

1. JloecTH, 10 cepes sIBHEX JiHiitHuX Garatokpokosnx PC nemae A(ar)-
CTIMKHUX.
2. Tlokazarw, o YHPC mopsinky 3 € A(a)-crilikoro Ta 3HaiiTi 0671aCTh

3.

4.
S.

10.

11.

CTIMKOCTI, OOy IyBaBIIN T'PAHUIIIO 11i€1 00IaCTi.
U, = 2000u, +1000u, +1,
U, =u, +U,.
Jocaiautu CTiMKicTh HesBHMX MeToaiB Pynre-Kyrtu mopsinky 1 — 4.
[Toxazatu, mo Meroau mopsaky 1 — 2 € A-cridikumu, a 3 1 4 — A(a)—
ctivikumu. [To6yyBaTH 007aCT1 CTIHKOCTI.

Opnepxatu yMOBHU A(a) - criiikocTi YHPC deTrBepTOro mopsjiky TOYHOCTI.

Jlns sikux a, b i ¢ pisHHIIEBa cXemMa

1
H( Yot @, —a&Y, 35— yn—4) = bfn—l + Cfn—z + bfn_3

Mae HaWBUIUHN TOPAIOK arpokcumartii? U BUKOHaAHA yMOBa Q-CTIMKOCTI?

3HaillTH 3HauYeHHS KOE(IIEHTIB y PI3HUIIEBUX cXxemax ['ipa TpeThoro, 4er-

BEPTOTr'O 1 II’SITOr0 NOPSAAKY JUIsl CTAJIOTO KPOKY CITKH.

3anucatu dopmynu HesiBHUX MeToaiB Eitnepa ta HPK2 nmns obuucnenus

HaOJIMKEHOT 0 PO3B’ 3Ky MaTEeMaTUYHOI MOZelll 3iMaHa poOOTH cepus
EX=X—X =y, ¥ =X—X%,. 3%, >3

HloBectu, 110 siBHUH HenmiHidHUN Meton Denynn A — cTiiikuid.

HloBectu cTiiikicTh siBHOTO Metoay | mmHchkoro (14.16) Ha MopenbHOMY

PIBHSIHHI, MEpPEBIPUBIIM, IO JJIA JBOX CYCIIHIX IT€paliii BHUKOHYETHCA

ymosa K, (h1)K _,(h4)<1.

3acrocyBatn Meron cuMmetpuuHy PC mns moOymoBu 3 kpokom h=0.1

YHUCJIOBOIO po3B’s3Ky piBHAHHSA Jleitna-Emaena

U’+%U+u“ =0, te(0,8],

3 mouatkoBuMmu ymoBamu U(0)=1,u(0)=0. Ile piBHSHHS BHHHKAa€E B
acTpo(di3ulll MPU BUBYEHHI PO3MNOJALUTY TEMIEPATYPHU B MekKaxX OAHIET 31PKH.
30kpema, 3agaya Ma€ TOYHMH po3B’s3ok  U(t)=(sint)/t mis n=1 i

u(t) = (L+t*/3)? s n=5.
Jliis aBToHOMHOTO piBHSHHS U= f(U) mokasaru, mo siBHUN Meton PyHre-

KyTTu 3 Tabnuiero koediieHTiB 12.8 Mae yeTBEpTHIl MOPSAIOK.
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12.

13.
14.

Jlst kpaiioBoi 3amadi

eu"—u'=-1 0O<x<l1 u(0)=1 u@®=3
3HAWTH YHUCIOBHM PO3B’sI30K, 3acTocyBaBiu HesiBHI PC Eitnepa ta Anamca
nopsiiky 2 ta uucto HesBHy PC npyroro mopsiaky. Hims N = 10 1 20
MOPIBHATH OJIEp>KaHl YMCIIOBI PO3B’SI3KM 3 PI3HUMH KPOKaMH, a TaKOXK 3
TOYHNM po3B’s3koM U'(X) =1+ X + (€Y —=1)*(e¥’* —1), xomu £ =0.110.01.
JloBeCTH, 1110 METOJ TIepiioro mopsaky @exymun A-cTidkui,
PosrisitHyTn 3acTocyBaHHsI SIBHOTO 1 HesiBHOro Merony Eilnepa, HesBHHX
MeToniB Amamca Ta Iipa Apyroro mopsaKy IpH YHCIOBOMY IHTEIpYBaHHI
3agaul Ko

u, =-au,, u,(0)=1,

Ha Biapi3ky [0,1]. Tounwmii po3B'sa30K
t

u(t)=e 2 [b‘l(l— 2a)sin % + cos%}

t
u,(t)=e 2 [b—l(za —1)sin % + cos%}

ne b=+4a’*-1. Ipoanamizysarn Bumamku a=21; 10; 100 i 1000 mrs
KpOKiB h =10°,10%11073. Jns a=1000 3amaya >KOpPCTKOOCHUITIOI0YA.

15. TlpoanamnizyBatu nmoxuOKu 0OUMCICHHS po3B’A3Ky 3a1a4i Komri

16.

u=998u+1998v, u(0)=1

v=-999u —-1999v, v(0)=1
Ha Biapi3ky [0,1] sBHuM i HessBHUM MeTomamu Efnepa 3 kpokamu 0.1, 0.001
10.001. ITopiBHATH YKMCTIOBI PO3B’SA3KM 31 3HAUEHHSIMU PO3B’SI3KY 3a/aul

u(t) =4e™ =3¢ v(t) =2 + 3%,
[IpoiHTerpyBaTH PiBHIHHS
u =-50(4 —cost)

3 moyaTkoBoro ymoBoto U(0)=0 sBHUM i HesBHHUM MeronoMm Eirepa Ha
Biapi3ky [0,1] i3 pi3HMMU KpoKaMu. 3HAWTH YHCIOBUN PO3B’SI30K «HA3a/I»
HesiBHUM MeTojoM Eiinepa, mounHarouu 3i 3HadeHHs U(1.5) =0 3 kpokamu
0.5 1 0.25, Ta 3poOKUTH BUCHOBKHU IIOAO MOXMOKH MK YHUCIOBUM 1 TOYHHM
PO3B’sI3KaMU.

® Ha upomy npuknazi Kropric i Xipuidensaep (1952 p.) mosicHIOBaIM BIACTUBICTS
KOPCTKOCTI.
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Pozaia 15. YuciaoBi MeToau po3B’A3yBaHHS
ABOTOYKOBUX KpanoBux 3aaa4 ajs 3/1P

3Be/IeHHsI KpailoBoi 3ajaul 1o 3a1adi Koinl METogoM yTOYHEHHS MOYaTKOBHUX
ymoB. Enementu Teopii miHiiHHX pi3HuneBux cxem (PC): moxubOka ampok-
cUMallii, CTifKICTh, 301KHICTh, Teopema Jlakca. Pi3HuIleBa anmpokcumariis JiHii-
HOi JIBOTOYKOBOI KpaloBOi 3ajaui: MoXuOKa ampoKcUMaIlii, iICHyBaHHS 1 €Ju-
HicTh po3B’s3ky PC, cTifikicTh 1 301kHICTh. PC nmist HEemiHINHOI TBOTOYKOBOI
KpaiioBOi 3a/adi: MOXWOKa ampoKcumarlii, 30DKHICTh 1 MOOyI0Ba pO3B’S3KY.
[aTerpo-inTepnonsaniinuii Mmetoq noodyaosu PC.

Jlitepatypa [3, 13, 15, 28, 59, 65, 73, 75, 83] Enekrponsi mxepeina [105-108]

15.1. IlocTanoBKa KpalloBHUX 3a/1a4

[Ipu po3B’si3yBanH1 3ana4l Kol ymMoBHU 3a/1al0ThCA B OJHIN TOY-
ui. Jlist nudepeHniaabHOro piBHSHHSA JPYroro NOpsAKY
u"=f(x,u,u’), a<x<b, (15.1)
MOYaTKoBi ymMoBH HaOyBaroTh BUDIISmy: U(X))=U,, U'(X)=u,, me
a<X,<b. Y nBoTOYKOBHX KpaHOBHX 3a/Ja4ax 3HAYCHHS PO3B’SI3KY
a00 1oro moxiAHUX, a00 (QPyHKIIM BiJ HUX 33JalOTHCS y ABOX TOYKAX,
o0 OOMEXYIOTh 1HTEpBaJl 3HAXOMKEHHS po3B’s3Ky. Hampuknan,
YMOBU

u(a) = s, u(b) = 4 (15.2)
€ HAMIpOCTIIHUMH KpaioBUMH YyMOBamHu (1-ro poay). YMoBH BUTIISI LY
u'(a) =v,, u'(b)=v,. (15.3)

Ha3MBaIOTHCS KpaOBUMH ymoBamu 2-ro poxay. o 3-ro pony Haie-
KaTb KpaloB1 YMOBU
au(a)+ fu'(a)=y, au(b)+pu'(b)=7, (15.4)
|ai|+|ﬂi| =0, 1=0,1.
[TpukiagoM HETiHIHHUX KpailoBuX yMOB i piBHSHHS (15.1) €
YMOBH BUTJISITY
f(u(2).u'(2))=0, g(u(b).(b)
ne f 1 g —3amani yHKIII.

VY mareMaTuuH1i MOJIE KOJIWBAaHb IIJIOCKOTO MasTHUKA
2

u .
?+a)25|nu:0,0<t<T,

0, (15.5)
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ymoBamu U(0) =U,, u(T) =Uu, 3amaeThcst movyaTkoBe i KiHIIEBE HOTO
BIIXWJICHHS, & yMOBaMHU
u(0) = Vo u(T) =W

— MIBUJKOCTI B [l MOMEHTH 4acy. Takoro BUTJIALY YMOBH MOSBIISIOTh-
Csl MPU BU3HAYEHHI MOJIOKEHHSI MaTepialIbHOI TOUKH, PyX SKOT 3TiAHO
3 apyrum 3akoHoM HpiotoHa F =ma, onucyetbes qudepeHiiaibHuM
piBHsHHSIM BUTIsAny U= f (t,u,u).

CratTuyHM TPOTMH HABAaHTaXEHOTO TIPYXKHOTO Opycka OIH-
cyeTbes AudepeHIliaIbHUM PIBHSHHSIM Y€TBEPTOTO MOPSJIKY

u® = f(x),a<x<b.
SIkmo OpycoK y TOYKax X; JEXKHUTh K Ha OIOpax, TO YMOBH MOXYTh
3a/1aBaTUCs OUIbIIE, HIK Y JBOX TOYKAX, HANIPUKIAJ,
u(x)=0,i=14, a<x <X, <X <X, <b.
B moneni Jlorku—BonbTeppu
u=(a—bv)u,v=(-cu+dv)y,
KpalilOBUMH YMOBAaMHU MOXKYTb 3/IaBaTHCS BEIIMYMHM JKEPTBH 1 XUXKa-
ka, Harpukuiag, U(0) = z,, V(T) = 14 abo meska ix 3a1eXHICTh:
u(0)+v(0)=y,, u(T)-v(T)=7.
YMOBH MOXKYTh 3a1aBaTUCh HA BCbOMY BiIPI3Ky [a,b], HaATIPUKJIIA]]
y GOopM1 HOpPMYBaHHS Y CTATUCTUYHINA (P13ULIL

jluz(x)dx:l

YMOBHU iCHYBaHHS Ta €IUHOCTI PO3B’sI3Ky KpalOBUX 3a7a4 3HAU-
HO CKJIQJIHIII, TOPIBHSHO 13 MOYAaTKOBUMH 3adadyamu. Hampukian,
3a/a9a

u"=1, 0<x<z; u(0)-u(z)=1 u'(0)-u'(x)=0,
HEe Ma€ po3B’sa3Ky. st piBHSIHHS
u”+u=0
3 TAKUMU X JIHIMHUMH KpallOBUMH yMOBAaMH ICHY€ €JUHHUUN PO3B’s-
30K U(X) =(cosx) /2. [Ins nepioAMIHOI JBOTOYKOBOI KpaiioBOi 3a1aui
u"+u=0, u(0)=u(r)=0,

icHye Gesniu po3s’sskiB U(X)=Csinx, CeR.
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15.2. Po3p’s13yBaHHs KPaHOBOI 321a4i METOA0OM YTOYHECHHS

MOYAaTKOBUX yMOBl

15.2.1. Heuainiiina KpaiioBa 3agaya. Po3rnsgHeMo croyaTky
HEeNHIAHY KpaioBy 3amaudy (15.1), (15.5). 3amamo aesike moyaTKoOBe
snauenns U(@) =77. Toxi 3 mepmoi 3 ymoB (15.5), sk piBHAHHS Bif-
HOCHO U', 3Haiinemo U'(a,77) = £(77). Po3B’sbkeMo MOYaTKOBY 3a1ady

u"=f(x,u,u’), a<x<hb; u(@)=n, u@=<~&(mn)), (15.6)
Hanpukiaa, merogoM Pynre-Kyrru. Hep’s3ka
5(n)=g(y(b.n).y (b)) (15.7)

XapaKTepHU3y€e, HACKIIBKH TOYHO 3aJ0BOJIBHIETHCS [Opyra KpahoBa
ymoBa (15.5). Skmio |§ (,u)| <&, JIe & XapaKTepPU3y€e TOUYHICTh HEB’s3-

Ku, Toai 3amaya (15.1), (15.5) nabnmxeHo po3B’s3aHa, 1HAKIIE MOT-
pIOHO YTOUYHHUTH 3HAYEHHS 7. 3ayBa)KMMO, IO HaM BIJIOMO TUIbKHU

HabJIKeHe 3HaYeHHs po3s’si3ky Y(b,77) Ta oro noxinuoi y'(h,7), a
He (QYHKITIOHaTbHA 3aJIeKHICTh Bif 77. Tomy piBHIiCTh (15.7) — e He
PIBHSIHHSI, 3 SIKOTO MO>KHA 3HAUTH 7.
3HaYEHHS 77 MOKHA YTOUHUTH 32 (POPMYJIOI0 CIYHUX
- —7n. . )o(n i
(77| 77|—1) (77|) i _1 2 (158)

5()-oGny)
AKIO po3B’s3aHo 3amady Komn (15.6) ams nBox 3HaueHs 77, 1 77,,

Mia =1 —

m #1,. Axmo &(1n,)8(n,)<0, To (15.8) — bopmyma Meroxy mimHiii-
HOI IHTEpHOJISIii. Y I[bOMY BHIAJIKy MOXHA 3aCTOCYBaTH TaKOXK
METO/I TOJIOBUHHOTO MOALTY BIIpi3Ka.

Y pa3i pgocsarHeHHs NOTpiOHOI To4dHOCTI HeB’s3ku  (15.7)
HaOJIMKEHUM PO3B’SI30K KparloBOi 3a7iaul OJEPKYETHCS SIK PO3B’ 30K
3amadi Kol 3 yTOUHEHUMHU MOYaTKOBUMHU YMOBaMU.

15.2.2. Jliniiina kpaioBa 3agauya. PosriasHemo  JIiHIiiHE
nudepeHIiaibHe PIBHSIHHS

u"+ p(x)u’+q(x)u=r(x),a<x<b (15.9)
13 MHIAHIMEU KpaioBuMu ymMoBamu (15.4). JliniliHa cTpyKTypa 3amadi
J03BOJISIE€ 3BECTH 11 10 1BOX 3aaa4d Koumi.
CnopaBpi, SKIIO 3HAWTH pO3B’SI30K Uy(X) OTHOPIMHOTO pIBHSIHHS

(r =0) 3 mouarkoBumu ymoBamu U,(0)=¢&, U'(0)=(y,—, &)/ B,

! Ieit MeTox 1Ie Ma€ Ha3By “MeToj cTpiasou” [18]
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(asxmo S, #0, to 3amamo u'(d)=7n, a u(@)=y,/a,) i po3B’s30K
U, (X) HEOIHOPIAHOTO PIBHSIHHA 3 HYJOBHUMHU MTOYATKOBUMH YMOBAMHU
u,(0) =u;(0) =0, to ¢pynkuis u(x)=Cu,(x)+u,(x), C € R 3amoBos-
Hs€e piBHAHHSA (15.9) 1 mepury 3 ymoB (15.4). I3 apyroi 3 ymoB (15.4)
3HAXOJIMMO 3HAYCHHS
C = y, —oyu(b) — Bu’(b) ’
Uy (D) + AU, ()

SKIIO 3HAMEHHUK BIJIMITHUHN BiJl HYJIs. SIKIIIO0 3HAMEHHUK Y BHUpa31 JJIs
C IOpiBHIOE HYJIIO, TO MOTPIOHO 3a7aTH 1HIIIE 3HaYCHHS &,

Meto yTOYHEHHS MOYAaTKOBUX JIAaHUX YCHIIIHO 3aCTOCOBYETHCH,
KOJIK PO3B’s130K 3ajaui Kol He my’ke CHIIBHO 3aJ€XKUTh BiJ 30ypeHb
MOYaTKOBUX YMOB. PO3TIIsIHEMO 11€ Ha NpUKJIIa/ll KpaloBoi 3aaul

u"—a’u=0, 0<x<1, a>0; u(0)= gy, u(l)=p. (15.10)
Tounuii po3B’s130k 3aaa4i (15.10)
u(x;luo“u:L): e ax _e_zx 2a /uo +e a-+ax __ez a—ax lul
1-e* 1-e*

3ayBaXUMO, II0 KOEQIUIEHTH TpPU g,, 4 HEBUI'€EMHI 1 HE

nepepuinytoth 1 mpu X €[0,1]. Ockinbku 1—X>0, To 11 TIEPIIOTO

13 HUX

e—ax (1_ e2ax—2a) - 1_ e—2a(1—x)
1_ e—2a - 1_ e—2a

Jns  30ypenux kpaioBux ymoB U(0)=p,+0,, UQ)=14+0,

|5|| <0,1=0,1Tomi |u(X,,u0 +0,, 14 +51)—u(x,,u0,ul)| <

0< <1l.

—ax ax—2a

|U(X,luo + 0y, 44+ 6,) _U(Xnuouul)| = ° 1__ee—2a |§0| +
pata _ gma-
T ow 16, <|6|+|6] <26

OTtxe, ManuM 30ypeHHSIM KpalloBUX YMOB BIJIOBIAa€E Maje 30ypeHHs
PO3B’SI3KY KpaloBO1 3a/1adi.
VY Merojl yTOUHEHHS TOYaTKOBUX JIAHUX MPUIYCKaeEMO U (O) = Uy,
u'(0)=v. Toxi
aty, +v au, —v _
l[IO eax + ILIO e ax.
2a 2a

SKI1110 B MOYATKOBY YMOBY BHECTH MOXHOKY &, TO OJAEPKUMO PO3B’S-
30K BUIJISILY

u(x,v) =
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& E &
u@v+e)—ul@lv)=—e*——e*=—(e*-¢e?).
( )—u@v) s >a 2a( )

HaBiTe 111 HEeBeIMKHMX & MOXUOKa ‘u(l,v+g)—u(1,v)‘ MOJXKE

HaOyBaTH JOCHTh BEIMKHMX 3HadeHb. Hampukman, mms =107 i
a =15 nmoxubka po3B’s3ky B Toulll X=1 ckmagae 0.1, mo B 100000
pa3iB IMepeBHIly€e MOXMOKY B MoyaTKoBii ymoBi. OTxe, KpaiioBa
3ajlaya Moxe OyTH cTiiikoro, 3amadya Komri — Hi. Y 1bOMy BHUMAAKy
PO3B’SI30K MAaTHUME HEBUCOKY TOYHICTb. TaKOX CTIMKICTh 3aJICKUTh
BiJT BUOOPY IMOYaTKoBOi TOoukn @ abo b 1 meromy po3B’s3yBaHHS
3anauil Komii.

15.3. Enementu Teopii jginiiitaux PC

PosrnsiHemo nudepeHiianbHy 3agady, sika MICTUTh TudepeHii-
anbHE PIBHAHHSA 1 JOJIATKOBI YMOBU

(Lu)(x)=r(x), xeD (15.11)
(lu)(x)=u(x), xey, (15.12)

ne L — miHiiiHul audepeHIiiaabHuil oneparop, JiHIMHUM onepaToOpoM
| 3a7ar0ThCsl 1OJATKOBI YMOBH, U, I, 1z — 3aiaHl PyHKI1i, BUSHAYEH] Y
BIJAIIOBIIHUX 00/1aCTIX.

[Tpuxnanom € 3amava Ko

(lu)(x)=u"+p(x)u"+q(x)u=r(x), xe(ab],  (15.13)
u(a), Ug,
W@ ]
Tyt y ={a}, U, i Uy — 3azani gucra.
Sxuo ymona (15.12) naOyBae BUrIsAy
au(a)+ pu’'(a), {7 :
lu)(x)=< ° ° u(x)=|""°
S =]
TO Ma€eMO JIIHIMHY KpaoBy 3amauy (15.9), (15.4).
Haramaemo, mo L — miHIAHMI omepaTop HaJ MOJEM JTIMCHUX

(KOMIUIGKCHHUX) 4YHCEN, SKIIO I JOBUIBHMX U 1 V 3 JeSIKOro
JiHIMHOTO  mpoctopy 1 @, €R  BHUKOHyeTbCS  PIBHICTH

L(au+pv)=al(u)+BL(v).
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3agamo Ha MHOXUHI D citky An. Hanmpukmnaj, piBHOMIpHY CITKY
3 KpokoM h Ha Bimpi3ky [a, b]. AnpokcuMyBaBIIM Ha pPIBHOMIpHii

citi An 3agauy (15.11), (15.12), ogepkumo pi3HULIEBY 3aa4uy

(L) (X)=¢.(X), xeA,, (15.14)

(LY )(X)=&(x), xen, (15.15)

e Y, =Y, (X) — citkoBa GyHKuis, sika anpokcumye U(X) Ha citi An,
@, 1 &, —amnpokcumanii ' 1 4 Ha A, 1 y, BIATIOBLIHO.

AnpokcumyBaTtu audepeniianbie piBHsHHA (15.13) y Bysnax

citku X, =X, +nh, n=1,N -1, X, =a MO0XHa, BUKOPHCTaBIIU ICHT-

panbHy pi3HULEeBY noxiaHy (10.4) 1 cuMeTpu4Hy PI3HUUEBY MOXIAHY
(10.5) ans anpokcumariii U i U" BiamoBigHO. Y MIACYMKY OJICPKAMO
PI3HULIEBY aHpOKCI/IMaHiIO piBHsiHHS (15.13)

(Lhyh)(x ) 2 (yn—l 2yn + yn+1) pn (yn+1 yn—1)+qnyn = hzr 5 16)
h

2h
VY BIBIIIH ITO3HAYECHHS

L L
S::{ , f::{r, Sh::{ " gh:={¢h,
I H l, Sh

3agaudl (15.11), (15.12)1(15.14), (1_5.15) 3aMUIIEMO Yy BUTJISAII
(3u)(x)=f(x), xeD=DUy, (15.17)
(Shyh)(x):gh(x)’ XEA_h:Ah U (15.18)

Osnavennst 15.1. Cucmema pisuanv (15.18), sxa 3anexcumo
8I0 Kpoky cimku N sx napamempa, Hazu8aemuvcsi pisHULEBOIO CXEMOTO.

Osnawennsi 15.2. Cimxosa @ynxyis z,(X)=y,(X)—u,(x),

Xe A_h Hazusaemuvcsi noxubkorw po3e ’sa3ky PCy mouyi X.
ITincraBuBmn Y, =z, + U, B piBHsIHHSA (15.18), onepxumo PC

(302, )(X) =9, (%) = (St ) (%) (15.19)

O3nauenns 15.3. Cimxosa ¢yHryis

v (x) =g, (%)= (3u)(X), xeAn

Hazusacmwvcs noxuoxoio anpoxcumayii PC.
Osnauenns 15.4. PC (15.18) anpokcumye ougeperyianvry

3a0auy (14.17) na cimyi An, AKUO Hl//,@H—)O npu h—0. PC mae
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nopsiook P >0, axwo er(ll)H <ChP®, de cmana C >0 i ne 3anexcums

6io h.
Tyt ||| — mesixa citkoBa HOpMa, HANIPUKIIAL,

U, | = max

X€An

uh(XN.

Os3navenns 15.5. PC (15.18) nazusaemocs cmitikoro, aKuo 0Jis
oocumb mMano2o Kpoky cimku h i ooginvnoi cimkoseoi ¢ynxyii g,

[vall < Bllgu (15.20)

oe cmana B ne 3aneaxcums 6io h.
Osnavenns 15.6. PC 36icacmbca 00 po38 'sa3Ky ougepenyianbHoi
3ao0aui Ha cimyi Gn (PC 36ixcna), axuo ||Zh|| — 0 npu h—0. PC mace

nopsook P >0, axwo ||Zh|| <MhP, 0oe M — cmana, ne sanesxicna 6io h.

Mix BIacTHUBOCTSMHM alpoOKCHUMAIlii, cTiMKocTI 1 301kHOCTI PC €
3B'I30K, SKHM MOKHA 3alMCaTH y BUTIISII CUMBOJIYHOI (OPMYIIH:
“anpoxcumauyin+cmitikicmob=30idcHicmp "

Teopema 15.1 (Jlakca). Hexati ougpepenyianvnua 3aoaua (15.14)
kopekmua, a PC (15.15) anpokcumye oughepenyianony 3adauy i
cmitika. Tooi PC 36ixcha. Axwo nopsook anpokcumauii PC oopisHioe
P, Mo i nOps0OK il MOYHOCMI MAKONC OOPIBHIOE .

Hosenenns. [Insa noxubxkm z, PC maemo piBHsaHHA (15.19).
Ockunpku PC (15.18) anpokcumye nudepenuianbay 3anauy (15.17),

TO Hl//r(]l) H — 0 mpu h — 0. Ha mizncrasi crifikocti PC Maemo

<8l

3BIICM ¥ BHIUIMBAE, IO ||Zh|| —>0 mpu h—0. Skmo moxubOka
anpokcuMallii Mmae opsiiok P >0, To Ha miacTasi HepiBHOCTI (15.20)
MaeMO

|2, < BJy" | < BMN®.

Otxe, PC Mae nopsiiok TOYHOCTI P . m

15.4. PisHuneBa cxema sl JIHINHOI KpaioBoi 3axa4i

15.4.1. PizuuneBa cxema. Po3risiHemo JiHIMHY KpailoBY 3a1a4dy

u”+p(x)u’+q(x)u=r(x), xe(a,b), (15.21)
u(@) = . ud) =14, (15.22)
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ae P, g1 r — BU3HAYEHI HA IPOMDKKY [a, b] dyHKIii, 1 1 14 — 3amaHi
ypcna. Ypaxysaeimm (15.16) BimmosimHa kpaiioiii 3amaui (15.21),
(15.22) PC nabyne Burisy

1 i - T A
F(Ym -2y, + yi—1)+%(yi+l —Via)+ay, =6, i=LN-1;  (15.23)

Yo = Hys YN = My
ne p;,q, I, —3HauyeHHsA QyHKLIA y By3l. X =X X=X

Cuctemy piBHsHb (15.23) a5 3HaAXOMKEHHS PO3B’SA3KY 3pyd-
HIIIIE 3aMCaTH y BUIJISII

(1_%hpijyil _(2_h2qi )y| +(1+%hpijyi+l = h2r| J i =1 N-1; (1524)

Yo =Hos Yn = H4

Marpuniss CJIAP (15.24) tpunmiaroHaibHa, TOMYy ii  MOKHa
pPO3B’SI3yBaTl METOJIOM IIPOTOHKH, (OpMyIM SKOrO HaBEIEHI Yy
po3aini 2.

PosristHeMo BHIIaIOK KpaloBHX YMOB TpeThoro pouay (15.4).
[ToximHi B TOYKax X, =4a, Xy =D MOXHa ampOKCHMYBATH 3 MEPIINM

HOPSIIKOM 32 IOIOMOT 010 (popMy

' ul _uo

u; :T+O(h)’ o, =Y

B 0]
h
VY 1npoMy BHUMNAJIKY 3HaXOMKEHHS 3HAYEHb PO3B’S3KY VYo,..., Yy
cuctema piBHIHB (14.24) TOTOBHIOETHCS IIIE JBOMA PiBHIHHAMU

(aoh_ﬁo)yo +ﬂoy1 =h7/0,

—fiYna +(alh + 131) yy =hy,.
Matpums cuctemu (15.24), (15.25) mae nopsmoxk N +1 1 3amm-
IIAE€THCS TPU I[bOMY TPHUIiarOHAIBHOIO.
[Moximui U, 1 Uy i3 APYTMM MOPSAKOM ampOKCHUMYIOTHCS 3a

(15.25)

JIOTIOMOT 010 (DOPMYJT UHCIOBOTO AU(PEPEHIIIFOBaHHS
=3y, +4u, —u, U~ 3u, —4uy , +Uy,

~

u ~
0 r UxN
" 2h " 2h
Toni kpaliloOBUM yMOBaM BIJINOBIJAIOTh PI3HUIIEB] PIBHSIHHS

(Zaoh —3,30)y0 +46Y,— By, = 2h7o,

(15.26)
B (Yoo —4Yna) +(axh+ B,) yy =2hy,.
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Martpuns cucremu piBHAHb (15.24), (15.26) yxe He Oyne
TPUIIarOHANBHOK0, KOO [, 1 [, HE AOPIBHIOIOTH HYJIO. 3BECTH

CHUCTEMY PIBHSHb JI0 TPUI1arOHATHHOTO BUTJISAY MOKHA, BUITYUYHBIIH
y, 13 mepmoro 3 piBHiHb (15.26) Ta Y, , 13 Apyroro piBHSHHSA 3a

JOTIOMOTOIO TIEPIIIOT0 1 OCTAaHHBOTO PiBHAHB cuctemu (15.24) Bimmo-
B11HO. OJIEP>)KUMO CUCTEMY PIBHIHb

Yo + PoY1 =70 BlyN—l +a Yy =1
ne & = ah(2+hp,) =24, (A+hp), B, = 5,(2+ 2hp, + 1),
?70 - 7/0h(2 + hpl) + ﬂoﬁhz, &1 = alh(z - hpN—l) + Zﬁo (1_ hpN—l)!
Bl = _181(2 —2hpy, — thN—l)’ 7 =7h(2—-hpy,) _ﬂer—lhz'

15.4.2. Iloxubka anpoxkcumanii. Ilo3zHauumo uepes L, — niHIMHMNA

ornepaTrop

(Lhyh)n = yi,n + pnyx,n +qnyn’ n :1’ N-1.
Toni PC cxema (15.24) nabyne Burisiy
(LiYn)a =P s n=LN-1 Yo =, yy =44 (15.27)
3anuuieMo piBHAHHSA JJIs IOXUOKH Z,

(Lz,), = (LYo, — (L), =1, —(Lu,), = V/r(ll),

ne wr(]l) — moxubOka amnpokcumaiiii PC (15.27). 3posymino, 110

z,(a)=12,(b)=0. Omxe, mopsmok anpokcumanii PC BH3Ha49aeThCs
TOPSIIKOM alpOKCHMAIIi] MOXigHuX U Ta U’
Teopema 15.2. Hexaii p,q,r € C’[a,b]. Tooi PC (15.24) mae

Opyautl NOpsi00K anpoKcumayii.
JoBeneHns. [3 yMoBM riajgkocTi QyHKIii P, q, I Ha MiACTaBl

pisasHAA (15.21) BumnmBae, mo U € C*[a,b]. Toxi
2

Uy i _ui, :%hzum(é)1 Uy i _ui,’:%u(4)(ni )’ & (X, Xup)-

ToOro, l//(l) =L —U; — Pl =Gl =

2
=1 _[ui’,+;]_2u(4)(ni )j_ Pi (Ui'+%hzull’(§i )j_qiui =
:(r —u"— pul—qU). _ih2u(4)( )_E p_h2um(§_):
i 192 i 6 i [
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— 1 2(,.(4) "
L2 (e)
Jns ciTkoBoi Gyskuii Y maemo

o] = maxu, (x)] < (M, +2M, max
o

a<x<b

p(x)[|n* 112=ch?

M. = max

i
a<x<b

u® (X)‘ T00TO PC Mae apyruii mopsaok anmpokcumaliii. m

15.4.3. IcnyBanHs Ta equHicTh po3B’si3ky PC. PosrisHemo nepury
KpaiioBy 3amadqy (15.21), (15.22) i signosigay PC (15.24). Busnauumo
A citkoBoi GyHKLii Y, =Y, (X), X € A, niHiiiHK onepaTop A,

(AY,),=ay ,—CYy +by .n=1N. (15.28)
Tyr a,,b,,C, —nedki 3amani uucna, Y, =L, Yy =44

3ayBaXMMO, IO oOmepaTop A, 3a1a€TbCsi TPUIAIArOHAIBLHOK MaTpHU-

nieto nopsaaky N —1. BuBummo nmutaHHS iICHYBaHHS Ta €UHOCTI PO3-
B’SA3KY VYi,..., Y51 cucTeMU (15.24) Ha migcTaBl HACTYITHOI TEOPEMU.

Teopema 15.3 (mpuniun Mmakcumymy, [58]). Hexaui euxo-
HYIOMbCSL YMOBU.

1) a,>0,b, >0,c,>a +b,n=1LN -1, (15.29)
2) (AY,),=20,n=1LN-1, (15.30)
((Apyn), <0,n=1N-1).

Tooi cimxoea yHxyin Habysae HAtOIIbUIO20 (HAUMEHUI020)
3HayeHHs1 6 moukax a abo b. u

Hacaipok 15.1. Hexaii (A,Y,), 20,n=LN -1 4, >0, 24 20.
Tooi y, 20012 n=1L,N -1
Cnpasoi, sxou ons desxoeo 1<ny <N -1 6yro 6 y, <0, wo

cynepedums 6UCHOBKY meopemu 15.3, 6o min y. > min ( o M) >0.

O<n<N
Teopema 15.4. Hexaii 6uxonyromvcs maxi ymMosu:

1) p,qeCla,b];
2) hmax|p(x)| <2

xe[a,b]
3) q(x) <0, x e[a,b].
Tooi icnye eounuti po3e’si3ox CJIAP (15.24).
JoBenenns. Posrisaemo Bianosiany (15.24) onHopinHy 3agaqy
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(1_% pnhj yn—l _(Z_hzqn)yn +(1+% pnhjynﬂ = O’ Ho = H = 0. (1531)

Hns cuctemu (15.31) cymicHO BUKOHYIOTHCS OOHUJ[BI YMOBHU
(15.30). Koedirmientn

a :1—%hpn >0, b, :l+%hpn >0, ¢,=2-h*q >a +b =2

3a10BOJIBHSIOTH HepiBHOCTI (15.29). O1xe, Ha mijcTaBi TeopeMu 15.3
maxy, =miny, =0. 3Bimcm BummmBae, mo Y, (x)=0. Akmo

0<n<N 0<n<N
po3B’si30k ogHOPiAHOT CJIAP TuIbKM HYJIBOBUN, TO PO3B’SI30K BIAMO-
B1THOT HEOJHOP1THOT CUCTEMH 1CHYE, 1 IO TOTO XK TIJIBKU OJHH. ]
Haobmmkenuit po3B’ 130K KpaioBoi 3amaqi (15.21), (15.22) 3naxo-
nuThes sk po3B’sizok CJIAP (15.24). Bruius o6uucitoBaIbHOI TOXUO-
KM Ha PO3B’SA30K I1€1 CHCTEMH XapaKTEepPU3Y€ETbCS YUCIOM OOyMOB-
neHocti k(A) = ||A|| : HA_1H, ne A — marpuis cuctemu (15.24). 3rigHo 3

HepiBHicTIO (3.4),
lox| _  ay108]
<x(A)T=
I o]
ne ob i Ox — 30ypeHHs npaBoi yacTuHH 1 po3B’sa3ky CJIAP.

Po3risiHeMo 4ucio 00yMOBJIEHOCTI MaTpHIll Ha MPUKIaAl aBTO-
HOMHOT 3a1a4l
u"=—-1(x), xe(0,2);u(0)=u(d) =0,
JIJIs1 SIKO1 p13HMIIEBA cXeMa HaOyBa€ BUTIISTY

Yon =—F (%), N=LN =L s, = s, = 0. (15.32)
Martpuis cucremu (15.32) Toni Taka:

-2 1 0 0 ... 0 0 O

. 1 -21 0 ... 0 0 O

o 0 0 O .. 1 -2 1

0 0 0 0 .. 0 1 -2

JIns  cuMeTpuyHOi JOJaTHO BH3HAYEHOI MAaTpHII ||A|| =
J_T%Xlu |— \- Marpunsg A™ Tako CUMETpHYHA i JOJATHO BU3HA-

= u,,= A, e g — BIAcHi yucia MaT-

YeHa, TOMY HA H

1>n<N-1!

2_ N—l/ﬂi'
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Binomo, mo A = %Sin Zm?h, i =1, N -1 Tomy npu majux h
. zh 7h 4 7°n* 4 . ,m(N-1)h
sin——~"—, omke 4 ~ — =72, Ay, =—sin*——— =
2 2 A h? 4 Nh? 2
4 ,7th 4 ) A 4
=—C0S° — ~ —. Yucno obymoBneHocti x(A)=-—""2x —> 0,
e 2 he Y (A) 7h?
ko h — 0.

OTxe, 31 3MEHIICHHSIM KPOKY N 00OYMOBJICHICTh CHCTEMH 3POC-
Tac, ockimeku &(A)=0(h™). Tomy mpakTuuHE pPO3B’A3yBaHHI
KpailoBoi 3a7a4i noTpedye BUOOPY CITKU 3 TAKUM KPOKOM, 11100 301J1b-
IIMTH CTIMKICTh PO3B’S3KYy O MOXMOOK OKPYIricHb (KpoK h mamwmii) i
3MCHIIIUTH YUCIIO 00yYMOBJICHOCTI (Kpok h He myke manwmii). BigsHa-
YUMO, 110 JUIsl OLIBIIOCTI MPAKTUYHUX 3a/Ja4 BUOIp BEIUYUHU KPOKY
h He maeThCs B3HAKU.

15.5. CTidKiCTh PI3HULIEBOI CXeMH

15.5.1. Teopema mnopiBHsiHHA. CTIHKICTH 1 301KHICTh PI3HUIIEBOI
cxemu (15.24) OymeMo mocCHiaKyBaTH B MPOCTOP1 CITKOBUX (PYHKITIN

13 pIBHOMIPHOIO HOPMOIO ||yh || = gpg)'\(l| yn| . Posranssnemo CJIAP
<n<

(Ahyh)n =0,n=LN-Ly, =4, Yy = 14,
ne oneparop A, BH3Ha4yeHMI 3rigHO 3 (15.28), 1 BIANOBIIHY cUCTEMY

MOPIBHSHHS
(A Vi) =—0,N=LN -1 Yo = Hos Yn = 14,
CITKOBI (DyHKIIT @, 1 ¢, 3aJ1aHl Ha CITUI A, .
Teopema 15.5 (nopiBHsiHHSA, [59]). Hexau euxkounyromvcs maki
YMOBU:

1) a,>0,b, >0,c,>a,+b,n=1L,N -1,

2) . 20,n=1L,N-1, 1z, >0, 1, > 0;

|¢n|£g5n’n:1’N_1; |/10|S;70,|,ul|£/_11,

To0i cnpasoacyromvcs oYiHKU

|yn|S7n, n=1N-1. m

15.5.2. CriiikicTh 32 KpailoBUMH YMOBaMH
Osnavenns 15.7. PC (15.24) cmivixa 3a xpatiosumu ymosamu

p= (o, 14)), axwgo
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||Yh||1 <B, ”ﬂ”g’ 15.33)
oe ||||1, ||||2 — Oesxi cimkogi Hopmu, cmana B, >0 ne 3anesxcums 6io h.

O3znauenHto 15.7 MokHa Aat Taky iHTepmpeTaiio. Buecemo B
rpaHU4YHl YMOBH 30ypeHHS O, 1 O,. My =y +O0y, th =4 +0,.
OnepuMO BiANOBIIHUM 30ypeHU pO3B’A30K

y.=Yy+e&, n=1N-1
30ypeHHsI po3B’sA3KYy & IpH (PIKCOBAHUX (. 3aJOBOJIBHAIOTH CHCTEMY

PIBHSIHB
(Ag), =0, n=LN-1; g,=5,, & =9, (15.34)
st (15.34) o3nauenns 15.7 popMyntoeTbes Tak.

Osnauenns 15.8. PC (15.24) cmiiixa 3a Kpauogumu ymosamu,
SAKUWO BUKOHYEMbCA HEPIBHICb

||8h||1 S Bl||5h||2- (15.35)

Teopema 15.6. Hexaii suxonyiomocs ymosu 1) — 3) meopemu
15.4. Tooi PC (15.24) onsa kpatiosoi 3adaui (15.21),( 15.22) cmitixa 3a
Kpato8umMu yMOBAMU.

HoBenennsi. IloOyayemo  BiamoBimHy (15.34) cucremy
MOPIBHSHHS BUTJISATY

(A4), =028, =&, =4,
a :1—% p,h>0,b :1+% p,h>0,c. =2+h’*q >a +b.

Ha mincraBl Hachiaky 3 teopemu 15.4 maemo &, =0, n=1N.
3rigHo 3 Teopemoro 15.5 max|§i| <max(g,, &y) = ||5||

Tenep  3acTocyeMo  TeopeMy  MOpPIBHSHHAL Maemo,
@, =0, 9,=0,n =1,N; |5V| <g, :||5||, v =0,1. Omxe, max 5n| S||5|

0<n<N

1 HepiBHICTSG (15.35) BUKOHY€eThCA 31 ctanow B, =1.
15.7.3. CriiikicTh 32 IPaBOI0 YaCTHHOIO. 3aIKCYEMO 3HAUCHHS L, 1
4, 'y KpaiioBux ymoBax (15.22).

Osnauenns 15.9. PC (15.24) cmiiixa 3a npagoin 4acmumoro,
AKWO

[Yall < By l2nll, (15.36)

oe B, >0 i ne 3anexcumso 6io h.
Axiio po3rasinyTy BianoiaHy (15.24) 30ypeny PC

(Ahyh)n :_én’ qbn :(ﬁn +77n’ n :11 N _11
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Yo =to: Yy =, N=LN -1,
TO JUI 30ypeHHS PO3B 3Ky &, = Y — Y OAEPKUMO CIIBBIIHOIICHHS
(A, =—1,, n=LN-1 & =¢&, =0.
CTilikicTh 3a TPaBOI0 YaCTUHOI B I[bOMY BHUIIAQJKy O3Ha4ae, IO
MaJliM 32 HOPMOIO |||| , 30ypeHHsM npaBoi yactunu (15.24) Binnosinae

Maie, 32 HOpMOIO || ,» 30ypeHHs po3B’s13Ky. BBaxkarmemo, 1o crana

B, He nyxe Benuka, iHakIle CTIHKICTh YMOBHA.
Teopema 15.7 [58]. Hexaii éuxonyromocs ymosu 1), 2) meopemu
15.4 i npu x €[a, b] cnpasoorcyemucs nepisnicmo q(X) < 0.
Tooi PC (15.24) cmitika 3a npagowo uacmuHow 3i cmanoro, oe
B, = min [q(x)|. n

xg[a,b]

3ayBaxkenns 15.1. I3 euxonanus ymose meopemu 15.7 suniusae
[ cmiukicms 3a epaHudHuUMu oanumu. Tomy, ModxcHa cmeepodcyeamu
npo CMIUKICMb PIZHUYEBOI cXeMU 3a Kpauo8uMu yMosamu i npasor
YACMUHOI0, WO SU3HAUAEMbCA HEPIBHICIIO

[Yal, < B[4, + B, |lenl],-

15.6. 30ixkHicTH pi3HMIIEBOI cCXeMH

Teopema 15.8. Hexati suxonyromuocs ymosu:
1) p,qeC?*[a,b];
2) hmax|p(x)|<2;

xe[a,b]
3) q(x) <0, xe[a,b].
Tooi PC (15.24) 36ixcna 8 pignomipniti nopmi 3i weuoxicmio O(h%),
mobmo mae opy2uti NOpsOOK MOYHOCHI.

JoBeneHHs. 3acTocyeMo sl JIOBeAEHHs TeopeMy Jlakca.
YmMoBa 1) 3abe3neuye Apyruid NopsIoK anpokcumariii (teopema 15.2)

31 CTaJIO0 C=(I\/I4+2I\/|3max|p(x)|)/12, ae cramumu M, 1 M,

a<x<b
oOMexxeHi Ha Bifpi3Kky [a, b] moximHi ‘u(g)(x)‘ i ‘u(“) (X)‘ BiJITOB1THO.

I3 ymoB 1) — 3) na miacraBi Tteopem 15.6 1 15.7 BummBae
ctivikictb PC (15.24) 3a kpalioBUMH yMOBaMH 1 IPaBO YaCTHUHOIO 31

-1
cramumu M, =11 M, = (min p(x)|) . 3acTocyBaHHs Teopemu Jlakca

a<x<b

JIa€ 3MOTY 3allMCaTH HEPIBHICTh
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||Zh|| < ||Yh _uh” < (1+M,)h?,
110 1 3aBEPIIY€E NJOBEACHHS TCOPEMU. |
3ayBakenns 15.2. /{na npakmuunoi oyinku noxubKu 4ucioeo2o
PO38 43Ky MOdCHA cKopucmamucs npaeuiom Pynee, moomo obuuc-
aumu  poss’si30x Ha cimkax 3 kpokom h i h/2 ma nopiensmu
00epIHCati po38 A3KU Y CRIIbHUX 8Y31AX.

15.7. InTerpo-inTepnoasiuiiinuii Metox nodoyaosu PC

Jlns nesxux KpaloBHX 3ajiad, HAIIPUKJIIAJ THUX, III0 BUBOJSTHCS 3
IHTETpaJIbHUX 3aKOHIB 30€PEKEHHS, MOX1IHA PO3B 3Ky MOXKE iCHyBa-
TH HE B ycCiX Toukax. Hampuknaz, qis kpalioBoi 3aaadi

—(k(X)u) +g(x)u=f(x),0<x<I;

u(0) = g5, u(l) = 4y,
SKOIO OIMUCYETHCS CTAIIOHAPHUW PO3MOJILT TeMIEpaTypu Y CTEpKHI,
Koe(IIiEHTH MOXXYTh MaTH PO3PHBH Iepiioro poxy. Tyr u(X) —

(15.37)

TeMIIepaTypa B TOYIl 3 KoopAuHaTow X, K(X) — koedimieHT Termiomn-
poBigHOCTI, ¢yHKImiA ((X)>0 3amae TemI000MiH 13 30BHIIIHIM
cepenoBuiiem, a f(X) XapakTepusye T'YCTHHY TEILUIOBUX JIKEpPEIL.
SIKIO cTep:KeHb CKOMITOHOBAaHMU 3 Pi3HUX MartepiamiB, ToMy K(X) —

KYCKOBO HerepepBHa (YHKINS 1 pO3B’A30K 3aJ0BOJIBHSIE PIBHSIHHS
(15.37) B nesskoMy y3arajlbHGHOMY CEHCI.

[aTerpo-inTepnonsuiiinuii Meroq noOyaoBu PC rpyHTyeThCS Ha
TUX XK€ (PI3MUYHUX 3aKOHAaX 30€pekKEeHHs, Ha IKUX OJIepKaHe AU(epeH-
umianbHe piBHsAHHA (15.37). PC Takoro TuIly Ha3WBaIOThCA KOHCEp-
BAMUBHUMU.

Sxmo ¢ynkmis K(X) Mae po3puBH B JIeIKuX Toudkax, To PC,
noOyI0BaH1 MIJISAXOM arpoKCUMAIlli MOXITHUX, MOXEe He 30iratuchk. B
[58, c. 147] naBeneno nmpukian Takoi PC s kpaitoBoi 3aadi

—(k(x)u')' =0, 0<x<1;u(0)=1,u(1)=0,
ne k(x)=k, mpu 0<v<U2 i k(x)=k, =k, mpn /2 <x<1.
[Tobynyemo Ha [O,I] piBHOMIpHY ciTKy 3 Kpokom h=1/N i

BBEIEMO TaKi IMO3HA4eHHI: X ., =Xth/2, U ,=u(Xth/2),

W (x) =—k(x)u" — rernoBuii notik, n=1,N —1. IIpoinTterpyemo pis-
HsHHS (15.37) HA TIPOMIXKKY [X— h/2,x+h/ 2] (puc. 15.1).
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L & & & &
X,y X, Xt
Puc.15.1
OpepkUMo TaKy piBHICTb
Xn+1/2 Xn41/2
W, o ~Woo + [ F(X)dx= [ q(x)u(x)dx. (15.38)
Xh-1/2 Xh-1/2

PiBuicTio (15.38) omucyethca OanaHc Teruia Ha MPOMIKKY
[X— h/2,x+h/ 2]. [Tepmri nqBa moganku B JiBid gactuHi (15.38) — me

KUIBKICTh TEIJIA, SIKa HAJIXOJWTh 1 BUXOJUTh 3 €JIEMEHTA CTEP)KHS,
TPETIH JOJAHOK OMNKHCY€ KIIBKICTh TEIUIa, 10 BUIUISIETHCA
mxepenamu. IlpaBa wactuna B (15.38) Bu3Havae TEMIOOOMIH MIXK
€JIEMEHTOM CTEPKHS 1 30BHIIIHIM CEPEIOBUIIIEM.

[aTerpan y mpaBiidi yvactuHi piBHOCTI (15.38) oOumciaumo 3a
GbopMyII010 IIEHTPATBbHUX MPSMOKYTHHUKIB, JJISl YOTO BBEJEMO III€ TaKi
MMO3HAYCHHS:

n+]/2 1 Xn+1/2 1 Xn dX

-1

=% x)dx, d, == x)dx, a,=|= | — | . (15.39
Xn— -1/2 Xn -1/2 n-1
Toni 3 (15.38) oxepxkumo
W, =W,y +heo, —hd u, =0. (15.40)

Ockinbku U'(X)=-W (x)/k(xX), T0 3HOBY 3acTocyemo dopmyiy
LHEHTPAJIIbHUX NPSIMOKYTHUKIB 1 MATUMEMO
T W (X) T odx

VY rtakmii cnocid oxepxkumo, mo, U, —U, ~W+]/2h

- 3BlIcH

BHUILIMBAE, 110

W ~-a U, —U,, Uy — U,
n—:l/2 n h h
Hincrausum W, B (15.39), onepxumo anpokcumario

! Wn+]/2 ~ a'n+1

PIBHSHHS B TOYI X_

. yn+1h_ yn . an yn _hyn—l . hdnyn _ _h¢n (1541)

abo
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1 I
H(amlyx,n _anyi,n):_dnyn = =@y n :1’ N _1’ yO =My, yN =4

Cucrema (15.41) — CJIAP 3 TpuniaroHajgbHOIO MAaTPHUIICHO.
Hexait Ha 11BOMY KiHIII CTEP)KHS 3a/laHa KpailoBa yMOBa TPEThO-

ro poay

—k(0)u'(0)+ pu(0) =y (15.42)
[licns iHTErpyBaHHS Ha [O, XMZ] OJIEPKUMO PIBHSIHHS
a Yy, +(B+0.5hd, )y, = 7 —0.5hg,, (15.43)
xj/z X1/z

ae @, = —I dxd——j

Tenep IS 3a]1a4i (15.37), (15.42) maemo PC (15.43), (15.41), sxa
e CJIAP nopsiaxy N .

15.8. HeJqinilina kpaiioBa 3ajaua

15.8.1. PizuuueBa cxema. PosriasHemo mudepeHIiiagbHe pIBHSIHHS

JAPYyroro nopsaKy
u”=f(x,u,u’), a<x<b, (15.44)

13 KpallOBUMU YMOBaMU

u@) =, ulb)=4,. (15.45)
[Mpunyctumo, mo ¢yukiis f(X,U,v) Bu3HaueHa B Aeskii odmacti G,
noxinna f, eC*(G) i icHye enunmit posp’ssox 3amaui (15.44),

(15.45), Taxwuii, wo ue C'[a, b].
YV By3iax CiTKH X, € A, anmpoOKCHMYy€eMO IMOXiaHiI U Ta U pi3HH-

LEBUMU TTOX1THUMU
Uy =(U,,, —U,,)/ (2h) +O(h*),uy =(u

Opepsxumo HeniHiiiny PC:

i(yn—l _2yn + yn+1) = f (Xn’ ynl%j! n =11 N _1’ (1546)

" = 2u, +U, )/ h? +0(h%).

h2
Yo =My Yn = 14
JUIg 3HaxXOJKEHHA HAOJIMKEHOTO PO3B’A3KY Vi,..., Yy, Ha citmi A,

noTpioHO po3B’sa3atu cucteMy N —1 HemiHIHHUX piBHSHB (15.46).
ITincraBumo Yy, =U, +Z , ne Z, — NOXUOKA PI3HULIEBOI CXEMH, Y

cucremy (15.46). OnaepkuMo piBHSIHHS ISl TOXUOKU
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(z,,-22,+2,,)/ =y +yP n=LN -1z, =2, =0,

p) = —% (U, —2u, +U,,) +f (xn,un,—unﬂz_hu“j,

l//[gz) =_f X U + Zi,un+1 —Ui + Zog — Lo _f XU, U, — Uy .
2h 2h 2h

Ha mizacraBi 3po0iieHUX OPUITYIEHD 1[040 IVIaJKOCTI PO3B’SI3K
p puiy p y

o . . 1
KpailoBOi 3a/1adl MOXMOKY anmpoKcuMarlii Wr@ 3BEJIEMO 10 BUTJISTY

2

(l) — " h (4) / h2 " —
v, = -U,———u (nn)+f Xn’un’un_Eu (gn) -

12
= (—uy + f(x,,u u’))—h—zu(“)( )— .| X,,u —Hh—zu’”(g) x
n n!'~n?!>n 12 nn u’ n?!>n 6 n
h? h?

ey @ L
6 u (é:n) 12[U (Un)+2fu’[xn’un 8 6 u (é:n)ju (é:n)]’

ne 1., & (X 4, %), 68<(0,1). 3Bincu onepKUMO OLIHKY
vy () <Ch?,

f, (xuv)])/12. Orxe, PC (15.46) wae

e C:(max

a<x<b

(4)
u (x)‘ + 2m§x

JIPYTUi OPSIAOK alpOKCUMAIIii.
15.8.2. 36isxHicTh pi3HMLEBOI cxeMH. PO3risiHeEMO JIe10 MPOCTIlLy
KpanoBy 3a7a4yy
u”=f(x,u),a<x<byu(@)=p,ud)=r. (15.47)
Jlocmiaumo 301kHICTh BianoBigHoi PC
1
F(yn_l —2y +y )="f(x,y ), u@ =z, ub)= . (15.48)
Teopema 15.9. Hexaui 6uxonyromsbcss maxi ymogu:
1) Icnye eounuii po3s ‘a3ok kpaiiosoi 3adaui (15.47) i u e C*[a,b];
2) f,eC'(G)i f,>m>0¢6G;
Tooi PC (15.48) 36isxcua i mae Opyeuii nopsi0ox mo4HoCmi.
JoBenenns. [Toxaxxemo, mo ais noxuoku PC cipaBmxyeThes
OIIHKA
|2,]|=maxz, (x)| =]y, —u,]| <C,h?, C, =const > 0.
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Ockinbku
PP =f(x,u.,+2. )-f(x,u)="f(u +6z)z =dz,
To cuctema (15.48) HaOyzae BUrISIAY
z ,—(2+d h?)z +2z,, =

n+l

2

h”
:Eu( ‘), ne d_=f (x,u +62z)),0<8 <1
I3 ymoBu 2) teopemu BumiamBae, mo d >0 i marpuns CJIIAP e
TPHUI1arOHAJILHOIO 3 TIEPEBAror0 rOJI0BHOI J1aroHall.

Juis peskoro ny,1<n; <N -1, maemo |z,[=|z, |>0. Inaxue,

Zno

Y, (X) =U,(X) xonmu Xe€A,. 3anumemMo piBHIHHS IS TOXHOKM I
N=n, yTakoMy BUIJISIi

(2 +d, h? ) Zp =2y g+ Ty g+ %u(“) (77n0 )

3B1CH BHUILIMBAE, IO

(2+dn0h2)||zh||s Zo 2|+ 2o

h* h*
+EM4 §2||zh||+EM4,

ne MaX

a<x<b

u (x)‘ =M, . Orxe,
)< e pe < Ma e o, ¢, = My(2m). .
12d, 12m
Hacainok 15.2. Pozensnemo ninitine ougepenyiaibre piGHAHHS
u"+q(x)u=r(x), a<x<b
3 kpaviosumu ymosamu (14.46). Lle pisnsanns nabysac suensioy (15.48),
akwo ¢ynkyin | (x,u) = —q(x)u + r(x). Ymosea 2 meopemu 15.9
suxonyemocs, sxuo (x) <0, xe[a,b], ockinorku f,(x,u)=-q(x).

15.8.3. OOumcienns po3p’sizky cucremu (15.48). Hexait, xpim
noxigHoi f (X, U), icHye oOmexxeHa B obmacti G apyra moximgHa

f,, (X, u). [IpunycTrmo, 1o Bimome K-Te HaOIMKEHHS PO3B’A3KY y,ﬁk),

n=1LN-1; k>0, cucremu (15.47). BBaxxatumemo

y. =y +A  i=1,N-1; A,=A, =0.
3actocyBaBim MetoJ, HbproToHa, moOynyeMo cHUCTEMY JIIHIHHUX
PIBHSAHB JUIs1 HAOJIMKeHOro o0uucieHHs A . 3a popmyioro Teinopa

fx,y)=TF(x,y9+A )=f(x,y)+f,(x, YDA +a(A,),

n
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e a(A,)=f,(x, ¥y +6A)A2. Binkunysmm pemuumny o(A,)=

= O(A?), 0epsKUMO CUCTEMY PiBHSAHB ISl HAOIMKEHD Afk):

AY —(2+hd)AY +AY =g®, i=1,N -1
AV = A(”:O,

ne di(k) — fu (Xu yi(k))’ g(k) h? f(X.’ y ) ( (k) 2yi(k) + yi(-:—(l))'
3a dbopmynoro Teitnopa
f(x,y)=f(XV O+ A, D) =f(x, i(k)) + £, (X, i(k)) +a(A),
me a(A)=f, (x,y" +6 A )A? 2. Binxkunysmu Benmunny a(A )=

= O(A?), oiepsKUMO CUCTEMY PiBHSAHB IS HAOIMKEHD A&k):

A (24 hd )AL+ Al
e dr(]k): fu(xn,y,ﬁk)), gﬁk):hz (anyn ) ( 2yn +yn+1)

gn L i=LN -1, AY =AY =0,

Ockimpku  f (X,u) >0, TO omepkaHa cucTeMa Mae IepeBary

TOJIOBHOI JllarOHall, 10 CIY>KUTh JIOCTaTHHOIO YMOBOIO ICHYBaHHS Ta
€IMHOCTI PO3B’SI3KY CHCTEMHU JIIHIMHUX PIBHAHBb 1 CTIMKOCTI METONY

(k)

nporosku. [licng obuncnenns A’ maemo (K + 1)-e HaOmxeHHS

yE =y L AW =1 N -1,

AK€ MOXHa YTOUYHUTH y Takui croci0. [Iporiec yTouHEHHsSI MOKHa
3YNUHUTH, HAPUKJIAJ, KOJIU

max‘y,k+1 - yi(")‘ =max|A®| < ¢,

. 0 .
JIe & — 3aJ[aHa TOYHICTh. SIKIIO MOYaTKOBI HAOIMKEHHS yr(] ) BHUOpaHi
OJMU3BKUMHU JI0 Y, , TO METOJ BOJIOI€ KBAIPATHYHOO 3017KHICTIO.

15.9. Orasiq aHAJIITUYHUX METO/IiB PO3B’SI3yBaAHHS
KpaioBHUX 3a1a4

Bapiamiitnumu metogamu (PiTiia, HaliMeHIIMX KBaApaTiB) Ta
npoekmiinux (["anmpopkiHa, KoJsioKallii, CKIHYEHHUX €JIEMEHTIB)
HaOJIM>KeHUH pO3B’ 30K KpaioBOi 3a7a4i
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Au=f (15.49)
OyIyeTbCcsl B aHATITHYHOMY BUTJISL. [7est BapialliiHUX METO/IIB
nmoyisirae 'y 3BeACHHI KpahoBoi 3amaui (15.49) mo BapiariifHO1
3a7a4i, TOOTO MiHIMI3aIlli 1€SIKOTO (PyHKI[IOHATY

F(u)—>min, ueH. (15.50)

Hexait H —rinp6eproBuii npocTtip [34], TOOTO HECKIHUEHHOBUMIP

HUI SBKJIIIB TPOCTIP 13 CKAISIPHUM J00yTKOM (-,-), TIOBHUH BiTHOCHO

metpukn p(U,v) =./(U—Vv,u—V). Toxi 3amaua (15.49) piBHOCHIBHA

BapialliiiHiil 3a1a41 3 QyHKI10HAIOM BUTIISAY [16]

Lu=—(k(x)u) +q(x)u= f(x), 0<x<l; (15.51)
u(0) =u(l)=0. (15.52)
JIsis mpOCTOTH BUKIAAY TMPUIYCTHUMO, IO K — KyCKOBO

audepeHiioBHaa, a i f —kyckoBo HenepepBHi QyHKIIIT Ha [O,I] 31

CKIHYEHHOIO KUTbKICTIO TOYOK PO3PHUBY MEPILIOrO POy, 1 TAKOXK
k(x)>k,>0; q(x)>0, xe]o0,1]

YBeneMo mnmo3HadyeHHs:

I
(p.9) = [ Xy (x)dx (1553)
0

a(p,y) = k()@ Yy (x) +a(x)e(Xy (x)]dx.  (15.54)

Merox Pitua. Hexait {¢}, — oproronaibHa cucreMa JiHIHHO
HesanekHux audepenmioBanx Gyukmii Ha [0,l], manpuknan anreo-
paiunnx abo TpuroHomerpuuyHux. Ilpunyctumo, mo cucrema
{p.}noBHa B C*[a,b] i

9,(0)=¢,(1)=0, i=1n. (15.55)

Y wMetoni Pitua HaOmkeHU po3B’SI30K OYAYETbCS y BUTJIAII
JIHINHOI KOMO1HAaI1

u, =¢@ +...+C,@,, (15.56)
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3 HEBIJOMHMH KOE(IUIEHTH C,, SIKI 3HaXOJUMO IIPH PO3B’sI3yBaHHI

BapialliiHoi 3anaui. s kpaitoBoi 3angaui (15.51), (15.52) ¢yHuionan
F nabOyBae BUrisny

F(u) =(Lu,u)—2(r,u) =a(u,u)—2(f,u).
VY miacymky it BusHaueHHs kKoedimieHTtiB oaepxumo CJIAP [16]

_ancj(qu,-,coi) =(f.¢), 1=1Ln (15.57)
j=1

OCKUIbKM MaTpullelo Il€i cucTeMu € maTpuisd ['pama i cucrema
¢ynkuiit {@ }—niHiiHO He3aneXxHa, TO ICHY€ €IWHUHA PO3B’S30K,
OTXKE, €IVMHUN HAONM>KEHUW PpO3B’A30K BapiamiiiHoi 3agaui. [lpu
JOCHTh JieskuX ymoBax Ha ¢yHkuii K, 1 f moBemeno [13, 16, 78]
301kHICTh MeToay PiTia 10 po3B’sa3ky 3amaui (15.51), (15.52).

Meroa Taabopkina. Iled wMeronq HalexuTh 10 KIacy
NIPOEKLiHHIX MeToiB. Moro MoHa 3aCTOCYBATH IO IIMPIIOTO KIACy
3a1a4, HiX MeToa Pitma, 30kpeMa, JJisl HeMHIMHUX KpaloBUX 3aj1ad.
Inest MeToqy TPYHTY€EThCSI HA OPTOTOHAIBHOCTI HEeB si3ku f — AU 1o
GyHKUi @,,...,,. CopaBai, skmo cucrema {@ }moBHa B H, 10 B
npoctopi H Hemae BIAMIHHOTO BiJ HYJIsI €JI€MEHTa, OPTOrOHAIBHOTO
0 Bcix ¢, mpu | —oo. Tomy MOXHa poO3paxoByBaTH Ha Te, IO
HAOJIMKEHUN pO3B’SI30K U, KUl Oynyerbes y Burisal (15.56),
npsIMy€ 70 TOYHOTO po3B 3Ky U, ockimbku 3 (Au—r,¢ ) =0,1=12,...

Otrxe, nna (ikcoBaHOTO N 1 JIHIAHO HE3aJEKHOI CHUCTEMH
dyukmiit {p}', ma [0,1], xoedimienTn ¢, 3HaxOmATHCA i3 cHCTeMH
PIBHSIHB

(Au,,o)=(f,p), 1=1Ln, (15.58)
7€ MaTpHIlsl CUCTEMHU PIBHAHb MOXKE HE OyTH CHMETPUYHOIO, SIK Y
Mmetoxl Pitia.

Meton ckiHyeHHuX ejieMeHTiB. [loOygoBa HaOIMKEHOTO

po3B’s13Ky MeTosioM Pitita abo INansopkina st 3agadi (15.51), (15.51)

3BOAUTHCS 110 po3B’si3yBaHHA CJIAP mopsiaiky N 13 3aIOBHEHOIO MaT-
pulIeto, e N— KUIbKICTh KOOPAMHATHUX (PYHKIIIH. 3aCTOCYBaHHS Me-
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tony layca ana takoi CJIAP Bumarae O(n°) apudmernunnx
onepaiiid. Kpim Toro, npu BEeIUKHUX N CHUCTEMa PIBHAHL MOXE OyTH
rmoraHo o0ymoBJjeHorw. LI MeToiu TakoX HaKJIagar0Th OOMEKEHHS Ha
BUOIp CUCTEMHU KOOpPAMHATHUX (YHKIIIH, K1 3aJIeKaTh BiJ KpaoOBUX
YMOB.

Pi3HuiieBuil Ta IHTETpO-1HTEPNOALINHNN MeToIu 10Oy 108U PC
nopokytoTh CJIAP 13 TpuaiaroHaJbHOK MATPUIIEIO, PO3B’SI3yBaHHS
SKHX METOJOM IPOTOHKH 3BOJMTHCS J0 BUKOHaHHS O(N) omeparrii.

Ane y upboMy pa3i HaOJMKEHUI pO3B’A30K OJEPKYEThCA Ha CITHl A,
a HE B aHANITUYHOMY BUIJAI. PO3B’S30K 3a7adi B aHATITUYHOMY
BurJisii 31 CJIAP i3 TpusiiaroOHaJIbHOKO MAaTPUIIEIO OJIEPIKYETHCS, SKIIO
CHeliaJbHUM 4YWHOM BUOpaTH koopauHaTHi ¢yHkIii. Hexai
@, —KyCKOBO JIHIIH1 (yHKIIT BUTTIAAY:

01 Xe [01 Xi—l) U (Xi+1’ I]:

@ (X) =11+ (X=X), X e[X_%];
1-(X=%), X€[X, X1l

ae i=1,N -1, Nh=I. 3ayBaxumo, mo ¢ (X)=1 (puc. 15.2).

Puc. 15.2. Koopaunarai GpyHKIIT @,

HaGmmxenuit po3B’s30k Uy (X) moOyayemo y BUTIISI

Uy_1(X) = Z_:C@i (X).

Ockinbku Uy (%) =C; 1 QyHKIIisS @, OpTOrOHANBHA J0 BCiX (YHKIIIH
@, VISl AKUX ‘i—j‘>l, tomy CJIAP (15.57) nns 3HaXOIKEHHS
Koe(iIieHTiB € TpuaiaroHadbHor. BuszHaunukom CJIIAP cinyXuTh
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BU3HAYHMK ['pama, moOyJOBaHMM 3a CHCTEMOIO JIIHIMHO HE3aJeKHUX

¢yukuii ¢, 1 =1,n, romy BiH He AopiBHIOE HYyItO i CJIAP Mae equnwmii
po3B’s30K. KoedimieaTn marpumi B cuctemi (15.57) oOunciroOTHCS
3a opMynamu

|
(Lo;.¢) = [ (Loy)a (X)dx

JoBenaeHo, 301KHICTH METOAY CKIHYCHHHMX €JIEMEHTIB Ta
nokasano, mo [u—v|=/(u-v,u—-v) <Ch, C=const>0 [17,67].

Ipukaaau po3B’si3yBaHHS THIIOBMX 32124

3amaua 1. [TooynyBatu PC 1 3HaliTu HaOIMIKEHE 3HAYCHHS PO3B’A3KY
3 kpokamu 0.1 ta 0.01 miniitHOT KpaiioBoi 3agadl
u"+(x+Hu'—2u=2,0< x<1;
u(0)—u’(0) =1, u(@) =4.
Po3p’sizyBannsi. Ha miacrasi (15.24), (15.27) PC pns kpaiioBoi
3a/1a4i Ha0yBa€ BUTIIALY
(3+2h)y, -4y, +y, =2h,

(1—%h(1+ nh)jynl —2(1+h%)y, (1+%h(1+ nh)j y ., =2h’,

Taoauns 15.2
Yucnosi po3s’s3ku i3 kpokamu h =0.11 h, =0.01

Xn U(Xn) Vi, (Xn) Y, (%n)
0.0 1.0000 1.0322 1.0330
0.1 1.2100 1.2354 1.2124
0.2 1.4400 1.4598 1.4419
0.3 1.6900 1.7052 1.6914
0.4 1.9600 1.9714 1.9611
0.5 2.2500 2.2584 2.2508
0.6 2.5600 2.5659 2.5606
0.7 2.8900 2.8939 2.8904
0.8 3.2400 3.2423 3.2402
0.9 3.6100 3.6111 3.6101
1.0 4.0000 4.0000 4.0000
Hopma moxu6- | 0.0322 0.0030
KM Ha CITIi
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ITicnsg BuTydeHHs Y, 13 IEPIIOro PIBHAHHA OJEPKHMO
(3+2h—c(—h@+h)))y, — (4+2c@+h?))y, =—2h(L+ch),
ae c=1/(Q+h(@+h)/2).
3HaueHHs po3B’s3Ky oxaepxkaHoi CJIAP 3 TpuaiaroHaJbHOIO
Matpuiiero mopsaky 10 1 100 B toukax 0.1n i3 kpokaMu HaBelE€HI B

tabnuil 15.2. MakcuMmaibH1 3Ha4€HHS MTOXHOKH YUCIOBOIO PO3B’SI3KY
3 kpokamu 0.1 1 0.01 cknamgae Bignmosiguo 0.0322 1 0.0030.

3anaua 2. [loOynysatu PC miis HeniHIAHOT KpailoBoi 3a1a4i
u”=3u+10u”+x*,0<x<1 u(@)=u@)=0
Ta 3HaWTH ii po3B’sa30k Ha citmi 3 kpokamu h=0.01 i h=0.001.
Po3p’sizyBanns. 3anuiiemMo Bianosigny PC y Burmsai
Y. =2y, +Y.,=h*@y, +10y>+nh), n=LN-1 y, =y, =0.
YBeAeMO IO3HAYCHHS:

2 1 0 - 0 0 O
1 2 1 -0 0 0 V, 0
A= , D(Y) = ' :
0 0 0 1 2 1 0 Vi
0 0 0 0 1 -2
| 3y, +10y; + h? |
i 3y, +10y? + 4h?
Y _ , F(Y): 2 2
Yia

| 3Yna +10yr§1—1 + (N _1)2h2_
: () _[ A0 0T
Tomi CJIAP nns oOGumcieHHsS BekTopa A —[Al ,...,AN_l] TUTS

yrounenHs Habmmkenns Y X mabyne Burmsamy
[ A—(31+20D(Y¥))h* |AY) =h?F (Y ) - AY .

Martpuiist cucteMu TpualaroHajabHa, OCKUIBKY HEAlaroHaIbHI €JIE€MEH-
TH JOPIBHIOIOTH 1, a AlaroHalibHI 13 MPOTHJICKHUM 3HAKOM JOPiB-

m1010Th 2+ (3+ 20y, )h*. Hacrynue nabmmkenns Y ¢ =Y © AW,
Pesynpratn o6unciens y Byznax X, =0.1i i3 mo4aTkOBUM BEKTOPOM
Y© napeneni B Tabn 15.6. OGUMCICHHS IPOBOMMINCS Ha CiTKaX i3
kpokoM h=10",k =1,2,3. Itepanii MpUIUHINCH, SKIIO BCi KOOP-
muHaTh BekTopa A®) craBamm 3a Mmomynem menmre 107,
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Taoauua 15.6

Xi h=0.1 h=0.01 h=0.001
0.1 -0.0058 -0.0058 -0.003821
0.2 -0.0116 -0.0118 -0.011807
0.3 -0.0174 -0.0176 -0.017625
0.4 -0.0223 -0.0230 -0.023061
0.5 -0.0274 -0.0276 -0.027630
0.6 -0.0302 -0.0304 -0.030403
0.7 -0.0303 -0.0305 -0.030514
0.8 -0.0265 -0.0276 -0.026629
0.9 -0.0170 -0.0170 -0.017106

3apaua 3. IloOyayBatu PC posmonuty TemmepaTypu B TOHKOMY
OJIHOPITHOMY CTEp>KHI JOBXKUHOIO 1, SIKUH CKIJIaa€ThCsi 3 JBOX
YaCTHH 13 PI3HUMHU KoedillieHTaMu TermtonpoBigHocTi K 1 K

1 21

CTaIuM KO€(IIIEHTOM TEIJI00OMIHY 13 30BHIIIHIM CEPEAOBUIIEM (]
1 crajgoro mipHicTIO pkepen f. Ha KIHIEIX — cTepiKHS
HIATPUMYETHCS CTalla TeMIepaTypa L, 1 L.

Po3p’si3yBanns. Po3noain temneparypu y CTEpKHI € PO3B’SI3KOM
KpaiioBoi 3amaui (15.37) i3 pospuBHoio ¢yHKIiEw K(X), ToMy
3aCTOCYEMO 1HTErpO-1HTEpHodALIHUN MeTon. Po3riasHeMo J1Ba
Bunaaku. Y mepmomy (puc. 15.3) kpok citku h=1/N Takuii, mo
c=mh,me N.

s kn
k| o o — = +\L jl A y |
hoer— | B
I | ! |
———trrrrrrrrrhrererr > NN S S '
a C b X T a c 5 X
Puc. 15.3 Puc. 15.4
3rigHo 3 hpopmynamu (15.39) maemo:
-1
17} k,h —
a = —j% =—1 -k ,n=1m; (15.49)
h Xo 4 kl Xy — Xy
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-1
az(ijgé]:mwn:m+LN; (15.50)

d =0, ¢=1f, n=1
PC y upbomy Bunaaxky HaOyBa€ BUTIISITY

k
-TﬁwM—2w+mmhﬂw=¢,n=Lm—L
k2 kl .
_F(ym+1_ym)+ﬁ(ym_ym—1)+qym :¢’ n:m1

k -
-7§WM—2w+mquw=¢,n:m+LN—l

VYpaxyBaBiu kpaiioBi ymoBu oxaepxkumo, CJIAP 13 Tpuaiaro-
HaJIbHOIO MaTPHUIIEIO

(2k, +h'a)y, —ky, =h'p+kuy, n=1L
—ky  +(2k +h*q)y —ky . =hp, n=2,m-1;
—ky . +(k +k,+h*q)y —ky =h’p, n=m; (15.51)
—k,y . +(2k,+h’q)y. -k,y ,=h’¢p, n=m+1,N-2;
(2k, +h’q)y, ., —-ky, . =h’p+k u, n=N-1
Hexait renep mh<c<(m+1)h (puc. 15.4). Toxi c=Xx_+¢&h,
ne 0<&<1l. Koepimientn a, ammg N :1,_m 1 n=m+2,N

oOuuncmooThea 3a (popmymamu (15.49) 1 (15.50) BigmoBigHO.
Koediuient

-1
_(1‘3&1“%] nk, Mk, (1-Oktk

" hik hdk | c-x, x.-c  EL-¢&)

X

VY upomy Bunaaky oaepxyerbcsi CJIAP, ska Binpizuserncs Big CJIAP
(15.50) piBHAHHSAMH 3 HOMEpaMH M 1 m+1, ki HAOyBalOTh BUTJISTY

—k,y_, +(k +k +h*q)y, —ky ,=h*0, n=m+1
_Izym + (kl + lz + hzq)ym+1 - k2 ym+2 - hzw’ n=m-+ 2

3apaua 4. Merogom Pitiia moOyayBaTu HaONM>KEHUN PO3BsI’sI30K Kpa-
MOBOI 3a1a4l
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—((t? +1))’+t£22 :%, 1<t<2;
z() =2, z(2)=2.5.
Tounuii po3B’s130k 3amaui u(t) =t+1/t.
Po3B’si3yBanns. BukoHaBim 3amMiny
t=x+1 z2=25x-2(x-1)+4=2+0.5x+4,
OJIEP>KUMO KpParloOBYy 3a/1a4y

1 3
>U=—X-1+ — >
(x+1) X+1 (x+1)

—((X* +2x+2)u") + O<x<l
u(0)=u() =0,
me V(X) = X2 +2x+2, (X)) =2(x+D 7%, g(x) = —x =1+ (x+1) " -
—3(x+1)7%,0<x<1. 3a hopmynamu ( 15.53), ( 15.54) maemo:
F(u) =(Lu,u) —2(f,u),
1
(Lmuﬁi{0@+2x+aﬂ02+HX+DQU{PK
0
1

u 3
(f,u):j —x—1+X+1—(X+1)2}de.

0

Koopmunatn dyrxii ¢ (X)=X1-1) i @,(X)=x*1-x)
3aJI0BOJIbHAIOTH HYJIBOBI KpailoOBI YMOBH 1 JIIHIHHO HE3aJIEXKHI.
KoedinienTu ¢, 1 C, HAOIMKEHOTO PO3B’A3KY

U, (X) = ¢, X(L—X) +C,x*(1- X)
3HaxonsAThed 13 CJIAP

(Lew, @,)c + (Lo, 5)c, =(r, @),

(Lo, @o)c + (Lo, @,)C, =(r,9,).
OOuucnuBIIM BIAMOBIAHI IHTErpasin, oaepxumo CIIAP
1.1645c, +0.6807¢c, =-0.7952,

0.6807c, +0.5597¢c, =—-0.1332,
3B1IKM 3HaxommMmo C =-1.8799,c, =2.0479 1 naOmmxeHni

PO3B’S30K U, (X) =—-1.8799x(1—x) + 2.0479%%(1— X) abo
U, (X) =(2.0479x —1.8799)(1— x)x. IToxmbka po3B’s3Ky U,(X) y
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TOYKax 0.25k,k:]§ nopiearoe  0.03896 0.1730 i 0.0109
BIJIITOB1IHO.

3amaya 5. 3amaua 5. Merogom ["anbopkiHa 3HAWTH HAOIMDKEHUN
pO3B’A30K U, (X), KoJu n =2, KpailoBOi 3aaa4i
Lu=u"-xu"+2u=2, O0<x<l
u(0)+u'(0)=1, u'(d) =2,
TOYHHH PO3B’ 130K sKOi U(X) = X% +1.

Po3p’si3yBanHs. Y 1bOMYy BHUIAJKy omneparop L He cumer-
puunmii, Tooto (Lu,v) = (u,Lv), Tomy Merox Pitma 3actrocyBatm He

MOXxHa. OCKIIbKM KpallOBlI yYMOBHM HEOJHOPIJIHI, TO HAOIMKEHUM
PO3B’SI30K MOOYAYEMO Yy BUTJISII

U, (X) = @0 (X) + ¢, (X) + Co0,(X),
ne  @,(X)=ax+b 1 3agoBonmbHATMME KpalWoBi yMOBH, a
o (X) =1+ax+bx%, ¢,(X)=a,x* +hb,x°.
3HaueHHs a=2 1 b=-1 3Haxogumo i3 cHCTeMH pIBHSIHB
a+b=1 a=2, tobto ¢,(x)=2x-1. I3 ymos (15.55) maemo:
P (X)=1-x+Xx°12, @,(x)=-3x"/2+X".
Cucrema (15.58) nabyBae Burisgy

a1 .2
221 g2 1
9 27 1

—C, ——C, = ’
207140 2 10
sBizkum  C, =108/109, ¢, =-1022/327. Omxe, U,(X)=g,(X)+

108 1022 ) 3
+—p,(X)——— @, (X) =(-3+330x+3128x- —1022x°) / 327.
109(01( ) 307 (02( ) =( )

[ToxuOka HAOMMKEHOTO pO3B’A3KY B Toulll 0.5 1OpiBHIOE

u,(0.5) —u(0.5) =1.4006 —1.2500 = 0.1506.

3aBIaHHA Ta 3aNIUTAHHA JJIS CAMOCTINHOI po00oTH

1. IlpoimtocTpyBaTH METOJI YTOYHEHHS TMOYATKOBUX JaHUX HA TMPUKIAII
KpaioBoi 3a1a4i
u”=f(x,u,u’),0<x<1; u(0)=g,, u@®) = 4,_.

2. [ToOymyBaTu pi3HUIIEBY CXEMY JPYTOro MOPSIAKY I TAKUX KpalOBUX 3a71a4:

397



1) u"—u'=f(x), 0<x<1; u(0)=u@), u'(0)=u'@;

2) u"+ p(xX)u'+g(x)u=r(x), 0<x<1;
u(0)=a, Jl'u(x)dx= b;
0
3) u®="f(x), 0<x<l1;

u(0) = Moy — U'(O) =V u@) = H U'(l) =V
3. [lobynyBatu PC 1 3HailTH ii pO3B’S30K 13 PI3HUMHU KpOKaMH JUisl OJHOBH-
MIpHOI 3a/1a41 KOHBEHKIIIi-1udy3ii
—au”+bu’'=0, 0<x<1; u(0)=0, ul)=1.

[TopiBHATH oziepKaHUI pO3B’ 30K 3 TOYHUM PO3B’SI3KOM

1-e® b
— R=_.
b=t

R !

—€ a
4. TTo6ynyBatu PC, sixa ampokcumye JiHIAHY KpaiioBy 3aaady (15.21), (15.22) 3
YETBEPTUM MOPSIKOM.
5. PizHUIIEBUM METOAOM 3HAUTH HAOIMKEHUH PO3B’ 30K HEJIHIMHOT KpalioBoi
3ajaul

u”=-u +2(u')2/u, —1l<x<1,

u(-1)=u(l)=(e+e)" =0.324027137.

. . 9 — _1
[TopiBHATH OepXkKaHi PE3yIbTaTH 3 TOYHHM PO3B’SI3KOM U(X):(ex +e X)

KpaiioBoi 3ajadi. 3a IMOYaTKOBE HAOIMKEHHS B MeToJl HbloTOHa B3STH

<10,

(k+1

Y

6. [To6ynyBatu PC npyroro nopsaky 1ist TAKUX KpalOBHUX 3a]1a4:
1) u"—u"=f(x),0<x<1,
u@)=u(@); u'(0)=u'();
2) u"+ p(xXu'+q(x)u=r(x), 0<x<7L;

-1,
yr(]o) _ (e + e‘l) , iTepaltii MPUIUHUTH, KOJIA mr?X ) yﬁk)

u(o) =a; Jl‘u(x)dxu’(O) =b;
0

3) uV =f(x), 0<x<I

U0) = tip; ~U(©O)=vp UD)=s4; UMD =1,
7. Jlnd SKUX 3Ha4eHb «,f 1 y pI3HULIEBA CXeMa
2

1 h .,
_?(yml_zyn + yn—1)+(2yn+1_ﬁyn +7yn—1): 1En +E fn! Yo =Yn :O’
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anpokcuMye kpaitoBy 3amady —U”+u= f(x); u(0)=u(@)=0i3 gyerBepTHM
nopsiAKoM?
8. [lobynysatu PC mnsa 3amaui nedopmaiii npy>XHO1 CTPYHU MiJ €0 MOMEpey-
HOTO HaBaHTAXCHHSI, KA OMUCYETHCS AU(PEepeHIliaTbHIM PIBHAHHSAM
—u"=a’*(u)*+1, O<x<l],
3 kparioBumu ymoBamu U(0) =u(l) =0..

9. JlocmauTu Ha cTilikicth PC:

1

2 _F(ynﬂ_zyn +Yna) = fr Yo=Y, Yn =0, Nh =1L
1

6)_F(yn+l _Zyn + yn—l) = fnl yo = yN =0.

10. ITo6ynyBatu PC nis kpaitoBoi 3amaui
u® +xu® —2u” + (x +Du’ — x’u = (3—x*)sin X + cos X,

u(0) =0, u’'(0) =1, u(%) =1, u'(%) = 0, TouHHH PO3B’ 30K K0T U(X) =Sin X.

11. IToOyayBatu PC apyroro nopsiaky ajst piBHSHHS

—u"+p(X)u=f(x), 0<x<],
3 KpalOBUMH YMOBAMMU:
a) u'(0) =u(@®, u'@)=u(0);
6) u'(0)=u'@), u(0)=uQ);
B) 2u'(0) =u(0)+u(®), u'@) =

12. AnpokcuMyBaTH 3a JABOMa TOYKAMH 3 JAPYTMM IMOPSAKOM KPaoOBY YMOBY
. . X
U'—4u =2, 3agany npu X =2, i piBHSHHS U" = Sin " + 2.

13. Jocmautu cTiiikicte PC
(Y. —=2Y, +Yu) == F(x), n=LN-L
Yo=Yy =0,
1 mokazaTw, 1o pu h — 0 yucino 06yMoOBICHOCTI anreOpaidHOi CUCTEMHU
IUTA 3HAXOMKEHHs Y, Mae mopagok O(h™?).

14. IMpu sxux a, b, ¢ PC
2

_ h ,,
—h 2(yn—l - 2yn + yn+1) + (ayn—l + byn + Cyn+1) = fn + E f (Xn)’
Yo =Yn =0,

AIPOKCHUMYE 3 YETBEPTUM MOPSIAKOM KpaoOBYy 3a7aqy
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—u"+u=f(x), u@©=u@=07?7

15. Pi3HuIleBEM METOIOM 1 METOJOM YTOYHEHHS TMOYATKOBHX JaHUX PO3-

B’s13aTH 3 KpokoM h = 0.01 kpalioBy 3agauy

u"+u+x=0, xe(0,d);

u(0)=0, u(@)=0.5.
[TopiBHATH OfCpX)aHUK YHUCIOBHA pPO3B’S30K 3 TOYHHUM PO3B’SI3KOM
u(x) =(sinx) /sin1—0.5x kpaiioBoi 3agaui.

16. MareMaTHYHOIO MOJEIUII0 MAJINX KOJMBAHb IUIOCKOTO MAasSTHHUKA I 1€
TepioINYHOI CUIIN CITY’KHUTh AudepeHIianbae piBHAHES  U” + 0°U = Sin A,
ne u(t) - xyToBe BimxmieHns, ®° =@/l, Vv — 4acToTa 30BHILIHBOI CHIIH.
[TobynyBatu PC npyroro mopsiaky, SKIIO JJiS PO3B’S3KY 3a/laHO KpailoBi
YMOBH:

a) u(0)=-1, u@®=L
o)u'(0)=0, u@®=1
B) Uu(0)=u(), u'(0)=u’(d).
17. EnexTpocTaTHUHUI MOTEHIIan MiX ABoMa cepamu paaiyciB r=11 r=4
BU3HAYAETHCS SIK PO3B’SI30K KPaloBoi 3a/1a4i
d?u 2du
ar? rdr
3Hal{TH YHCIOBHI PO3B’SI30K, po36ouBIIHK BiApi3ok [1,4] Ha 30 yacTuH.

0, u(1)=50, u(4)=100.

18. ITooynyBatu PC 3 kpokoMm h ms piBastHHES [{rodinra
u”+u=eu’, £ =const >0,
3 kpaioBumu ymoBamu U(0) =u(l) = u. 3ammcatu CJIAP ans yrouyHeHHsS

po3B’si3ky PC merogom HerotoHa.

19. Io6ynysatu PC mopsaaky 2 Ta BianoBinny CJIAP s maGnmkeHoro o04rc-
JICHHSI YMCJIOBOTO PO3B’SI3KYy JUIsl MOJIEN MOIIUPEHHs emijieMii B 3aaadi 24
po3ainy 12.

20. HocmiguTu critikicte PC (15.24) nns K3

u"—w’u=f(x),0<x<l,®>0;
uO)=«a, u(l)=24.

21. Tlo6ynysaru PC i 3HaiiTi yncnoBuit po3B’sa30k 3 kpokom 0.1 mms K3

u"=—,.", 0<x<4,u(0)=u(4) =0,
ne nmapametp y <y, ~3.5. lna y <y, =3.5 3anaua mae 1Ba po3B’A3KU, I

Y =y, PO3B’30K €IUHHHN, KO ¥ > ¥_, TO PO3B’sI3Ky He icHye [11].
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22. Iaterpo-iaTepniosiitauM mMetogoMm nodyayBatu CJIAP mns 3HaxomKkeHHS

4UCIOBOro po3B’sa3Ky kpaiosoi 3amadi (K(X)u') =0, u(0) =, u(2) =y,
ne ¢ynakmis K(x) 3amana Ha puc. 15.5.

A

k * Kk

‘
]:

a) 0) B)

Puc. 15.5

23. Tlo6ynyBatu PC 1 3nHaitTu ymciosi po3B’si3ku it N =10, 25 1 50, nmopis-

HATHU OI[Gp)KaHi pe3yJibTaTu MIXK CO6OIO, a TaKOX 3 TOYHUM pOBB’ﬁI3KOM
u”(X) [uis KpaifoBHX 3amay4:
1) u"—u=sin(272x),0< x <L u(0)=u() =0;
u”(x) =sin(22x) /(L + 4x*);
2) u"—(2x-u'—2u=0,0<x<u(0)=u@) =1
u”(x) =exp(x(x —1)).

24. BepTukanbHe BIIXHWIIEHHS 3aKpIIUICHOTO KaOelto € Po3B’sI3KOM KpaioBOi

3ajaul

u”= w1+ U)?, 0<x<l; u(0)=p,, ul)=u,
ne M, 1 f - AoJaTHI CTai.
1) 3naiiti po3B’sa30K 3amaui Burasaxy U(X)=A+ u'ch(ux+B), ne A i B
BU3HAYAIOTHCS KPAOBUMH YMOBAMHU.
2) ITooymysaTtu PC (15.24), 3Haiitu uncinoBuii po3B’s30k s N =10, 20, 40.
3) IlopiBHsATH onepxaHI YHCIOBI PO3B’S3KM MIDK COOOI 1 3 TOYHUM
PO3B’SI3KOM.

25. Ilooymysatu PC apyroro mopsaky aus 3/IP u” —u =-100x, 0< x <1,

3 IHTETPAIbBHUMH YMOBaMU

iu(x)dx =0, Jl.xu(x)dx =1.
0 0

3HalTH TOYHMIA po3B’ 30K U (X) 3amadi Ta MOXHOKY m@x‘y(xi) —u" (X )‘ TS
i=0,N

N=4,8116.
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KopoTki BiToMOCTi PO BYEHUX, AKi 3rayl0ThCH Y NOCIOHUKY

Abeas Hinbe I'enpik (Hops. Niels Henrik Abel,
1802-1829 pp.) — HOpBe3bKUi MaTeMaTuK. [[0BiB
y 1824 p. Teopemy mpo Te, L0 IS PIBHSAHD
II’SITOTO 1 BUINMX CTEMEHIB HE ICHYE 3arajibHOI
dbopMynu  nans  BUPaXEHHS  KOPEHIB  uepe3
Koe(iIlieHTH B paJiUKajaXx.

THAV MIUNIH STHIN

acTpoHOM, MaTeMaTuK 1 MexaHik. ¥ 1845 p. nepenbauuB nnanety Hentyn Ha
OCHOBI1 JIOCHIPKEHHsI 30ypeHb pyxy Iuianetu Ypan. Y 1882 p. Bukopucrtas
Meroa HerloToHa niist po3B’si3yBanHs npooiemu Kemniepa. Po3po6us Garatokpo-
KOBHI METOJ] YMCJIOBOTO IHTETPYBaHHS NU(EpEeHIIAIbHUX PIBHSIHB JJIS JTOCIII-
JKEHHsI KanuisapHUX nporueciB. Po3paxysaB crany Elnepa y =0.577215665... 3

TOYHICTIO 10 272 NeCATKOBUX 3HAKIB.

Bepumreiin Cepriii HaranoBuu (1880-1968 pp.) po3s’s3aB jeB’ ATHAALATY 1
nBaausaTy npodiemu ['insoepra, po3Bunys iaei [1.JI. YeOumesa nmpo HaOIMKeH-
Hs (QYHKIIM MHOrOYJeHaMU, HOMY HaJEKHUTh TEPMIH «KOHCTPYKTHBHA TEOPis
byHK1i». ABTOp 0a3ucHUX (DYHKIIHM, HA3BaHUX HOTO IMEHEM.

Byab JIxopmax (anrn. George Boole, 1815-1864 pp.) — aurmiiicbkuii Marte-
MaTuk 1 (inocod. OauH 13 3aCHOBHHMKIB MATEMAaTHYHOI JIOT1KH, 3aCTOCYBaB
CUMBOJIBHUIM MeTOJ] y JioTimi. Jlo 00uucaroBanbpHOT MaTeMaTUKUA HAJICKUTh Tpa-
st «Tpaktar npo ckinuensi pisuuii» (1860 p.). Moro imMeHeM Ha3BaHa KBaj-
parypHa ¢hopmyia i3 piBHOBIITAICHUMH BY3JIaMU IIIOCTOTO MOPSJIKY TOYHOCTI.

ByTtuep dxon (anrn. John Charles Butcher, nap. 1933 p.) — HOBO3eIaHACHKUI
mareMatuk. DaxiBeupb 3 po3poOku MeroniB Pynre—KyrTu Ta GaratokpokoBux
MeroaiB ais 3anayl Komni. 3anpornoHyBaB TaOMMLIO ISl 3aIIMCY KOE(IIE€HTIB
nux metonaiB. Koopnunatop kinyOy 3 oOMiny iHGopMaliiero npo Mmetoau PyHre—
Kyttu http://www.jcbutcher.com/rkclub/

Basic Ixkon (anrn. John Wallis, 1616-1703 pp.) — aHriiiCbKHiA MaTEMAaTHK,
OJIMH 3 TIONEPEHUKIB MaTEeMaTUYHOrO aHamidy. BBIB TepMiHU: MaHTHCA,
HernepepBHU Api0d, cUMBOJ o, a B 1656 p. — Tepmin “iHTeprniontoBanHsa”. BuBis
PEKYpEeHTHI CIiBBIAHOIIEHHS JIJIsl BIAMOBIIHUX JPOOiB HETEpEepBHOTO Apo0ly, a
TakoK popMyJIy [UIst OGUMCIeHHs Ynca 77/ 2.

Bpoucokuii 103ed (nonwcek. Jozef Hoene-Wronski, 1776-1853 pp.) —
noJIbChbKU MateMatuk. Y 1812 p. ynepiie BBiB MOHATTS (PYHKIIIOHAILHOTO BU3-
HayHUKa (BPOHCHKiaHa).
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https://uk.wikipedia.org/wiki/%D0%9D%D0%BE%D1%80%D0%B2%D0%B5%D0%B7%D1%8C%D0%BA%D0%B0_%D0%BC%D0%BE%D0%B2%D0%B0
https://uk.wikipedia.org/wiki/1802
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https://uk.wikipedia.org/wiki/1824
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http://ru.wikipedia.org/wiki/1819_%D0%B3%D0%BE%D0%B4
http://ru.wikipedia.org/wiki/1892_%D0%B3%D0%BE%D0%B4
http://uk.wikipedia.org/wiki/1845
http://uk.wikipedia.org/wiki/%D0%9D%D0%B5%D0%BF%D1%82%D1%83%D0%BD_(%D0%BF%D0%BB%D0%B0%D0%BD%D0%B5%D1%82%D0%B0)
http://uk.wikipedia.org/wiki/%D0%A3%D1%80%D0%B0%D0%BD_(%D0%BF%D0%BB%D0%B0%D0%BD%D0%B5%D1%82%D0%B0)
http://uk.wikipedia.org/wiki/%D0%9C%D0%B5%D1%82%D0%BE%D0%B4_%D0%90%D0%B4%D0%B0%D0%BC%D1%81%D0%B0
http://uk.wikipedia.org/wiki/%D0%94%D0%B8%D1%84%D0%B5%D1%80%D0%B5%D0%BD%D1%86%D1%96%D0%B0%D0%BB%D1%8C%D0%BD%D0%B5_%D1%80%D1%96%D0%B2%D0%BD%D1%8F%D0%BD%D0%BD%D1%8F
http://uk.wikipedia.org/wiki/%D0%A1%D1%82%D0%B0%D0%BB%D0%B0_%D0%95%D0%B9%D0%BB%D0%B5%D1%80%D0%B0
https://uk.wikipedia.org/wiki/%D0%A7%D0%B5%D0%B1%D0%B8%D1%88%D0%BE%D0%B2_%D0%9F%D0%B0%D1%84%D0%BD%D1%83%D1%82%D1%96%D0%B9_%D0%9B%D1%8C%D0%B2%D0%BE%D0%B2%D0%B8%D1%87
https://uk.wikipedia.org/wiki/%D0%9C%D0%BD%D0%BE%D0%B3%D0%BE%D1%87%D0%BB%D0%B5%D0%BD
http://uk.wikipedia.org/wiki/%D0%90%D0%BD%D0%B3%D0%BB%D1%96%D0%B9%D1%81%D1%8C%D0%BA%D0%B0_%D0%BC%D0%BE%D0%B2%D0%B0
http://uk.wikipedia.org/wiki/1815
http://uk.wikipedia.org/wiki/1864
http://uk.wikipedia.org/wiki/%D0%90%D0%BD%D0%B3%D0%BB%D1%96%D1%8F
http://uk.wikipedia.org/wiki/%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA
http://uk.wikipedia.org/wiki/%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA
http://uk.wikipedia.org/wiki/%D0%A4%D1%96%D0%BB%D0%BE%D1%81%D0%BE%D1%84
https://ru.wikipedia.org/wiki/%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D1%87%D0%B5%D1%81%D0%BA%D0%B0%D1%8F_%D0%BB%D0%BE%D0%B3%D0%B8%D0%BA%D0%B0
https://ru.wikipedia.org/wiki/1860
http://www.jcbutcher.com/rkclub/
http://uk.wikipedia.org/wiki/%D0%90%D0%BD%D0%B3%D0%BB%D1%96%D0%B9%D1%81%D1%8C%D0%BA%D0%B0_%D0%BC%D0%BE%D0%B2%D0%B0
http://uk.wikipedia.org/wiki/1616
http://uk.wikipedia.org/wiki/1703
http://uk.wikipedia.org/wiki/%D0%90%D0%BD%D0%B3%D0%BB%D1%96%D1%8F
http://uk.wikipedia.org/wiki/%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA
http://uk.wikipedia.org/wiki/%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D1%87%D0%BD%D0%B8%D0%B9_%D0%B0%D0%BD%D0%B0%D0%BB%D1%96%D0%B7
http://uk.wikipedia.org/wiki/%D0%95%D0%BA%D1%81%D0%BF%D0%BE%D0%BD%D0%B5%D0%BD%D1%86%D1%96%D0%B0%D0%BB%D1%8C%D0%BD%D0%B8%D0%B9_%D0%B7%D0%B0%D0%BF%D0%B8%D1%81
http://uk.wikipedia.org/wiki/%D0%9B%D0%B0%D0%BD%D1%86%D1%8E%D0%B3%D0%BE%D0%B2%D0%B8%D0%B9_%D0%B4%D1%80%D1%96%D0%B1
http://uk.wikipedia.org/wiki/%D0%86%D0%BD%D1%82%D0%B5%D1%80%D0%BF%D0%BE%D0%BB%D1%8F%D1%86%D1%96%D1%8F
http://uk.wikipedia.org/wiki/%D0%9F%D0%BE%D0%BB%D1%8C%D1%81%D1%8C%D0%BA%D0%B0_%D0%BC%D0%BE%D0%B2%D0%B0
http://uk.wikipedia.org/wiki/1853
https://uk.wikipedia.org/wiki/%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA
http://uk.wikipedia.org/wiki/%D0%92%D0%B8%D0%B7%D0%BD%D0%B0%D1%87%D0%BD%D0%B8%D0%BA
http://uk.wikipedia.org/wiki/%D0%92%D0%B8%D0%B7%D0%BD%D0%B0%D1%87%D0%BD%D0%B8%D0%BA
http://uk.wikipedia.org/wiki/%D0%92%D0%B8%D0%B7%D0%BD%D0%B0%D1%87%D0%BD%D0%B8%D0%BA_%D0%92%D1%80%D0%BE%D0%BD%D1%81%D1%8C%D0%BA%D0%BE%D0%B3%D0%BE

Tanya Eapucr (bp. Evariste Galois, 1811-1832 pp.) —
bpaHIy3pKHil MaTeMaTHK. 3alnpoBaJuB TEpMiH “Tpyma”,
BUKOPUCTAB BJACTUBOCTI Tpyn sl PO3B’SI3yBaHHS
po0JieMu po3B’sa3HOCTI anredpaiuaux piBHsIHbL (1830 p.),
pO3BUHYBIIHK gociipkeHHss Hinbca AGens.

Tayc Ioran Kapa ®pigpix (mim. Johann Carl
Friedrich Gaus, 1777-1855 pp.) — HiMeUbKHii
MaTeMaThK, acTpoHoM 1 ¢i3uk. [loOyayBaB iHTEpHO-
JsiiHy GopMyily, sika HOCHTH Horo iM’s. Meron
Tayca — kmacuyHumii Meton poss’ssyBanus CJIAP,
ynepiie omyoikoanuit y 1801 p. ¥V 1814 p. Tayc
onmyOJIiKyBaB KBaJpaTypHy ¢GopMylly HAWBUIIOTO anreOpaiuHoro CTemeHs
TOYHOCTI, 1[0 OyJ0 OJIHMUM 3 HANOUIBIIMX JOCATHEHb OOUYHCIIIOBAILHOI MaTe-
Matuku y XIX cromitti. Y 1795 p., He3anexHo Bix JIexxanapa, po3poOUB METON
HaWMEHINUX KBAApaTiB JUIsl PO3B’SA3yBaHHS 3a7adl aHalizy TomorpadiyHux
JTAHUX B aCTPOHOMIYHHUX OOYHUCIICHHSX.

CARL FRIEDRICH GAUSS

Tip Yapuap Binbam (amrn. Charles William Gear, map. y 1935 p.) — Opu-
TaHChKO-aMEPUKAaHChKUH MaTemaTuk. DaxiBelb 3 OOYMCIIIOBAIBLHOI MaTeMa-
THUKH, KOMIT'IOTEpPHOI rpadikd Ta KOMII'FOTEPHHX Hayk. Bimomuil po3poOkoro
METOAY YHCJIOBOTO PpO3B’SI3yBaHHS JKOPCTKUX CHUCTeM Ju(epeHIliaIbHuX
piBHsHB (1966 p.).

Topuep Binbam xopmxk (anrn. William George Horner, 1786-1837 pp.) —
aHTImiichkui MatemaTtuk. OcHOBHI miparti 3 anrebpu. Y 1819 p. omyOmikyBaB
METOJ] HaOJMXEHOTO OOYMCIICHHS MINCHUX KOPEHIB MHOTOYJICHA, Ha3BaHUM
meronoM Pyddini—T oprepa. Horo imM’sM Ha3BaHa cxeMa BUIICHHS JTiHIHOTO
MHOYKHHUKA ajareOpaiyHOro MHOTO4ICHA.

Hanxsict Iepmynn (anrn. Germund Dahlquist, 1925-2005 pp.) — mBeachKuit
MaTeMaTuK, 3pOOMB 3HAYHUN BHECOK B aHalI3 CTIHKOCTI 0araTOKpOKOBUX
PI3HUIIEBUX METOJIB i 3BUYAHUX Ju(depeHiianbHuX piBHSAHD (Oap’ep
JlankBicTa IIOJO0 TOPSJIKY CTIMKOrO JIHIHHOTO K -KpOKOBOI'O Pi3HHMIICBOTO
METOY).

Hexapr Pene (Op. René Descartes, 15961650 -« =vvvvvvvvvvvvvvvvvvivivves ~
pp.) — bpaHITy3bKHiA (1).111000(1.). : (1)131/1_15, gg?f*\mﬁs “
MaTeMaThK, 3aCHOBHUK AHATITUYHOI TeOMETpil. — BEdbrl 3 7
3anpoBagB CHCTEMY KOOPIWHAT, sIKAa HOCHTH 1
HOoro im’s, BBIB MOHSTTS 3MIHHOI BEJIMYMHHM 1 85 ' ’
(1)YHKI_I11, C(i)OpMyJ'IIOBaB «IIpaBUJIO 3HAKIB» IJIA FILOZOFE DHE MATEMATIKANE TE SHOUAR
BU3HAYCHHS 4YHC/IA JOJATHUX KOPEHIB anred- '

paiyHOro piBHSAHHS H OCHOBHY TEOPEMY alreOpH.
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https://uk.wikipedia.org/wiki/%D0%A4%D1%96%D0%BB%D0%BE%D1%81%D0%BE%D1%84
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Eiinep Jleonapa (uim. Leonhard Euler, 1707—
1783 pp.) — mBeHUAPCHKUI, PpOCIHCHKUH Ta
HIMEI[bKMI MareMmaTuk 1 ¢i3uk. ABTOp 866
HAyKOBUX ITIyOJiKaIliii, 30KpeMa B Tally3sX
MaTeMaTUYHOTO aHalli3y, AudepeHIanbHOI Teo-
MeTpii, Teopii yuces, Teopii rpadiB, HAOIMKEHUX
o0unciieHb, HEOECHOT MEXaHIKM, MaTeMaTH4HOi ()I3UKH, ONTUKH, OaTICTHUKH,
Teopii mMy3uku. Y Horo mpansx HaOymu nomwmpeHHs cumBonu f(X),e, 7,1, 2.

B oOuuncmroBanpHii MaTeMaTuil Bigomuii mMetojn Einepa uucioBoro iHTerpy-
BaHHs IMOYATKOBOI 3ajad4i JJIs 3BUYaiiHuX audepeHIiiaibHux piBHAHb (1768 p.),
HaOIMKeHHS (PYHKIIIH JIAHITIOTOBUMH JIPOOaMHU.

Eiitken Ouaexcanap (anrn. Alexander Craig Aitken, 1895-1967 pp.) —
HOBO3EJAHACHKUNA MaTeMaTHK. 3alpoloHyBaB OIIHKY MOXHOKH TPH HEB1JIO-
MOMY TMOPSAKY TOYHOCTI, CXeMy MOOYJOBH I1HTEPHOJSAIIAHOTO MHOTOWICHA
(cxema EiiTkeHa), MeToa mo6GyaoBH iTepariii Bumoro mopsaky (A® —mporec),
y3araJbHUB METO/I HAWMEHIIINX KBaJIPaTiB.

Epmit Mlapas (pp. Charles Hermite, 1822-1901 pp.) — dpanHmy3pkuii
mateMatuk. [Ipami 3 Teopii uncen, anreOpu Ta Teopli eMNTUYHUX PYHKIINA. 3BIB
3aranbHe anreOpaluHe pIBHSHHS I1SITOTO CTEMEHsS A0 BHIJISAY, IO PO3B s-
3YETHCS B €INTUYHUX MOIYJSIPHUX (DYHKIIISIX, YBIB HOBUHM KJIAC OPTOrOHAJIBHUX
MHOTOWIeHIB (MHOrowieHn Epwita), I1HTEpHOJSIMIHHUX MHOTOWICHIB 13
KpaTHUMHU BY3JIaMH, JIOBIB TPAHCICHICHTHICTD uncia € (1873 p.).

Beiinean @igin Joasir (mim. Philipp Ludwig von Seidel, 1821-1896 pp.) —
HIMEI[bKMII MaTEMaTHK 1 aCTPOHOM. Moro iMeHeM Ha3BaHO iTepalliiHi MeTOIn
pPO3B’A3yBaHHSI CHUCTEM JIHIMHUX 1 HENMHIWHUX PIBHSHb, y SIKUX BUKOPHCTO-
BYIOTHCS Bke 3HalineHi Habmmwkenns (1874 p.). Meron Iayca — 3elinens MmoxHa
po3msinatu ik Moaudikaiito Metoay SAkooi.

Hopaan Binsreanm (mim. Wilhelm Jordan, 1842-1899 pp.)— mHiMemnpkuit
reozesuct. ABTop Mertoxy layca—Mopnana (HasmBaioTh me MeromoM Iayca—
Kopnana) pos3p’sizyBanHsi CJIAP 13 kBajgpaTHOI MATPHUIICIO, 3HAXOJKCHHS
00epHEHOi MaTpulil, KOOPAUHAT BEKTOpa y 3aJaHOMY 0a3ucCl Ta paHTy MaTpHIIi.

KanropoBuu Jleonin BiramiiioBuu (1912-1986 pp.) — paasHChKHiI MaTeMaTHK
1 eKOHOMICT. YTepilie 3acTocyBaB (DYHKIIIOHAJILHUM aHalli3 B 0OUMCITIOBAIbHIM
MareMatuli. PO3BUHYB 3arajbHy TEOpil0 HaOMMKEHMX METOJIB, MOOYyBaB
edeKTHUBHI METOAW PO3B’A3yBaHHS OMNEPATOPHUX pPIBHSIHB, 30KpEeMa METOJ
HAWIIBUIIOTO CITyCKy 1 MeToa HproToHa nyst Takux piBHSHB (1948 p.).

Korec Pomkep (anri. Roger Cotes, 1682—-1716 pp.) — aHMIIHChKUH MaTeMaTHK
1 ¢inocod. Po3pobur meron, sikuii OyB pO3BUHEHUUN SIK METOJ| HAWMEHIIINX
kBag-paTiB. Y mpaiti “T'apmonis mip” (1722 p.) HaBeaeHo (GopMmysn po3KiIaLy
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x"+a" ta xopeniB piBHsHHS X' —1=0, a Takox (GopMmyiy I HaOIHKEHOTO
0OYHMCIICHHs] BU3HAYEHOTO IHTeTpajia Ha PIBHOMIPHIM CITIII.

Komii Orrocrén Jlyi (pp. Augustin Louis Cauchy,
1789-1857 pp.) — ¢paHiy3pKuii MaTeMaTHK, YJICH
[Tapusbkoi akanemii Hayk. OmyOmikyBaB nonaa 800
npaip 3 apuMETUKH 1 Teopii Yucel, aaredpu, mate-
MATHYHOTO aHami3y, JaudepeHIlialbHUX pPIBHSIHB,
TEOpEeTUYHOT 1 HEOECHOI MEeXaHIKH, MaTeMaTHYHOI
¢i13uku Tomo. HesBHuN MeTO po3B’si3yBaHHS MOYATKOBOI 3a7adl HaBEACHO B
roro mparti 1824 p. mpu 3acToCyBaHHI TEOPEMHU MPO CEPEAHE IS OIIHKU
noxubok. Toji 5k HUM 3aCTOCOBAHO METOJI IOCIIIOBHUX HaOkeHb (“...oNn la
résoudra facilement par des approximatons successives'...”). Y 1829 p.
3aMpoNOHyBaB OaraToBUMIpHE y3arajJbHeHHs MeToy HproToHa.
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Kpamep I'a6piean (umim. Gabriel Cramer, 1704-1752 pp.) — mBenapchkuii
MaTe-MaTUK, OJMH 13 TBOpLIB JiHIMHOI anreOpu. Meton Kpamepa
po3s’sizyBanHs CJIAP 3 KBajpaTHOIO MAaTpHUICIO OIyOJIKOBaHO Y TIpalli
“Introduction a l'analyse des lignes courbes algébraique” B
1750 p.

o i 2

KpuinoB Ouekciii MukonaiioBuu (1863-1945 pp.) -
POCIICBKHII MaTeMaTHK. 3alpOIIOHYBaB METOJ PO3B’SI3yBaH-
Hs BIKOBOTO piBHSHHA. OjepkaB HU3KY PE3YyJbTATIB LI0A0
palloHaNbHOI Oprasi3anii YMCIOBUX METOAIB. ABTOP MEPIIOi
y CBITOBIM MPAKTUL KHUTU 3 YUCIOBUX METOMAIB «JIeKiuu o
NpUOJIMKCHHBIX BeraucIeHsx» (1911 p.).

B AL AL B e e s

Kyrra Maprin Bineréasm (aim. Martin Wilhelm Kutta,

1867—-1944 pp.) — HiIMeIbKUH MaTEMaTHK, CIIBaBTOP BiJIOMOI CiM’i METOmIB
HAOJIMOKEHOTO IHTEIPYBaHHS 3BHYAMHMX JU(EPEHIIATbHUX PIBHAHL (METOAM
Pynre—Kyrtr). Takox BiIOMHI 3aBASKM  aepOJUHAMIYHIN  MMOBEpXHI
KykoBcbkoro—KyTTH it aepoannamivniil ymoBi Kyrtru.

Jlarpan:x 7Koszed Jlyi (¢pp. Joseph Louis Lagrange, 1736—
1813 pp.) — bpaHIly3cbKHii MaTeMaTHK 1 MeXaHiK. ABTOp
IHTepHoJALiiHOT  Gopmynu 11 HaOmKeHHs  QyHKIIT
MHOTOWIeHOM. Y Tpakrtari “IIpo po3B’si3yBaHHS YHUCIOBHX
piBHsiHB” (1767 p.) 3poOMB NpUIyHIEHHS, IO HE BCI
anreOpaiuHi pIBHSAHHS BUIIE YETBEPTOTO CTEMEHS pPO3B -
3YIOThCA B paauKajiax. 3HaWIIOB CIMOCI0 HaOIMKEHOTOo
OOYMCIIEHHS] KOPEHIB ajareOpaiyHoro piBHAHHS 3a JOMOMOIOIO
HEMEepepBHUX JPOOIB 1 PO3POOMB METOA BIJOKPEMJIICHHS
KOPEHIB TaKUX PIBHSAHb.

! ..7;erko pOSB’}ISaTI/I 3a JOIIOMOI'OKO HOCJIiI[OBHI/IX HaOJIKEHb. . .
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http://ru.wikipedia.org/w/index.php?title=%D0%90%D1%8D%D1%80%D0%BE%D0%B4%D0%B8%D0%BD%D0%B0%D0%BC%D0%B8%D1%87%D0%B5%D1%81%D0%BA%D0%B0%D1%8F_%D0%BF%D0%BE%D0%B2%D0%B5%D1%80%D1%85%D0%BD%D0%BE%D1%81%D1%82%D1%8C_%D0%96%D1%83%D0%BA%D0%BE%D0%B2%D1%81%D0%BA%D0%BE%D0%B3%D0%BE_%E2%80%94_%D0%9A%D1%83%D1%82%D1%82%D1%8B&action=edit&redlink=1
http://ru.wikipedia.org/w/index.php?title=%D0%90%D1%8D%D1%80%D0%BE%D0%B4%D0%B8%D0%BD%D0%B0%D0%BC%D0%B8%D1%87%D0%B5%D1%81%D0%BA%D0%B0%D1%8F_%D0%BF%D0%BE%D0%B2%D0%B5%D1%80%D1%85%D0%BD%D0%BE%D1%81%D1%82%D1%8C_%D0%96%D1%83%D0%BA%D0%BE%D0%B2%D1%81%D0%BA%D0%BE%D0%B3%D0%BE_%E2%80%94_%D0%9A%D1%83%D1%82%D1%82%D1%8B&action=edit&redlink=1
http://ru.wikipedia.org/wiki/%D0%90%D1%8D%D1%80%D0%BE%D0%B4%D0%B8%D0%BD%D0%B0%D0%BC%D0%B8%D1%87%D0%B5%D1%81%D0%BA%D0%BE%D0%B5_%D1%83%D1%81%D0%BB%D0%BE%D0%B2%D0%B8%D0%B5_%D0%9A%D1%83%D1%82%D1%82%D1%8B
http://ru.wikipedia.org/wiki/%D0%A4%D1%80%D0%B0%D0%BD%D1%86%D1%83%D0%B7%D1%81%D0%BA%D0%B8%D0%B9_%D1%8F%D0%B7%D1%8B%D0%BA
http://ru.wikipedia.org/wiki/1736
http://ru.wikipedia.org/wiki/1813
http://ru.wikipedia.org/wiki/%D0%A4%D1%80%D0%B0%D0%BD%D1%86%D0%B8%D1%8F
http://ru.wikipedia.org/wiki/%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA
http://ru.wikipedia.org/wiki/%D0%98%D0%BD%D1%82%D0%B5%D1%80%D0%BF%D0%BE%D0%BB%D1%8F%D1%86%D0%B8%D0%BE%D0%BD%D0%BD%D1%8B%D0%B9_%D0%BC%D0%BD%D0%BE%D0%B3%D0%BE%D1%87%D0%BB%D0%B5%D0%BD_%D0%9B%D0%B0%D0%B3%D1%80%D0%B0%D0%BD%D0%B6%D0%B0

Jlanaun Jleon Jlyi Kpetre’n (pp. Léon-Louis Chrétien-Lalanne, 1811-1892 pp.)
— (bpaHIy3bKHil 1HXeHep. BuHaxiqHuk o04uucIoBanbHUX NMpuctpoiB. Y 1840 p.
3aMpoNOHyBaB CKOPOYCHY CHCTEMY YMCIICHHS 32 OCHOBOIO TPH.

Jlexkanap Anpien-Mapi (pp. Adrien-Marie Legendre, 1752-1833 pp.)
bpaniy3pkuii MaTreMatuk, 3 1783 p. wien @paHily3pKoi akaaeMii HayK. YHepiie
JlaB TIOBHMI BUKJIAJ] TEOPii YKCeN, y Teopli re0Je3NYHIX BUMIPIOBAHb MEPIIUM
BIZIKDHB i 3aCTOCYBaB B OOUMCICHHSX METOJ HallMEHIIMX KBajapatiB. Moro
iMeHem Ha3BaHi kBajgparypuux popmyn [ayca—Jlexanapa.

Jleitonin Tordpin Binbreasm (mim. Gottfried
Wilhelm Leibniz, 1646-1716 pp.) — npoBigHuii
HIMEIbKUH (igocod, JOTiK, MaTeMaTHK, (Pi3HK.
3aKjaB OCHOBU JBIMKOBOI CUCTEMM YMCIICHHS.
CTBOpHUB mepily MEXaHIYHY JIYWJIbHY MAIlld-
HY, 3/laTHY BUKOHYBaTH JI0JlaBaHHs, BiJIHIMaH-
HS, MHOXXCHHS W JIJICHHS YHCEN, a TaKOX
n00yBaHHS KOpEHIB 1 migHeceHHs 10 cTeneHa. Heszanexno Big HberoToHa
CTBOpUB Ju(epeHiaTbHe ¥ 1HTerpaqbHe uucieHHd. Y 1684 p. omyOiikyBas
NepIly y CBITI BEIMKY Mpaio 3 audepeHuiaabHoro yucienss: «Hosuit Meron
MaKCUMYMIiB 1 MiHIMyMiB». ¥ 1675 p. yBiB CUMBOJI JUIs 3aIIMCy 1HTETpaia.

& T )
GOTTFRIED WILHELM LEIBNIZ 1646-1716 DEUTSCHLAND

Jlimmmin Pymoasd Otro Cirismyna (uwim. Rudolf Otto Sigismund Lipschitz,
1832-1903 pp.) — Himernbkuii MateMaTHk. YueHb Jlipixise. OCHOBHI mpaili B
rajy3i MaTeMaTU4HOIO aHali3y, Teopii nudepeHIiaibHUX PIBHAHB, alreOpu.
Moro iMmeHeM Ha3BaHa yMOBa OOMEKEHHS Ha TIOBEIiHKY IIPHPOCTY (YHKIII.

Hbroron Icaak (amrn. Sir Isaac Newton,
1643-1727 pp.) — BUIATHUN aHTTIHACHKUN
YUYEHUH, KM 3aKJIaB OCHOBH MAaT€MaTHYHOTO
aHami3y 1 KiacuyHoi Qpi3uku. st po3B’s3yBaH-
Hs HEJHIMHUX piBHAHL 1669 p. BiH po3pobuB , MEs==
METO/1 00UMCIIEHHS KOPEHIB KyO14HOTO PiBHSIH- J?ﬁﬁx—t’f V. T Fr

HSI, B OCHOBI SIKOTO 3HAXOMHTBCS ITepaliifHUi YA R COA S |
npouec JiHeapu3anii. Floro iMeHeM Ha3BaHO iHTEPIONANIMHI MHOrOYNEHHM 3i
CKIHYCHHMMH 1 mojuleHuMu pisHuLsiMH. KBazapatypi ¢opmynn HeroTona—
Koteca 3acTocoByr0ThCS /17151 HAOIM>KEHOTO OOUMCIIEHHS! BUBHAYEHUX 1HTErpaiiB
Ha PIBHOMIPHIH CITII.

Ocrtporpaacekmii  Muxaiiio BacuaboBuu (1801-1861
pp.) — YKpaiHChKUN MaTeMaTWK, MeXaHiK 1 Qi3uk. Y Kypci
JIEKIIIH 3 anrebpaivHoro 1 TpaHcieHaeHTHOro aHami3y (1836
1 1837 pp.) HaBIB HOBI 171€1 Ta METOAM B TEOPIi anreOpaidyHuX
piBHsHB, onepxkanux Jlarpamxem, Komri, Itypmowm,
Taycom, AGenem.

l MATHK
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http://ru.wikipedia.org/wiki/%D0%A4%D1%80%D0%B0%D0%BD%D1%86%D1%83%D0%B7%D1%81%D0%BA%D0%B8%D0%B9_%D1%8F%D0%B7%D1%8B%D0%BA
http://ru.wikipedia.org/wiki/1811
http://ru.wikipedia.org/wiki/1892
http://ru.wikipedia.org/wiki/%D0%A4%D1%80%D0%B0%D0%BD%D1%86%D0%B8%D1%8F
https://uk.wikipedia.org/wiki/%D0%A4%D1%80%D0%B0%D0%BD%D1%86%D1%83%D0%B7%D1%8C%D0%BA%D0%B0_%D0%BC%D0%BE%D0%B2%D0%B0
https://uk.wikipedia.org/wiki/1752
https://uk.wikipedia.org/wiki/%D0%A4%D1%80%D0%B0%D0%BD%D1%86%D1%83%D0%B7%D1%8C%D0%BA%D0%B0_%D0%B0%D0%BA%D0%B0%D0%B4%D0%B5%D0%BC%D1%96%D1%8F_%D0%BD%D0%B0%D1%83%D0%BA
https://uk.wikipedia.org/wiki/%D0%A2%D0%B5%D0%BE%D1%80%D1%96%D1%8F_%D1%87%D0%B8%D1%81%D0%B5%D0%BB
https://uk.wikipedia.org/wiki/%D0%93%D0%B5%D0%BE%D0%B4%D0%B5%D0%B7%D1%96%D1%8F
https://uk.wikipedia.org/wiki/%D0%9C%D0%B5%D1%82%D0%BE%D0%B4_%D0%BD%D0%B0%D0%B9%D0%BC%D0%B5%D0%BD%D1%88%D0%B8%D1%85_%D0%BA%D0%B2%D0%B0%D0%B4%D1%80%D0%B0%D1%82%D1%96%D0%B2
http://uk.wikipedia.org/wiki/%D0%9D%D1%96%D0%BC%D0%B5%D1%86%D1%8C%D0%BA%D0%B0_%D0%BC%D0%BE%D0%B2%D0%B0
http://uk.wikipedia.org/wiki/1646
http://uk.wikipedia.org/wiki/1716
http://uk.wikipedia.org/wiki/%D0%A4%D1%96%D0%BB%D0%BE%D1%81%D0%BE%D1%84
http://uk.wikipedia.org/wiki/%D0%9B%D0%BE%D0%B3%D1%96%D0%BA
http://uk.wikipedia.org/wiki/%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA
http://uk.wikipedia.org/wiki/%D0%A4%D1%96%D0%B7%D0%B8%D0%BA
http://uk.wikipedia.org/wiki/%D0%94%D0%B2%D1%96%D0%B9%D0%BA%D0%BE%D0%B2%D0%B0_%D1%81%D0%B8%D1%81%D1%82%D0%B5%D0%BC%D0%B0_%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D0%BD%D1%8F
http://uk.wikipedia.org/w/index.php?title=%D0%9A%D0%B0%D0%BB%D1%8C%D0%BA%D1%83%D0%BB%D1%8F%D1%82%D0%BE%D1%80_%D0%9B%D0%B5%D0%B9%D0%B1%D0%BD%D1%96%D1%86%D0%B0&action=edit&redlink=1
http://uk.wikipedia.org/w/index.php?title=%D0%9A%D0%B0%D0%BB%D1%8C%D0%BA%D1%83%D0%BB%D1%8F%D1%82%D0%BE%D1%80_%D0%9B%D0%B5%D0%B9%D0%B1%D0%BD%D1%96%D1%86%D0%B0&action=edit&redlink=1
http://uk.wikipedia.org/wiki/%D0%9D%D1%8C%D1%8E%D1%82%D0%BE%D0%BD_%D0%86%D1%81%D0%B0%D0%B0%D0%BA
http://uk.wikipedia.org/wiki/%D0%94%D0%B8%D1%84%D0%B5%D1%80%D0%B5%D0%BD%D1%86%D1%96%D0%B0%D0%BB%D1%8C%D0%BD%D0%B5_%D1%87%D0%B8%D1%81%D0%BB%D0%B5%D0%BD%D0%BD%D1%8F
http://uk.wikipedia.org/wiki/%D0%86%D0%BD%D1%82%D0%B5%D0%B3%D1%80%D1%83%D0%B2%D0%B0%D0%BD%D0%BD%D1%8F
http://uk.wikipedia.org/wiki/%D0%86%D0%BD%D1%82%D0%B5%D0%B3%D1%80%D0%B0%D0%BB
http://ru.wikipedia.org/wiki/%D0%9D%D0%B5%D0%BC%D0%B5%D1%86%D0%BA%D0%B8%D0%B9_%D1%8F%D0%B7%D1%8B%D0%BA
http://ru.wikipedia.org/wiki/1832
http://ru.wikipedia.org/wiki/1903
http://ru.wikipedia.org/wiki/%D0%9B%D0%B5%D0%B6%D1%91%D0%BD-%D0%94%D0%B8%D1%80%D0%B8%D1%85%D0%BB%D0%B5,_%D0%9F%D0%B5%D1%82%D0%B5%D1%80_%D0%93%D1%83%D1%81%D1%82%D0%B0%D0%B2
http://ru.wikipedia.org/wiki/%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D1%87%D0%B5%D1%81%D0%BA%D0%B8%D0%B9_%D0%B0%D0%BD%D0%B0%D0%BB%D0%B8%D0%B7
http://ru.wikipedia.org/wiki/%D0%94%D0%B8%D1%84%D1%84%D0%B5%D1%80%D0%B5%D0%BD%D1%86%D0%B8%D0%B0%D0%BB%D1%8C%D0%BD%D0%BE%D0%B5_%D1%83%D1%80%D0%B0%D0%B2%D0%BD%D0%B5%D0%BD%D0%B8%D0%B5
http://ru.wikipedia.org/wiki/%D0%90%D0%BB%D0%B3%D0%B5%D0%B1%D1%80%D0%B0
http://uk.wikipedia.org/wiki/%D0%90%D0%BD%D0%B3%D0%BB%D1%96%D0%B9%D1%81%D1%8C%D0%BA%D0%B0_%D0%BC%D0%BE%D0%B2%D0%B0
http://uk.wikipedia.org/wiki/1643
http://uk.wikipedia.org/wiki/1727
http://uk.wikipedia.org/wiki/%D0%90%D0%BD%D0%B3%D0%BB%D1%96%D1%8F
https://uk.wikipedia.org/wiki/1801
https://uk.wikipedia.org/wiki/%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA
https://uk.wikipedia.org/wiki/%D0%A4%D1%96%D0%B7%D0%B8%D0%BA
https://uk.wikipedia.org/wiki/%D0%96%D0%BE%D0%B7%D0%B5%D1%84-%D0%9B%D1%83%D1%97_%D0%9B%D0%B0%D0%B3%D1%80%D0%B0%D0%BD%D0%B6

Pa¢con dxon (anrn. Joseph Raphson, 1648-1715 pp.) — aHrmACEKAN yUEHUH,
akuid 'y 1690 p. chopmymoBaB ifer0 HproToHa iTepaiiiiHOTO PO3B’s3yBaHHS
HEeJIIHIMHUX PIBHSAHB JUIS BUITQJIKy MHOTOWICHA JOBUIBHOTO CTemeHs y (opwmi,
ONMU3BKIN 10 CydacHOTO BUTIIALY. TOMy 1€l METOJ Ie Ha3MBAaIOTh METOJOM
Hrrorona—Padcona.

Piuapacon Jlproic ®@paii (anrn. Lewis Fry Richardson, 1881-1953 pp.) —
AHTTHCHKUNA Teodi3uK. 3amporoHyBaB MOIPABKY AJs YTOYHEHHS 3HAYEHHS
1HTerpana, OOYUCIEHOTO Ha CITII 3 PI3HUMH KPOKaMH, METOJ PO3B’SI3yBaHHS
CJIAP — momudikoBani itepamii Pigapacona (1910 p.). 3actocyBaB mMeron
CKIHYCHHHMX PI3HHUIL HAaOMMKEHOTO IHTETPpYyBaHHS AM(EpEHIIaTbHUX PIBHIHb
JUTSL TIPOTHO3Y TTOTO/IH.

Pitn BaasTtep (mim. Walter Ritz, 1878-1909pp.) — mBeiiapchkuii MaTeMaTuK i
¢d13uk-TeopeTuk. 3anpornonyBaB y 1909 p. meton HaOIMKEHOTO PO3B’SI3yBaHHS
Bapialfiiinux 3agad (meton Pitia).

Pynre Kapa lasua Toabme (aim. Carl David Tolmé Runge, 18561927 pp.) —
HIMELIbKUM MaTeMaTuk, (izuk. CriBaBTOp BIOMOI CIM T METO/1B HAOIUKEHOTO
interpyBands 3/IP (meromu Pynre—Kyrtr). B obunciroBanbHIN MaTeMaTHIII
BUKOPUCTOBYEThCSI TpaBwiio PyHre oninku mnoxuOok. ®deHomen Pynre —
npoOsiema, MO0 BUHUKAE B OOYMCITIOBAJIbHIM MaTeMaTHUIll MPU BUKOPUCTAHHI
MOJIIHOMIAJIBHOT 1HTEPIOJIAIIT 32 JOMOMOIOK IMOJIHOMIB BHUCOKUX TMOPSIKIB

(bynkuii Pynre).

Camapcekuii Oaexcanap AnapiiioBny (1919 — 2008) — pocilicbkuii MaTeMa-
TUK, CHEIIATICT y Taly31 O0YUCTIOBAIBLHOT MaTEMAaTUKH, MAaTEMAaTUYHOI (DI3UKH,
TEeOopii MaTeMaTUYHOro MojentoBaHHsA. CTBOPUB TEOPIO ONEPATOPHO-PI3HU-
LEBHUX CXEM 1 3arajbHOi TeOopil CTIMKOCTI Takux cxeM. CIiBaBTOp KIACHYHUX
NIIPYYHUKIB 13 YUCIOBUX METO/IIB.

Cimncon Tomac (amrm. Thomas Simpson, 1710-1761 pp.) — aHMmiHChKUMN
MateMatuk. Y 1743 p. BUBIB KBaipaTypHy (HopMyTy HAOIMKEHOTO O0YHCIICHHS
BU3HAYEHOTO 1HTETpaia, Ha3BaHy Horo iMmeHeMm. Y 1740 p. y cydacHOMY BUTJISIII
chopmymtoBaB MeToll HploToHa sk iTepaiiiHuii MeTOJA PO3B’S3yBaHHS HEi-
HIAHUX PIBHSHB 1 CHCTEMHU JIBOX HEJIIHIMHUX PIBHSAHbD.

Cresin Cimon (mig. Simon Stevin, 1548-1620 pp.) — |
Hinepnanncbkuii matremMaTHK Ta 1HXKEHEp. Y TpakTari
«ecara» (De Thiende) y 1585 p. y3araJbHUB TOHSATTS
IUJIOTO ¥ JpoOOBOro JIECSITKOBOIO 4YHUCA, IO CYTI,
BUHANIIOBIIN JIACHI YKCJa, BUKOPUCTAB BIJ'€MHI 4HCIa,
BBIB JpO0OBI TOKA3HUKU CTEMEHS 1 MHOTOWIEH OJHIET
3MIHHOI.

S.STEVIN
1548 -1620
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http://uk.wikipedia.org/wiki/%D0%90%D0%BD%D0%B3%D0%BB%D1%96%D1%8F
http://ru.wikipedia.org/wiki/%D0%90%D0%BD%D0%B3%D0%BB%D0%B8%D0%B9%D1%81%D0%BA%D0%B8%D0%B9_%D1%8F%D0%B7%D1%8B%D0%BA
https://uk.wikipedia.org/wiki/%D0%9D%D1%96%D0%BC%D0%B5%D1%86%D1%8C%D0%BA%D0%B0_%D0%BC%D0%BE%D0%B2%D0%B0
https://uk.wikipedia.org/wiki/1878
https://uk.wikipedia.org/wiki/%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA
https://uk.wikipedia.org/wiki/%D0%A4%D1%96%D0%B7%D0%B8%D0%BA-%D1%82%D0%B5%D0%BE%D1%80%D0%B5%D1%82%D0%B8%D0%BA
https://uk.wikipedia.org/wiki/%D0%9C%D0%B5%D1%82%D0%BE%D0%B4_%D0%A0%D1%96%D1%82%D1%86%D0%B0
http://uk.wikipedia.org/wiki/%D0%9D%D1%96%D0%BC%D0%B5%D1%86%D1%8C%D0%BA%D0%B0_%D0%BC%D0%BE%D0%B2%D0%B0
http://uk.wikipedia.org/wiki/1856
http://uk.wikipedia.org/wiki/1927
http://uk.wikipedia.org/wiki/%D0%9D%D1%96%D0%BC%D0%B5%D1%87%D1%87%D0%B8%D0%BD%D0%B0
http://uk.wikipedia.org/wiki/%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA
http://uk.wikipedia.org/wiki/%D0%A4%D1%96%D0%B7%D0%B8%D0%BA
http://uk.wikipedia.org/wiki/%D0%9C%D0%B5%D1%82%D0%BE%D0%B4_%D0%A0%D1%83%D0%BD%D0%B3%D0%B5-%D0%9A%D1%83%D1%82%D1%82%D0%B0
http://uk.wikipedia.org/wiki/%D0%9E%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D1%8E%D0%B2%D0%B0%D0%BB%D1%8C%D0%BD%D0%B0_%D0%BC%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA%D0%B0
http://uk.wikipedia.org/wiki/%D0%9E%D0%B1%D1%87%D0%B8%D1%81%D0%BB%D1%8E%D0%B2%D0%B0%D0%BB%D1%8C%D0%BD%D0%B0_%D0%BC%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA%D0%B0
http://uk.wikipedia.org/w/index.php?title=%D0%9F%D0%BE%D0%BB%D1%96%D0%BD%D0%BE%D0%BC%D1%96%D0%B0%D0%BB%D1%8C%D0%BD%D0%B0_%D1%96%D0%BD%D1%82%D0%B5%D1%80%D0%BF%D0%BE%D0%BB%D1%8F%D1%86%D1%96%D1%8F&action=edit&redlink=1
https://ru.wikipedia.org/wiki/1919
https://ru.wikipedia.org/wiki/2008
https://ru.wikipedia.org/wiki/%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA
https://ru.wikipedia.org/wiki/%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D0%BA
https://ru.wikipedia.org/wiki/%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D1%87%D0%B5%D1%81%D0%BA%D0%B0%D1%8F_%D1%84%D0%B8%D0%B7%D0%B8%D0%BA%D0%B0
https://ru.wikipedia.org/wiki/%D0%9C%D0%B0%D1%82%D0%B5%D0%BC%D0%B0%D1%82%D0%B8%D1%87%D0%B5%D1%81%D0%BA%D0%BE%D0%B5_%D0%BC%D0%BE%D0%B4%D0%B5%D0%BB%D0%B8%D1%80%D0%BE%D0%B2%D0%B0%D0%BD%D0%B8%D0%B5
http://ru.wikipedia.org/wiki/%D0%90%D0%BD%D0%B3%D0%BB%D0%B8%D0%B9%D1%81%D0%BA%D0%B8%D0%B9_%D1%8F%D0%B7%D1%8B%D0%BA
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Credencen Hoxan ®penepik (anrin. Johan Frederik Steffensen, 1873-1961
pp.) — JATChbKUH MaTeMaTHK, CTaTUCTHK 1 akTyapii. [IpoBiB JOCIiKEHHS 13
3aCTOCYBaHHS CKIHYCHHUX PI3HHUIb Ta 1HTEepnojsiii. Po3poOuB itepamiitHuit
METOJI IPYroro MpsSaKy TOYHOCTI pO3B’s3yBaHHS HeMiHIMHUX piBHIHB (1933 p.),
SKUW HOCUTh MOTO 1M 4.

TuxonoB Anapiit Mukosaiiosuu (1906—1993 pp.) — pociiicbkuii MaTeMaTHK i
reodi3uk. ABTOp mpaib 3 Teopii AudepeHIiaIbHIX PiBHIHb, 00YUCITIOBAIBHOI
MaTeMaTHKH, MAaTEeMaTUYHOI (13UKU. 3aKJIaB OCHOBU TEOpii Ta METOAIB PO3B’s-
3yBaHHs HEKOpEeKTHUX 3aaa4 (1943 p.).

Yinkincon [xeiimce I'apai (anrn. James Hardy Wilkinson, 1919-1986 pp.).
Y4enuii y raiy3i 004HCIIIOBaIbHOT MATEMATHKH, TPUKIATHOI MATEMATHKH Ta 1H-
dopmaruku. I[lpemis Tropiara (1970 p.) 3a JOCHIIKEHHS aNTOPUTMIB O04YWHC-
JIOBAJIbHOT MaTEMAaTHUKU [IJIi BUCOKOIIBHAKICHMX KOMIT' FOTEPIB 1 JIIHIHHOT
anreopu. ABTOp METOJAMKHA OOEPHEHOIrO aHalli3y MOXMOOK IpHU PO3B’sI3yBaHHI
PIBHSIHB 1 CUCTEM.

®DidoHayuyi — TI1ICEBIOHIM ITAMHCHKOTO MaTeMaTHKa
Jleonapno Ilizancekoro (itan. Leonardo Pisano, 6:im3bko
1170 p. — 6mu3bko 1250 p.). Horo iMeHem HasBaHi uncia,
Kl MarOTh 3aCTOCYBaHHs y 0aratbox MPUKIAIHUX 3aja-
yax, 30KpeMa MpU OIIHII MBHIKOCTI 301KHOCTI METOIY
CIYHHUX.

"""I"’"'l‘l"“ﬂ"“"'v-.;

1

®yp'e ’Kan baruct Kozed (pp. Jean Baptiste Joseph

: . : %% J.B. JOSEPH
Fourier, 1768-1830 pp.) — ¢paHnity3pknii MaTeMaTHK i ,-r-df!?, FOURIER
(i3uK, 3amoYaTKyBaB BHKOpPHCTaHHS psamiB Dyp’e mis Py owinn

pO3B’sA3yBaHHS 3a7a4 MareMaTuuHoi ¢izuku. Y 1818 p.
JI0BiB KBampaTH4Hy 30iKHicTh MeTony HprotoHa. Moro
IMEHEeM Ha3BaHa yMOBa BHOOpPY IOYAaTKOBOTO HAOJIU-
JKEHHS B IIbOMY METO/I].

T T T YT T YT T YT YT T T Ty

1

Xaiipep Epuer (anrn. Ernst Hairer, nap. 1949 p.) —

npodecop KeHeBChKOro yHIBEpCUTETY, aBTOp sABHOro Merony Pynre—Kyrru
JECATOTO MOPANKY 13 17 cTamisiMu Ta IHITUX METOIIB 13 I11€1 CiM 1 pO3B’A3yBaHHS
3/1P. CniBaBrop nBoToMHMKa [75, 76], skuii Ha JaHUN Yac € HANMOBHIIIUM
BHUKJIAJIOM YHCJIOBOTO po3B’si3yBaHHA 3/IP.
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Xoaeubknit Aunape-Jlyi (dbp. André-Louis Cholesky, 1875-1918 pp.) —
dbpaHIy3bKuii BilicbkoBHil reojesuct. Moro iMeHeM Ha3BaHi cxema PO3KIIALy
matpuili CJIAP Ha 100yTOK JBOX TPUKYTHHUX MATPHUIb 1 METOJ KBaJpaTHOTO
KOPEHsI, SIKUU IPYHTYETHCS Ha 11 171€e1.

Yeoumesn [Maduyriit JIoBosuu (1821-1894 pp.) — & Pl
pociiickkmif MaTeMaTHK i MeXaHiK, aBTOp Hpalb 3 | 4 ~
Teopii HaOMKeHHS (PYHKIIIM, Teopil uncen 1 Teopii
nMoBipHocteir. Y 1873 p. mobymyBaB K® 3
ofHaKOBUMHU Koediuientamu. Y 1859 p. moxasas,
10 MOXHOKa 1HTEPIOMIOBAHHS AJi (PYHKIII1, 3aaHO1
Ha [-1,1], MiHiMaJIbHA, SKOIO BY3JIAMH iHTEPIOJIIO-

QT ) - P, 2
h[ l (’,/H Doeurcuii Voyccrudi dameuames:
2011

BaHHS € KOPCHI BBEJICHOTO HMM MHOrouwicHa. IloOymyBaB MHOTOYJICHH, SKi
HaWMEHIIIE BIIXUJISIOTHCS BT HYJIS.

Illon6epr SIko6 Icaak (anrn. Isaac Jacob Schoenberg, 1903-1990 pp.) -
PYMYHCBHKUH 1 aMepUKAaHCHKHIM MaTEMaTHK, YBIB TEPMiH «spline», aBTop nepiioi
nyOutikarii 3 Teopii cruaiiaie (1946 p.).

IItepmep @penepik Kapa Mrwaepu (vops. Frederik Carl Miilertz Stormer,
1874-1957 pp.) — HOpBE3bKHII MaTeMaTUK 1 Teo(i3WK. 3ampoOroOHyBaB METO]
PO3paxyHKy TPA€KTOPIA KOCMIYHHMX IMPOMEHIB, SIKMI YBIMILIOB y Cy4acHY Mare-
MaTHUKy SIK METOJ 4YHUCI0BOro iHterpyBanHHs 3JIP npyroro mopsaky (Meron
[IITepmepa).

HItypm lapas ®pancya (¢pp. Sturm, Charles-Frangois, 1803-1855 pp.) —
dpanIy3bKHil MaTeMaTHK, 4ieH Ilapusbkoi akagemii Hayk. Moro mparyi npucssi-
yeHi Teopil konmBaHHS cTpyHHu (cmipHO 3 JK. JliyBisuiem po3B’si3aB mpooiieMy
3HAXOKCHHS BIACHHX 3HAYE€Hb 1 BIacHUX GyHKIiH mis 3/IP) Ta yucioBum
metogam (Mémoire sur la résolution des équations, 1829 p.). ¥V 1835 p.
pO3B’sA3aB 3aja4yy MpO ICHYBaHHS Ta KUIbKICTh JIMCHUX KOPEHIB Ha IHTEpBai
(a,b) mnst anreOpaiuHuX piBHSHB 13 NIHCHUMHU KOCQIIli€HTAMH.

Sxo6i Kapa I'ycra SIko6 (mim. Carl Gustav Jacob Jacobi, 1804-1851 pp.) —
HIMEIIbKUH MaTeMaTHUK 1 MeXaHIK. 3pOOMB BHECOK y KOMIUIEKCHUW aHai3,
niHiitHy anre6py, Mexaiky. Momy Hamexats icTopmuno mepmmii (1846 p.)
METOJI 3HAXO/PKCHHSI BJIACHUX 3HAYeHb MaTpuIill 0e3 3BEJIeHHS ii 0 creriajib-
HOTO BUTJISNY, a TAKOXK 1Teparfiitnuii meton po3B’sizyBanHs CJIAP (1845 p.).
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Homatok A. Koedinientu siBaux meroais Pynre—Kyrru

Ta6auus Al. SIsuuii meron Eiisiepa (P=S=1)

i

1

Metoau PyHre 2-ro nopsinky (p=5s=2)

Taoaunsa A2. Taoaunsa A3. Taoaunsa A4.
0 0 0
1 1 2 2
2 2 1 1 3 3
. 11 13
L 2 2 4 4

Metoau Pynure—KyrTH TpeTHhOro nopsaxy

Ta6auusa A5. Meroa Xoiina(p =S =23) Ta6auus A6. Merox Pynre (P =S=23)
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Taéauusa A7. Meroa Pynre (p=3,5=4)
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o
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Metoaun Pynre—KyTTn yerBepToro mopsiaky (p=s=4)

Taoauusa A8. “Kaacuunnii”
Metoa Kyrru

Ta6auusa A9. Meron ,,3/8”

0 0
111 1 1
2 2 3
1 1 2 1
- 0 — - - = 1
2 2 3 3
1 0 0 1 1 1 -1 1
r 2 2 1 1 3 3 1
6 6 6 6 8 8 8 8
Taoauus A10. Metoa IN'niaa Tadoauus All.
0 0
1 1 1 1
2 2 1 3 1
1| 2-1 2-42 2|8 8
2 2 2
V2o 2+42 2,
1 0 - 2
2 2
1 2.7 2442 1 T, 2L
6 6 6 6 6 3 6
MeToau 5-ro nopsiaky (s> p+1)
Taéauus A12. Merog Kyrru (p =5, S =06)
0
1 1
5 5
2
2|, 2
5 5
9 15
1 — -5 —
4 4
3 |8 8 1B 2
5 100 5 20 25
4|18 4 2 8
5 75 5 15 75
17 0 100 2 50 75
144 144 144 144 144

417



Ta6auus A13. Meron Hiocrpema (P =5, S =6)

0
1 1
3 3
2 4 5
5 25 25
1 15
1 = -3 =
4 4
2 | 2 10 %8
3 27 81 81
42 28
5 25 25 15 75
2 s 2 15
192 192 64 192
Metoan Bytuepa 6-ro mopsiaky (s> p+1)
Ta6auus Al4 (P=6,5=7)
0
1 1
2 2
2 2 4
3 9 9
1 i 2 1
3 36 9 12
5 | % 5 % 15
6 144 36 48 8
1 O 1 1 1
6 360 36 8 2 10
a2 43 18 32 8
L 260 13 156 39 195 39
1 uu 4 4 B
200 40 40 25 25 200
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Ta6muust A15 (p=6,5=7)

0

1 1

3 3

2 2

3 0 3

1 1 1 1

3 12 3 12

5 25 55 35 15

6 48 24 48 8

1 3 11 1 1 1

6 20 24 8 2 10

261 33 43 118 32 80
L 260 13 156 39 195 39
13 11 11 4 4 13
200 0 ) ) 2 2% 200
Metoa 7-ro nmopsiaky (s> p+2)
Ta6auusa A16. Merox Byruepa (P=7,5=9)
0
1 1
6 6
L
3
t L, 8
2 8 8
2 | 148 150 56
11 1331 1331 1331
g B @ 0 B 170 4024 10648
3 243 27 1701 1701
6 | 2466 1242 10176 51909 1053
7 2401 343 16807 16807 2401
o | 5, . 96 1815 405 49
154 539 20384 2464 1144
L |us 1 @ 2048 720 1020 21
32 22 7 3584 512 1408 16
0 0 0 32 1771561 243 16807 77 11
105 6289920 2560 74880 1440 270
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MeToau 8-ro mopsiaky (s> p+3)

Taémnus A17. Meton Illenkea (p=8,5=12)

0

11

9 | 9

E .

6 | 24 8

1L 45 2

4 | 16 16

128, 3 3

10 | 500 500 125

R

6 | 324 243 972

1

L7 g o B 1 9

2 | 12 9 36 2

20y oy 232 I, 1

3 | 81 243 243 27

Lun 5 o 32 3» 0 bl 1

3 | 324 3 162 162 12

S| Wy, A Brosl 91y

6 | 324 27 324 9 162 2

5|18 , o, .71 135 3 103 1

6 | 1620 27 324 6 162 10

L |95 , |, 260 8125 62 7 27 18 12 30
492 369 738 41 82 164 41 41 4l
a0, . , 216 212 27 27 3% 180 41
840 840 840 840 840 840 840 840
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Ta6auus A18. Meron Kynepa—Bepuepa (p=38,s=11)

0
1 1
2 2
1 1 1
2 4 4
7-421 1 ~7+3J21 21-5v21
14 7 08 49
7-4J21 | 11-421 0 18—44/21 21++/21
14 84 63 252
1 5-21 0 9-+21 -231-144/21 63+7+/21
2 48 36 360 80
7+421 | 10+4/21 0 —432-92+21  633+145J21  —504-115.21 63+13v21
14 42 315 90 70 35
7+421 14+3421 13+3421 1
= 0 0 0 0Ty :
14 14 126 63 9
91+21421 11 -385+75J21  63-13v21
= = 0 0 0 e —
32 576 72 1152 128
7-421 1 0 0 0 1 ~733+1474/21  515-111Y21  -51+11J21  132-28V21
14 14 9 2205 504 56 245
. 0 0 0 0 —42-721 -18-28v21  -273+53v21  301-53J21  28+28J21  49+721
18 45 72 72 45 18
20 180 45 180 20




A19. Meton Xaiipepa' 10-ro mopsiaky (p=10,s=17)

Koeiuientn nogani 3 60 npaBuibHUME HUppamMu

c[1] =0

c¢[2] = 0.500000000000000000000000000000000000000000000000000000000000
c[3] =0.526509100141612162751191034851811859742209850194804733855006
c[4] = 0.789763650212418244126786552277717789613314775292207100782509
c[5] = 0.393923570125671611282770592155157086836785959703592730218258
c[6] = 0.7666539862535488

c[7] = 0.289763650212418244126786552277717789613314775292207100782507
c[8] = 0.108477689219566212940847926866966428088773728748584448916927
c[9] = 0.357384241759677451842924502979560464040498263636787304090125
c[10] = 0.882527661964732346425501486979669075182867844268052119663791
c[11] = 0.642615758240322548157075497020439535959501736363212695909875
c[12] = 0.117472338035267653574498513020330924817132155731947880336209
c[13] = 0.7666539862535488

c[14] = 0.289763650212418244126786552277717789613314775292207100782507
c[15] = 0.526509100141612162751191034851811859742209850194804733855006
¢[16] = 0.500000000000000000000000000000000000000000000000000000000000
c[17]=1

b[1] = 0.033333333333333333333333333333333333333333333333333333333333
b[2] = -0.033333333333333333333333333333333333333333333333333333333333
b[3] = -0.120000000000000000000000000000000000000000000000000000000000
b[4] = b[5] = 0
b[6] = -0.130000000000000000000000000000000000000000000000000000000000

]

]

]

0

=-0.180000000000000000000000000000000000000000000000000000000000

b[7
b[8] = 0

b[9] = 0.277429188517743176508360262560654340428504319718040836339461
b[10] = 0.189237478148923490158306404106012326238162346948625830327186
b[11] = 0.277429188517743176508360262560654340428504319718040836339461
b[12] = 0.189237478148923490158306404106012326238162346948625830327186
b[13] = 0.13, b[14] = 0.18, b[15] = 0.12

b[16] = 0.033333333333333333333333333333333333333333333333333333333333
b[17] = 0.033333333333333333333333333333333333333333333333333333333333

a[2][1] = 0.500000000000000000000000000000000000000000000000000000000000
a[3][1] = 0.249297267609681978012770798836949850852762744727995584459954
a[3][2] = 0.277211832531930184738420236014862008889447105466809149395052
a[4][1] = 0.197440912553104561031696638069429447403328693823051775195627
al4][2] =0

a[4][3] = 0.592322737659313683095089914208288342209986081469155325586884
a[5][1] = 0.197320548628702140899690086861353747358770450201528525984281
a[5][2] = 0

a[5][3] = 0.2950833340926718537108284478330962103429081154973165146 74583
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a[5][4] = -0.098480312595702383327747942539292870864892605995252310440606
a[6][1] = 0.131313417344461520076336778998284793307104801194610995172297
a[6][2] = a[6][3] =0

a[6][4] = 0.110154439538638507039579681263290188617727424904457619127907
a[6][5] = 0.525186129370448772884083539738425018075167773900931385699766
a[7][1] = 0.134200341846322406193523571556538810809682280358769153934056
a[7][2] = a[7][3] =0

a[7][4] = 0.696088703288076908068781383500747545922284685096513437617197
a[7][5] = 0.250497721570339375352478192091560594379279460030814125387197
a[7][6] = -0.791023116492320445487996594880129161497931650193889616155943
a[8][1] = 0.072218274189662145445099670444212796765974993995168482122971
a[8][2] = a[8][3] = a[8][4] = 0

a[8][5] = -0.058336322936455036913377508391576010317463044557635281319970
a[8][6] = 0.003047557668574494379291469893838362961393915887951023386923
a[8][7] = 0.091548180297784610029834294920491278678867863423100224727003
a[9][1] = 0.031255008135165617062363364144360909510377723542879033066377
a[9][2] = a[9][3] = a[9][4] = a[9][5] = 0

a[9][6] = 0.000109123821542419946869294595176439827041028849283869573166
a[9][7] = 0.156725758630995015163428123239419606745477617728875204132576
a[9][8] = 0.169294351171974399670263721000603507957601893515749197317902
a[10][1] = 0.011906604414675032143567980566018907965795279427286722551640
a[10][2] = a[10][3] = a[10][4] = a[10][5] = O

a[10][6] = 0.283437082024606548111158799175805892098647137522471712426518
a[10][7] = -0.416312167570561315072743189007996051250827344774632050555406
a[10][8] = 0.264646333949743004842122357733181166192796563855712621386704
a[10][9] = 0.738849809146269076401395538512659160176456208237213113854335
a[11][1] = 0.023406573691335449391473625259504364790836965582732726515266
a[11][2] =a[11][3] = a[11][4] = a[11][5] = O

a[11][6] = 0.094493130189496180237115961328822134600313674649913746742381
a[11][7] = -0.272872055901956418864682670202868234952633322515255977036325
a[11][8] = 0.224022046115592207351971806319306580738071745039347414295235
a[11][9] = 0.60438144107513509530589733372976143731801110133950496086 7870
a[11][10] = -0.0308153769292799652647005594140867465350984277330301 75474552
a[12][1] = 0.045443775310176369942806803893104543458338111866468981 747004
a[12][2] = a[12][3] = a[12][4] = a[12][5] = O

a[12][6] = -0.001187996671864415676041636994855456361339596915346007818933
a[12][7] = 0.012035654990928113493648304752436307386546037675792982032503
a[12][8] = 0.075126902987647924054107277470638404347912348750999242251640
a[12][9] = -0.018220924098884569051697315534231472982896496949076759684261
a[12][10] = -0.000257152854084065043410107101784645506674343404229260965934
a[12][11] = 0.004532078371348295855085186535023244475246094707338702774190
a[13][1] = 0.178401086400436429271810252236105036974681175327876024199032
a[13][2] = a[13][3] = 0

a[13][4] = 0.110154439538638507039579681263290188617727424904457619127907
a[13][5] = 0.525186129370448772884083539738425018075167773900931385699766
a[13][6] = -0.489148591820436212817412947822614869893806907334840001353455
a[13][7] = 0.932443612635135732902219456897349102947542447872601542391818
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a[13][8] = -0.774475053439839525351939491600259737086503063606661168648411
a[13][9] = -1.054902178139358242593799425496918833179877626049619683836133
a[13][10] = 0.131046712034157154515966324465601614648136847647750441792119
a[13][11] = 0.587049777599487392267978695578709837405311995961302793122857
a[13][12] = 0.620898052074878791881513914740312641491619931376201047504500
a[14][1] = 0.130220806600497793489850897668368548052241092768846863090306
a[14][2] = a[14][3] = 0

a[14][4] = 0.696088703288076908068781383509747545922284685096513437617197
a[14][5] = 0.250497721570339375352478192091560594379279460030814125387197
a[14][6] = -0.758948987129607342656068221840345352199042576536499357879795
a[14][7] = -0.171517208463488383623083873537419777707371265796495694789097
a[14][8] = -0.370217673678906704670291354494340072195473492233820139184160
a[14][9] = 0.124981008574747347838896675044479814593797663434805537555884
a[14][10] = 0.003353109248372670741534775312156870143841271203588569182358
a[14][11] = -0.006632546136761535819147201694291880906694816676094469246359
a[14][12] = 0.429116573121617904714636512492799112778719296257597242114120
a[14][13] = -0.037177856782469789310801232274997613248266542257049013065144
a[15][1] = 0.249297267609681978012770798836949850852762744727995584459954
a[15][2] = 0.277211832531930184738420236014862008889447105466809149395052
a[15][3] = a[15][4] = a[15][5] = O

a[15][6] = -0.145940595936085218185544908546664251487835151696104976496855
a[15][7] = -0.799015893511029475357365128687567486685020877796267011619833
a[15][8] = a[15][9] = a[15][10] = a[15][11] =a[15][12] = O

a[15][13] = 0.145940595936085218185544908546664251487835151696104976496855
a[15][14] = 0.799015893511029475357365128687567486685020877796267011619833
a[16][1] = 0.500000000000000000000000000000000000000000000000000000000000
a[16][2] = 0

a[16][3] = -0.807097076095341093249737398720457841858098658277918854066158
a[16][4] = a[16][5] = a[16][6] = a[16][7] = a[16][8] = a[16][9] = a[16][10] = O

a[16][11] = a[16][12] = a[16][13] = a[16][14] = O

a[16][15] = 0.80709707609534109324973739872045784185809865827 7918854066158
a[17][1] = 0.057320795432057541096538894884632859560006508826 368053069170
a[17][2] = -0.499999999999999999999999999999999999999999999999999999999984
a[17][3] = -0.897470163394855120845974875813019463069945881020784104055832
a[17][4] = a[17][5] = 0

a[17][6] = -1.039910049226953433635817598029320374005958706733760229012810
a[17][7] = -0.407357014288385810046479045129055783867364682542885522639949
a[17][8] = -0.182830236640741849250386135478138753893364006257772618117464
a[17][9] = -0.333659270649225020341781909749343709488434667585788318361911
a[17][10] = 0.395648542376057924045745488431211325217210441572302981789688
a[17][11] = 0.695057049459982281781252754578863682006506102115089723858592
a[17][12] = 0.271487376457383239111724412549073964264941175168838760307907
a[17][13] = 0.585423734866589756810364983516995806184432782082086 755163155
a[17][14] = 0.958819072213235370428838154425080984022025053355520413943622
a[17][15] = 0.897470163394855120845974875813019463069945881020784104055832
a[17][16] = 0.499999999999999999999999999999999999999999999999999999999984
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Honatok b. Koediunientn HesiBHUX MeToaiB PyHre-Kyrru

Ta6aunsa B1. [Tpasuio Ta6amus B2. Meron Xamepa —
cepeHbol ToukH (P = 2) Xomiurcyopra (p = 4)
: : 1y 118
2 2 2 6 4 4 6
‘ 1 1 V3 | 1 43 1
2 6 4 6 4
1 1
2 2

Ta6muus B3. Meron Kynumana—byruepa (p = 6)

1s |5 25 s U
2 10 36 9 15 36 30
1 5 415 2 5 415
2 36 24 9 36 24
1 15 5 15 2 15 S
—+— —+— —+—
2 10 36 30 9 15 36
El 4 2
18 9 18
Metoau Pago 3-ro nopsiaky
Taoauusa b4a Taoauusa b46
0 1 21 1 > 1
4 4 3 12 12
2 1 > 1 3 1
3 4 12 4 4
1 3 3 1
4 4 4 4
Metoau Pajgo 5-ro nopsiaky
Taoaunsa B5a Taoauusa 550
o |1 -1-v6 -1+V6 4-6 | 88-7/6 4-46 88-7V6
9 18 18 10 360 10 360
6-v6 | 1 88+7J6 88-43/6 4++6 | 269+169v/6 4++6 269+169.6
10 9 360 360 10 1800 10 1800
1 88+43/6 83-76 1 16-/6 1 16-/6
6+v6 | 9 360 360 36 36
0 14 1646 16-6 16-J6 16446 4
36 36 36 36 36 36
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Metoau JIo6aTTo 2-10 NOPAAKY

426

Taoaunsa b6a Taoannsa B66 Taoaunsa b6
0 0 1 0 - - 1
0 0 2 0 2
T R 2
2 2 2 L 2 2
1 1 1 1 1 1
2 2 2 2 2 2
MeTtoau JIo6aTTo 4-10 NOPSAAKY
Taoaunsa b7a Taoaunsa B70
0 0 0 0 0 l —1 0
6 6
1 ) 1 _1 1 El 1 0
2 24 3 24 2 24 3
1 1 2 1 1 1 5 0
6 3 6 6 6
1 4 1 1 4 1
6 6 6 6 6 6
Ta6auusa B78
0 1 1 1
6 3 6
1 1 £ 21
2 6 12 12
1 1 2 1
6 3 6
1 4 1
6 6 6



HiaronaabHo HessBHI MeToau Hsopcera

Ta6uuus B8 (p = 3) Tabauus B9 (p = 4)
Y v 0 Y 4 0 0
1 1 4 0
FUR N S 2|27
6y 3 y 2y 1-4y 4
1 1 B 1-2p B
2
1 1 T
= = y=Z4-—C05—.
y= 3+6ﬁ P = —ay 72" 3%%1s

BruajeHuii 1iaroHaibHO-HeIBHUA MeTO] 4-T0 MOPAAKY

Taoauusa B10
1 1
4| 1
3 1 1
4| 2 4
11 17 1 1
20| 50 25 4
1 371 137 15 1
2 |60 2720 544 4
25 49 125 85 1
'l s 16 12 4
25 49 125 85 1
S T T T T
N 59 17 225 85
Yni 18 Y EVY 1 0
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Honatok B. KoediunienTun Braagenux meroaiB Pynre—Kyrru

Tadoauusa B1 PK2(3)

1 1
2 2
3 3 S
4 16 16
5 1 5
1 J— — —
18 6 9
P=3 | 5 1 5
18 6 9
p=4 | 5 5 8 1
18 9 6
Ta6auus B2. PK3(4)
2 2
7 7
LA 343
15 | 900 900
3 | 805 77175 97125
38 | 1444 54872 54872
. 79 . 2175 2166
490 3626 9065
p=3 | 79 . 2775 2166
490 3626 9065
pP=4 | 229 . 1125 13718 1
1470 1813 81585 18
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BH@ ©lw NE

[N

Tadoauusa B3. PK4(5)

('_‘,.,|4> ol
c\ln|"> o |-

oo

ol w|N

[ BN

1
4
3 9
32 32
1932 7200 7296
2197 2197 2197
439 g 3680 845
216 513 4104
8 3544 1859
27 2 2565 4104
25 . 1408 2197
216 2565 4104
16 . 6656 28561
135 12825 56430

Ta6auus B4. PK5(6)

16
75
85
3 2
144 16
- —4 il
25 25
18 41 5
5 128 80 128
A 1
256 160 256
18 88 1 %9
5 256 160 256
0 1125 i 12_5
2816 32 768
. 1125 9 125
2816 32 768
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Taoauus BS. PK6(7)

2 2

3 | 33

4 0o 2

33 33

2 Lo, 32

1 | 22 22

L 8 4, & 7

2 64 64 32

2 | 2383 1067 26312 2176

3 486 54 1701 1701

6 | 10077 5643 116250 6240 1053

7 | 4802 686 16807 16807 2401

. | .78, 141 335763 216 4617 7203
176 8 23206 77 2816 9152
Loy 5 18 1215 1029
352 46502 77 5632 18304
1883, 4l b3 18 729 1029,
352 8 3584 7 512 1408
7, ., lrrisel 32 243 16807 11
1440 6280920 105 2560 74880 270
., o, lr7isel 32 243 16807 11 11
864 6280920 105 2560 74880 270 270
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Taoauus B6. PK7(8)

2 | 2

271 | 27

1 L1

9 36 12

1 1

1 1 5 1

6 24 8

S 2 g B 2B

12 | 12 16 16

1 1

1 1 9 o t 1!

2 20 4 5

S LB 4 g BB 15

6 108 108 27 54

L3 5 90 o & 2B

6 300 225 9 900

2 2 o o -3 14 107 67 4

3 6 45 9 90

1o e, o, 28 96 31 19 17 1

3 108 108 135 54 60 6 12

. 2383 31 449 301 2133 45 45 18
4100 164 1025 82 4100 82 164 41

0 3 0 0 o o -6 3 3 3 6
205 41 205 41 41 4

L | 31 449 289 2193 51 33 12
4100 164 1025 82 4100 82 164 41

o=7] X 9 o o o X 9 8 9 9 4
840 105 35 35 280 280 840

4 4 41
p=8 0 0 0 0 o #* 3 % 9 9 , 44
105 35 35 280 280 840 840
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ceY

Homatok I'. KoedinieHTH 0araToKpOKOBHUX Pi3HUILIEBUX CXEM

Taoauusa I'1
SBui PC Anamca (Anamca—bamdopTa) nopsiaky p=m,

Y. =Y , + va f(t_,,y.,), C —cranay I'CIl anpokcumarii PC Ch™u™?

v=l

b, b, b, b, b, b b, b, C
1 1
2
3 1 5
2 2 12
23 4 5 3
12 3 12 8
55 59 37 3 21
24 24 24 8 720
1901 | 1387 109 637 201 _ 9%
730 360 30 360 720 288
4277 | 2641 | 4991 | 3619 959 95 19087
1440 480 720 720 480 288 60480
198721 | 18637 | 135183 | 10754 | 135713 | 5603 | 19087 5257
60480 2520 | 20160 945 | 20160 2520 | 60480 17280
16083 | 1152169 | 242653 | 296053 | 2102243 | 115747 | 32863 | 5257 | 1070017
4480 120960 | 13440 | 13440 | 120960 | 13440 | 13440 | 17280 | 3628800




eey

Taoauua I'2
Hesieui PC Anamca (Axamca—MynToHa) mopsaky p=m+1

yn = yn—l + va f (tn—v’ yn—v)'
v=0

by b, b, b, b, b s b, C
1 1
2
1 1 1
2 2 12
5 2 1 1
12 3 12 24
3 19 5 1 19
8 24 24 24 720
251 323 11 53 19 3
720 360 30 360 720 160
95 1427 133 241 173 3 863
288 1440 240 720 1440 160 60480
19087 2713 15487 | 586 6737 263 863 275
60480 2520 | 20160 | 945 20160 2520 | 60480 24192
5257 | 139849 4511 | 123133 88547 | 1537 11351 | 275 33953
17280 | 120960 | 4480 | 120960 | 120960 | 4480 | 120960 | 24192 | 3628800




veY

Taoauusa '3

bararokpoxosi PC Hioctpema, Minna, Xeminra

DopMyu

Mopsaxok

T'osi0BHA cKJIa0Ba

NOXuOKHU HA Kpoui Yy-U,

AsHi pizHnuesi cxemn Hrocrpema

Yo = Yoo +2hf 2 —h%u® /3
6. Y, =VY,,+h(@f ,—-2f ,+f .)/3 3 . h“uff‘) /3
7. | V.=VY,,+h(@8f ,-5f ,+4f ,—f ,)/3 s —29h5u§5)/90
SIBHi pizHuueBi cxemun MisHa
8. Yo =Yoo +4h(2 fn—l_ fn—2 +2fn—3)/3 4 _14h5ur(15)/45
- 5(,(5)
9. yn = yn—3+3h(7 fn—1_3fn—2+5fn—3_ fn—4)/8 4 27h u” /80
SABHI pizHuueBi cxemu XeMiHra
10. | Yo =(Yoa +¥o) /24N (119 F,, -99F , + 69 ,-17f ,)/48 4 ~161h°u’® /480
11. |y, =(2y, ,+4y,,)/3+h (@91 f ,-107 f ,+ 109f ,—25f ,)/72 4 —707h°u® /2160
HesiBHi pisHuueni cxemu MisnHa
12. | Y, =Y, ,+h(f, +4f ,+f ,)/3 4 hu® /90
13. Yo =VYis Tt 3h( fn + 3fn—1 +3 fn—2 + fn—3) /8 4 3h5Ur(15) /80
HesiBHi pisHuLIeBi cxemu XeMiHra
18. | Yo =(Yo1+VYao)/2+h@7f +51f , +3f, ,+f, 5)/48 4 3n°u® /160
19. | Vo =(2Y, o+ Y q)/3+N(25f, +91f, , + 43f , +9f ;) /72 4 43h°u® /2160




Taoauusa I'4

Koedimieatn A(a) — CTIMKHUX YUCTO HESIBHUX PI3HUIIEBUX CXEM MOPSAIKY P =M

yn = iavyn—v + hﬂ fn’
v=l

C=//(p+1) — crana B roJoBHiif ckiamoBii moxubku Ha kpori Ch™*u™™

GEY

a B o |a a, a, a, a, C

m -
2
2 oo |2 |4 |1 2
3 3 3 9
" oy |6 28 |9 |2 B
11 |11 11 |11 22
T g (228 | % (163 1
25 | 25 25 | 25 25 125
5 | 5184’ | 60 |300 | 300|200 | 75 | 12 10
137 | 137 137 | 137 137 | 137 137
6 |1784' | 60 | 360 | 450 | 400 | 225| 72 | 10 | 20
147 | 147 147 | 147 147 | 147 147 | 343
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