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Y3ATAJIBHEHHS CUCTEMU EJ10 JJIA BSAGMOZLII/UI MIZ2K BATATBMA YHYACHUKAMU
Tapac Auapunynsk, Cepriii Mapruniok
Yepniseuvrul Hauionarvruti Yuieepcumem imeni IOpia @edvrosuua, Yeprisuyi,
Yrpaina

Beryn

PeiiTuaroBi crucTeMun € KJIIOYOBUM IHCTPYMEHTOM JIJIS OTUCY Ta MOJEIIOBAHHS aHTarOHi-
cTHIHUX irop. OJIHI€I0 3 HAUIIOMIUPEHIMNX Ta MATEeMAaTUYHO IHTEPIPETOBAHUX Mojeseit
e cucrema Eno, sanpononosana Apnagom EmoflI]. Ii sacTocysanns 6asyeTbes na napHEX
B3a€EMO/IisIX Ta KOPEKIlil peATHHIiB 3a POpMYJIOIO

ri(k +1) = ri(k) + K(S;(k) — P,(k)), (1)

ae S;(k) — dakruanunit pesyabrar, P;(k) — ouikyBanuii pesysbrar, a K — koedinieHT OHOB-
JIGHHSI.
NmoBipHicTh IEpeMOru areHTa ¢ HaJi areHTa j BU3HAYAETHCS JIOTICTHYHOIO (DYHKITIEIO:

P(iFJ):;._» (2)

1410400

Taxka inTeprperariisi 6e3nocepeiHbO BioOparkae aHTArOHICTUIHUN XapaKTep I'PU: BU-
Ipalll OJHOI'O areHTa € MporpalleM iHIIOro, a 3MiHa PedTHHTIB IPOHOPIHiiHA PI3HUIL MixK
OUiKYyBaHUM Ta (aKTHIHUM pe3yabraroM. [lonpu edpeKTUBHICTD, KJIACHIHA MOJE]b MAE
CYTTEBI OOMEKeHHs, OCKLJIbKU He IPUJIaTHa 0e3110CePeIHbO i DAraTOKOPUCTYBallbKUX
CIleHapiiB, Jie B3a€MO/lid BiIOYBa€ThCs HE JIUINE MiXK JBOMa areHTaMH Ta 3aJeXKUThb BiI
BPYUHY ITi/IiOpaHuX MapaMeTpiB.

CydacHi J0CJIi2KeHHs MPOHOHYIOTH aJanTaliiio cucreMu EJjo j11d 6araToKopucTyBa-
IBKAX B3a€MO/JIi#i Ha OCHOBI MOJei BUTPUBAJIOCTI[Z], /e mic/ist KOXKHOTO eTany BHKTIOYa-
€Thesd Halicaabmuit arent. [Ipore Takuili minxin cTBopioe AucOATAHC, OCKLILKHE BIH KpAalle
KOPUI'YE PEeHTUHTH areHTiB, IO MOCLAAI0TH BUIMl Micis. [HImmmi miaxis rpyHTYeEThCs Ha
po3k/Iaaanni 6araTOKOPUCTYyBaNbKOl B3aeMoii Ha n - (n — 1)/2 momapuux B3aemoiit[3].
Boanoyac Bin ne 06a3yerbcs Ha cuctemi Ejio Ta He BpaxoBye 3MiHY KLIBKOCTI areHTIB 4d
KLJIBKOCTL B3a€MOJIiH.

[[To6 yHUKHYTH 3a3HaYEHUX OOMEKeHb, Y Hallliii pobOTI MU MOEIHYEMO MPOCTOTY Ta
edpekTuBHICTH cucTeMu 0 3 MJIX0A0M pO3KJIaJaHHsd 0araTOKOPUCTYBAILKOT B3aEMO/III
Ha MOTMApPHI MiAB3aE€MO/i1, JOMOBHUBIHN OTO MeXaHI3MaMU ypaxyBaHHS KLIBKOCT] areHTiB
B OKpeMiil B3aeMoJii Ta KiTbKOCT1 B3a€MOi.

MertomoJ0rig

BaraTokopucTyBaIbKy B3a€MOJIII0 TPEJACTABICHO K CYKYIHICTh TMapHUX MiIB3a€MOJII.
Jnst koxkHOI mapu areHtiB (i,7) y B3aemomil (G BU3HAYAEThCA (DAKTHIHUN DPE3YTBTAT
SL’“] € {0,0.5,1} Ta ouikyBaHuil pe3yabrar P,L-’} MO 3aJIeKATh BT MOTOYHWX PEHTUHTIB
Pk,

JList OIMIHKY y3TO/KEHOCT] MPOrHO3iB 13 (paKTHIHUMU Pe3y/IbTaTaMu BUKOPUCTAHO JIO-
ricruany ¢yukiio srpar|4]:

zfj = —(S;; In Pj; + (1 — sfj) In(1 — Pj;)). (3)
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Peiirunru onosioBarumMeMo B HalPAMKY rpajieHTis ¢pyukiii Brpar. I'pajient pyHkiiii
BTPAT 3a PEHTUHIOM areHTa ¢y B3aeMOoJil k:

OlF. In(10)
art — PEs = S0) 8= g5 @

Bpaxosyiouu, 1o KpoK OHOBJeHHs piBHUI 1), MaemMo K = nf3, i 3 ypaxyBaHHsIM ITiTB-
3a€MO/Iiil 3 yciMa cylepHUKaM#i, MAEMO HACTYIIHE OHOBJIEHHS PEHTHHIY ITCJIsI B3A€MO/Til:

i - K Z " — SE) (5)

1751
[leit Bupa3 € ysarajibHeHHdIM KJacu4aHOl cucremu Ejo g B3aeMoiit Mixk Oararbma
y4YacHUKaMH, 30epiralouu i1 IpoCTy iHTEPIPEeTAII0 9K PI3HUIO MiXK O4iKyBaHUM Ta (pa-
KTUYHUM PE3YJILTATOM.
Y KJIacuIHOMY IiAX0dl (pikcoBaHe 3HaUYeHHS K MOXKe IIPU3BOJIUTH JIO ITepeHABYAHHS
IPU BeJIMKWX 0OcAaTax JaHUX ab0 HAIMIPHOTO 3ryIaKyBaHHs npu Maiaux. 1106 yHukKHYTH
X KPANHOIIIB, TPOTOHYETHCSA ATANTUBHUN KOeDIIieHT:

K(M’ N) — KO M_'Yinteractions<N _ 1)_'Yagents’ Oé, ,y c (O’ 1), (6)

jge M — KinbKicTb B3aeMogiit, N — 4uc/I0 areHTiB y KOHKpeTHii B3aeMoil. Taka dbopma
30epirae cTabiIbHICTH OHOBJEHL V PI3HUX MAacIITa0aX JAHHX.

Jlyist HOBUX areHTiB MOXKJIUBI JiBa 1ijxoau: pikcoBaHnuil mouaTkopuil pefirunr ado ajia-
OTUBHUI, 110 0A3y€ThCA HA MOTOYHOMY PO3IO/Iiai. A TanTuBHUN Kpalie iHTerpye HOBauKiB
0e3 HOpMYBaHHS, TOII K (DIKCOBAHWI ONTUMAILHUIN NMPH TONEPETHHOMY HOPMYBaHHI Ta
BIZICYTHOCTI TIi/IcepeIOBHIII.

Ha mouaTky peTHHT HOBUX areHTIB Ma€ BUCOKY HEBU3HAUEHICTh, AKa 3 9aCOM CIIaJIaE.

Tomy koeditienT KOpexIlii MHiJCHJIIOETHCS HA CTAPTI Ta CIIAJA€ JI0 MOMEHTY HACHYEHHS
Tsat:

T 2
g(T) =1 + o 1 — min 17 T_ , K(M’ N, T) — KO .g(T)M_'Yiuteractious(N_ 1)_’Vagents'
sat
(7)

BinmoBiziHO, ocTaTOYMHE OHOBJIEHHSI PERTHHTY MOJAHO Y BUTJISIIL:

N
r¥ =7k — K(M,N,T) Z SE). (8)
Jj=
J#
[Tapamerpu cucremu Ejo HaJIAmMTOBYIOTHCS MIIAXOM MiHIMiZalil JOTiCTHYHOI (DYHKIIIT
BTPAT, KA MOPIBHIOE OYiKyBaHi pe3yJIbTaTH B3a€MOIiil 3 (PaKTHIHUMH CIIOCTEPEKEHHAMM.

Zk nokasano B anaisi 3asexuocti dbynkuil soricruannx srpar[d], Bona 3anexuTs Juine
BiJl TOYATKOBUX PEHTHHTIB areHTiB, pe3y/IbTaTiB 1X B3a€MOJiil Ta mapamMeTpiB CHCTEMU:

L= f(S, RO: KO; “Vinteractions, Vagents, &, Tsat)' (9)

st cTabimbHOrO OHOBJIEHHS IAapaMeTPiB 3aCTOCOBYEThCS MOAMMIKOBAHUN IpalieH-
THUHA CILyCK:

0D = o' — o' V1 (0", (10)

IO J03BOJIsIE€ TIBU/IIIE KOPUTYBATHU BeUKI MMapaMeTpH Ta MOBLIbHIIIE — MaJi.
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Peanizamisa

g mpuKIay 3acTOCYBaHHA MO/Ie/TI BUKOPUCTAHO JaHI YeMIioHATy ¢BITY 3 Popmynn-1
3 1950 poky, po36uTi Ha HaBYAJLHUN Ta BaJigamiiHuil Habopu. KoXKHY TOHKY MOJAHO 9K
Hablp MapHUX B3a€MO/ii MixK migoTamu: (DIHINT BHUIME TPAKTYEThCS 9K Iepemora. B3saro
Tyr = 10, a Takoxk ¢pikcoBaHU MOYATKOBUN PEHTHHI, OCKIJIbKH HEMAE IIi/ICepeoBHUIIL i
PERTHHTY HOPMaJIi3yIOThC TEePeJl KOYKHUM CE30HOM.

Taxkum guHOM, HEOOXiTHO 3HANTH ONTUMAJIBHI 3HAYEHHS MOYATKOBOTO PEHTHUHTY, KO-
edilieHTy OHOBJIEHHS, CTYIEHIB BILIUBY KiJTbKOCTI B3a€MOJIii Ta YHC/Ia areHTiB y TOHII,
a TaKOXK KOeMIIieHTy HMOCHIeHHS 3MiHM PEHTHHTY IiJI 9ac MOYaTKOBUX B3aemoii. Ili-
cJid 3a/IaHHS MMOYATKOBUX JIAla30HIB JIJId apaMeTPiB Ta peaJii3aliil rpaileHTHOTO CIIYCKY
OTPUMAHO HACTYIHI 3HAYEHH MMapaMeTpiB Ha MOMEHT paHHbOl 3ynuHku: Ry = 1834.6,
Ko = 96.2, Yinteractions = 0.1589, Vagents = 0.6174, av = 0.76841.
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HAﬁKPALHI OPTOT'OHAJIBHI TPUTOHOMETPUYHI HABJIM2KEHHSA KJIACIB
[NEPIOJMYHNX (I’YHKL[H/“I BATATHOX 3MIHHUX TUIIY HIKOJBCBbKOI'O-BE€COBA
BikTop Banabyxa, Hecrop Bacuaiok, Makcum BopoHiok
Boauncokuti naytonarvrutl yrisepcumem iment Jleci Yxpainwu, Jyuor, Yxpaina

B nonosiai mosa Oyjie #iTu 11po HaflKpalll OPTOIOHAJIbHI TPUIOHOMETPUYHI HADJINZKEHH S
KJIaciB B?ﬁ [I] mepiogmunux dynkuiit 6ararsox 3MiHHEX y IpocTOpi Boo 1 (AHB., HAIDH-
ka1, [2]). Hopma B mpomy mpocTopi € GibIin CHiIbHOIO HiXK Lo, - HOpMa. Jasi BBazkaeMo,
mo Q(t) = w(l_[;l:1 t;), i w(r) - dyuxuig oxuiel 3MIHHOI THILYy MOIYJIsl HelepepBHOCTI
NopsiZIKY [, sika 3a710BoJIbHsie yMoBu Bapi-Creukina (S) ta (S;) [3].

O3HAYMMO ANPOKCUMAIIHHY XaPAKTEPUCTUKY, KA HAMU JOCJIKYEThC.
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Hexait X - jesxuit nopmosanuii dynxuionanbuuii npocrip 3 nopmoto || - |[x i ©Opy-
JoBiabHEUI HAGIp 13 M d - Bumipunx Bexkropis k7 = (ki,....k}), j = 1, M, 3 nino4ancesnnb-
HuMH Koopauuatamu. s dpyukmii f € X moznaunmo

M
Son(f) = Fk)e™ ) oz e RY,
j=1

ne ]?(kj) = (2m)~ [ f)e WDt T = H;.lzl[O, 27) - xoedinientn Pyp’e byukuii f,
SKi BiAIOBIIAI0TH HAOOPY BEKTOPIB O ).
Posrignemo anpokcuMariiitHy XapaKTepuCTUKY

enr(f)x = inf | f = Se,, (f)lx
M
i g pynkmionanbaoro kiacy F C X nokjanemo

ex(F)x == up en(f)x.

Benmauny ey;(F)xHa3uBaloTh HafKpaluM OpPTOTOHAJLHEM TPUTOHOMETPUYHEM HaOJIH-
xenngam kiacy Fy npocropi X.
Hagesemo oyep:kanuii pesyabrar.

Teopema. Hezati d > 2,1 <6 < 00,Qt) = w(H?zl tj), de w 3adosoavhac ymosy(S®) 3

dearxum o« > 1 1 ymosy (S;). Todi das 6ydv-axoi nocaidosnocmi M = (M), namypans-
nux wuces maxoi, wo M =< 2"n%! suxonyemocsa cniesionowenma

et (BY) ., = w(27 )2 @ D0-5),
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yCEPEﬂ;HEHHH B BATATOYACTOTHUX CUCTEMAX I3 IHTET'PAJIBHUMMU
3BYPEHHS{AMU TA 3ACTOCYBAHHSA B ,D;I/ICDEPEHL[IAIH:)HIIU/I 'PI
Annpiit Bapaaun
Yepniseuvrut Hautonarvrnut Ynieepcumem iment fOpia @edvrosuua, Yeprisut,
Yrpaina

Meton ycepeaHeHHs € OAHUM i3 e(DeKTUBHUX METOIB M JOCTIIKeHHs HeTiHIHHTX
KOJIMBAJIbHUX CHUCTEM, 30Kpema Oararodactorunux. HasgBHicTh iHTErpajbHuX 30ypeHb Yy
NPABUX 9aCTUHAX 3HAYHO YCKJIAIHIOE MOCTiKeH s . OTpuManmii pe3yabraT 3aCTOCOBAHUI
JIS TupepeHIiajibHOl TPH IIepecIiyBaHHs «IPOCTUHHE pyX» 3 IHTerpaJbHUME 30y PEeHHAMHE
[1]. Bamadui Ge3 inTerpaabuux 36ypenb pos3rasnyTi y mpari [2].

Posriisnemo 6araro4acToTHY CHUCTEMY 3BUYAMHUX JuepeHIliaIbHuX PiBHSIHb 32 Ha-
sIBHOCT1 IHTErpaJibHUX 30ypeHb

d T
— = X(r,0,%) +/0 Uz, a,)dz,

d T
% = ? +Y(7,a,9) +/O V(z,a,1)dz,

(1)
nae 7 = pt, p — mamuit mapamerp, p € (0, pol, a i ¢ - BiamoBigHO amrtiTyaHI (TOBLIBHI)
i dazosi (mBuaKi) 3MinHi, @ € D, D — obmexkena obnacts 8 RP p > 1,9 € R™ m > 2,
BekTOp-yHkuii X, Y — 27-nuepioiuyHi 3a KOMIIOHEHTAMU BEKTOpa 1.

Metron, ycepenenns moJidrae€ y 3aMiHi BUXIJTHOI CUCTEMH Ha CIIPOIIEHY CHUCTEMY,
OJIepKaHy yCEepeTHEHHSIM 33, TMBUIKUMHI 3MIHHUMHI

% = Xo(r,a) + /T Uo(z,a)dz,

. ‘ (2)
d T
d_f _ w() + Yo(r, @) +/0 Volz,a)dz.

Y poboTi J0BeIeHO iCHYBaHHS 1 €IMHICTD PO3B’SI3KY CHUCTEMH Ha Biapizky [0, L] 3
HOYATKOBUMU YMOBAMHU G|;—g = G|r—0, ¥|;—0 = 1|;—o. [ pyHrytouncs na ouinni ocumis-
niiteoro inrerpasa, orpumanol B MoHorpadii A.M. Cawmoiinenka ta P.I. Tlerpummua [3],
BCTAHOBJICHO OIIHKY MOXMOKM METOJIy YCEePEJIHEHHH JIJIA JIOCUTH MAJIOro [y > 0

_ - 1
la(T, 1) = a(m) [l + 17, ) = P(T)]] < epm, (3)
axa BUKonyeTbea st 7 € [0, L] 1 p € (0, po), crama ¢ > 0 i He 3a/1e:KUTh Big p.
OnepzKaHuil pe3yabTaT IPOLIICTPOBAHO HA 3a/1adi [udepeHIiaabHOl TPH THILY <IIPO-
cruit pyx»[I] i3 HaknaeHuMHE iHTErpaTbHUME 30y DEHHSIMU BUTJISLY

.
x':u+u/ (+cosy)dy, z€R,
0
.
Z)=U+M/ (ﬂ+sinw)d¢. y € R
0
Je u i v — mBUAKOCTI rpaBiiB |u| > |v|, a i f — crani, ¥ — dba3oBa 3miHHA.
JocmiaKeHo BIUIMB iHTerpaJibHUX 30YpeHb Ha Yac HepecilyBaHHd Ta BUSBJIEHO, IO
iHTerpa/bHi 30YpeHHSI MOXKYTD K TOJ0B:KYBATH, TaK 1 3MEHITYBATH YaC IePECIi Ty BaHHSI.

ITokazano, 1o icHye BHUIIAI0K, KOJIM 33/a4a 0e3 30ypeHb He Ma€ PO3B’sI3Ky, TOJI K 3a
HAABHOCTI 30ypEeHHA PO3B 430K iCHYE.
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yCEﬂHEHHH B BATATOUACTOTHUX CHUCTEMAX 3 ACUMIITOTUKOIO TTOBIJIbBHUX I
MBUAKNUX 3MIHHUX TA YACTOT
Apocaas Biryn, Poman Ilerpumnmmu, Irop Ckyrap
Yepniseuvrutl naytonasvrul ynisepcumem, Yepnisus, Yxpaina

MetooM ycepeHeHHsd JTOCTiIZKEHO CUCTeMY JTudepeHIiaJbHuX pPiBHIHDb i3 3alli3HEH-

HAM BUTJIATY

% =" X(7, a4, po), (ji_f = g + ™Y (7, a4, po), (1)
e € - Mmagmit mapametp, 0 < € < gy, 7 = €t - NOBIIbHATN Yac, BEKTOP MOBIIHHUX 3MIHHUX
a € D C R", BekTop mBuaAKuX 3miHauX 0 € R™, k1 > 0, ko > 0, k > 0. 3anizuenns B
cHCTeMI 331a€Thee JHIHHO IepeTBOpeHHMH aprymentamu A, 7 1 6,7, A, € (0,1], v = 1,p,
6; € (0,1], j =1,4q.

Y KIacuIHuX 3aa9aX HeTIHIHHOI MEXaHIKN PO3TISIAI0THCSI CUCTEMH PiBHSIHD BUTISATY
(1), komm k1 = ke = 0, k = 1 [1]. Cucremu i3 3ami3HEHHSM APTYMEHTY Y BHLAJKY PE30-
HAHCY YacToT JocyipKyBanucs y npansx [2, B3] Ta in. Meron ycepeaaenns st cucremMn
piBHAHD obrpynToBano B mpai [4].

Bignosinua (1)) ycepennena 3a mBHAKMMH 3MIHHHME @, ..., {g, CHCTeMa HabyBae
BUTTISITY
da dp  w(r)
— =" Xy(r,ay), — =—>=+e"Yy(r,an), 2
o o(man), o=, o(7,aa) (2)

OO6TpyHTYBaHHS MeTOJy YCepeHeHHs s cucTeMn piBHsAHB (1)) i3 mogaTkoBuME yMO-
BaMH y TO4UIMl 7 = () OTPUMY€ETHCS 3 OIIHKHU OCIUIAININHOTO iHTerpaJsa

Ix(7,8,5,¢€) = /Tf(s,e) exp (;—-n/yk(z)dz')d& (3)

Jie (PyHKITE
q

Ye(T) = Z (k‘l,, Hyw(QVT))

v=1

3a/Ia€ThCA YMOBa PE30HAHCY B CHCTEMI B Touti 7 > 0:
Y(T) =0
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st ouinkm nopmu inrerpasa (3) npumycruMo, 1o BUKOHYEThCS Taka yMOBa.

VYmoBa A. Hexait dyukmnii w, € C™(R,), v = 1,m, piBHOMIpHO HenepepsHi Ha
R, i mobymosamuit 3a cucremoro ¢yukrii {w(6i7),...,w(0,7)} BusHawnnk Bporcskoro
HOPSIIKY Mg

W(w(@lT), . ,w(9q7)> # 0.

Teopema 1. Hezati das xoorcrozo € € (0,e0] 1 7 € Ry, eexmop-gpynwuia f € Clir, 7+ L],
obmedtrcena pazom i3 noxionoto na G = [1,7 + L] x (0,&0] i 6uxonyemoca ymosa A.
Todi moorcra exazamu maxe €1 € (0, &o], wo enpasdocyemoes ouyinka

11,(7, 5,5, €)|| < 025a(sup (o)l + ‘df )

H) a=k/ml, (4)

Tklo &
q9

de co > 0 1 ne sanesrcumo 6id k, €, ||klle = D 0.k, |-
v=1

OOr'pyHTYBaHHS METONLY yCepeTHeHHs 1 BiAMOBiAHA OIiHKA MOXHOKM Jal0ThCS y Takii
Teopemi

Teopema 2. Hezafi:

1. Bexmop-gpyrxuii X 1Y mnenepepsro dudepenuitiosni 3a 3MiHHUMU T, ap, Yo 8
obracmi G = Ry X DP X R™P G obmesiceni pazom 13 nOTIOHUMY cmanot oo > 0.

2. Jlna woediuienmis Pyp’e Fy sexmop-dpynxuiti X 1Y 6 obaacmi G = Ry x DP
CNPABOHCYEMDCA 0UIHKA

1
Z <Sé12p||F(T> CLA)H + HkH@( a

k0

k) <o

a3
T day,

3. Bukonyemwca ymosa A.

4. Ienye edunuti pose’asox a = a(t,e) nepwoeo pisnanna 3 [2)), a(0,¢) =7y, 7 € Ry,
epadix Arxozo sesrcumo 6 obaacmi D pasom 13 deakuM P-0KOAOM.

Todi dasn documob manozo e* € (0,e1] ichye edunud pos3s’asok cucmemu pisHAHY i3
novamsosumu ymosamu (7,7) npu 7 = 0 i das eciz (1,€) € [0, Le™1] x (0,€*] suxonye-
MbCA OUIHKG

e”la(r,e) —a(r,e)|| + e [p(r.e) = B(r,e)[| < cre®™™ ™,

de a = k/(Mmq), |r=0 = Tlr—0 = T, Plr=0 = Plr=o = ¥, c1 > 0 i 1e saresicumo 6id &.

PosriisinyTo BUNAJIOK BUKOHAHHS yMOBU 2 Teopemu |l| y3/10BK pO3B’d3KYy ycepeHeHol
cucremu (|2)).
Pezynbrar Teopemu [2| mpoiaocTpoBaHo HAa MOJAEJIHLHOMY TPUKJIA/I OJJHOYACHOTHOT CH-
CTEeMU BULISTY
da d(p d1 + 2d27’
= b1 + by cos(kp + 1 —_ =
dT \/_( 1 2 ( ¥ 909)) dr \/g
ne by, d, €ER, by #0,dy,dy #0; 0 € (0,1), k,1€Z, k+10=0; a(0,¢) =7, p(0,e) =0.
Oninka moxubKM METO/LY yCepeHeHHs /T NOBLILHOT Ha inTepBai yacy [0, 1//¢] 3min-
HOI Taka:

lla(r,€,7) —a(y)ll <

s
2l (575 + O™/ expIul Vr) < [l I/ 4 O(e13/1) = O(T/),
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ITro ABCIUCH 3BIZKHOCTI BUITAJKOBUX I'AYCOBUX PAIIB ,ZLIPIX.HE
Anpgpiit Bogaapuyk, Mapia Kypunsk, Oser Ckackis
Jlvsiscvrutl nayionasvrut yrisepcumem im. I @panka, Jlveis, Ykpaina

Hexait (2, A,P) — dikcoBanuii itmosipuicauit npocrip, (f,(w)) — nocaimoBHiCTh KOM-
IJIEKCHO3HAYHAX BUMAAKOBUX BestmanH, A = (\,(w)) — mocaioBHicTh HEBiT €eMHUX iii-
CHUX BUIIQ/IKOBUX BEJIMYUH HA IIHOMY HMOBIPDHICHOMY IIPOCTOPi, TPUYOMY HOTAPHO PI3HUX,
TOOTO TaKuX, Mo Maifxke HameBHO (M.H.) A\;(w) # A\, (w), gkmo k # n.

Yepes D no3naynMo Kjaac BHIAJIKOBUX psaiB Jlipixje Bursty

400
F(z)=F(z,w) = Z Fr(w)e* ), (1)
k=0
e z € C,w € Q, rakux mo KoxKHUH psiyt F'(2,w) 3 MpOro KAacy 3aJ0BOJIBHAE YMOBY:
(Vw € )3z, = . (F,w) < 0):
fre(w)e® @) 50 (k= 400) .

Hosezneno, mo ans abenucn o, (F,w) icHyBaHHS MaKCHMAJIbHOTO *wieHa psay [ipixite
F(2) = F(z,w), Burysany (/1)) BUKOHYETHCST HACTYTIHE TBEP/IZKEHHSI.

Teepaxkeuns 1. Hexati F' € D. Todi
—In |fn|

ou(Fiw) = ap(Fw) = 1_1%1 _

M.H.
Y Bumajky, akimo BukoHyeThes ymoBa Inn = o(In|f,(w)|) (n — +00), To abenucn
30ikHOCTI 1 abcommoTHOT 30i2kHOCTI pany [lipixje popiBHIOIOTH abciuci icHyBaHHS MAaKCH-

MaJabHOrO WwieHa. OTpuMaHi TBEPIKEHHs 3aCTOCOBAHO 0 raycoBux psiaiB /lipixie.
3 TBepazKeHHs 1 OTPUMYEMO HACJIIJIKH.
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Hacainok 1. Hexail F' € D. fxuwo sukonyemves ymosa Ink = o(ln | fr.(w)]) (k — +00),
mo m.H.
o(F,w) = 046(F,w) = ap(F,w) = 0,(F,w).

Hacainok 2. Hexati F' € D. Todi 0,(F,w) < 0,6(F,w) < op(F,w) (Vw € Q), i

0. (Fyw) > v(w)ag(F,w) — §(w) > y(w)o6(F,w) — §(w)

das dosinvHuT JICHUT 8UNAOKOBUT GeAUUH Y, 0 1 das écix w € ) makuz, wo Y(w) >0
i

+o0
Z | fo(w) 7@ e 0@ (@) 4o,
k=0

Posririsnemo Bunaikosi psin /lipixse BUTISLY
+oo
F(z) = F(z,w) = Y &w)e™ (2€C, we ), (2)
n=0

ne &, € Nc(0,02) € KOMILIEKCHO3HAYHUME TayCOBMMU BUIIAIKOBUMH BeJIMYUHAMY, TOOTO,

_ &

TAKUMU, 110 BULAJIKOBI BeJUUUHY 1), = —, 0, > 0 (n > 0), MAIOTh HUIbHICTH PO3LIOIILY
On
Py TaKy, 1Mo

|22

pole) = 1e (ze)

Hexait 7(A) := lim 2k Cnpasmkyerbes Take TBepzKeHHS.

Trepmxenns 2. Hexati &, € Nc(0,02). STxuo dan nocaidosnocmi A = (N\,) euronye-
muca ymosa T(A) = 0 abo dasa nocaidosnwocmi (0,,) suronyemovea ymosa Inn = o(Inoy,)
(n — +00), mo daa abeyuc 36iocHocmi pady BUKOHYEMBCA

Os6(F,w) = 04(F,w) =0, (F,w) =0, MM
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HEIIEPEPBHI CDVHKLLIT 3 ®PAKTAJIbBHUMU MHOXXVMHAMIM PIBHIB
Oasra Bonmapenko, Mukosa IlpamboBurnii
VIV imeni Muzxatina /[pacomanosa, Kuis, Yrpaina

Binbmricts dyukiii mpoctopy C[0;1] matorh dpakTagbii BIaCTHBOCTI, 30KpeMa: Ma-
10Th rpadiku, Mo € camoadiHHUMHA ad0 aBTOMOIEJIBHUME; XapaKTePH3YIOThCs (DpaKTaIb-
HAMH MHOX@KHHAMHU HECTAJIOCTi; MalOTh (ppaKTaJIbHI PiBHI TOIIO.

OcranriM 9acoM 3pOCTa€ iHTEPEC 0 JIOKAJbHO CKJIQJHUX HelnepepBHUX (DYHKIHH 3
¢dppaxTaJIbHUMK BJAACTUBOCTIMH, & caMe JI0 CUHTYJIIPHUX (DYHKILIil; HiJe He MOHOTOHHUX;
byHKIIH, Ki HE MAIOTh MTPOMIKKiB MOHOTOHHOCTI, OKPIM TPOMizKKiB cTaocti. Cepes HUX
i byHKIil KaHTOPiBCHKOrO THIY (DYHKIIL, 0 MAOTD Hijle He MLIbHY MHOXKIHY HECTAIO-
cri). PiBui Takux yHKIIH MOXKYTh OyTH JOCHTH MACHBHUME, 30KpEMa MaTH JOJATHY
dpakTaabHy PO3MIPHICTD.

Hexait A=27=1{0,+1,£2,...} — andasir, L = A X A X ... — MHOXKHHA [TOCJIiJOBHO-
creii esementiB asndasity; (©,) — ABOCTOPOHHSI MOCTITOBHICTD JTOJATHAX AIHCHUX THCEJT
(dbyHKnis, BU3HAYEHA HA MHOXKHHI [LUIAX YHCENT) Taka, 110

00 +o0 n—1
0<Y O ,=u<l, 0<Y O,=v<lutv=Lb=» ©;=bi+6,.
n=1 n=0 1=—00

Teopema 1. /laa 6ydv-axoeo x € (0;1) ichye edunull ckinvennud Habip yiaux wucen
(o, g, ...y vy) ab0 €duna nocaidosnicmo (o) € L maki, wo eukonHyemwves odHa 3
prerocmet

m k-1 oo k—1
Tr = boq + Z bak H @Oéz‘ = Aflaz...am(@)’ r = bOél + Z boék H @ai = Afﬂ)@...ak...' (1)
k=2 =1 k=2 =1

CuMBOTITHUI 3aIUC TUCTA T OJHI€I0 13 BOX piBHOCTEi (1) HasuBaeThes B-300parkeHHIM
IBOTO YHCIA, & (&, = Qy,(x) — n-oio #oro mudporo. 13-3a eaunocti B-300pakeHHs THCTA
mudpa @, = a,(T) € KOPEKTHO 03HAYCHOIO (DYHKIIEI Yuc/Ia T.

Hexait ||pi|| (i € Z, k € N) — HeckinuenHa MaTPHIS , KA 33I0BOJbHAE YMOBH:

oo k—1
1) |pi] <1Vi€ Z,Vk € N;2) Y pa=1VE € N;3)0< > [[ps,; <oo Vij € Z;
i€z k=2 j=1
i—1
NO0<op= Y, pp<lVieZVkeN.
j=—00
Oynkuis f Ha maokuHI (0; 1) 03HAYYETHCST PIBHOCTSME
B 0 k—1 7
f(l’ - Azlzk) =0 + z Oiyk H Pijj = Azlzk’
k=2 j=1
m k—1
flz = Ag...im(@)) =0ij1 + %Uikk 11;[1 Dij; = Azfl...im(@)'

Teopema 2. Bapiauia V' (f) dymnxuii f na inmepesani (0;1) obuucsroemvea 3a $opmyaoio

0 +00
V(S = kU1 Vi, de'Vj, = '_Z |pir|, 30KpEMa Mmae neobmestceny eapiayito modi i suue

modi, koau Y (1 —Vy) = —o0.
k=1

Teopema 3. fruwo ceped eaemenmic mampuui ||pi|| Hemae nyaie i 6 xoocromy cmos-
NUL ICHYE HECKIHYEHHA KIALKICMY 610 EMHUT eaemenmis, mo dynkuia [ mae macusni
KOHMUHYAADHT PIGHT, 30KPEMa PIeHT dodammoi dpakmanrvHrol po3mipHocms.
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Y JiotoBijii Oy/ie JleTaJi30BaHO OCTAHHE TBEP/I2KEHHSI.

e-mail: o.1.bondarenko @Qudu.edu.ua, pratsfijl@gmail.com

HOBYAOBA PO3B’A3KIB SAJAY OIITUMAJIBHOI'O KEPYBAHHSA 3 IMTOXIJHOIO
XVKYXAPH
Bounanapenko K.C., Kiumapenko O./1., Crexyn A.O., TaipoBa M.C.
Odecoruti nayionarvruts ynisepcumem imeni 1.1, Mewnuxosa, Odeca, Yxpaina

Posriisinemo kepoBaHny CUCTEMY, KA OHUCYETHCS PIBHAHHAM 3 IIOXIIHOIO XYKYyXapu:

Dpx = F(t)x(t) + Fo(t) + B(t)u(t), ue U
x(0,u(0)) = Xo-
Jie Jac t 3a7aHuii Ha Bu3HaUeHOMY JificHomy mpoMmixkky t € [0; T, T' > 0 3amana crana,

Xo € conv(R"), x : [to, T] = conv(R"), F' : [to, T| — R™", Fy : [to, T] — conv(R").
B zanauqi OCTaHHIN JI0JJAHOK MOYKe OyTH ONMHUCAHUN PI3HUMH CIIOCODAMMU:

(1)

1. B(t) — Bekrop B R", u(t) — cxansipua byukuis, u(t) € U C comp(R").
2. B(t) —matpung B R™*" u(t) — Bektop B R".

3. B:t— comp(R") —mHOKXnHHHO3HAYHe BimoOparkenus, u(t) — ckaagpua yHKIis
kepysanns, u(t) € U C comp(R")

4. B : t — comp(R") —mmoxununosna4dune Bimobpazkenms, u(t) € R™® — marpung
nedopmarrii.

JInst moby0B1 9MCI0BOrO PO3B’s13Ky, Bunumemo pisasauns, (1)) B inrerpanbmiii ¢hopmi

Xo(t) = Xo

Xe+1(t) = Xo +/ [F(s)xk(s) + Fo(s) + B(s)u(s)]ds, k=0,1, ...

to
J11s1 KOYKHOTO OKPEMOTO BHIIAJIKY OIMHUIIEMO aJrOPUTM HOOYI0BU YUCJIOBOTO PO3B SI3KY
piBuguns (1) 3a qomomororo tamanux Eiinepa, Ta HaBeIeMO TPUKJIAIHA 3aCTOCY BAHHST THO-
ro aaropurmy. ¥ pobori [4] Buegeno dopmyny "namanoi" Eftepa misa Bunaaky posmip-
HOCT1 TpoCTOPy N = 2.
Hexait B(t)—Bekrop, u(t) — ckanspra yHKIiS KepyBanHs abo B(t) —marpurs B
R™ ", u(t) — Bektop B R". Toxi

Xom(t) = X () + (t — ) [F(tr)x (k) + Foltr) + B(ty)u(te)] ,t € [ty tra] b =0,m —1
BukopucroByioun anapar onopuux (yHKIINR, OTPUMYEMO TIpU t = )

(X (tes1), 1) = ¢xm (tr), ©) + 6 - [eOtm (tr), FT (tr)10) + c(Fo(tr), ) + (B(tr)u(te), ¥)]

Jlnst oGy I0BY 30BHINTHBOI AMPOKCHMAIIiT MHOXKHHU X, (L 41) 3HAlIEMO

COS Y, 2w
. 7)77i:ﬂ72207p_1'
S 7y; p

(m{tis1), ), s = (
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3 1IbOro BUILIUBAE

(Xm(tr1), 1) = c(xm (), 01) +0- [cOm (ta), FT (tr)1hi) + c(Folty), i) + (B(te)u(te), ¢)]
Tak gk
. B 0 npu F7(t)1); = 0,
C(Xm(tk)7 F (h{)djz) - {HFT(tkW%H c <Xm(tk)7 %) npu FT(tk)wi 75 0.
Ipu F¥(t;); =0
c(Xm (o1, i) = cOxm (i), i) + 0c(Fo(te), ¥i) + 6(B()u(t), ¥s).

Takox mpu FT(t); # 0 orpumyemo

C(Xm (tk-i-l )a wz) ~

Jie ;r 3HAXOJUMO 3 YMOBH

~ c(Xm(tk), ¥i) + 6 [”FT(tk)%’H (X (), Vi) + c(Foltn), v3) + (B(tr)u(ty), vi).-
~ FT(t )i FT(t )i

‘W IET ()l IET ()] ‘

3HaX0IUMO 3HaUeHHS ONOPHOI (PYHKIIT PO3B’A3KY, Ta 3HAXOAUMO TOUKU IMEePEeTHHY OIOp-
HUX TITEPILIONIAH 10 MHOXKHHU X, (fx) ¥ HAOPIMKY BEKTOPIB ¥; Ta Y1, i = 0,p — 1,
TaKOXK BPaXOBYEMO 1, = V.

Ilpuknan 1.

Hexait 3amani 3nadenns Bekropa ta byHKIis kepysauus B(t), u(t) :

Y;

= min

B(t) = [(2t + 1)?,cos(t) + 1]*

<t<
u(t):{l npu 0 <t <1,

—1 mpul<t<?2

F(t) = (é (1))

[louaTkoBe 3navenus, Ta g0MaH0K Fy(t) BizbMEMO

-2 0 0)

Onopnua (yHKIIA i€l MHOXKUHHA €

C(Fo(t)awi) = maX{|¢1|7¢2}

TakoxK 3a1aH1

st byukiig Bianosizae onopHiit GpyHKINT piBHOOEIPEHOTO TPUKYTHHKA, BEPITUHH STKO-
ro 3pocraioTh 3i 30uibiennsaM t. Toji 3a BUIEONUCAHUM AJTOPUTMOM OyiayeMo rpadik
PO3B’ 43Ky
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Euler's solve of setvalued Hukuhara derivative equation

Puc. 1: HucnoBuit po3s’d30K piBHAHHS 3 NPpUKIaLy 1.

Ilpukman 2.
Posriisinemo Terep BUIAJI0K, KOJIH

B“):(lEt tfl)

Ta (PYyHKIS KEpyBaHHS Ma€ BUIJIS]I

ult) = 0.5;0.5]7 mpu 0 <t < 1,
1 LT upul<t<2

Taxox 3amami

F(t) = (C"S;(t) —(c;s2(t))>

Xo =[]l

Dyukiito Fy(t) samummnmo, sika 6yJa [jist HepIIoro MpuKJIaLy, OTPEMYEMO Tpadik po3B’ 3Ky

TlowaTkoBa MHOXKHHA

22



Euler's solve of setvalued Hukuhara derivative equation

Puc. 2: HucoBuit po3B’ 430K piBHAHHS 3 NPUKIALY 2.

Poseaanemo cnocobu, y axux B(t)— mmoorcunnosnaune 8idobpasrcerms.

dxmo, B(t) MHo:kunHO3HAaYHe Bigobpaskenns, npu F7T(t,)1; = 0 Toai po3paxyHKoBi
dbopMyan HAOYBAIOTH BUTISLY:

(X (b1, i) = O (te)s i) + 6 [e(Folte), ¥i) + c(B(t)u(t), vi)] .
dxmo, FT(tx); # 0 oTpumyemo
c(Xm (try1), i) =

~ c(xXm(t), i) + 0 [HFT(tszH c(xm(t), i) + e(Fo(tr), ¥:) + e(Blte)ult), i) | (2)

Ilpukman 3.
IToxknagemo

B(t) = Sa <1si;tt)

_J-1 mpu0 <t <1,
“(t)_{1 mpu 1 <1< 2

_ [cos*(t) —2
F“)—( 0 —<cos<t>>>
Xo = max{|0.5¢1],0.5¢5}

Fo(t) = 0-5(|¢1| T |¢2|)
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Euler's solve of setvalued Hukuhara derivative equation

4
3
2
¥y 1
0 7
-2
-3

Puc. 3: HucnoBuit po3B’30K PiBHAHHS 3 NPUKIALY 3.

Ilpukman 4.

Hexait dbynkuis xepypanug u(t) € R**? Toni 3a BIACTHBOCTAMEI OHOPHUX DYHKIIH
orpumyemo goaanok c(B(t), ul (t)y;).

Jlsig po3paxyHKiB MOKJIaIeMO 3HAYEHHS

.2
sin“t
B(t) = H(0.5;1) (COSQ t) .

DyHKIlig KepYBAHHS MA€ BUTJIA,

u(t)

npu 0 <t < 1,
npu 1 <t <2

_ [cos*(t) -2
F(t) = ( 0 —(cos(t)))
Fo(t) = 2tl|v]], Xo =[]

E c R2><2
{—E € R*x?
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Euler's solve of setvalued Hukuhara derivative equation

=l
20 ——
= — 2.00
S 175

o
—s 125

X e

. 100
B \ 075 time
x5 — 050
20 — 025

=30 0.00

Puc. 4: YucnoBuit po3B’s130K piBHSIHHS 3 NPUKIALY 4.

Orke, B Hamii poboTi 3aCTOCOBAHO amapar OHOPHUX (PYHKIHNR AJ1st PO3POOKH aJIro-

pUTMY TOOYIOBU YUCIOBOTO PO3B 43Ky KEPOBAHOI CUCTEMU, TKa ONUCYETHCSA PIBHAHHIM 3
MOXi/IHOI0 XyKyXapHu.
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TPETSI MIIIAHA KPATIOBA 3AJAYA B MHIBIPOCTOPI JJIs1 OJHOT'O BUPOIYKEHOT'O
PIBHAHHS AHQDYBIT
Isan Bypraak, 'anna Manunbka
Ipurapnamevruid nayionarvrut yuieepcumem im. B.Cmegpanuka, Isaro- Dpankiecovr,
Yrpaina

PoGora € yzarasbuennsam pociiazkenns omybuikosanoro B [I]. Merogom norenmiasis
MU 3HAXOJUMO PO3B 430K MilllaHol KPaiioBoi 3a/1a4i B MiBIPOCTOPI JJIsd PIBHAHHS THILY PiB-
HaHHA KoaMoropoBa 3 TppoMa IpymaMu 3MiHHUX BHPOJIZKEHHS MapaboIiTHOCTI 38 SKIMHU

€ 3MiHHA 1HEepIIis.
4

Hexait n; € N,j = 1,4,n; > nji1, >, n; = no, & = (T1, 22,23, 24),2; € R, x; =
=1
(741, .. Tjn; ),z € R™, 2/ = (0,212, ..., T1n, ), BimmoBigHO, £ € R™,0 <t < T < +o00.
B{ll=(t,z):0<t<T < +00,£ € R 1, > 0}, posrasinemo 3ajauy

3 Mj+1

Ou(t, x) — szlﬂ e, U(E, T) —aQZﬁzutx f(t, x), (1)

u(0,7) = up(z),z € R™ ' U{zy, 211 >0,} (2)
Ooyult, @) + B(t)ult, o) = g(t,2"), (3)

ne [(t) menepeppra i obmexkena dyukiis, f(t,x),g(t,2"),uo(x) HenepepsHi i obmerkeni
dbyukii, f(t,x) 3am0B0BHSIIE PIBHOMIPHO 1O t yMOBY ['esibiiepa o X 3 HOKa3HUKOM 7, 0 <
y<1.

Po3B’s130K mykaemo y BULJISIIL

uta)= [ a5 [ Tms0rsoe+ [ Tn0.ou(Ed

0

+/}w D(t,2; 6, 8)(B. €)de p(0,4") = 0,
0 Rno—1

ne p(t, ') mykana dynknig, migidpana Tak, mob 3agoBogabHsatacs ymosa (3), (¢, x; 8, €)-
dbyukmis Upina piBastans (1), f(t, z) i uo(z) moBusHaveni Hysiem, mobd Maau 3mict Gop-
mysin. o(t, ') 3a0BOJIbHSE BiJAIIOBiIHE iHTErpa/jibHe DIBHSHHS, BCTAHOBJIEHO MHOXKUHY
dbyHKIii 1e iHTerpasbHe PIBHAHHS € PIBHAHHIM CTHCKY, BCTAHOBJIEHO icHyBaHHS ©(t, 2').
€aunicth po3e’s3ky (1)-(3) BumauBae i3 TPUHIMIY MaKCHMyMy B KJaci HemepepBHUX i
oOMezKeHux (pyHKIIf.
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MHOYKHNHA YUCEJI, AKI MAIOTb CKIHYEHHY KIJIBKICTBb PISHUX 30BPAXKEHDb VY
CHUCTEMI 3 HATYPAJIBHOIO OCHOBOIO TA HAJJIUNIIIKOBUM AJICABITOM
Oaer BunHUIMIIMH
Inemumym mamemamuru HAH Yrpainu, Kuis, Ykpaina

Hexait s, — dikcoBani narypaiabni yucaa, 1 < s <r, A ={0,1,...,r}. Bizomo, mo
JUtst JloBlbHOrO Yncsa « € [0, | icaye nocuaigosnicrs (o), a, € A, Taka 1o

7 s—1

Ts
a102...0p..."

8
I
[
VA
=

Q
o

I

Ocranniit cumpostiunumit 3amuc A, Ha3HBAETLCH T,-300parxKenHaM duciaa r (300pa-

JKeHHSIM YHCJA T Y CHCTeMi YHCJIEHHS 3 OCHOBOIO § i HaJAaumkoBuM ajdasitom A). B
3aJIe2KHOCTI BiJI TapaMeTpiB S Ta 7 KiIbKICTh 300pazkeHb y Yuce] MoxKe OyTH Pi3HOIO.

Jlema 1. Hrxuo r < 25 — 2, mo Kogicre wucao To € [0; 5], axe mae wucmo nepiodurne
rs-306pascenns 3 nepiodom (c), de ¢ € {0,r —s+2,...,s — 2,1}, mae edune 3006pasrcenta.

Jema 2. Hrxuo v < 25 — 2, mo Kosicre wucao oo € [0; 5], axe mae wucmo nepiodurne
rs-306pascenns 3 nepiodom (c), dec € {1,2,... ,r—s,s,s+1,...,1}, Mae KoHmuryarvHy
MHONCUHY PIBHUT T5-300pancens.

Jlema 3. frxuo r < 25 — 2, mo Kogicre wucao Ty € [0; 5], Axe mae wucmo nepiodurne
rs-306pascenns 3 nepiodom (c), de ¢ € {r —s—+1,s — 1}, mae 3atueHHY MHONHCURY PIBHUT
r's-300DANCEHD.

Teopema 1. 3a ymosu r < 2s—2, poamipricmo Laycdopda-Besurosunua MHOHCUHU wucen,
WO MAOMb QUHE T s-300PANHCEHHA, A MHONACUHY YUCEN, UL0 MAIOTND CKIHYEHHY KIADKICTND
r's-300PAHCEHD, 0OUUCAIOEMBCA 3G POPMYAOI0

D= 1n(23—r—1).
Ins
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ACUMIITOTUYHI BJIACTUBOCTI MIBUAKO 3MIHHUX PO3B’s3KIB
JANOEPEHUIAJIBHUX PIBHAHBL JAPYI'OI'O IIOPALKY 3 HEJIIHIMHOCTSMU BJIU3BKVMU
10 IMTPABUJIBHO 3MIHHUX
BopobiioBa AJuia
Oodecorutl nayionarvrut ynisepcumem imeni 1.1 Meunuxosa, Odeca, Yxpaina

Posriisnaerbes audepeniianbie piBHIHHSA

y" = aop(t) f(t,y,9), (1)

ne ap € {—1,1},p @ [a,w][—=]0,+00[(—0 < a < w < 400) — Henepepsua GyHKIia i
[ la,w[xAy, x Ay, —]0,4+00] € Henepepsro qudepenriiiopuoo, Y; € {0, £oo}, Ay, mae
su abo [y}, Vi[' abo ], y7].
IToxnamemo
t, TO W = +00,

To(t) =
t—w, TOw < 400.

Braxkaewmo, mo dyukimia [y 33J0BOJbHSIE YMOBH

of
l1m Ww(t) . E(u Vo, Ul)

— 7 piBmOM] 1) € Ay, x A 2
i . vo.00) 7 piBHOMipHO 10 (Vg, V1) Yo v (2)

ta juist koxkuoro k € {0,1}

Vg - %(m Vo, /Ul)

im
s [t ve,v1)

= O (3)

piBHOMipHO TI0 ¢ € [a, w| Ta piBHOMipHO MO V; € Ay, j # k, 0; € R, mpudomy oo + o1 # 1.

QyuKMI] f, MO 3310BOJBHIIOTH YMOBH Ta € OJIM3PKUMU JI0 TPABUIBHO 3MIHHIX
dbyuKIiit 1o KoXKHiH 31 3minHuX. [IpUKIaI0M MOXKYTH CAyryBaTH 30KpeMa (DyHKIIT BHITY
|70 (8) 7]y ]70 |y |7 exp ([In |7, (6)yy'| ), 0 < p < 1. Baxkausowo ocobausicTio Takux dbyH-
KIIilf € HEMOXK/IMBICTH TX HaBITH ACUMITOTHYHO 300pa3suTu y BHUIJILAL JOOYTKY (DYHKIII,
KOXKHA 3 SKHUX 3aJIe2KUTh TLIBKU Bl OHHIET 3MIHHOI.

B cuny ta @B), f(t,y,y') mae Burusan
ft,vo,v1) = w7 [yl [y - Ot v, y/), (4)

nie byHKIisg © 3a/10BOJIbHIE YMOBY

00
lim ﬂ-w(t) ) E(ta Yo, Ul)

i O, vo. 01) = 0 piBHOMIpPHO 1O (Vg, V1) € Ay, X Ay, (5)
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a Takox Just koxuoro k € {0,1}

Vg - g—i(@,vo,vﬁ

11m
vq;kezylf'k f(t’ Yo, vl)

—0 (6)

piBHOMIpHO TI0 ¢ € [a, w| Ta piBHOMIpHO MO V; € Ay, j # k.
Po3p’a30k y piBHSAHHS 6ynemo nasubaru P, (Yo, Y1, A\o)-po3B’s3koM, AKIIO BiH 3a-
nanuit Ha [ty, w|[C [a,w] Ta as koxkHoro i € {0,1}

) / t))2
limy¥(t) =Y, limL:/\. 7
vt ETONOR g
Benemo HeobXigHI MO3HAYCHHA

t w d _
IZ(t) = Oéo/ p(T)d,]—’ AZ, _ a, AKIITO fawp(7'> T +OO7
A2 w, axmo [ p(T)dr < +o0,

Ja(t) :/ L(r)|7adr, BL={" "M fbw| 2<T)|£ T = +00,
B4 w, gkmo [°|Iy(7)]|70dr < +oo0.

Mae micie HacTynHa TEOpEMA.

Teopema 1. Hezati y pieHAnHE o1 = 1. Todi, das ichysanna y pi8HAHHA
P, (Yo, Y1, 1)-poss’asxkic neobriono, a axuo

oola(t) <0, (8)
mo i docmamnsvo BUKOHAHHA 1YMOE
Yoo >0, ooyt lx(t) <0 nput € la,w], (9)
. _ . _ - Ju()15(1)
0 1 _ 0 1 _ 4 2 _

Kpim mozo, 0as K0ocHO20 MaK020 Po36°A3KY MGHOMbL MICUE HACTNYNHE GCUMNIMOMUYHI
3o0bpastcenrsa npu t T w

= = —Ji(®)]oo| 7 [1+ o(1)], (11)
y'(t) - (Ot y(t),y' (1))
y@) _ D),
@) = 710 14 o(1)]. (12)
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HAIU/IKPAH_[I OPTOI'OHAJIBHI TPUT'OHOMETPHWUYHI HABJIM2KEHHS KJIACIB
IIEPIOANTYHNX CDB’HKL];IIU/I BATATHOX 3MIHHUX ¥V IMTPOCTOPI Boo,l
Csitnana I'embapchka
Boauncokuti Haytonarvrul ynisepcumem iment Jleci Yepainxu, JTyuvk, Yepaina

. . ‘o . Q .
HocaipKyoTses Kiaacu nepiogununx QyHkuii dararsox sMminanx By [1] runy Hikoabcbkoro-

Becosa,ae Q(t) = w(l_[?:1 tj), 1 w -3amana Qynxuia oxmiel 3MiHHOI THIIY MOIYJIs HeIe-
pepBHOCTI MOpsiKY [, sika 3310BoIbHsIe yMoBH Bapi-Creukina (S*) ta (5)) [2]. Onepxano
TOYHI 32 MOPSIKOM OIIHKHK HAaWKpAaIIUX OPTOTOHAJHHUX TPUTOHOMETPHIHHUX HAOJHZKEHb
IUX KJIaciB y mpocTopi By 1 (auB., mampukiai, [3] ).

3a3HaunIMo, 10 HOPMa ¥ NPOCTOPi By 1 € CUIBHIIIOIO, HiK Loo- HOPMA.

Hexait R?, d > 2 - eBkuizis npoctip 3 enrementamu r = (11,...,74) i (2,y) = 2191 +
.+ xqyq. epes L,(T?), T := szl[o, 27),1 < p < oo, mo3HaIMMO TpocTip GyHKIH f,
dKi € 27T-MepioAnIHIMHI 33 KOXKHOI0 3MIHHOIO 31 CTaHIapPTHOIO HOPMOIO.

Hexait X- neskuit HopMmoBanuit byHKIiOHATBHUE TpOCTIp 3 HOPMOW || - ||x 1 O~
NoBITbHEN HabIp 13 M d- BUMIpHIX BeKTOPIiB k/ = (k{, e k:é), j = 1,m, 3 HJIOYNCeTbHAMHE
koopauunaravu. /g Gyuknii f € X nozmaunmo

So,.(f) =S, (f,x) =Y J(k)e'™ ) z e RY,
7=1

e f(k‘]) = (2m)" [ F(®)e N dt - koedimientn Pyp’e dyHKmii f, gKi BiAIOBIAIOTH
HAaOOPY BEKTOPIB i3 O,
IToxnamemo

em(f)x =it [If = o, (f)lx

i g dpyukmionaabaoro kiaacy F C X mo3HadyuMo

en(F)x = sup e, (f)x.
feF
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Besmauny e (F)x Ha3uBaioTh HARKPAIMM OPTOOHAJIBHUM TPUIOHOMETPUUHUM Ha-
ommkenngam kaacy F'y npocropi X.
Hagejiemo orpumane TBep/zKeHHS

Teopema 1. Hezati d > 2, 1 < p < oo, 1 <60 < 00,Q(t) = w(Hf 1 1), de w

3adosoavrae ymosy(S®) 3 deaxum o > ]—1) i ymosy (). Todi dasa 6ydv-aroi nocaidosrocmi
m = (M), HAMYPAALHUT YUCEA MAKOT, WO BUKOHYEMBCA CNIBBIOHOWEHHA T X 2npd-1
CNPABEOAUBH OUIHK,

e;(Bge)Boo,l = w(2_")2%n(d_1)(1_%).

B pesyabrari npoBeaeHnx 10C/ i 2KeHb OyJ10 BUSB/IEHO, 10 BiAMOBIAHI anpoKcuMaltiiiai
XapaKTepUCTHKN KJIACIB B;}G y mpocTopax Bu 1 i Lo € OIHAKOBUMU 32 TTOPAIKOM, TOOTO

€7J7_"L(BQH>BOQ,1 = e;(Bﬁg)O@

P,
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PO3B’43HICTh BMPOA)KEHOT EJIITITUYHOT BAPIAL];II/UIHOT HEPIBHOCTI 3 PISBHUMU
BATAMU
I'op6au Banentuna
Kuiscoruti nauionasvruti ynisepcumem iment Tapaca llesvwenxa, Kuis, Yxpaina

Posragnemo HacTynmHy BUPO/ZKEHY €TINTHYHY BapiallilHy HepiBHICTb:

Z/aw ayag—;)mdfw/gy(v—y)mdxz/Qf(v—y)dxy (1)

i,7=1

we Uy, Yoé€K, (2)

) = [ 1o(@) = zo(@)Pprdo — it 3)
Q
ne f € L*Q) — samana dbynknis;  — obMexkena Bigkputa nigmuoxuna RY (N > 1)

3 Jlimmunesoio Mexkero; p;, i = 1,2 — BUpoMKeHi Barosi dynkmii B RY: pi(x) > 0 m.c.
B RN, p; +p;t € LlOC(RN), pi +p;t ¢ L=(Q) y 3araapHOMy BHIAJKY; p; HaJeKaTh
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kiacy Maxkenraynra As(€2); K — HENOpOXKHsI OLYKJ/Ia 3aMKHEHA IJIMHOKUHA BaroOBOI'O
npoctopy CoboseBa

H(Q,pdﬂf), p= (/)17/)2;---7/)2);
0€ K; H(Q, pdzx) — samuxanusg C5°(Q) y W(Q, pdz) sBianocno nopmu

N 3y 2 3
lyll, = (/Q\yl2p1 dx+Z/Q /sz:c> : (4)
=1

(9351-
. 11 :
W(Q, pdz) — muoxuna dynkuiit y € Wy (), st akux HOpMA € CKIHYEHHOIO.
Po3rrssHeMo MHOXKHHY BCIX CHMETPHYHIX MATPHUILH

Ugq = {aij(2) bicijen B LO(RY x RY).

Hexait BUKOHYIOTHCS TaKi YMOBH:
la;j(z) < pwm.c.BQ Vi,je{l,...,N}

(w(z)(E—=1n),E—n)ry >0, M. c. BQ, V& n € RY:
N

(u(z)(£),&)ry = Z ai;(2)6& > alé)? . c. B Q; ae a > 0.

,j=1

3a onmcaHnX yMOB Ha TapaMeTph 3a/1a49i Ma€ MiCIe HACTYyITHUN pe3y ibTar.

Teopema 1. Mnoowcuna onmumanvruz pose’asxie sadawi ([I)-[@) e nenoposcnvoro dan
Kootcnozo f € L*(Q).

e-mail: valyshkal0.01@knu.ua

AHAMTUYHUI BUIJISIT PO3B’SI3KY HEJTOKAJIBHOI BATATOTOYKOBOI 3A YACOM
SAIAYI IJIA EBOJI}OLHI/UIHOPO PIBHSHHSA 3 TTIOYATKOBOIK Y3ATAJIBHEHORO
OYHKIIEIO
Bacuas T'oponenbkuii, Pyciana Koaicauk, Osgbra MapTuHiok
Yepniseyvkuli Haytonasvhul yuisepcumem iment FOpia Pedvrosuna, Uepnisug,
Yrpaina

Y poboTi JOCTIIKYETHCA PIBHAHHSA 3 YACTHHHAMHE MOX1THAMHA

au—gt 2 90<i(%>u(tax) =0, (tLx)e(0,T]xR=Q, (1)

ne ¢ — DYHKIA, dKa 33I0BOJIbHSE TeBHI YMOBH.

Jocizkenns piBHSAHHS 3ilCHIOETbC Yy nipocTopax Tuiy W, y gaKux jijisd xapa-
KTEPUCTUKY MOBEIIHKYN (DYHKIIN HA HECKIHYEHHOCTI BUKOPHUCTOBYIOTHCS HE CTEICHEBi, a
JoBitbHI omykii dyukiii [1.

Posriignemo esosoniiine piBHIHHS

Ju(t, x)

—5 T Au(t,z) =0, (t,z) € (0,T]xR=1Q. 2)
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A . d
e A= Q|-
dx/ 1w (r)
naernbes 3 GyHKIN 3 mpocTopy W, 3ananux ma R.
Jlng piBHAHHS MOCTABUMO HEJIOKAJIbHY 0araToTOYKOBY 3a 4acoM 3aJady: 3HaiiTu

po3B’a30K pisusnns (2)), axuil 3a10BobHSIE YMOBY

d
— 3BYZKeHH OIlepaTopa (p<2d—) ua rpocrip WH®) | gkuit ckia-
T

t—+0

p lim u(ta ) - Zuku(tk’ ) =f f€ (W*Ql)/’ (3)
k=1

e TpaHuIs po3rigaaeTbea B mpoctopi (W) u (0, x) = tllrfou(t’ x),xr € R {p, 1, pm} C
(0,00), {t1,..-,tm} C (0,T], m € N, — dikcoBani yucia, npudomy 0 < t; < ty < -+ <
tn < T, > Z Loke-
CHpaBeg:LﬂkH:Ble HACTYIHE TBED/KEHHSI.
Teopema 1. 3adaua 7 € P036°A3H010, PO36°A30K daemveAa HopmYA010
u(t,z) = f*G(t,x), (t,z) € Q,

de G — yndamernmanrvruli po3e’a3ox 3adayi , .
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V3ATAJIBHEHA OIIEPATOPHA MATPHIIIA BAH,HEPMOH,Z[A I OBME>KEHI PO3B’$sI3KH
JAVNOEPEHIIAJIBHUX PIBHAHD
Muxaiisio T'oponmiii
Kuiscvrut nauionasvruts yrwisepcumem iment Tapaca llesvwenra, Kuis, Yxpaina

Hexait (X, ||-]|) — kommiekchuii 6anaxis mpoctip; L(X) — npoctip JiHiiHEX Hemepeps-
HUX OIIepaTOpiB, 1o Aif0Th i3 X B X; I, O — BiANOBIAHO OMUHUYHAH 1 HYJILOBUH OLEPATOPH
B X, Cy(R, X) — 6anaxis upocrip HenepepBHux i oomexkenux ua R dyukuniit x : R — X 3
HOPMOIO ||Z]|0o = sup,er [|2(2)]|, Cék) (R, X) — 6anaxis upocrip dyukuiii © € Cy(R, X), uo
MAIOTh HemepepsHy i obMeskeny Ha R k-Ty moximmy, 3 HopMowo [|7|sok = [|7]l0e + ||| -

Badikcyemo HaTypaabHe YHCI0 P i po3rasiHeMo AudepeHIia bHe PiBHIHHS

eW(t) = APV () + -+ A2/ (1) + Apa(t) +y(t), t €R, (1)

B akomy y € Cp(R, X), Ay, As, ..., A, — dikcosani oneparopu 3 L(X). Ik 3Buuaitno,
oOMezKeHUM PO3B’si3KoM piBHsHHs (1) OyaeMo HasuBaTh Taky (QyHKINIO x € C’ZEp ) (R, X),
o JiJ1st KoxKHOro ¢t € R Bukonyerbest piBaicrs (1).

Axmo p = 1, 1o 3a Teopemoro M. I'. Kpeitua (mus. [1], r1. 2, n. 4) gudepennianbae
PIBHSIHHS

2 (t) = Aix(t) + y(t), t € R, (2)
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Ma€ €IuHuil OOMeXkeHui Po3B’si30K 2 Jyist noBlibHOT byHKUIT ¥y € Cp(R, X)) B oMy i Tliibku
B TOMY BHUNAJKy, Komu cruektp o(A;) omeparopa A; He NepeTmHAETHCA 3 YABHOIO BICCIO
iR = {it|t € R}. TIpu npomy Biamosiauamuii 10 dyuknii y € Cy(R, X) enuunii oOmezxenwit
PO3B’S130K = PiBHsIHHS (2) 300pazKyeThesl y BUIJISII

£(t) = (Gay * ) (t) = / Gt — s)y(s)ds, t € R,

e G4, — ronosaa dyukiisa ['pina audepeniianbaoro piBHsaHHs (2). TakoK BUKOHYETHCS

Teopema 1. Hasedeni Husicue ymosu eKei8aLEHMMHI.

(11) pisnanna (1) mae edunul obmestcenuts poss’asox T 0as Koocrnol Pymruii y €
Cb<R7 X);

(i2) das Koorcnoeo z € iR onepamop A(z) = 2PI—A12P~1—- .. — A, 12— A, nenepepeno
0bopomuul.

VY 3araJpHOMY BHIIAJKY TlepeBipka ymoBH (12) Teopemu 1 HeTpubiaabaa. Mu 10cTiKy-
€MO BUTAJOK, KON IS II€]l TTepeBipKn MOYKHA BUKOPWCTATH BJACTHBOCTI BiITOBIIHOTO
10 (1) «anrebpaidHOrO» OLEpPATOPHOrO PIBHSIHHS

QA=A — AN — . — A, A=A, =0, (3)
sike po3rIsiaeTbes B L(X).

Oszuauenns 1. Bydemo xazamu, wo onepamopne pishanns (3) mae wopewi Zy, Za, . .., Z,
kpammuocmetd ny < ng < - <Ny, AKWO Z; # Z; npu L F J, N1 +Ng 4+ Fng =D,
a makxoxc dan xootchozo 1 < k < q

Q(Z) = Q'(Zy) =--- = Q™ V(Z,) = 0.

Ozuauennsa 2. Kopenwi Zy, Zs,...,Z,; piswanua (3) 6ydemo nasusamu po3diaeHumu,
axuo das dosiavrur 1 <1 < j < q onepamop Z; — Z; nenepeperno 000pommuil.

Y MoAaJIBIIOMY BBaXKa€MO, 10 BUKOHYETHCS TaKe TMPHUITYITEHHS.

ITpunymenna 1. Oueparophe piBasinns (3) Mae posjijeHi i monapHo KOMyTOBHI
KOpeHi Zy, Zs, ..., Zy KpaTHOCTEi N < ng < - -+ < n, BIATIOBIAHO.

[Mokaagemo ast Z € L(X)

Ck_ zp=1k
Zp—l 0572Zp—2—k’
Zp—2
=1 .. [ _ | Gz
7 ’ k! CrI
I 0
@)
Hab6opy xopenis Zy, Zs,...,Z, piBugnusa (3) HOKIaAeM0 y BiANOBIAHICTD y3araiabHeHy

OTepaTOPHY MaTpuIio Banmepmonaa

F(Zy)  fm=Y(Zy)
T TS R

1z) o)y

T:<ﬂ%> 1 (g —1)!

- F(Zy)

[Toznaunmo depe3 D BuzHauHWK MATpuIll T, AKUil BU3HAYAETHCI TaK Ke, K 1 B CKaJsp-
HOMY BHIAJKY. 3ayBazkumo, 1mo D € L(X). CupaBaxKyeTbest

34



Teopema 2. Hexati sukonyemuvces npunyuienns 1. Todi maroms micue maki meeposrcen-
HAL
(1) onepamop D e nenepepero obopommum;

(j2) dugepenuianvre pienanna (1) mae edurutds obmescenuti po3e’ a30k T OAA KOHCHOT
q

dynruii y € Co(R, X) modi i miavku modi, xoau (U O'(Zk)> NiR = (. IIpu yvomy
k=1

sidnosionutd do gynkuii y € Cp(R, X) edunuti obmescenuti poss’azox v pienanus (1)

3006pascyemuvea y euzaadi

ni na
T = Z Gr-1.2, * DuD ™'y + Z Gr_1.z7, * Dl(n1+k)D—1y T
k=1 k=1

—1
E kal,Zq * Dl(n1+n2+---+nq,1+k)D Y,
k=1

de daa dosiavnux k>0, 1 < j<gq

tk
G,z (t) = EGZJ' (1), t € R,

D - susnaunur yazazasvrenoi onepamopnoi mampuii Bandepmonda T ¢ das wootcnozo
1<j<p D — areebpaiune donosnernns do esemenma yiei Mampuyi, posmauosarozo
6 NePuoMy PAOKY 1 Jj-MYy CMOBNYUUKY.

JlitepaTypa
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[IPO BHYTPIIIHINA YAC HA CUHXPOHI3OBAHIN OPIEHTOBAHIN MHOXKHWHI
Apocaas I'pymika
Incemumym mamemamuru HAH Yrpainu, Kuis, Ykpaina

Oznauentsa 1. Opienmo8aHo00 MHOHCUHONW HA3UBLEMBCA J0BIABHG PEAAULTHG CU-
cmema sudy M = <‘B§(./\/l), <—> 3 00HUM pedaercusHUM DINAPHUM GLOHOWEHHAM — HQ
M M
Bs(M).
Y sunadky, koau eidomo, npo axy opienmosany mrosxcuny M tide mosa, 6 nosuauen-
Hi ; cumeon M 6ydemo onycramu, escusarowu nosruauenna “—". Mnoocuny Bs(M)

maxosic bydemo nazusamu 6a306010, 460 MHOHCUHOW EAEMEHMAPHUL CINAHIE OPIcH-
moeanol muoscunty M

OpienToBaHi MHOXKWHU MOYKHA TPAKTYBaTH K HANTPUMITHBHINI aOCTpakTHI MO/Ie-
Ji CYKymHOCTeHl MiHJMBHX 00’€KTIB, MO eBOIIOIIOHYIOTH B paMKax onHiel (dbikcoBaHol)
cucTeMH BiTIKy. TakoK Opi€eHTOBaHI MHOKMHU € HANTIPOCTIIIUMHI MAaTEMATUIHUMHA CTPY-
KTYpaM#, Ha SKUX MOYKHA BBECTU MOHSATTS YacCy.
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Osmuauennsa 2. Hezxatl, M — opienmosana muoorcuna i T = (T, <) — ainitino ynopad-
Kosana mnoscuna. Bidobpasicernna ¥ : T — 2B5M) pazusaemoea wacom na M, axuo
BUKOHYIOMBCA MAKL YMOBU:

1) s dosinvnozo eaemenma v € Bs(M) icnye eaemenm t € T makud, wo x € ().

2) Sxwo x1, 19 € Bs(M), 94— 21 i 1 F# o, Mo icHyroms eaemenmu ty,ts € T maxi,
wo x1 € Y (t1), Ty € Y (ta) ity <ty (Mobmo mae micue wacosa po3diavHicmd NOCAIIOSHUT
HEOOHAKOBUL ENEMEHMAPHUT CIMAHIS).

Ipu yvomy esemenmu t € T bydemo nazusamu momenmamu 4acy, o napy H =

(T, ) = ((T,<),v) — xponoaoeizauiero M.

Osznauenns 3. Hexat, M — opicnmosana muooicuna iy : Ty — 2B5M) oy - Ty —
235 M) Jesni wacu daa M, eusnaueni 1a AiRIGHO YNOPAOKOSaHUT MHoscurax T = (T, <y)
i Ty = (T, <3) s6idnosiono. Xponosozizauii Hy = (Tq,¢1) ma Hy = (Ta, ¥s) nasuseamu-
MeMO exgieaseHmHuumu, (noguavenns Hy 1 Ha), axwo icnye eidobpascenns & : T1 —
Ty maxe, wo:

1) € € nopaodkosum izomoppizmom mioic (T1,<q) i (Tq, <5), mobmo moromonno 3po-
cmarouoro oiexyiero miore T 1 To.

2) Aas dosinvrozo t € Ty mae micue pisnicmo ¥y (t) = a(E(1)).

Bukopucrosytoun o3HadeHHs [3, HeckaHO nepesipuTy, 1110 GiHapHE 1 € BLAHONIEHHSIM
eKBIBAJIEHTHOCTI Ha JOBLIBHIN MHOXKMHI YV, 10 CKJIAIAETHCS 3 XPOHOJIOTI3aIiil JOBIJIHLHOT
OpieHTOBaHOI MHOKHHHA M.

Osunauennsa 4. Hexzat (T,v) = ((T,<),9) — zponosozizauis opienmo8aHoT MHOMCU-
nu M. Mrnoorcuny Yy = {¢(t) |t € T} 6ydemo nasusamu MHOHCUHOIW 00HOUACHUL
CMaH18, NOPOINHCEHOI HYaACOM 1.

Hexait (T,v) = ((T,<),v) — xponosorizanisi opieatosanoi Muoknan M, a Yy, —
MHOKHHA OJIHOYACHUX CTaHiB, MopojzkeHa dacoM 1. Toai Ge3mocepeiHbO 3 O3HAYEHHS
BUILIHBAE, MO ey, A = Bs(M).

D

Oznauennsa 5. Hexati M — opienmosana muooicuna. losinvny cim’o muoocurn Y C
285 M) may, wo ey A = Bs(M) 6ydemo nasusamu odnouacnicmio na M. Ilpu
yvomy napy (M,Y) nazueamumemo CUHTPOHIZ08AHOIN OPIEHIMOBAHON MHOHCU-
HO10.

Teopema 1 ([I], qu. Takox [2], Theorem 1.4.1). Hexati M — opienmosana mHoicuna
i Y C 2%M)  pononacnicmo wa M. Todi na opienmosanit mrosrcuni M icnye wac 1)
maxuti, wo Y =Yy, de Yy — MHOCUHG 00HONACHUT CIMANLS, NOPOOHCEHA 4aCOM .

Hactynna mera — jgaTw O3HaYeHHS BHYTPINTHBOTO Yacy Ha OPI€HTOBAHIN MHOXKWHI,
TOOTO vacy, akuil MOxKHa (pikcyBaTu “3acobamu’, 10 3HAXOJATHCH “BCepeIMHI” OPIEHTO-
BaHOI MHOXKWHH.

Ha nosinbHiit opierToBaHiit MHOKHHI M BBeIeMO T0JaTKOBO HACTYIHEe OiHApHE Bij-

. + ce . .
Homtennsi. s noBiibHuX 2,y € Bs(M) BymeMo mo3HavaTH Y < = TOJI i TITBKU TOJI,

KOJIH Y <4— X 1 T 4.

Osnauvennsa 6. Hexali M — opienmosana muoscuna. 1) Bydemo 2060pumu, w0 MHO-
orcuna B C Bs(M) monomonrno nocaidosrna muoocuni A C Bs(M) 6 opienmosa-

e . . . . +
Hit muoorcuni M, axuwo icnyroms maxi eaemenmu v € A iy € B, wo y<x. B uyvo-

MY 8UNadKky OYdemo BUKOPUCTMOBYEAMU NO3HAYEHHA NosHaverns B «—(+) A.  2) Hexad
Q C 2BWM) — geara cucmema nidmmosicun mroscunu Bs(M). Bydemo zosopumu, w0
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mHootcuna B € Q mpan3umuero MoHOMOHKHO nocaidosHa muodscuni A € Q 6id-

Q
nocno Q (suropucmosyrouu nosnauenna B «—(+) A), axwo icnye maka nocaidosnicmo
mroorcun Cy, Cp,--+ ,Cp € Q (n € N), wo Cy = A, C,, = B i das dosinvnozo k € 1,n
mae micye cnigionowenms, Cr<—(+) Cr_1.

Osznauennst 7. Hexati M — opienmosana muooicuna, a ¢ @ T — 22 M — wae na M
(3adarnut na Ainitno ynopadkosanit muoocuni T = (T, <) ).

Bidobpasicenna h : T — 2%2°M) Gydemo nazusamu TPpOHOMEMPUNHUM NPOLECOM
(Ons wacy V), axuwo:

1) h(t) CY(t) daa dosinvnozo t € T.
2) [as dosiavhuz t,7 € T ymosa t < T mae micye modi i misvku modi, KoAu
h(T)
h(7) «(+)h(t) i h(t) # h(7), de h(T) = {h(A) [ A € T};
Yac ¢ na opienmosanit muootcuni M 6ydemo nasusamu 8HYMPIUWHIM, AKWO OAA
UBO20 UACY ICHYE TOY 00UH TPOHOMEMPUYHUT NPoyec.

[nryiTuBHuit 3Mict TepMiny “BHyTpillIHiil Yac” 10JATa€ B TOMY, 110 SKIIO 4ac HA OPi-
€HTOBaHIl MHOXKUHI € BHYTPIIHIM, HOTO MOXKHA “NOMIpATH B MeKax Ii€l OpieHTOBAHOL
MHOYKUHU, BAKOPUCTOBYIOYN XPOHOMETPUUYHUH ITPOIEC B IKOCT1 “TOJMHHUKA”, & CTAHU XPO-
HOMETPUYHOT'O IIPOIECY B IKOCTI “IHJIMKATOPIB MOMEHTIB 4acy’.

Ozsnauenns 8. Hexati M — opienmosana MHOMCUNA.
1) Odnouacricms Y C 2%5M) gydemo nasusamu wymaueoro, axwo oaa 006ianus

x,y € Bs(M) maruz, wo y<—x i x #y ichyromsv muoscunu A, B € Y maki, wo x € A,
Y

yEB, A+ B i B«(1)A.

2) Odnouacricmo Y 6ydemo Ha3u6amu HENOBMOPHONW, AKULO HE ICHYE MHOHCUN

Y Y
A, B €Y maxuz, wo A«(+)B i B«(+) A.
8) Odnouacricmo Y C 2%5M) yq opienmosamnit muosicuni M 6ydemo nasusamu mo-

HOMOHHO 38°A3H010, AKUL0 0As dosiavHur muoscun A, B € Y maxux, wo A # B mae
Y Y
micue 0w 00na 3 ymos A «—(+) B abo B «(+) A.

B 2012 pori 0yJi0 j10Be/IeHO HACTYIIHY JIOCTATHIO O3HAKY ICHYBAHHS 1 €IMHOCTI BHYTPIi-
IIHROTO Yacy Ha CHHXPOHI30BaHii opientoBaniii Muoxuui (M,Y).

Teopema 2 ([I], nus, rakox, [2], Theorem 1.4.3). Hezxad (M,Y) — cunxponizosaha
OPIEHMOBANG MHONCUNG. SKuL0 00novachicms Y wymausa, HEnoGMopHa i MOHOMOHHO-
36’azna na M, mo icnye edunutl 3 mouricmio Jdo eK8i8aAAERMHOCTNG TPOHOA02I3AULT 6HY-
mpiwnit wac Y makud, wo Y =Y.

BayBakKuMo, 110 €IMHICTH 3 TOYHICTIO /10 €KBiBaJIEHTHOCTI XPOHOJIOTI3allil B TeopeMi
CJIIJT PO3YMITH HACTYIHUM YUHOM:

“Srwo wa ainitno ynopadkosanux muoocunaxr Ty i Ty susnaueni (6idnosiono) eny-
mpiwni wacu Yy 1 Py maxi, wo Y = Yy, = Yy,, mo zponoaoceizauii Hy = (T1,v1) i
Ho = (T, 1) € exsisarenmuumu (moomo Hy  Ha ).

DinocodCchbKuii 3MICT TeOpeMU (2| ToJdrae B TOMY, IO I TeopeMa JA€ JIOCTATHIO O3HAKY

icHyBaHHd 1 €IMHOCT1 “BJacHOr0”, “BHYTPIIIHLOIO” 4Yacy B JIedKOMY “abcTpakTHOMY CBIiTi”

M.

Ba3zHaqumo, 1o TeopeMa (2| HOCUTh JInie J0CTaTHil xapakTep. MoKHa HABECTH KOHTP-
NPUKJIAJ, CHHXPOHI30BaHOi opieaToBanol MHOKIHN (M, Y), B 9Kiii icHy€e €nuunil 3 TOUHI-
CTIO JIO eKBiBaJIeHTHOCTI XPOHOJIOTI3alill BHYTpinHiit yac 1) Takuit, mo Y = Y, aje 1upu
IIBOMY OJIHOYACHICTH Y He € HEeMOBTOPHOI (TOGTO He 3a/I0BOJBHIE YMOBH TEOPEMU .
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TakoK MOXKHA HABECTH IIPUKJIQJ CHHXPOHI30BaHOl opienroBanol muoxuuu (M,Y), B
dKiil ICHYIOTH JIBa Pi3HI BHYTPINIHI 9acu 11 1 1)y, BU3HAYEHI HA JIHIHHO YHOPSIKOBAHUX
muoxknnax Tp i Ty Bignosigno, Taki, mo Y = Y, = Y,,, age npm npoMy XpoHOsorizamnii
Hi = (Ty,9¢1) i Ha = (To,12) He € ekBiBasenTHIMHA. TOOTO BIANOBIIHUHA BHYTPINIHIN Yac
MOXKe OYTH 1 He €IMHUM 3 TOYHICTIO IO €KBiBAJEHTHOCTI XPOHOJIOTI3aIlii.

Hapejieni akTn mopozKyIoTh HACTYIHI ITPOOJIeMH, BiAIOBI/IbL Ha AKi Ha JIAHUNE Yac
MeH1 HeBLIOMa:

IIpo6aema 1. Ha cunzponisosanit opienmosaniti mnootcuni (M,Y) snatimu neobriony
1 doCMamMI0 03HAKY ICHYBAHHA BHYMPIUHDO20 YGCY 1V, U0 NOPOONHCYE 00HOUaCHICMb Y .

IIpobaema 2. Ha cunzponizosaniti opienmosaniti muoosicuni (M,Y) snatimu neobzidny
1 doCmammIo 03HAKY ICHYBAHHA 1§ COUHOCTNT BHYMPIULHDO20 YGCY 1, U0 NOPOIHCYE 00HO-
wachicmo Y (3 mounicmio do exeieaseHmHocmi TPoHoA02I3aU).

B jonosiji mianyeTbess 0OroBOPUTH 3a3HaYeHi ITPOOJIEMH.

g poboTa € 4acTUHOIO TPOEKTY, siKuii oTpuMaB (inancyBanns 3a [Iporpa-

MOIO JIOC/IIIZKeHb Ta iHHOBawiit €Bponeiicbkoro Coro3y «lopusont 2020» B

pamkax rpanTopoi yrogu Mapil Ckiromosceskoi-Kropi Ne 873071, SOMPATY.

Pobora Takox gacTkoBo niarpuMana rpanrom Big @ynganii Caitmonca (SFI-PD-Ukraine-
00014586, Grushka Ya.l.).
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ITPO AHAJIITUYHE IMTPOAJOB?KEHHA NEAKNWX BIAHOIIEHD
TIMEPTEOMETPUYHUX ®YHKIN JIAVPIUEAIN-CAPAHA [y,
Poman Jvmurpummn, IBan Huxkunk
Kapnamevruti nauytonarvnutl ynisepcumem iment Bacuas Cmedaruxa,
Isano-Ppankiscor, Yrkpaina

Tinepreomerpuusi dbyukii Jlaypivennmu-Capana Fy; Busnadeni y takuii cnoci6 [I]:

+o00 b d
& - T r Z1Z29%

Fu(on, o, By, Bas 1,725 2) = E ( (a1)p(2) g1 (B1)prr(B2)g 1' 2' ?7 "
p,q,r=0 (71)p(72) gt plglr!

A€ 0517042761762771772 € C 3a yMOBH, IO 71, Y2 ¢ {O, _17 _27 .- '}7 ()k — cumpo [loxra-
Mepa, z = (21, 29, 23) € C3.
Hexait Z = {1,2} ta

Ik:{i(/f>:(io,il,ig,...,ik)C 7:7« EI, OSTSI{Z}, ]{?EN
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Teopema 1. Hezaii oy — komnaexcna cmana, oy € {0,—1,—=2,...}, ma ag, pr, B2, v2 -
ditichi cmaat maxi, w0 360080AbLHAIOMD HEPIGHOCM

0<as+1<m, as+Bi+Le+1<2v, 0< B, Bi+ 55 #0, Biy <72, ig €L
To0i das Kosicnozo ig € L:

1) einaacmuds aarnyrozosudl dpi6

iy (z) + Z tle ) ’ (2)

de

as + Big + 1 (1= 03 21)zamiy Bai (1= 65 21) 2144,
72 1—2 Ve 1—2

’L)Z’O(Z) =1

idnai(k) eIy ikeN

k-1
as+ k)| Bi, + 6%
(2) = (o ( Z ) (1 =07 21)2 24— (1 — 0j, 21 — 24—,
Uik)\Z) = (2+k—1)(2+k3) (1—21)2 )

k—1

a+ B, +E+1+> o*

o (1—=07 z1)zy,

iy (2) =1 — — T
k-1
B + Y 00
r=0 ' (1- 51'1k21)21+ik
B Y2+ k I —2z

3612aemucea 30120€MBCA PIBHOMIPHO HG KOHCHIT KOMNAKMHIT NIOMHOHCUNRT 00AGCTNI

_ 3 Z3 L—n L—n
Pn{zec Re(1_21)< 5 , Re(z) < 5 },O<n<1, (3)

do dynxyii £ (z), zonomopdnoi 6 Py;
2) dynwuis f0)(z) e anarimuvnum npodosorcennam dynruyii

Fr(oq, ag, By, Ba; ar, v2;2)
(1 - 51'1021)FM(0517042 + 1751 + 10’62 + 510a ag, 72 + L; Z)

6 0baacmo (@

Hacnimok 1. Hexati ig = 1, a1 — xomnaexcha cmana, Po t Yo — diichi cmani maks, wo

a1§§{0,—1,—2,...}, O<ﬁ2§’}/2—1, ’}/222
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Tooi 2innacmuts aanyrozosut dpib

de

Big +1(1 =03 21)zumi  Baig (1= 0iy21) 21400
’72—1 1—21 ’72—]_ 1—2’1

UZ'O(Z) =1-

idasni(k) el ikeN

Bin + Y OF
< Z (1 =07 21)% 243, (1 = 0}, 21 — 244,

Uik)(2) = (

72+k—2)(72+k—1) (1_21)2 ’
Gi, +k+1+ 5% Bs_i, + 5§37
Vi (2) = 1 — * Tz; (1-— 53k21)24—ik _ * Z (1-— 5}kzl)zl+ik
W Yok —1 Ry S -2
36 ymosu, wo B = 0, 30t2aeMbCA PIBHOMIPHO HA KOHCHIT KOMNAKMMHIT NIOMHONCUHT

obaacmi (@ do dynruii 10 (z), 2onomopdnoi 6 Py, i do mozo sc f10)(z) e anarimuunum
npodosorcernnam Gynryii (1 — 21)Fa(aq, 1,1, Ba; a1, 725 2) 6 obaacmo P,
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yCEPE,ZLHEHHH B CUCTEMAX 3 I€EPAPXICKOD HACTOT
Awnapiit Ipobor
Yepniseyvkul Haytonasvhull yrisepcumem iment FOpia @edvrosuua, Yepnisug,
Vrpaina

Y poboTi PO3NILgIAE€ThC CUCTEMa 3B S3HUX OCHUJIATOPIB, CHJIA 3B'SA3KY MiK SKUMH
Ma€ pi3Hy acHMITOTHKY. MaremMaTudna Moje/ b HaOyBa€e BUIVISILY:

d’z, d _
d; +wi(r)x, = e™ f,(1,,x, d—f), v=1,n, (1)

aet >0, e€(0,& n,=c™t, 0< k1 < ky <Ky, ©:=(T1,....,0,) € D CR™
Bamino Kpunosa-Boroobosa

Ty

dt

Ty, = @y, COS Py, = —a,w, sin @,
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cucrema (1) 3BOAUTHCS 10 CHCTEMU 3 MOBUIBHUMHE @y, 1 IIBUJIKUME @, 3MIHHUMH Ta i€pap-
Xi€I0 4acToT:
da,
dr,

d 14 14 14 T
=X, (1, a,9), % = wgg ) +Y,(1,a,9), v=1,n. (2)

Cucremu purisny (1), ko K, = 1, v = 1, n mocaiaxkysanucs B npaisx |1, 2| ta 6araTbox
iHmmx, ko K, # 1 - B [3].
Biamosiana (2) ycepeanena 3a MBHIKAME 3MIHHUMHA CHCTeMa HaOyBa€ BHIJISLY:
da, dp, w,(7)

dTy = XV,U(Tl/aa)y dTV - chv + YE),V(TlMa)' (3)

Y poboTi 06I'PYHTOBAHO MeTOJ| yecepeHeHHS 1 OTPUMAHO OIHKY MOXUOKH MeTOIY

‘ al/(T; y7 Ea 5) _EV(T; g) |+| ()OV(T; y7wv 8) _EV(T; y’a7€> | S Cugaua v :17_7Z7 (4)

ne o, = K, /qn,c, > 0 1 He 3a1eKaTh BiI €.
Ouinka (4) Bukonyerbesa aua 7 € [0, Le'™™] i e € (0,&*], e < g, 1 MOIATKOBHUX
i

b (3).

3Ha4eHb (Y, 1)), gkl 36irarorbes JUis po3s’s3kiB cucreM (2)
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IIPO OBMEYKEHICTD L—IHZLEKCB’ 3A HATIPSIMKOM IIJIUX PO3B’S3KIB PIBHAHHS
TO1bABEPTA-CTPEJIIIA
Caarocnas Jly6eii', Anapiii Banxypa?®
U JIveiscokuti navionaavnuti ynisepcumem imeni Isana @panka;
79000, sya. Ywisepcumemcovka, 1, Jlveis, Yrpaina,
2 Isano- Dpankiccoruti nayionarvnuti mexnivnul ynisepcumem
Hapmu 1 203y
76019, eya. Kapnamcora, 15, Isano-Ppanxiecor, Yrpaina;

[ina dyukuis F : C" — C nasusaerbes ([1) dynrxuicto obmesrcernozo L-indexcy 3sa
nanpamrom b € C" \ {0}, akmo icaye mo € Z, Take, WO JJIs KOKHOTO m € Z, Ta

OmF oFF
KOxKHOTO 2z € C" BHKOHYEThCH |mt!)L7"((Zz))| < max{lklbL—k((j: 0<k< mg}, e OpF(z) =
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n
F(z), OpF(2) = zlaggf iy OEF(2) = 0p(OF ' F(2)), k> 2. Slkmon = 1, b =1, L =
I, F = f, To OT]pI/IMaGMO O3HAYeHHsI OOMEKeHOro [-iHjeKcy i HIol (pyHKmil oamiel
KOMILTEKCHOI 3MiHHOI. Yepes () mo3HAMNMO KJIac J0JaTHUX HenepepBHUX (yukmii [: C —
R4 Takux, mo A(1) = sup,c sup, {% t] < %} ckingenne st Oyap-skoro 1 > 0.

B ananiTuuniit Teopii audepeHIIRENX PiBHSIHD BIIOMO, IO KOXKHHUI ILIHI 9 Mepo-
MopdHuil po3B’a30K ajaredpaidHoro JudepeHIiiHoro piBHAHHs Ha KOMILJIEKCHI ILI0IIIHI
Ma€ CKiHueHHUH Tops 10K 3poctannst [4]. BonHowac 1e He 3aBKau CpaBIzKyeThCs st JTi-
HillHUX AudepeHniitHnX piBHAHD 3 YaCTUHHUMHU HOXi,ZLHI/IMI/I nepiioro nopsaky. [Ipukiaar
TaKoOro plBHHHHH mozkHa 3HaiiTi y A.A. Toapabepra [3]: Zla_ — 29 g;” = 0. Joro 3arasipunit
ntnit po3B’sa30K 3a7aeThed w = f(2122), Ae f(u) — moBinbHA 1ina GYHKIIA OnHieT KOM-
1JIeKCHOI 3minHol. HaMu po3riisiHyTo BiIIOBiiHE HEOHOPI/IHE PIBHSHHS 3 KOHKPETHOIO

PABOIO YaCTHHOIO, /IS SIKOTO OTPHMAHO Takuil pesyabrar y [2):

Teopema 1. Hezati | : C — Ry, 1l € Q, a f : C — C — uina ¢ynruyia obmesiceno-
20 l-indexcy. Kootcnud uiaud pose’asor u = u(z,w) pieHanHa z - u, —w - ul, = z-u
mae obmencernutdi L-indexc za nanpamxom b = (by,by), de u = f(z - w)e*, L(z,w) =
max{1, |byw + boz|}(z - w).
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HECKIHYEHHI 3TOPTKHU BEPHyﬂﬂI, KEPOBAHI HEFA—,D;BII/UIKOBI/IM PAJIOM
€uaria Bosogumup
Inemumym mamemamuru Havyionanvnoi Axademii Hayx Yxpainu, Kuis, Ykpaina
Harasmaemo [4], mo #era-aBiikoBUM psIOM HASHBAECTHCS DS
2 1 1 1
=t = (=) =+ 1
Osuauvennd 1. Jxwo (&,) — nocaidosricms HE3AAEHCHUT BUNAOKOBUL BEAUNUH, AKT HA-
bysaromv 3uauensv 0 ma 1 3 ﬂmosip%ocmﬂmu Pon Ma P1, 810N0610H0, MO PO3N0JiA 8UNGO-

2 Z fn
K0801 BEAUMUNHU § = = + A§12£2...§n... HA3UBAEMDBCA HECKIHYEHHON 320PTMOKI0

Bepryani, xeposaroro pﬂdo,/vz (l)
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JIema 1. frxwo sunadrosa sesunwuna & mae pishomipnut posnodia na eidpisky [0;1],
mo yudpu i He2a-06ilik06020 300pANHCEHHA € HESANEHCHUMU, OOHAKOBO PO3NOIAECHUMU,

npunomy P{&, = 0} = P{&, = 1} = 1.

Teopema 1. fxuwo (&,)— nocaidosnicms He3aALHCHUT BUNAOKOBUT BEAUNUH, AKI HAOYGA-
10omo 3Hauenns 0 ma 1, 3 GMOBIDHOCMAMU Doy § Pin, MO PO3NOJLA BUNAOKOBUL BEAUNUH
£ = Agf& .. Mae wucmul aebeziecokull mun, npuvomy:

(o]
1. Yucmo duckpemmud, AxuLo H max{pon, P1n} > 0;

n=1
)

2. Qucmo abcosrommo nenepepsHuti, AKUL0 Z(l — 2pox)? < 00;
k=1

H max{pOnapln} = 07
3. Quemo cuneyaapruti, axwo { "k

Z(l — 2por)? = 0.

k=1

Teopema 2. Hezali (1,,) — nocaidosnicms unadkosux eeauiun, aki HAOYSAOMb 3HAUEHD
0 ma 1 1 ymeopromv 0dnopionut sanuyroz Maprosa 3 nowamrosumu UMOGIPHOCMAMY Po 1
1§ mampuyeto nepexidnus dmosiprocmed ||piil|, i, 7 € {0,1}. Todi sunadrosa seaununa
T=A2 . . Mamume:

a) duckpemmudl po3nodia i3 060MaG AMOMAMU, KOAU MAMPUUA ||pi;|| nepexionux Gmo-
sipHocmets micmums 08a HYAl,

6) duckpemnutl po3nodia 3i 3ATYEHHON MHONCUHOW AMOMIS, KOAU MAMPUUA ||p;jl]
nePerionus Umosiprocmets micmums 00un HYyaAb ma Pooprr 7 0,

8) cureyaapHull po3anodia KaHMOPIBCcvko2o muny, KoAu mampuus ||pi;|| nepexionux
dmosipHocmets micmums 00un HYAb Ma PorPro = 0,

2) abcoatommo nenepepsrul po3anodia, KOAU MAMPUUA NEPETIOHUT TMOBIpHOCTET HE
MICTIUMD HYALE.

Y n0m0BiIl aKIEHTYETHhCSA yBara Ha ppakTaaIbHUX BJIACTUBOCTAX PO3MOJIIIIB BKa3aHUX
BUIIAKOBUX BEJIUYIWH.
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KPATOBI 3AZIAYI IJ1s1 HOPMAJIBHO PO3B’SI3HUX OIEPATOPHUX PIBHSIHB
(10 75-PI44s 3 JHA HAPOJZKEHHS O. A. BONYVYKA)
Baunepiit 2Kypasabos
Honicorutll nayionasvrul ynisepcumem
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30 yepBHS MaJIO BUIIOBHUTHCS 75 POKIB BUAATHOMY HayKoBIO, akajgemiky HAH Ykpa-
inu, naypeary JlepxkaBuol npemii Ykpainu y raay3i Hayku i texaikn Ouexcanapy Auapi-
itoBuuy Boiiuyky.

O. A. Boitayk — Bizomuii crieniasicT 3 Teopil pe30HAHCHUX KPAoBUX 33184 3 HOPMAJIb-
HO PO3B’SI3HUM OIIEPATOPOM Y JIHIHHINK YacTuHi, IO Ji€ Vv riibdepToBoMy abo HaHaxoBOMY
HIPOCTOPI.

Hum 6y10 po3pobiieHo KOHCTPYKTUBHI METOAN aHAJII3y JHHITHUX i c/rabKoHe iHiiHnX
KpafloBux 3ajia4d JJjisd MHPOKOTO KJAACy PiBHAHB: CHCTEM 3BHYANHUX HEABTOHOMHHUX Ta
aBTOHOMHUX AudepeHIaJIbHIX PIBHAHDb, cucTeM AudepeHIlalbHuX PiBHSHb i3 30cepe-
JIZKEHUM 3ali3HeHHSIM, CUCTeM 3 IMITYJIbCHUM BILJIUBOM, a Mi3HIiNIe — KpaloBUX 3a7aT /I
OTIEPATOPHUX PIBHSHD 3 y3araJbHeHO ODOPOTHUME OIMEpaTOpaMu y JIHIHHINA JacTuHi.

Crenudika 1ux KpailoBux 3a/1a4 y CKIHYEHHOBUMIPHHX MPOCTOPAX MOJIATAIA B TOMY,
110, BUX1IHI JIiHI{iHI piBHAHHA Oy/IU PO3B A3HUMU IPHU Oy/Ib-5Kiil paBiil YacTuHi, aje upu
bOMY KpaiioBa 3ajada Oy/ia oleparopoM, dkuii He Mae obepHenoro. Takoro Tuiy Kpaiio-
Bl 38124l 110 OLIBIIOCTI cucTeM AudpepeHIialbHuX Ta (PYHKIIOHAIBHO-TU(ePEeHIIaIbHIX
PIBHSHDb € HOPMAaJbHO PO3B’I3HUMH 3aJa4aMu 3 (hpearoabMOBUME ad0 HETEPOBUMH OIle-
paropaMu y JiHifiHiit yacTuHi.

Jlnsg mocaijizKeHHsd TaKuX 3a/7a49 OyJ10 3aIlpPOIOHOBAHO Ta IMMUPOKO BUKOPUCTAHO Alla-
paT y3araJbHeHO-00epHEHUX MaTPHIlh Ta MPOEKTOPIB, IO JIO3BOJMIO CYTTEBO TPOCYHYTH
BIIepe/l AKICHY Teopiio KpalloBUX 3a/1a4 I TAKAX CHCTeM. Y IepIlle OTPUMAaHO HU3KY OPH-
riHaJbHUX Pe3yJbTaTiB, MO CTOCYIOThCA KpafloBUX 3ajlad 3 YMOBaMHU Ha HECKiHYEHHOCTI.
SHaiiieHo KpuTepil iCHYBaHHSI 00MEXKeHHX Ha, BCili ocl po3B’s3KiB JHIHHMX Ta HesiHiii-
HUX CHUCTeM 3BUYafiHuX JudepeHiiajbHuX Ta PISHUIEBUX PIBHAHDL Y MPUIYIIEHHI €KCIIO-
HEHIIAJHLHOI JWXOTOMII JIIHEAPW30BaHOI OJHOPIIHOT CHCTEMU Ha, MBOCIX, 3aNPOITOHOBAHO
AJITOPUTMHU TXHBOI MOOY10BU. OTprUMaHO YMOBH OipypKaIlil Ta po3raIy/zKeHHs pO3B’d3KiB
TakmuX 3a7a49. [l 1ocaigkeHHs po3BUBAIOTH BioMi pe3yabTaTn KHiBChbKOI MaTeMaTHIHOL
IIKOJIX 3 TeOopil HeJIiHIHUX KOJIMBAHbD.

Onekcangap Auapiitopua Boitayk cdhopmyioBas Ta po3s’si3aB KpailoBi 3a/1a4i, B SKUX
KIJIBKICTH KpaitoBUX yMOB He 30irajiacs 3 KijJbKicTio HeBigomux. Ile 6yaun naiibiabin ckiia-
JIHI Ta MAJIO JTOCJIIKeHI KpUTHYHI KpaioBl 3a/1a4i, sKi MiCTHIX B cOOi HeJOBH3HAUEH] Ta
nepesu3HadeHi 3aa4i. Hum Oyio ynepiire 6y/10 BUSHAYEHO YMOBH PO3B’I3HOCTI Ta, BULISLT
3araJbHUX PO3B’A3KiB TAKUX KpailoBUX 3a/1ad.

Pesyabraru nociinzkens suepiire 6y1o onybaikopano y monorpadii [I], a mizuine pos-
BUHYTO Ta gonoBHero y Monorpadiax |2, B, 4. V mux poborax Gyno gocaiazkeHo 3amady
npo nobGyaoBy poss’askis z(t) € Clla, b] niniitnoi Kpaitosoi 3amawi

£(t) = Alt)z + f (1), (1)
t2(c) = a, (2)

e A(t) — (n X n)-umipua marpuns Ta f(t) — n-BUMIpHHUIT BEKTOD, €leMEHTH SIKAX —
HeTlepepBHi HA BIAPI3KY [a, b] miiicui dyukuil, £z(-) — niHiliHuii oOMezKeHWH BEKTOPHUI
bynkuionan ¢ : Clla,b] — R™, npudoMy y 3arajbHOMY BULNAJKY 1. 7 M, TOOTO KiIbKICTH
KpafloBUX YMOB He CIIBIAIAE 3 TMOPSAAKOM JArdepeHIiajbHOl CHCTEMHE.

Kpaitosi 3amadi, 1 SKAX BUKOHYEThCst ymMoBa rank() = n, abo rank(@) < n € Hekpu-
TUYHUMA Ta KPUTHIHUMHE Biamosigano, e Q) = (X (-) — (m X n)-BUMipHA MaTpHIIs, sKa
OTPHUMAaHa IJICTAHOBKOIO y KPaioBY YMOBY HOPMAJIBbHOI (DYHIAMEHTAIBHOI MaTpHIII
X (t) nudepennianbuoi cucremu ([1)).

Teopema 1. [I/ Hexat rank@ = ny. Todi odnopiona xpatiosa 3adaua mae r = n —ny i
AUWE T NHITIHO HE3ANENHCHUT PO36 A3KIG.
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Heoodnopiona xkpatiosa 3adava , (@ Mae po3s a3k modi i auwe modi, koau f(t) €
Cla,b], € R™ 3adososvrromo ymosy

Pryer{a— K[} =0, d=m—mn, 3)
NPpU BUKOHAHHE AKOL BOHA MAE T-NAPAMEMPUYHY CLM 10 ATHITHO HESANEHCHUT PO3B A3KIG
2(t) = X () & + GIfI(H) + X()QTar, ¢, R

Tyr X, (t) = X(t) Pn,(q), Pn,(@) — (nXr)-marpnug, yrBopena 3 1 JiHiiiHO-He3a1€KHIX
cTOBHIIB (N X n)-MaTpuIi-opronpoekTopa Py ) : R = N(Q), marpung Py, (- yTBOopena
3 d = m — ny JiHiiiHO He3aMeKHNX PAAKIB (M X m)-MaTPHUIL-OPTONPOEKTOPa, Py(g+) :
R™ — N(Q") [1],

GAI(t) = K[f](t) = X(O)QT¢K[f]()}

— y3aranbHeHU# omepatop I'pina KpaitoBoi 3a1ati,

mmw:xwfx*@ﬂws

— omeparop Korrri Heoinopianoi KpaitoBoi 3a1adi , , Q" — nceBmoobepHeHa MATPUITA
3a Mypowm-TTenpoyzom [, 2] 3], [4].

Teopema 1 1ae 4iTKe ygBJIeHHS TPO 337a4l HePEAToJbMOBOrO THUILY, A TKUX AJb-
TepHaTHBa Ppearoabma He BUKOHYETHCS:

1. ¥V Bunmaaky rank() = n MaeMmo, IO PO3MIPHICTH KpailoBUX yMOB m Oinbime, ado
JIOPIBHIOE PO3MIpHOCTI 1 indpepeniaabHOl CUCTEMU 1 KpalioBa 3a/a4a , MOXKe MaTu
enuHUil PO3B’A30K, aje He npu Oyab gkux HeogHopinHocrsax f(t) € Cla,bl,a € R™.

2. dxmo rank@ = ny = m < n, To 3 Teopemu 1 MaeMo, 1O pU OY/Ib AKUX HEOIHO-
pinnocrsax f(t) € Cla,b], € R™ xpaitosa 3anaua (1)), Ma€ T-IapaMeTPHIHY CiM'1o
THIKHO He3aMeXKHUX PO3B’A3KiB, ocKinbKH ymoBa (3|) 3aBxmum BukomyeTbes (P, =
0,d =0).

3. Orke anbrepHarusa Ppearoabma crpaBeInBa TOI i auine Toji, Koau m = n, (d =
r).

[TizminTe KpaitoBi 3a1a49i, y 9KUX HOPSI0K CUCTEMH N He CIIBIAJIA€ 3 KIIBKICTIO Kpa-
floBUX yMOB m OyJIO Ha3BAHO HETEPOBUMY KPAaHOBUMU 33 aYaMMU.

I3 3acTocyBanHgaM Teopil y3arajbHeHO-00EPHEHUX Ta 1ICEeBI00OPEHEHUX OIIEPATOPIB Ta
npoektopiB O.A. Boituykom Tta iioro yunsmvu 1mi pe3yabratu Oy/0 y3araJbHEHO HA BH-
Na/J 0K HETEPOBHUX KpafloBUX 3ajad4 JIjIs PI3HUX KJIACIB (DyHKIIOHATBHO-TU(hEPEHITIaTHEHUX
PIBHSHb.

[lizHinre 6y/10 MOOYIOBAHO 3araJibHy TEOPIIO JOCIiIKeHHs HOPMAJIBHO PO3B’A3HUX Kpa-
HOBUX 337124 JIJIsl HE BCIO/IM PO3B’3HUX OLIEPATOPHUX PIBHAHD 3 y3araJbHEHO 0DOPOTHUMU
oneparTopaMu y 6aHAXOBHX Ta I'ib0epToBuX mpocTopax 3.

Posrasnemo 3a1a49y mpo yMOBU PO3B’I3HOCTI Ta BUTJISIT 3araIbHUX PO3B’I3KIB JIHIHHOT

KpaiioBol 3aaa4i
(L2)(t) = f(t), (4)

(lz)(-) = o, ()
e L:1,(Z,B1) = 1.(Z,By) — y3aranpreno oboporuuii oneparop, £ = col(ly,ls, l3,...) :
1.(Z,By) — B — uiniiinuit obMmexkenuit BekTopuuit dbyunkmonat, ge B — Ganaxosuit
IPOCTIP BEKTOPIB 3i CTAJINMH KOMIIOHEHTaMMU.
Bigomo [B], 1o HeogropinHe oneparopue piBHsSIHHS Ma€ PO3B’43KHU JIjId TUX 1 JIuIiIe
tux f(t) € 1o(Z, Bg), 1 IKUX BUKOHYETHCA yMOBA

(pYLf)(t) =0,
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1 1Ipu 1IbOMY Ma€ CiM'I0 pO3B’S3KiB

2(t) = (Pny2)(t) + (L™ (1), (6)

ae Py 1o(Z,B1) = N(L), Py, : 1(Z,B2) — Y, — neckinuennosumipui obmere-
Hi OPOEKTOPH, Pp(r)Z — 3araJbHuil PO3B 430K BIALIOBIIHOIO OJTHOPITHOrO pPiBHSHHS
Lz =0, 2(t) — noBinbuuit esement HanaxoBoro mpoctopy lo(Z,By), L~ — obmexenni
y3arajbHeHO obepHeHuit oneparop Jo oueparopa L.

IMosnaummo £ = (Py(r) — y3araabHeno 0OOPOTHHI onepaTop, aKuit fie 3 6aHaxoBOro
npoctopy loo(Z,By) y 6anaxosuit npoctip B, Pz 1 1o(Z,B1) = N(L) — obmexxenwit
poeKTOp HamaxoBoro npoctopy l.(Z, By) ma myap-mpoctip oneparopa £, Py, : B —
Y, — obmexkenuit npoekTop HGanaxosoro npocropy B ma mimnpoctip Y, C B, L7 —
y3araJbHeHo obepHeHuil onepaTop 10 omepatopa L.

Teopema 2. [5] Hezati onepamop L € GI(1(Z,B1),1(Z,B2)) ma dynxyionan L €
GI(1(Z,B4),B) — ysaeaavneno obopomui. Todi sidnosiona (), (5) odnopiona xpatiosa
3a0a4a Mae CiM 10 PO36°A3KI6

2(t) = (Pny?) (1),

de (Pnay *)(t) = Prwy(Pn(c) *)(t)— onepamop pose’asky 6idnosionoi odnopionoi paiio-
6oi sadawi (), (3), 2(t) — dosinvnuii eaemenm barazosozo npocmopy loo(Z, By).

Heooropiona xpatiosa zadava , ([5]) po3s’asna das muz i auwe muz f(t) € 1o(Z, By)
ma a € B, axi 3adososvraioms cucmemy ymos

(PYLf)<t) =0,
Py o= €L f)()] =0
i NPU YLOMY BOHG MGE 3G2AA0HUT PO3E AZ0K
2(t) = Py 2)(t) + Gf] () + (Pu) (L7 a))(), (8)
de G = (L™ f)(t) = (Pnw)yL~ UL [)(:))(t) — ysazarvrenud onepamop I'pina.

(7)
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I[TPO HOBUN KJIAC EJIINITUYHUX KPANOBUX SAJAY 3 MAJIUM ITAPAMETPOM
Anppiit 3aBoporuncekkuii, Onekcanap Mypau
Kuiscorut nayionasvrut ynisepcumem iment Tapaca Ilesvwerxa, Kuis, Yxpaina,
Inemumym mamemamurxu HAH Yrpainu, Kuis, Ykpaina

JIo1oBiib TPUCBSAYEHA HOBOMY KJIACY €TINTUYHUX KPAaloOBUX 3a/a49 3 MaJIMM [1apaMeTPOM.
Bin BxomuTh He auine B einTUYHUN i KpaiioBi gudepenniaabai omepaTopu, a TaKoXK i B
JIOTHYHI judpepeHniaibai onepaTopH, dKi JiI0Th Ha JOJATKOBI HeBigoMmi (YHKINI, 3a1aHi
Ha Me»Kl eBKJII0BOI 00/1acTi, jie PO3LVIAIA€ThCs 3a1a4a.

Hexait 2 — obmexkena Bigkpura obaacts y R™ kmacy C®°, ne n > 2, ta I' := Q.
Bubepemo 1ini umciaa m, g ta s taki, mo m > g = 11 2 > 1. Hexait niii uucia
bi, .. bmgs Ta B, ..., By Taki, mo b; > B; mpu 1 < j < m + s, i BUKOHYEThCA yMOBa
Br < Ba <o < Busse < Bugset1 < oot < Brgs. KpiM TOTO, 014, 0 € Z.

Posraanaersea Taka KpaiioBa 3a7ada, 3ajeKHa Bl Majoro mapaMerpa € > 0:

A(z; DieJu(z;e) = f(z), z€Q, (1)

Bj(z; D;e)u(x; e) + ch,k($5 D;ie)op(z;e) =g;(z), zel, j=1,...,m+sx (2)
k=1

Tyr dynxuia u(z;e), aprymenty = € Q, i dynxuii o1(z;¢€), ..., 0,(x;€), aprymenty z €
[' ¢ mykanuMu, a npasi dacruiu 3ajad4i 3ajani i (/18 CHPOINEHHs) He 3aJjekarhb Bijl
napaMerpa €. Po3rigaaiTbesd KOMILIEKCHO3HAYHI (DYHKITIT.

Jndepenriaabai onepaTopu 3 YaCTHHHUMU TOX1THUME, sIKi MICTITHCS B JIiBil 9acTHHI
3aJa4i, 3aJ1eKaTh BiJl MaJIoro mapaMerpa £ > (0 mOJIHOMIATBHAM YUHOM:

2m—2p bj—P;
A(z; Dse) := Z g2 Ay i(x; D), Bj(w; Die) = Z ghi=Pi~i v, —i(T; D),
i=0 i=0
bj—B;
Cj,k(aj; DT; 5) = Z €bj_ﬁj_icj,k;bjfi+ak ($; DT)
i=0

Tyr koxue Ag,_;(z; D) — nimifinmii mudepenniaabumii oneparop Ha (); Bjp,—i(7; D) —
aimiitamit Kpaitosuit andepentianpunit oneparop Ha I', a Cjpp, —iya, (75 Dr) — mormanmii
ginifinnit audepenniaabauii oneparop ua I'. Ix koedinientn € C*° — Gyukiisvn na Q ta T
BiIMOBIHO, & MOPSAIKN 3a10BOABHAIOTH yMOBH ord Aoy, —i(2; D) = 2m—i, ord By, _i(x; D) =
bj — i 1a ord Cj ki —itay, (z; Dr) = bj — i + oy

BarajibHa Teopid eJINTUYHHX KpaloBUX 3aJiad i3 MaJUM IapaMeTpoM OyJia 3amoda-
TRoBaHa B poboTi M. I. Bimmuka ta JI. A. Jlrocrepruka (1957). CyuacHe mepeocMucieHHst
ixHix pesyabraris Hagas JI. P. Boaesuu (2006). Ha Biaminy Bif momepeaix pobiT Kpaitosi
yMOBH micTaTh HeBigomi momaTkoBi GYHKIGT 01(2;€),. .., 0.(z;€) na I, 3amexni Bin
napamerpa.

g mocmimKyBaHOI 3a/1a4i YBeIeHO YMOBH EJTINTUYHOCTI 3 MaJAM ITapaMeTpoM, IO
JIAIOTH 3MOI'Y MOOyAyBaTH (GOPMAJIbHUNR ACUMITOTHYHUNA PO3B 430K 3a/1a4l Y BUTVISAIL psi-
JIy 3a CTeIMeHAMH MAaJIOTO HapaMeTpa Ta BCTAHOBHTH AIIPIOPHY OIHKY PO3B’SI3KY Yy Bil-
HOBIJIHUX CODOJIEBCHKUX HOPMaX, AKi MICTATH IIe#l mapamMerp, NpuYoMy CTajia B OIHII He
3aJI€2KUTh Bill HBOI'O.

e-mail: zavorotynskyi@knu.ua, murach@imath.kiev.ua
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OBIPYHTYBAHHSI METOOY M'AJIEPKIHA INIMBOKOI'O HABYAHHS JAJI4
AHPOKCI/IMAL];IT PO3B’$I3KIB HEJIHINHUX MAPABOJIIYHUX PIBHSHDL 3 HETVIAOKOIO
OYHKIICHO BBAGMOZLIT
Ounekciit Kanycran, JIronmunaa JleBenuyk, Omaekciit Hecrepenko
Kuiscoruti nauionasvrutt ynisepcumem iment Tapaca llesvwenxa, Kuis, Yxpaina
Havyionarvrutd mexnivnud ynisepcumem Yxpainu "Kuiscokut noatmexniunud
imemumym, iment Teopa Cikopevroeo Kuie, Yxpaina

B pobori npononyeThes TeopeTudHe OOTPYHTYBAHHS 3aCTOCYBAHHS HEHPOHHUX MeperK
(six amasiory JiiniitHux KoGiHaNil GasucHux ynkuiii B Meroxni lanepkina) juis nabianzxe-
HOT'O 3HAXOJIZKEHHS M IKUX PO3B’43KIB HEJIHITHUX Tapado/ivHuX PIBHAHDL 3 HEIJIaIKUMHI
dyuxiigmu B3aemMosii. Mu po3risgiaeMo 3a1ady

u(t, x) = Au(t,z) + f(u(t,z)), (t,z) € Qr = (0,T) x Q,

U|aQ =0, U|t:0 = Uo(x)a

(1)

ne Q C R - obmezkena ob1acThb, f : R+ R - nenepepsHa (ase He 000B I3KOBO TJIAJIKa),
f(0)=0, f(s)s<As*+CVseR, (2)

e C'>0, X € (0,\), \; - mepure Baacue uncio —/A\ B HJ ().
Bigomo [I], mo s Beix ug € X = Cy(£2) 3amaua Mae (MOXKJIMBO, HEETUHHIA)
M'stkuit po3s’s3ok Ha [0, T, To6ro icaye v € C([0,T]; X) raka, mo

uw(t) =T(t)u—0+ /T(t —s)f(u(s))ds ¥Vt €[0,T]. (3)

st fioro anpokcuManii Mu pO3NISIaeMo Kaac Helipomepex [2]
N d

WN={v:R"™ = R|v(t,2) =) Bio(oot+ Y ojim;+ i)}, (4)
i=1 j=1

ne o - dynkiis akrusanii (ramnp., curmoin), i 6 = {f;, o, ¢;} - mapamerpu meitpomepexi,
AKi BEOMpaoThed 13 3a/a4i MiniMizamil dyakmionary L2-moxu6kn

J(v) = [loe — Av — f(U)H%Q(QT) + ”UHQL?((D,T)XaQ) + [v(0, ) — UOH%2(Q)~ (5)

3ayBaxkKuMo, 110 el hYHKIIOHA He BU3HAUCHHH, B3arajl KayKydn, Ha M’ IKHX PO3B’I3Kax
(1)), npore mMu mowxenmo Gesnocepeanbo obuncmosaru J(v) na Gyab-axux v € WV, Qum
MeHnre 3nadenHs J(v), Tum kpame Bianosigaa dbyrknig v "migxomurs" sk poss’sazok (1.
Jlnsg oOTpyHTYBaHHS 3a3HA4YEHOl MPOIEYPH MU BUKOPUCTOBYEMO HACTYIHI KJIIOYOBI pe-
3YABLTATH: TeopeMy Tpo miabHicTh MuEoKIHE W = Uy WY B C*(Q7) [3], opurinanbmuit
Pe3yIbTAT PO MOXKJIUBICTH KOHCTPYKTHBHOI piBHOMIPHOI allpOKCUMAIIil HermepepBHOI (pyH-
KT IJIaJIKuMuU 31 30€pezKeHHIM BJIACTUBOCTI , 1 pe3y/IbTaTu PO PeryJisdpHICTb M IKUX
pO3B’s13KiB HesMiHIHIX napaboaidanx piBHsaHb [1].

Teopema 1. Icnyroms v € W maxi, wo
JN) =0, N = oo, (6)
i Axwo oaa dearoi nocaidoenocmi {vN} C W sukonyemuea ([6]), Mo no nionocaidoeHocmi

vV — w6 L*(Qr), (7)

de u - M’axuti pos3e’a3ok .
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Hacaimok 1. 3aysasicumo, uio yet meopemusnuts Pe3ysbmanm MOHCe CAY2YSamMuU 0CHO-
6010 OAA NPAKMUYHOT pearidauii yepes bazamowaposi dizuuno 0bepynmosani netpomepe-
orci (Physics-Informed Neural Networks) [4)]

Pobory Bukonano 3a niprpuvkn Hanionasbuoro oniy JLOC/Ii/IzKeHb Y KpalHu, MpOoeKT
2023.03/0074 «HeckinueHHOBUMIDHI €BOJIIONI{iHI DIBHSIHHS 13 6araTO3HATHOIO Ta CTOXACTH-
YHOI0 JUHAMIKOIO».
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V3ATAJIBHEHHSI A-METOY JI3SITUKA ITOJIHOMIAJIBHOT'O HABJIU KEHHSI
PO3B’A3KIB JANOEPEHIIAJIBHNX PIBHAHL HA BUITAJOK PIBHSAHHSA 3
HEPETY/IAPHOIO OCOBJIUBICTIO
Ouaexkciit Kammniposcbkuii, FOpiit Mutauk
Haugonanrvruti ynisepcumem < Kueso-Mozusancora axademia>, Kuis, Ykpaina

Hocnimkyorbes Maiizke Hafikpari HaOIMKeHHsT aaredpalaamu MuHOTOwIeHaMu B, ()
dyHKIiT

Ha Bigpiskax [0; hl, h > 0.

Ockinmbku ¢(x) Heckindenno-audepentiiiopna ma [0, +00) 1 HaIEKUTD 10 Kiaacy byH-
kuiit ZKespe, 1o Besuunna F,(p) Haiikpamoro HabuzKeHHs @ aJrebpalaHOMU MHOTOU/Ie-
HAMH Ma€ CyOeKCIOHIaIbHe CHAAHHI

Eu(p) < Cyexp(—Can?), (1)

ae C i Cy qomarHi KoHCTAHTH, 110 3asexkarsb six h [1].

Bpaxosyioun oniuky (1), muorounenn P, () MOKHA BEKOPHCTATH JIJIs TTO0YJ0BU BH-
COKOTOYHUX YHUCEJbHUX METOiB g AudepeHIliaIbHuX PiBHAHb B YaCTHHHHUX IMOXiTHHUX
Ta JKOPCTKUX CHCTEM 3BUYARHUX NudepeHlialbHIX PiBHSHD.

Ockisibkn judepennianbie piBHsHHs §' = T2y, AKOMY 33/10BOJbHAE (T), Ma€ 1pu
xr = 0 "eperygspHy ocobjuBicTh 1 3aja4a Komri 3 moyaTkoBo yMOBOIO B Iiiif TOYIN €
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HEKOPEKTHOIO, TO Jijist peasizanil aaropurmy A-merony I3siinka [2] Bisbmemo modarkoBy
YMOBY B TouIni x = h.

[Ipu meBHUX 3HAYEHHAX MMApaMeTPiB Ty 1 7o Ta 4 = h — & PO3B’I3KOM IHTErPAJIHLHOIO
PIBHSIHHS

u

(h— u)y(u) + / (1420 = 2)(y(0)dt) = e+ + T (5) + T (3) (@)

€ MHOTOYJIeH CTEIleHst 1, KUl peastizye Maiizke Hailkpaiie HabankenHs GyHkil ¢(h — u)
Ha [0,h]. T (x) 1 T}, o(x) - 3mimeni muorounenn Yebumesa: T, (zx) = T,(2z — 1) =
T, (v/z) = cos(narccos(2x — 1)). KoedimieHTrn np0ro MHOTOYIEHA Ta TAPAMETPH T1 1 Ty
BH3HAYAIOTH METOIOM HeBH3HAUYEHUX KOeIIiE€HTIB i3 cCyMiCHOI CHCTeMH JIHINHUX PiBHAHD
HOPSJIKY 1 + 3, SIKa OJEP:KY€EThCst 3 piBHsIHHS (2) .
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HOPH,ZLKOBI BJIACTHBOCTI MHOXKHUHHU ®PAKTOPOB’'€KTIB KOMIIAKTA
Karepuna Komnopx
Kapnamcevruti nauionasvrut ynisepcumem imeni Bacuas Cmeganura,
Isarno-DPpankiscor, Yrpaina

Posrisigaemo HenepepsHi crop’ekiiil 3 hikcoBaHOrO KOMITaKTa (TOOTO KOMITAKTHOTO I'a-
yeaopdoBoro mpoctopy) Xy KOMITAKTH.

Osznauennd 1. Bsasicaemo, wo nenepepsna crop’exyia f: X — Y nepeaye nenepepenid
crop’exuii g : X — Z, nuwyyu f < g, AKUL0 iCHYE Maka Henepepera copekuiat : 4 — Y,
wo f=goi.

OuernHO, 1m0 “<” € pedIeKCHBHIM | TPAH3UTHBHAM BiTHOIIEHHSIM Ha KJaci (He MHO-
KuHi!) BCiX HemepepBHUX CIOP’€KIiil KOMIAKTIB 3 (DIKCOBAHNM MOYATKOM X .

Osznauennd 2. fxuwo das nenepepsnux crop’ekuid f: X =Y ma g: X — Z icmunne
f<g, g<f, monasusaemo f ma g ekBiBajIeHTHUMHA, NUWYUU f ~ ¢.

Hesazkko joBectu, 1o “~” € pedieKCuBHUM, CHMETPUYHUM 1 TPAH3UTUBHUM BiJIHOIIIE-
HHSIM, 1 KJIaCH eKBiBaJIEHTHOCTI 1O/I0 HBOTO, sIKi HA3UBAIOTH (akmopod exmamu KOMIAKTa
X, yrBoptoiors MuoKuHY. [Tozragaemo i1 $(X).

dxmo f ~ f', g ~ ¢ (robro [f] = [f'], [9] = [¢] ansa BinmoBigaux kaacis), To f < g,
KO 1 TLIbKA aKIo f' < ¢'. 3BijAcH BUMINBAE KOPEKTHICTH HACTYIMHOTO O3HAYEHHS.
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Osnauennda 3. Bsaocaemo, wo daxmopot’exm [f] nepedye daxmopob’exmosi g y (X)),
nuwyuu [f] < [g], axwo nenepepena crop’exuia f : X — Y nepedye nenepepeniti crop’exuii
g: X —=Z.

Tak oTpUMYEMO 4acTKOBO BIOpsakoBany MHOKUHY (P(X), <), fKa € HOBHOK IPATKOIO
3 HaMEHIINM eJIEMEeHTOM — KJIACOM CTAJI0TO BimoOparkeHHs 1 HAHOLIBIINM eJIeMEeHTOM —
KJIACOM TOTOXKHOrO BimoOpaxkemnus |2).

Osunauenns 4. Kaowcemo, wo y wacmroso enopadrosaniti mmoscuni (L, <) esemenm xo €
sHavHo HIZKYe [II] 3a x, nuwywu o K T, AKUWO Y KOHCHIT HANPAMAEHIT 820DY MHOHCUHT
D C L, daa axoi xsup D, icnye eaemenm d, ors Axozo xo < d.

OsHaveHHs BiJHOMICHHS 3HAYHO 6uuLe, o3Hadenoro > [1], € asoicrum.
Y nomosii 6yayTh OMECAH] BiIHOIEHHS “3HAYHO HUZK e Ta “3HAYHO BUIE” (IKi TAKOK
HA3UBAIOTH 6i0HowerHAMy anpokcumayii) Ha MuokuHl (P(X), ).
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HEOBXI,Z[HI YMOBU ICHYBAHHA OJHOI'O KJIACY PO3B’A3KIB HEJIIHIIHOI'O
JANOEPEHUIAJIBHOI'O PIBHAHHA APYI'OI'O IIOPANKY, BJIN3BKOI'O 10 JIIHITHOT'O
JIronmuiia Kycik
Odecorill nayionarvrutl mopeokud yHisepcumem, Odeca, Yrpaina

Posriisnaemo nudpepeniiaibie piBHAHHSA

y" = aop(t)|y|”°y' | Lo(y), (1)

e og € {—1,1}, p : [a,w[—>]0, +o0[- HenepepsHa dyHKIsE, —00 < a < w < 400, Ly :
Ay, —]0, 400[ - HenmepepBHA Ta HOBUIBHO 3MiHHA pU y — Yy dynkmia, Ay, (i € {0,1})-
onnobiunmii okin Y; 1Y; € {0;+o00} (i € {0,1}), 09 + 01 = 1. IIpunyckaemo, mo [qucia
p; (1 =0,1), gaxi Bu3HaueHo dbopMmyramu,

_J L, akmo V; =+o00 abo Y;=0 i Ay, — mupasnii oxin 0,
Hi= —1, gxmo V; = —oco abo Y;=0 i Ay — iBuii okin 0,

33JI0BOJIBHSIOTH HEPIBHOCTI
poptr >0 mpu Yp=4o0o 1 pous <0 upm Yy =0. (2)

YmMoBu ¢ HeoOximuumi yis icayBanns po3s’s3kis P (1)), Busnauenux B aiBoMy okosi
W 1 TaKUMU, H10 3aJ0BOJIBHAIOTHL YMOBU

y (1) € Ay, for ¢ € [to,w| , ltiTmy(i)(t) =Y, (1=0,1). (3)
Pipugmnus (1)) mocrimxyemo ma kiaaci P, (Yo, Y1, Ao)-po3B’a3kiB.

o1



Osnauenns 1. Pose’asox y pisnanna (1)), wo susnanenut na npomiocry [to, w [C [a,w |,

nasusaemo P, (Yo, Y1, X\o)-pose’askom , de —oo < Ny < 400, AKUO BUKOHGHO Hacmynm'
1G]

= Ao.

y(y"(t)

ymosu: Yy (t) € Ay npu t € [to,w| , ltiTmy(i)(t) =Y, (i=0,1), limy,

BBe,zLeMo HeoOXiHI PYHKINT Ta MO3HAYEHHS:

y
fpz )| mo(T)| 2 o dr, D(y) = [ ‘fg , ne Ay, By obpano tax, mob BianosigHi

Bo SL (s )
lHTeraJII/I npsimyBaJin abo 10 0, ado 10 F00. OquH;LHo, o jiist pyukiii P icnye obeprena

o1 AZO — Ayo, Zy = hrg (I)(y) € {O,Zl:OO}
y—=Yp

yEAYO

Teopema 1. Hezati Lo (P71(2)) € npasuavho sminnoto npu z — Z dynruyiero, og+oy = 1.
Todi das icnysanna P,(Yo, Y1, 1)- pose’askie pisnanna HEOOTIONO GUKOHAHHA YMOB

@, &

o1
Ao |2
Ao — 1

Io(t) = Zo, ag > 0,

2%@0) = +oo.

Biavw mozo, 0as kootcno20 makozo po3sasky npu t T w Ma0ms Micue acuMnImomusHi

.
im piopty

(SIS

ttw )\0 —1

lim 7, (1) (p(t) |7 ()] Lo (‘P_l(uom

300pastcerta "
By(t) = popr [T | Do(O1+ o(1),
B o | 2] (p<t>|7rw<t>|-awo (¢‘1(uou1 2 210@)))) 1+ 0(1)].

e-mail: [k09032017@gmail.com

ITro MOZJEJIb OHTI/IMIBALIIT TTIOPTO®EJIA AKTUBIB
Bacuns Kymnuipuyk, Boasogumup KymHipuyk
Yepniseyvkuti Hayionasvhut ynisepcumem iment Opia Dedvrosuna

Posriignyta moaeas Mapkosina MogugikoBaHa JI0JaTKOBUME KPUTEPiIMU MaKCUMi3a-
1ii JiKBigHOCTI TOPTdeIst AKTHBIB Ta eKOJOri9Hoi/coniaabHol Bianosinaabaocti (ESG).
Hapeneno mMeTo 3BaKeHUX CYM /I PO3B’I3yYBaHHS OJeprKaHOl YOTHPUKPUTEPiaIbHOL 3a-
Aadi omTHMi3alii.

Onrumizartist mopTde st MIHAUX MANepiB OMUCYETHCS KJIACHIHOIO MO Ie/L10 Mapkosina
[1]. ¥V gorupukpuTepiabhiil Mogesi T0IAI0THCS JBI JOJATKOBI ILIBOBI GYHKIIIL, sKi BijI-
o0paxkaloTh JIKBiIHICT akTUBIB Ta ESG-dakTopu, 10 MaioTh BaxK/IUBe 3HAYCHHS s
CYYaCHOTO IHBECTOPA, OCODJUBO B KOHTEKCTI CTAIOro po3BuTKy [3-6|. Tomi woTupukpure-
piajibHA MOJIeJIb BUIJISIIAE€ TAK:

e Makcumizallid O9iKyBaHOI JOX1THOCTI:
max by = E i W;..
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e Minimizanis pusuky (mucuepcii goxignocri):

mino. = w’ (o)w.

e Makcumizalis JikBigHOCTI TOpTdes:

n

max [, = Z Lw;.

=1

e Makcumizaniga ESG-kpurepiio:

n

maxe, = E e;w;.

i=1
[Ipu Takux oOMEIKEHHSX:

e Cyma 4acToOK aKTuBiB JOpiBHIOE 1:
n
i=1

e YacTku akTUBIB 0OMeXKeHi 3HU3Y 1151 30epeskeHHst eheKTy auBepcudikalii iHBecTH-
nitnoro noprdeJis:
w; > 0,05, i=1,2,... n.

TyT n — KUIbKICTh aKTUBIB, [; — OYIKYBaHMI JOXi/I aKTUBY ¢, Ae ¢ = 1,2,...,n, w; —
9acTKa KOIITIB, BKIAICHUX B AKTHB i (Baru moprdes ), (o) — KoBapialiiiHa MaTpHIIsT
MIZK JIOXOJ]AMH AKTUBIB (PH3UK aKTHBIB), € 0;; — KOBapialisa MizK TOX01aMi aKTHBIB
iTa j, l; — nikBigHicTh aKTUBY 4 (06CST TOPriB, 060POTHICTD TOIMO), €; — ESG-peiiTiHr
AKTHBY 7 (€KOJIOI4Hi, COIiagbHI Ta yIpPaBIiHCHKI HOKA3HUKHN).

Jlnst po3B’a3yBaHHs OJlepKAHOI 3aJlaui 3aIIPOMOHOBAHO METOJ| 3BayKeHUX cyM [2|, sxwii
HEPETBOPIOE DaraToOKpuTepiajibHy 3a/a4y HA CKaJdPHY HLIAXOM KOMOIHYBaHHS KPUTEPIiB
3 Baramu. /lomomizkua pyHKIA i MiHiMIzaIii:

L(w) = —ap, + BU]% — lp — ey,

ae «, 3,7, > 0 — Barosi koedinienTu, 1Mo Bio6pazKaTh NPIOpUTETH iHBECTOPA (HAIIPH-
kiaq, « = 1,6 =1,y = 0,5, = 0,5). BHak "-” 3aCTOCOBYEThCS [JIsT MAKCUMI3AIIHHIX
KpuTepiiB. 3ajada cTae KBaJIPATHIHUM IIPOrpAaMyBaHHAM i MoxKe OYTH PO3B’sa3aHa -
CeJIbBHUMH MeTojiaMu, Haupukias, y Python 3 Bukopucrannsm 6i6miorekn SciPy (merosn
SLSQP).

eit miaxin qo3Bosse 3uaiiTu 1lapero-onTuMalsibHi po3B I3KK ILISIXOM BapilOBaHHsI Bar,
mo € edeKTUBHUM s iHTerpamnii ESG y moprdensHy onrumizamioo. ATbTepHATHBOIO
MOzKe OYTH METOJ MOYKJIUBUX HAIPAMKIB [2]| 3 PO3MUPEHOI0 JOMOMIXKHOK (DYHKIEH:

max{—,up,af,, —lp, —ep,Zwi —1,1- Zwi,0.05 —w; (1=1,... ,n)}

BucuroBok

Yorupukpurepiajabua mojesib MapKosila J103BOJISE€ IHBECTOPY OJHOYACHO BPaxOBYBATH
JIOXiTHICTh, pU3WK, JiKBiaHiICTh Ta ESG-daxkropu. g Momenb Giabmn rHydKa Ta KOMILIE-
KCHA TTOPIBHSHO 3 KJIACHYHOIO, JIOTIOMara€ MpuitMaTy 3BazKeH1 IHBECTHIIIiTHI PillleHHs, Bpa-
XOBYIOUH CTAJICTh Ta €THIHI aCHeKTH.
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AHAJII3 YMOB ICHYBAHHS TA €/ INHOCTI PO3B’SI3KIB CTOXACTUYHIX
ANPEPEHIIAJIBHO-OYHKIIOHAJIBHIX PIBHAHDL 13 JTPOBOBUM BPOYHIBCBbKUM
PYXOM
Bonomgumup Kymnipuyk, Irop Masnuk
Yepniseyvkuli Haytonasvhull ynisepcumem iment Opia Pedvrosuna

Y poboTi JOCTIIZKEeHO JOCTaTHI YMOBU ICHYBAHHS Ta €JIWHOCTI PO3B’43KiB JIIHIHHUX
croxacTHYHUX TuepeHniaTbHO-DyHKITOHATBHUX piBHsiHD (CIPP) HelTpasbHOrO THILY
3 inTerpanoM 3a apobosmM GpoyriseskuM pyxoM BY (1), me mapamerp Xepera H € (%, 1),
IO Bi/IIIOBI/Ia€ Iporecam 3 J0BrorpuBasion nam’arrio |3, 4|. Posrasnyro piBusiHus Buy:

dDx; = Lx; dt + Gz, dBY)(t), t € [0,T],
3 TOYATKOBOIO YMOBOIW T; = ¢, me D, L, G — miniitai GpyHKITIOHAIN HA TPOCTOPI HEMEePepB-

uux dyukniii C([—h,0]), a x; — cermeHT TpaekTOpii mporecy.
JloBeieno npeacTaBaeHHs PO3B’I3KY v pOopMi:

x(t) = y(t) + /Ot X(t—s)GrydBH(s),
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ge y(t) — po3s’a30K BiguoBijgHOrO serepminoBanoro piBusinns, a X (1) — dynjiamenra/ib-
Huil po3B’sa30K. [le npeacTaBaeHHs € AaHAIOTOM METOy Bapiallii CTanX J1/isi CTOXaCTHIHUX
PIBHAHB i MOKe OYTH BUKOPUCTAHO JI/IsI aHAJIZY CTIHKOCTI.

Bceranosieno gocraTHi yMOBH iCHYBaHHS Ta €IMHOCTI PO3B’SI3Ky Ha CKIHYEHHOMY iH-
repBaii [0, T|: skmo dyHKIig rp 3a10BOJIBHSE

VOrp < Kp <1,

Bapianii r;, Ta rg obMexeni, a mouarkosa ymosa ¢ € L%([—h,0]), To 3amaua Komi mae
€IMHUI PO3B’SI30K 3 TOYHICTIO IO CTOXACTHIHOT eKBiBaJI€HTHOCTI

(Bla(t) — #(1)]* = 0).

HoBenenns Gasyerbes na nabimzkenusax Ilikapa, mepiBunocti Koimi—ByHskoBcbkoro,
BJIACTHBOCTSIX JIPOOOBOr0 OPOYHIBCHLKOTO pyxy Ta JeMi ['poryornta—benvana.
[IpoBeseno uucejibHe MOJIETIOBAHHS JIjid PIBHAHHS 3 (PIKCOBAHOIO 3aTPUMKOIO:

dz(t) = (—az(t) — ba(t — r)) dt + ox(t) dBH) (1),

BuKopucToByoun meron Eitnepa ta Monre-Kapoo (2000 kpokis Ha [0, 10], 10 peasniza-
uiit). Jlocaimzkeno sunaaku B obsacti crifikocri (3a [1]: a &~ —1.0806, b = 2.0, r = 0.5) Ta
no3a ueio (a = 0.2, b = 2.0) maa H € {0.5,0.7,0.95} ta o € {0.3,0.6}. Pesysnbraru moka-
3yIOTh, IO IPU BeJMKUX H Ta MaJuX ¢ TPAeKTOpil cTabLIi3yI0ThCd HABITH Y HOMiHAJIBLHO
HECTIHKUX BUMAIKAX, TIKPECTIO0YN POJib aM’sti nporecy [5].

Bucuaosku: Orpumani yMOBH Ta MeTOJ, Bapiarii cTajnx JT03BOJIAIOTH aHATI3YBATH €KC-
HNOHEHIIAIbHY CTIHKICTDL y cepegHboMy KBajpaTudnoMmy. [lepcrekTuBu: po3niupeHHs Ha
HeJIiHIiH] piBHAHHS Ta J0CTaTHI KpuTepii crifikocti mig H > %

Jlitreparypa

[1] Hale, J.K. Theory of Functional Differential Equations. Springer, New York, 1977.
ISBN: 978-1-4612-9894-5.

[2] Manuk, I.B., dcuncekuii, B.K. Acumnrorndsa noBeiHKa B CepeHbOMY KBapaTH-
YHOMY PO3B’SA3KiB CHCTEM CTOXAaCTUYHUX JTU(epeHIiajibHo-PYHKIIOHAJIHLHAX PIBHSAHD
Heiirpaspaoro tumy. Jlom. Ham. Axazx. Hayk Vkp. 2009, 10, 15-20.

[3] Guo, Q., Mao, X., Yue, R. Almost Sure FEzponential Stability of Stochastic Di-
fferential Delay Equations. SIAM J. Control Optim. 2016, 54(4), 1919-1933.
doi:10.1137/15M1019465.

[4] Mishura, Y. Stochastic Calculus for Fractional Brownian Motion and Related
Processes. Springer, Berlin, 2008. doi:10.1007/978-3-540-75873-0.

[5] Kymmuipuyk, B.B.; Mauuk, [.B. [locmigxkenHss yMoB iCHYBaHHS Ta €IMHOCTI
PO3B’43KiB JIHIHHIX CTOXaCTUYHUX dudepeHiiajibHo-(DYyHKIIOHAJBHUX PIBHAHD i3
JpoOOBUM OpPOYHIBCHKHM pyXoM. BykoBunchbkuit maremarwunuit xypuaji. 2025, 13
https://doi.org/10.31861/bmj2025.01.12

e-mail: kushnirchuk.volodymyr@chnu.edu.ua

95



METO,ZL YCEPEAHEHHS OJIA IHTEI'PO-ANOEPEHUIAJIBHNUX 3AOAY OIITUIMAJIBHOT O
KEPYBAHHSA HA TIIBOCI
Poxkconana Jlaxsa, BikTopis MoruaboBa
Kuiscvruti nauionasvruts yrnisepcumem imens Tapaca llesvwenra, Kuis, Yxpaina
Hayionaavruti mexwivnutd ywisepcumem Yxpainu “Kuis. nosimexn. in-m im.
1. Cixopcoroao”, Kuis, Yxpaina

Pozrasinemo JiiniftHy 38 KepyBaHHSIM 3314y ONTUMAJJIbHOIO KePYBaHHS iHTerp07;LHd)epeHuiaﬂbH010
CHUCTEMOIO Ha MiBOCI 3 MaJIMM TapaMeTpoM i MIBHIKOOCIIIIIOIYNMEI KoedimieHTaMu
t
_ t
) = | Loa(0), [ otts,(6)ds | + fia(®)ute) (1)
0
z(0) = xo,
3 KPUTEPIEM JKOCTI
Lm:/kmwmm+mm@mﬁ%w, 2)
0

TyT € > 0 — Mmasnuit napamerp, 7 > 0 — dikcoBaHa cTaja, 1Mo XapaKTePU3ye JUCKOHT, X
— razoBuit BeKTOP 3 Rd, u(t) — m-BUMIpHUI BEKTOP KepYBaHHsI, KUl MPUIAMAE 3HAYCHHST
y gedkiit maoxkuHI U C R™. [lo3naunmo

t

1(t, ) Z/cp(t,s,x)ds.

0
Hexait icaye piBaomipno 3a x € R? rpannng, nyg xoxxnoro ¢ > 0

t

lim [f (g,x, o1 (T, :E)) — fo(x)] dr = 0. (3)

e—0
0

Toxi 3ana4i onrumanbuoro kepysanus (1), 31 MIBHAKOOCIIIIOIUAMHA KoedilieHTaMn
Ha MBOCI CTABUTHCS Y BLAMOBIIHICTD OLIBII MPOCTa ycepe HeHa 3a/1a4a KepyBaHHs:

£ = fol&) + filOu(t), &(0,u(0)) =z, (4)
3 KPUTEPIEM TKOCTI
%M:/V%Mﬂm+mw@Mﬁ%M. (5)

s 3agaqi (1)), (2)) ra signosiaunol yeepeanenoi sazaai (4)), (B]) sBazxarnvemo Bukonamnvu
HACTYIIHI YMOBH.

VYmMmosa 1. Jonycmumumu KepyeaHHAMU BYOEMO 66aHCAMU M-GUMIPHT 6eKMOp-PyHKy it
u(-) € L(0,00), wo nputimatoms sHauenna y samxmymits, onykaiti mnoscuni V C R™,
ssascacmo marosc, wo 0 € V.

VwmoBa 2. Qyuruia f(t,z,y) susHauena G HENEPEPEHA 3a CYKYNHICMIO 3BMIHHUL 6 004G~
emi Qp = {t > 0,2 € RY y € R}, a n x m-eumipra mampuua f1(x) eusnavena oas
r € RY i suxonani ymosu:
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1) f(t,z,y) i fi(x) obmesiceni 6 obaracmax susnavenns cmanoro M > 0;

2) f(t,x,y) i fi(x) s3adososvraroms y obaacmax eusnavwerns ymosy Jlinwuys 3a 3min-
noto x 31 cmanoro Jlimwuya A > 0.

VmoBa 3. Qyuxruia p(t,s,x) eusnauena G nenepepena y obaacmi Qy = {t > 0, s >
0, z € R} i 3adosoavrac ymosu ainitinozo pocmy ma Jlinwuus eidnocno x, mobmo
icnye L, maxa, wo

‘Sp(ta va) - gp(t, 8,331)‘ < LHJ? o xl’a

|o(t, s, 2)] < Lo(1 + |]).
YmMmoga 4. Pisnomipno 3a x € R icnye epanuus (3).

YmosBa 5. Ckaasapni pynxuii A(t, ), B(t,u) i %—5(t,u) susnaveni nput > 0,2 € RY, u €
V., i nenepepemi 3a cyKynmicmio 3MIHHUT, NPULOMY:

1) A(t,x) > 0 i sadosoavrac 3a v € R ymosy ainitinozo pocmy 3i cmaaoro M, mobmo
|A(t,2)| < M(1+ |z|), das koocrozo t >0 i x € RY;

2) apul? > B(t,u) > alu|? daa deaxux cmarux a >0, a; > 0 ma das Koscnozo t > 0,
B(t,u) onyxaa 3a u € V ma icnye as > 0 maka, wo

0B
%(t u) < a2’u"

BaszHauumo, 1o B cuiy yMoB YMoB 1, 2 1 Teopemu 3.1 [2] BumuBae, 1o st KOXKHOTO
JIOTIYCTUMOTO KepyBanHs u(t) po3s’s30k z(t, u) 3amaqi Komri (1)) icnye ta eaumnuit na [0, 0o)
Ta € abCOTIOTHO HEeNepepBHOIO (DYHKITIEIO.

[Ipu oMy i1 po3B'A3KY 3ajadi , AHAJIOTITHO /10 HEJIHIWHOTO BUTAIKY, MAaEMO
OTIHKY /)T KOKHOTO t > () :

(1)) < |wo| + Mt + Mtz |ul L. (6)

Tomy m1a KpuTepito 9KOCT1 , BpaxyBaBIIH (@ Ta MyHKTH 1) Ta 2) i3 YM0BU 5 MaeMo

|J-[u]] < /e‘th(1+|:B(t)|)dt+/B(t,u(t))dt

. 1
< /e—ﬂ M(l + |ao| + Mt + Mt2 ||u||L2) dt + ai|Jullz, < oo.

0

TakuM 9uHOM, KPUTEPiil SIKOCTI Mag€ CeHC /I BCIX JOMYCTUMUX KepyBaHb. I3 YMoBHT
4 BHIJIMBAE, MO aHAJIOTIYHI BUCHOBKY CIPABEJIINBI 1 JIjId yCepeHEHUX 3a/a4.

Hacrymaa TeopemMa onucye 38’430K MizK ONTHMATLHUMHA KePYyBAHHAMUI, ONTUMAIHHUME
TPAEKTOPIAMHA 1 KPUTEPIIMH TKOCTI TOTHOL , Ta ycepeaHeHOl 3aadi , .

[losnaunmo J! = igf Jelul, J§ = igf Jo[u], me indimym GepeTbes O BCIX TOMYyCTHMEX

KepyBaHHgX. Mae micie HacTymHA TeopeMa.

Teopema 1. Hexati suxonani Ymosu 1 - 5. Todi 3adaui , ma 7 Mar0ms
610n06i0H0 pose’asku (x(t),ul(t)) i (£*(t), u*(t)).
IIpu yvomy cnpasedausi Hacmynmi 6apIaYItiH CNIBEIOHOWEHHA!
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1) JF—= J;, €—0;
2) das rootenozo n > 0 icnye eg = £o(n) make, wo npu 0 < € < g9 MAEMO

’Ja* - Je[U*]l <

3) ichye nocaidosnicmoy e, — 0,n — 00 maka, wo
e, () = (1) ™)
PIBHOMIPHO Ha Koocromy eidpisky [0, T] das dosiavrozo T >0, a
ur —u* (8)
¢ L*(0,00).

Hruwo npu uvomy ycepednena 3a0a4a , Ma€E €OuHUT PO36°A30%K, MO 301HCHOCTI
1 Mawms micue npu ecix € — 0.

Hexait (2%(t), uf(t)) poss‘asok zagaai (1), Ha niBoci. Sadikcyemo T > 0 1 posruisi-
HEMO 33249y i3 pyHKIIOHATIOM

Torlu] = / eIt (A(t,€(8)) + Bt u(t))) dt — inf ()

wa Biapisky [0,7]. Toxi 3 Teopemu 2.2 [I| Bumsusae, mo gana 3amada Ma€ DPO3B’sI30K
(&7, up) wa [0, T1.
s 3agaqi , BU3HAYUMO JIOMYCTHMe KepyBaHHs Ha [0, 00), HACTYIHAM YHHOM

ﬂT,oo@) =

%ﬂmiigﬂ’ (10)

qepes 1o MO3HAYUMO JIOIHYCTHMY TPAEKTODIIO.
[ozuauumo [, = inf Iop[u].
u

Teopema 2. Hezati suxonyromovea Ymosu 1 - 5. Todi

1)

|[IX —Iop| = 0 npu e —0, T — oo

2) icnyromo nocaidosnocmi T, — 00, €, — 0, maxi wo das 6ydv-axozo t > 0 sukoHy-
EMbCA
|22 (t) — &7, 00(t)| = 0, T, = 00, £, = 0; (11)

3)

ul —Ur, e —0 npue, =0, T, = o0 (12)
6 LP(0,00).

Hruwo npu yvomy ycepeduena 3adaya , Mae eQuHUT PO38°A30K, MO 30IHCHOCTI

Y , Maromsb micuye npy ecix T — o0.
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[IPO ®YHIAMEHTAJIBHUI PO3B’ 30K CIIPSIKEHOI 3AIAYI KOIII 1714
JNU®EPEHIIAJIBHUX PIBHSAHDb I3 IUCUIIATUBHOIO ITAPABOJITYHICTIO
Makcum Jleka
Yepniseuyvkul Haytonasvhul yruisepcumem imeni Opia Pedvrosuna, Uepnisu,
Vrpaina

Hns dikcosanoro ¢ 3 (0; 7] po3risiHeMo piBHSIHHS

Orvi(1:§) = —{Ap(T310¢) + AL(7, & i0¢) Yor(73€),  (73€) € Moy, (1)

ne Ab(1;i0¢) — nndepennianbHuil omepaTop MOPIKY p i3 HEIEPEePBHO 3aJeKHHMHE Bij
7 xoedimienramu, Aj(7,§;i0:) — audepennianbHuil BUpa3 HOPSIKY pi 31 3MIHHUMH KO-
edimienTaMu, gKi € HeIepepBHUMH 3a 3MIHHOIO 7 1 HeCKIHYeHHO AudepeHIiiioBHIME 3a

[TpunycTumo, 1110 Bi/ANOBiAHE PIBHAHHS

aTUt(T; f) = _AS(T; i8£>vt(T; 5)7 (T; ’5) € H[O;t)a
na MuoKuH [l € obepreno {p, h} — mapabosiunum (TOOTO MEPETBOPIOETHCS B APAGO-
migre 3a [IunoBuM migacTaHOBKOWO 5 = —7) 3 Bim'eMHEM POJIOM fi. TaKoK BBazKaTHMEMO,
mo p; < h.

OsunavenHs 1. Pyndamermanrvrum poss’asxom sadaui Kowi oz pienarns (1) nazeemo
pynryino Z*(1,&t, 1) eusnaveny daa eciz 7§ € Iy @ 3anescny eid napamempunnoi
mouxu (t;x) € I, maxy, wo dopmyaa

w(r:€) = / 2 (et a)p(@)de, (7€) € iy,
susnavae Kaacuunull poss’azox pienanna (1) 6 gy, axut 3adosorvnae ymosy

v (T3 €)

= p(§), £ eR",

T=t

npu dosinvromy t € (0;T] i woocrnomy p(-) € Sia, de a = &, a Sy — eidnosionud
npocmip ocHoHUT Pynkuyit muny S.

[IpaBunbHE TaKe TBEPIKEHHS
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Teopema 1. 3a sxazanuz ymoe na koediyienmu dugepenyiarorur eupasie Al © AT na
mnostcuni 1% icnye dyndamenmanvruts pose’asox sadawi Kowi Z*(1;&;t, ), axuti du-
depernuitiosnutll 3a 3MIHHOW T 1 HeCKiHyenHo dupepenuyitosnuti 3a aminnoro & makud,
wo

n+p _50( [IES= )m

10,2 (761, 2)] < Co(t — 1)~ e 0 lu=e

1
0£2" (73t 2)| < Cut — )~ e (@)

(mym Cy, C1, 0y @ 07 — dodammi cmani, nezanresrchi 6id t,7,x 1 §).

[Tpu oGy moBi dhyHIaMeHTATLHOTO po3B’ 13Ky 3aaaui Korri aiist (1) BUKOPUCTOBY€ETHCS
MeToArKa, po3podiena B [1].

Jlitreparypa
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,ZLBOCI/IMBOH]:HA CUCTEMA KOJAYBAHHS{A YNCEJI 3 IBOMA PISBHOSHAKOBUMU
OCHOBAMU TA HEHVJ/IbBOIO HAIJIMIIKOBICTIO ¥V 3AJAYAX ®PAKTAJIBHOI'O
AHAJII3Y TA TEOPII ®YHKIII
Ipuna JIucenko, Onexkcauap IlpanwoButnii, Bikrop Ilnakuga
VIV imeni Muzxatina /[pacomanosa, Kuis, Ykpaina

Hexait A = {0, 1} — nBocumBosbHuil andasit, L = A X A X ...— MHOKHHA BCIX MOCJIi-
JIOBHOCTEIT 3 HYJIIB Ta, OJMHHUIb, (o, dg — AOJATHI, a g1, d; — Bl €MHI JiHCHI 9UCIa, TPHIOMY
—g1 < gy <1, —dy <dy<1.

Posrianaerses Bimobpazxkenns f : L EN R, o3nauene piBHICTIO

00 k—1
_ AG
f(Oén) =2 = 0q, + Z(éak Hgaj) = Aalag‘..ak..J 50% = QkY1-ay- (1)
k=2 j=1
Cumpouiunnii samuc A% Ha3uBaeThcst (G-300paxkennsm uucaa x. llpu gy — g1 =

aA12...0L ...
1 e Bimome Go-306pazkenHs uucen Binpizka [0; go], AKe Mae HyJbOBY HA/JIHIIKOBICTH i

HeTepepBHUil orepaTop JIBOCTOPOHHKOTO 3¢yBY 1idp Ta po3puBHuil iHBepcop mmdp [1, 2.

Teopema 1. Mnoowcuna snauens sidobpascenns f e sidpiskom [0; gol, axwo go — g1 > 1;
HI0E He UWIADHON CAMONOTIOHOI0 MHOHCUHON 3 POSMIPHICTINO, WO € PO3B AZKOM PIBHAHHA

a5 + o |” =1, avwo go — g1 < 1.

G-unMHIPOM PAHTY M 3 OCHOBOIO C1Cs...Cp, HA3UBAETHCSI MHOXKIHA

AG = {x = Accl...cmalag...ocn..ﬁ (ak) E L}

C1C2...Cm,

Aximo go— g1 > 1, To G-mmainap € Biapizkom. fAximo go— g1 < 1, TO ABa MUIIHIAPH OTHOTO
PaHTy CHUIBHUX TOYOK HE MAaIOTh. AKINO gy — g1 > 1, TO IUIiHApH Ag...cmo i Ag...cml
HEPEKPUBAIOTHCA, a MPHU Jo — ¢ = 1 BOHU MAIOTh OJIHY CILJIbHY TOYKY.
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Teopema 2. 3a ymosu go— g1 > 1 npu obuucsenni ppaxmanrvhoi posmiproct Laycdoppa-
Besukosuua bopesiscorux nidmuoocun 6idpiska [0; go| moscha obmescysamucy nokpum-
mamu G-yuainopamu.

Y J1010Bi/Ii TPOTIOHYIOTHCsI Pe3yJIbTaTH JIOC/i/[2KEHHsI HEeIlepePBHUX Ta Maiizke CKpPi3b
y po3ywminHi mipu Jlebera HenepepauX (pyHKIIH, Bu3HadeHnx y Tepminax G-300parkeHHst
quces1, SKi MaIOTh JJOKAJIbHO CKJIaJIHY TOIOJOTO-METPHUYHY CTPYKTYPY Ta (ppakTabHi BJa-
CTHBOCTI, a TaKOXK (POPMYJIIOIOTHCS HEPO3B 3aHi 3a/1a4i.

Jlitepatypa
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PISHOZHAKOBUMU OCHOBAMY | CEeyiaivhi dynkyii, 3 nero noe’azani // 36IpHUK mpaib
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ITPO 3AHAYY [IIPIXJIE HA IIIBOCI AJIS PIBHAHHS I30TPOIIHOI CYIIEPAN®Y3II
Baamuciaas JliToBueHKO
Yepniseuvruli Hautonasvhut ynisepcumem iment FOpia @edvrosuua, Yeprisug,
Vrpaina

Posriisinemo piBugums

duu(t;z) +a(—A)Y2u(t;x) = f, te(0;T),z€Q, (1)

xT

3 II0YaTKOBOIO YMOBOIO
u(t; )emo = (") (2)

(ryT @ > 0, u — HeBigoMa byHKIIis, (—A)?/Q — apoboswuii Jlamracian mopsaky « € (0;2),
O /i€ 32 3MIHHOIO T, a J; — YaCTHHHA TOXi{HA 32 3MIHHOIO 1).

Pipuganus (1)) 3uaiiinio mupoke 3acTocyBanHs B 6AraThOX raqy3saxX HAYKH i TEXHIKH.
IIpu 2 = R e piBHIHHA ONHUCYE MOIMUPEHHS PEe30HAHCHUX (DOTOHIB y Iaa3Mi Ta audy-
3iiiHI mpolecH B (ppaKTaJIbHUX CEPEIOBHINAX, Yepe3 10 BOHO OTPUMAJIO HA3BY «PIBHAHHSA
i3oTpomHOl cynepaudy3iiy. 3a A0TOMOro0 OMUCYIOTHCS JIOKAJTbHI 3aBUXPEHHS T'PaBi-
tarniinux 1mojiB Picca, cupuuuHEHUX BHIIAJIKOBO PO3MOIIJIEHUME PYyXOMUMEU 00’ €KTaMU.
BaxkiuBuit mpuk/iaj Jijis MOTUBAIll BUBYEHHS PIBHAHHS i30TpONHOI cynepaudy3il nase-
Jeno B [0, c. 2|, ne 3anpomnoHoBaHO HMOBIPHICHY MOJIe/Ib BHIIAIKOBOIO CTPUOKOMOIIGHOTO
Oaykanns na R vacrunku X i mokazano, mo #MOBipHICTb u(t; ) npucytnocti X y MOMEHT
qacy t y NpOCTOPOBiil TOUIN & € PO3B’I3KOM PiBHSTHHS . THIIOBUM IPHUKJIAIOM TAKOT'O
OJIyKaHHS € PUCKAHHS T'OJIOJHOI aKy/Iu ad0 HOJIT MOJIOI0YOr0 CTPUKA.

Oynnamenranpauil pos3s’a30x Gy (¢ z) samaqi Komd (1)), npu ) = R, e miibHi-
CTIO PO3MOALNy a-CTifikoro croxactuanoro nponecy Jlesi. Busaenns 3anaqi Komi (),
ta byl G, (t; x) mpoBoauiaocs B GaraTboxX mpargx. Byau po3pobsieHi pizHi MeToau
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JlocizKeH st BactuBocreit GyHkuil Gy, (t; x) ra chopMy/iboBaHi TBEDIZKEHHS PO KOPe-
KTHY pO3B s3HICTH 33/a4i Kot B piznux GyHKIiiHUX Kjracax. Takoxk 3’g9COBAHO THIOBI
BJIACTUBOCTI KJIACHIHUX DO3B’si3KiB piBHstHHS (1]) Ta meskux fioro ysaraanbHeHb.

Mermmoo mMipoto mocaimzkena KpaitoBa 3amada s (1), opu mpomy mocrimxkenns B
OCHOBHOMY TIPOBOJIMJIHCS B 0OMexKeHiit obacti (Bumanok ) = [¢; d]), ne 3a3Budaii po3risi-
JAINCS HYJIbOBI a00 cTasi rpanundHi ymMoBH /Jlipixje Ta akieHTyBajacs yBara Ha po3pooii
METOJIUKH 3HAXO/PKEHHS YHCJIOBUX PO3B I3KiB.

Maiizke 30BCiM 11032 yBarowo JIOCTIIHAKIB 3aJUITUBCS HEMEHI BayKJIUBUN BUITAI0K J0-
caimkenns piBuganus (1)) B mamiBobmerkeniii obaacti 0 = [0;4+00). Takok Mamo yBaru
HPHUJILIEHO TATAHHAM BCTAHOBJIEHHS €IMHOCTI PO3B’SI3KY KPaWoOBHX 3aja4i /s PiBHAHHS
(1), #oro memepepBHOI 3aJeKHOCTI BiJ BUXiTHUX JAHUX 3aJadi, ONMUCY KJIACIB JTOMYCTH-
MHX MOYATKOBHX Ta I'PAHMYHUX JAHUX 3a/a4i ToIo. Bee e cBiuuTh 1po HEOOXIiTHICTH
IOIAJIBIIOr0 PO3BUTKY aHAJITHIHOI Teopil Kpaiiopux 3amaq maa ((1)).

IToxmamemo © = (0; +00) i qomosuEMO piBuganng (1)) TakuMu ymoBamu:

u(t;x),_, = v(t), te(0;T); (3)

lu(t;z)] < 400, t€[0;T], x> 0. (4)

Byemo BBazkaTH, 110 BUKOHYIOThCS HACTYIIHI YMOBH:
(A): ma muoxuni (0; 7] x Q neognopiguicrs f(t;x) piBusgunsg (1)) HemepepsHa 3a 3MiH-
HOWO ¢ 1 jist Hel icuytorsb p < 1 ta A € (0; ) maxi, mo:

lft; )| <ct™”, te(0;T], x> 0;

ftx) = fEy) <ctPle—y)t, te(0;T), {z,y} C

(B): mouarkosa dyHkIis ¢(r) obMerkeHa Ta HelepepBHa HA MHOXKHHI (), OKpiM, MO-
JKJIMBO, CKIHUEHHOTO 9YHCJIa TOYOK po3pusy I-ro pomy x;;
(C): rpanwuna dyukiis v(t) odmexena ua [0;7], HemepepBHO nudepeHIiioBHA HA
(0; T'] Taka, 110
V()] <et™, y<1,te(0;7T).

HpaBI/IﬂbHe TaKe TBEePpA2KCHHA.

Teopema 1. Hexat suxonyromoes ymosu (A), (B) i (C). Todi na mmoorcuni (0;T] x Q
044 610N0610H0T Kpatiosoi 3adai f ichye edunudl peeyaaprul pose’szok u(t; x), sxul
zadosoavhae nowamrosy ymosy (2) y cenci

ult;z) = (), @€ (0;400) \ {z;}.

Jliteparypa
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SACTOCYBAHHS [MPUXOBAHUX MAPKOBCBKUX TA HAIIIBMAPKOBCBKHUX MO,ZLEHEIU/I
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Posrisinyro 3actocyBanHs IpUXOBaHUX MapKOBChbKuX Mojeseir (HMM) ra npuxoBannx
HaniBmapkoBebkux Mozesteil (HSMM) st ananisy dbinaHcoBUX 9acoBUX ps/IiB, 30KpeMa
NWHAMIKHY IiH akiii. Meroro € mopiBasiaasg Moxkansocreit HMM 1 HSMM y BigTBopenHi
PEKHUMIB PUHKY Ta OIHUCI TpuBajgocTeil nmepebyBaHHA y MPUXOBAHUX CTAHAX.

Hexait S = {1,..., K} — ckinuenna MHOXKuHA cTaHiB, X; € S — NpUXOBaHUI CTaH y
MOMEHT 4Yacy t, a Y; — cmoctepexkennd. /Inga HMM 3amaioTsed movaTkoBi Ta mepexiTHi
IMOBIpHOCTI 1 emiciitHl po3mo/IiIn:

T = PI’(Xl = Z), Az] == PI'(Xt+1 :] | Xt = Z),

fi(ye; 05) = Pr(Y, =y | Xy = 5,0;).
IMOBipHICTH (MpaBAOMOAIGHICTD) TOCTIIOBHOCTI CIOCTEPEXKEHD Y1.7 = (Y1, ..., Yr) 32 Ma-
pamerpiB © = (7, A, f) 3anucyerbes gk

T-1

T
L(@) = Pr(yer | 9) = Z Ty Ja (yt;0xt) H szxt+1
t=1

z1.7€ST t=

Knacuana HMM dakTuano npuiyckae reoMeTpuaIHui po3noIia mpusasocms nepeoy-
sarHa y cmani. Y HSMM e oOMerKeHHsT 3HIMAETHCS TIISIXOM BBEAEHHS SIBHOIO PO3TIOILITY
TPHUBAJIOCTI 71 KOYKHOTO CTaHy ¢ € S:

d;(17) = Pr(mepebGyBanus y craHi i TPUBAE T).

7 € N 119 JUCKpPeTHOro Jacy

Hassuicts d;(7) pobuThb Mogeab THYUKINOn momo dbikcaril g0Brux abo KOPOTKHX
iHTepBaIIB CTAaOLILHOI BOIATIILHOCTI, IO XapaKTepHO M1 (PiHAHCOBUX PSIIIiB.

BaiiicHeHO MOPIBHSLIbHE MOAEJTIOBAHHS IIiH aKIiii MPOBIAHUX KOMIIaHIH 13 BUKOPUCTA-
wasiv HMM ta HSMM (2024 p.). Tlokazano, mo HSMM wazmae Tounimmuii onuc guHaMikn
Ta Jla€ Kpally IHTEePIPEeTAIiio pescumis 3a paxXyHOK SBHOTO MOJETIOBAaHHA TPUBAJIOCTEN.
OTrpuMani pe3yJbTaTd TiATBEPIKYIOTH JOILIBHICTE 3acTocyBanusgs HSMM y 3ajadax ana-
JIi3y Ta NPOTHO3YBaHHA (PiHAHCOBHX YACOBHUX PSIIiB, KOJIH €MIIIPUYHI TPUBAJIOCTI CYTTEBO
BLAXHJIATOTHCH BiJI TEOMETPUIHOTO PO3MOILITY.

[Moganeiuit pO3BHTOK MiAXOAy MoOxKe mepemdadarn inTerpaimito HSMM 3 meromamu
MaIIMHHOTO HaB4YaHHd. [le JI03BOIUTD He JIMIIe HiIBUIUTH TOYHICTb IPOTHO3YyBaHHd, a i
QJIANTYBATH MOJEJI 10 CKAQJTHUX CTPYKTYP 3aI€:KHOCTEH Ta MiHJIUBHX YMOB (biHAHCOBOTO
PUHKY.

Kpim Toro, nepcnekTuBHUM HAILPSIMOM € 3aCTOCYBAaHHS Ii€1 MOJIel JI0 aHa i3y IHIIUX
THIIB JaHWX, 30KpeMa MaKPOEKOHOMIYHUX MOKA3HUKIB, BAJIOTHUX KYPCIB UM KPUNTOBA-
gioTHuX puHKiB. [TogibHuit HATIPAM BiKPUBAE MOMKJWBOCTI JIJIT HOBUX JOCJIZKEHb Ta
CTBOPEHHS YHIBePCAJbHUX IHCTPYMEHTIB, 3/IaTHUX IPAIOBATH 3 PI3HUMHU BUIaMu (piHaH-
COBUX Ta €KOHOMIYHMX YaCOBUX PSIiB.
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ACHUMIITOTHUYHI BJIACTUBOCTI MOAVJIA XAPAKTEPUCTUYHOT @yHKHIT O,ZLHIG'I'
BI/IHA,ZLKOBO'I' BEJIMYMHU 3 HE3AJIE2KHUMU QQ—HI/ICDPAMI/I CBOT'O 3O0BPAXKEHHHA
Oner Makapuyk
Lenwmparvroyrpaincorut deporcasnut ynisepcumem iment Boaodumupa Burnnuvenra,
Kponusruuvruti, Yxpaina

Hexait 3amano gy € (0;1), A = {0;1} — andasit, T = A x A X ... Xx A X ... — npocrip
noctiioBHOCTel entemenTip andasity. [Toknagemo ¢ = 1—qo, So = 0, £1 = qo. Binowmo [1],
o 1t koxkuoro x € [0; 1] icnye mocainosuicts (o) € T Taka, 10

k—1

+o0
T = Baq + Z Bak H doj | - (]-)
k=2

J=1

lopanng gucia x y surtani (1) masuBaernesa Qo-upencraBieHnsM. B momasabiomy
JIIST 9McJia & Oy1eMO BUKOPHUCTOBYBATH HACTYIHE (Jo-300pazKeHHs:

Hexait () — MOCTIIOBHICTD He3aJI€XKHUX JUCKPETHO PO3MOMITEHUX BUIAJIKOBUX Be-
JINYWH, gKi HabyBaloTh 3Ha4YeHb (0, 1 3 #IMOBIpHOCTAMH Do, p; BiamoBiaHo. Posrisimemo
BUTAIKOBY BEJTUUHHY

_ AQ2
6 - A€152$n
Bigomo [I], mo Bunagkosa Beauunaa  Ma€ YUCTHH PO3MOJLI, 30KpeMa: JTUCKPETHHIA
. o 1 .
mumme XKomx py € {0;1}, abcomoTHO HemepepBHUil JIMIIe IPH Py = 5 Ta CHHTYJIAPHHI y
BCIX 1HIINX BHIIa/JIKaX.

Jna xapakrepucrnanol dyukuii fy(f) BUIAIKOBOI BEIHIHHN 1) PO3IIAHEMO 3HAUCHHS:

L= Tm |f,0).

[t| =400
Teopema 1. Hexati gy = @, modi das xoorernoeo py € (0;0,0142) sukonyemovea ymosa:
Lg > 0,
OiAbUL MO20

p1—0
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Pozimupennst maremMaTudaHux Moje el Jijisd JIONICTUKU JIPOHIB JIOITYHO ITPUBOAUTH JI0
HEOOXiTHOCTI BpaxoByBaTU MOpAJ] i3 HUMH i Tpaauiiitni Tpancnoprai 3acobu. [Tpomony-
€ThCsl MJAXiJ, 110 JI03BOJISIE TOPIBHATH edeKTHBHICTh 0e3MiJIOTHUX JITAJhHUX allapaTib
(BIIJIA) 3 aBromobinpHuM TpasncmopToM. [lo6ymoBaHa y3arajbHeHa MOJENb OJHOYACHO
OXOILTIOE OOMIBA TUIIN IEPEBISHUKIB T CTBOPIOE YMOBH JIjIsI BU3HAUCHHS HAfK pallluX cTpa-
Teriil JOCTABKH 3a7€KHO BiJl 0COBIMBOCTEN KOHKPETHOTO crieHapiio [1].

(Y]

Jpouu it aBTOMO006i1JIi: KJII0Y0Bi BiAMiHHOCTI. BesnimorHuky 31aTHI 101aTH Bij-
CTaHI TPAMOTIHITHUME TPACKTOPISIMHE, IO A€ 3HAYHUHN BUTPAI ¥ Jaci I MaJIUX 1 TepMi-
HOBHUX BIIIIPaBIeHDb. Y JIEAKHX BUIAIKAX IIBUIKICTD JTOCTABKHA MOYKE IT€PEBHUIILYBATH aBTO-
MOOLJIbHY B KLJIbKa Pa3iB, IPUYOMY BHTPATU HA OJ(HE 3aMOBJICHHS 3a/IUINAIOTHCS HUKIM-
mu. BopHodac obmerkeHna BaHTaXKOIIIHOMHICTD Ta 3arac baTapel pobJiaTh 1X MEHII TPHIa-
THUMHA JIJI MACOBUX MepeBe3eHb. ABTOMOOLIBHI Kyp'€pu, 0COOJIMBO €J1eKTPOBAHTAKIBKH,
edeKTUBHIIIEe CIPABILAIOTHCS 13 BEJIUKUM 00CATOM IOCUJIOK 1 3/1aTHI 0OCIYTOBYBATH LI
paiioH 3a oamH peiic. ¥ ciabebkiil micuebBocti BIL/TA meMoHCTPYIOTH IepeBary 3aBIsKu
OPSIMHAM MapIIpyTaM Ta HUXKIUM BATpATaM MaanuBa, TOMl 9K Y MICBKAX YMOBAaX €JIeKTPO-
TpaHcnopT baKTHIHO 3PIBHIOETHCSI 3 HUMH 33 €KOJIONYHICTIO [2].

¥Y3araabHEeHA MaTeMaTYHa Moaedab. Hexail: V' — MHOXKIHA Ha3eMHHX TPAHCIOPT-
HUX 3ac00iB, D — MHOXKHHA JpoHiB, N — MHOXKHHa 3aMOBJIeHb. MeTa — MiHIMi3yBaTH
4ac 3aBeplieHHs ycix jocraBok: min 1, jge T' — MOMEHT HOBEepHeHHS J0 0a3u OCTaHHbO-
ro i3 3a/igHuX nepepi3HuKiB. KoxKHe 3aMOB/IEHHS MOBUHHE BUKOHYBATHUCH PIBHO OJIHUM

3ac000M:
E ZL’ik—i-E yz‘l:1, ViGN,
keV leD
Je x;; = 1, 9KImo0 3aBJaHHd ¢ BUKOHYE aBTOMOOLIbL k, a y; = 1, gKimio #oro obcaiyro-

By€ JIpOH [. Y MOjesi TaKOXkK BPaXOBAHO OOMEXKEHHs Ha MICTKICTh aBTO, 3alac X0y Ta
BaHTaKHICTh JIPOHIB, a 3a 1morpebu — i YacoBi BikHa. TakuM YHHOM, BOHA Yy3ara/bHIOE
kjaacnaay VRP mra 3mimanoro mapxy i 3aaumaerbea NP-ckiamgroo. ng mpakKTHaHOTO
pPO3B’sg3aHHs HAHOLIbII HEPCHEKTUBHUMYU € METAEBPUCTUYHI METO/U, 30KPEMa aJIlOPUTMHU
Taby-montyKy Ta poiioBoi onrumizarii [3].

IloctanoBka 3amadvi Ta orpuMaHi pe3yabTatu. Ha ocHOBI Mojies1i po3B’d3aHo npu-
KJIAJT 33JIa9l «OCTaHHBOI MUy 3 OgHUM Jerno Ta N = 36 agpecaMu y 3MiIIaHiil MiChKO-
npumichKiit 3oui. [TopiBHoBaau Tpu crienapii 3a Kpurepiem minimizarii 7% (i) sumie aBro
(2 enekTpoBanTaxiskn), (ii) aume aponu (6 BITJIA, paxiyc aii 12 kM, BaHTazKOIIHOM-
nicts 2 xr), (iii) ri6pux (2 asro + 4 BILJTA). 3a oqnakoBuX 9acoBUX BIKOH i IIBHKO-
creit, orpuMano: Tyyio A 165 xB, Ty, ~ 108 xB (3 ypaxyBaHHsIM 00MeKeHb pajiiycy /Baru),
Thiybria ~ 92 xB. Takum unHOM, riOpuIHnIil clieHapiil 3a0e31edye HaliMeHIIN Jac 3aBeple-
HH¢ IapTil JIOCTABOK 33 PaxyHOK lapaJiesiizalii Ta « pO3BaHTaXKeHHs» KPUTUIHUX JIIJISTHOK
MapiipyTy (Aerasi mocTaHOBKE Ta PO3B’a3aHHs mogaHo y ctarTi). OTiKe, riOpuaHuil Clie-
napiit «apro+BIIJIA» 3abe3neduye maitmentiit gac 3aBeprienHs J0CTaBOK: Thypria ~ 92 XB
upotd Tyay &~ 1088 1 Ty & 165XB, 0 03HAYAE CKOPOUEHHA 4acy npubimsno za 44%
IOPIBHSHO 3 JIMIIe aBTO Ta Ha 15% MOpIBHAHO 3 JIKIIE APOHAMH.

YMoBU e(peKTUBHOCTI. 3ampOIOHOBaHA MOJIE/Ib TO3BOJISIE MOKA3ATH, 10 JAPOHU Haii-
BUTIAHITT Y CIEHAPiAX i3 HU3HKOIO MIJILHICTIO aJIpec Ta, BUMOTAMW J0 TITBUIKOI JOCTaBKU
HA HEBEJUKHX BijcTaHsaX. HaroMmicTh y BHIAJIKY BEJIUKHX 3aMOBJIEHL ab0 BHUCOKOI KOH-
HneHTpalil KJIEHTIB Ha OOMerKeHii TepHTOpil OLIBIN pAIiOHAILHUM PIIIeHHIM 3aJIHIIAE-
ThCsl aBTOMOOLILHMIT TpaHncnopT. KpurtnduuMu mapaMerpaMu € BiJICTaHb MIXK TOYKAMU,
rexuiani xapakrepuctuku BILJTA ta Tpancmoprroi Mepexi. 3a pajiycy mo 10 kM Ta He-
BEJIMKWX TAKYHKIB MOBITPSHA JIOCTAaBKa TepeBaykae 3a YacoM; y MPOTHUIEKHUX yMOBaX
nepeBara MepexojuThb J10 aBTo [2].
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I'iopuanui pimierHs. OurumasibHi pe3y/ibTaTu JAl0Th 3MiMaHi crparerii, KOJu aB-
TOMOOLTH JOCTABJIAE BAHTAXK JI0 IPOMIXKHUX TOYOK, a JPOHU BUKOHYIOTH OCTAHHI eTarr
MapmipyTy. Lle /103BoJIsSIE CKOPOTUTH JIOTICTHIHA MUK Ta MOEAHATH CUJIBHI CTOPOHU 000X
TUIiB Tpancnopry. CydacHi eKCIepUMEeHTH HOKAa3YIOTh, IO TaKUil Ii/IXi/1 3/laTeH iCTOTHO
3HU3UTH Yac JOCTAaBKHM # MiABUIIUTH e(peKTUBHICTH MeperKi HaBiTh y CKJAIHUX YMOBAX

[3].
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BUKOPUCTAHHSI MATPUIb PE3YJIBTATY JJIs1 PO3B’SI3KY JUCKPETHOT
JUHAMIYHOT KOOTIEPATUBHOT T'PU
Cepriit MapTunmok, Bauecnas Ilypkan
Yepriseuvrul naytonasvhutl yricepcumem iment FOpia Pedvrosuua, Yeprisu,
Yrpaina

Y poboTi JOCHIIKYETHCS MPAKTUYIHE BUKOPUCTAHHS MATPHUIbL PE3YJbTaTy I 3Ha-
XOJIZKEHHS ONTHMAJIBLHOI CTparerii Jjisd JUCKPETHOl JMHAMI4HOT Kooneparusuoi rpu. Ma-
TEeMaTU4YHa MOJIeJIb T'PH, dKa OXOILIIOE BCl IrPOBI il KOMaHIu y BoJeiido/1i, Moxke OyTH
npejcTaBiIeHa rpadoM Ta po3bnuTa Ha KOMIIEKCH. Jane po30OUTTS MOXKHA PO3TIISIATH K
knacuane [1.

Komanma A Komanxa B
Moaaqa (1) . _(1)Monaua
. ' “a . .
Ilpuiiom monadi (2) (2)IIpmiioM moaa4i
| |
v v
—» IIac(3) (3I)IMac <«—— —
| |
v b4
ATaka (4) _(PHATara
Baox (5)* A (5)Baok
| |
v v
L o Tlpniiom (6) (6)IIpmaiiom o i
abo BinbHHHE M A4 a0o BLIBHHE M’ A9

Puc. 1. I'padiune 306pazkeHHs rpu
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Kommieke arakysaabanii Attack Process (AP): IMocaigosni fif Bix npuitomy nogadi (2)
10 nacy (3) ta araku (4). Ieii nmporec iHIIIETHCS NOMAYEI0 CyTIEPHUKA Ta 3aKIHIYEThCS,
KOJIM KOMAHJIa MOBEPTAE M g4 CYTEPHUKY.

Kommieke kourparakysaiabauiit Counterattack Process (CP): IloctinosHi il Bix 670Ky
(5) mo mpumitomy abo BibHOrO M’staa (6) 10 macy (3) ta ataxu (4). Leit mporec iHirioeThest
ATaKOIO CYIMEPHUKA Ta 3aKIHIYEThCs, KOJIH KOMAHIA MOBEPTAE M SIU CYIEPHUKY.

Koxknuwuit i3 mannx xkommrekcis AP ta CP, moxemo posrisgati sik IUCKPETHY -
HAMIYHY KOOIEPATUBHY TPy i KiibKocTi rpaBiiB N = 6 Ta kiibkocrti etanis M = 3
abo 4 pigmopinHo. ucKperHuii miaxid T03BOJISE YiTKO MOJIEIIOBATH IIOCJIIOBHI €Taln
NpUHHATTA pineHb. /IMHaAMITHICTS PUHKOBOTO CEPEIOBUINA XapaKTePU3YEThC MIBUIKHAMHI
3MiHAMH TEXHOJIOTiH, 3aKOHOJaBCTBRA, MOSBOIO HOBUX KOHKYPEHTIB. /luHaMivHi irpu 103B0O-
JIAIOTH BPAXOBYBATU 3MiHU CTaHy CUCTEMU BiJ| €TaIly JI0 eTalry i nepejdadaTu IXHiil BILIUB
Ha cTparerii rpasiiB. Y KOPHOPATHBHOMY CEDPEJ/IOBHIN] BAYKJIMBO BPAaXOBYBATH HACJII KU
Jiiff y JTOBTOCTPOKOBI!l MEPCIEeKTHBI, & He TLIBKH MHUTTEBY BHUTOMY, TOMY 3 JOIOMOTOIO
JUCKPETHUX AUHAMIYHHAX IrOp MOYKHA MOJIEJIOBATU CHUTYallll, KOJW TeMepiltHi pPileHHs
BILUIMBAIOTH Ha MaiibyTHI MoxKIuBOCTI [2].

36ip manux s HOPMyBaHHS MaTPHUIb PE3YAbLTATY HPOBOAUBCI 3 BUKOPUCTAHHSIM
JIAHUX BOJIEHOOIBHOT CTATUCTHKY IIPOBEACHUX OMIMITHNX MATYiB XKiHOYUX BOIEHO0TbHIX
komaH maiicrpiB Bumoi girm Ykpainu. Tobro a1 KOXKHOI irpoBoi i, It KOXKHOTO
rpasiig Mu MaeMo copMoBaHi MaTpuIl pe3yabtary [3]. V abcoroTHIX BeIudnHAX 3a/1aH]
MATPHII BUKOPUCTAEMO JJIsi (POPMYBaHHSI BEKTOPiB WMOBIPHOCTI Jiif.

Hexait P, i Pk, 2 P;ass ; HMOBIDHOCTI BUIDalLy, LpOrpally Ta liepejadl X0y iH-
momy rpasio Ha k-my (k € [1; M]) erani rpasus G;(j € [1; N]). To6ro y marpuasiii
P P! P!
vgm lgst Pan,ss
. Pz P

(bOle vain — win 5 Plost - lost ) Ppass - bass , A€ Pv’:/:in ) Pllf)st 5 Pg:ass

M M M

P win ]Dlost I pass

BEKTOPH fMOBIpHOCTel Jjisi KOKHOTO I'pasiisg po3mipaictio N, i (k € [1; M]).

IT1o6 rpa aiiinmia 1o rpaBis, MOTPiOHO, OO IpaBIll HA MOTEPEeIHIX eTanax rmepeaasin
Xim maqi, He BUKOHYyIoUM il. Ilga cxema e janmorom Mapkosa mepmioro mopganky. Lo
MOCJIIOBHICTD 3aIIANIEMO B MAaTPUITIO HMOBIPHOCTI MepeXoy:

0 P12 P13 -+ PIN

pai 0 paz - pon

T=1| pu ps2 0 -+ pan
PN1 PN2 PN3 0

g Bu3HAYeHHSI WMOBIPHOCTI OTpMMaHHA X0y I'paBIleM Ha BU3HAYEHOMY eTalll, BU3HA-
YHUMO TOYATKOBHI BEKTOD CTAHY.

Vl:(p1 b2 ps - pN),

Jie eJleMeHTaMu OyIyTh HMOBIPHOCTI OTPUMAaHHS MePIIoro xoay rpasieM. g k-ro eramy
piBHICTH HAOY/Ie TAKOTO BUIJISLY:

VE=(VEL PENY X T = (V! Pl Pl s Pt ) x TH!

pass pass pass pass

Orxke, 3arajibHa IMOBIPHICTD BUI'DAILY I'PABIB HA BCIX eTamax, MOXKHA 300pa3uTu y BuU-
TJIS T MaTpHIl:

wk=v"r. py,

67



Jlnst Bu3Havenns fiMOBIpHOCTI BUTpaIry rpasiiB ua k-my erarni Wy, o0uucimmo sk 100y TOK
A mamapa fiMOBIPHOCTI TOCSITHEHHST X0y JI0 I'PaBIid Ha k-My eTamni Ta iMOBIPHOCTI BUrparry
wt
. - . w2 k .. . .
rpaBIld IpH 37iCHe ] il Ha qanomy etami: W = , 1e W BekTop #iMOBipHOCTEIH
wM
BUTDAIY I KOZKHOTO rpaBiist po3MmipaicTio N wa erami k(k € [1; M]).
SHaiijieHa MaTPUIld 1 € HMOBIPHICTIO BUTpAIly I'PaBIiB HA Oy/Ib-9KOMY €Talli IIPU BH-
KOHaHHI Jiil, 10 mepebadae BpaXyBaHHs BCiX MOXKJIMBHX PillleHb IPABIIB Ha MOIEPeIHixX
eTamnax.
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[TPO OIMIHKY a-MIPU TAYCIOP®A HA (0,1] BITHOCHO CIMENCTB ITOKPUTTIB,
11O TTIOPO/I?KEHI JOJATHUMU PO3KJIAJAMU IIEPPOHA
Mukosia Mopo3
Inemumym mamemamuru HAH YVrpainu, Kuis, Ykpaina

Osuauennda 1 (|3]). Jodamnum posxaadom Ileppona diticnozo wucaa x € (0, 1] nasusa-
10ms 1020 Po3kaad 6 pad

> oty "

= (p1— )p1 -+ (Pn — )PnPnt1’

de (1,)5% 0 ma (pn)S2, — NocaidosHOCI HAMYPANDHUL YUCEA TAKT, U0 Dy > Trn—1+ 1 0aa
eciz n € N.

Posknanm lleppona € y3araJbHeHHIM J0JIaTHUX PO3KJIAIIB JI1opoTa, KIacHIHAX Ta
MoaudikoBaHuX po3kaaaiB Exrens, poskaanip CuabBectepa, DK B-po3KaIa/IiB TOIIO.

Badikcyemo nocstigosuicts P dyHKIiit ¢, Takux, mo @y = const € N ta ¢,,: N* — N
anst n € No dgmo 19 = @o 1a 1y = ©p(p1,...,pn) Aas Beix n € N, To poskiaz
Ha3WBalOThL P-npedecmasiennam IUCIa T Ta MO3HATAOTH A;p%, a 9ucao p, = pu(z)
HA3MBAIOTH N-1010 P-uugporo auciaa x. as 1oBULIBHOI HMOCHiIOBHOCTI P KOXKHE YHCJIO

x € (0, 1] mae enune P-nipencrasienns 3], a tomy P-miucdbpu anciia Bu3HAYEH] OJTHO3HAUHO.

Jluist HATYPAJIbHUX YUCEJI Cq, . . ., Ck, 1O 3aJ0BOJBHSAIOTH YMOBY ¢; > @;(C1, ... ¢ 1)
npu Bcix 1 <4 <k, BUBHAYUMO MHOKHUHY
P
Acl.“ck - {(L’ S (07 1] : pl(‘r) =C1y- .- 7pk($) - Ck}7 (2)
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SIKY Ha3uBaioTh P-yuaindpom panry k 3 0CHOBOIO ¢ ... cg. Bimomo [3], mo P-nuiingpu €
npomikkamu Buay (a, b|.
g koxkHOTO P-T1IpejicTaB/ieHHsT PO3TJIAHEMO JBa CiMeiicTBa TTOKPUTTIB:

e ‘I3 — ciMelicTBO MHOYXKUH, gKi € 00’ € JHAHHAM TOC/IiIOBHUX P-IMIIH/PIB OJIHAKOBOTO
paHry Ta MICTIThCS B OJHOMY P-IIIiHAPI TONepe HbhOTO paHry. [HITHME CJI0BaMH,
ciMeiicTBO P CKIaIA€ThCA 3 YCiX MHOXKHH HACTYITHUX JIBOX BH/IiB:

m o0
P P
U Acl..‘ckiv U Acl...ckiv

1=n =n
n>re+1 n>re+1

ae = g (¢, ..o, k)
e I3y — ciMmeiicTBO, 1110 € YaCTUHOIO ciMeiicTBa P Ta CKIAIAETHCS JUIE 31 CKIHYeHHUX

00’eHaHb P-1IMIiHIpIB.

OsunavenHda 2. a-miporo Taycdopda muoocunu E C (0,1] sidnocno cimeticmsa B nasu-
BAEMBCA BEAUMUNA

HY(E, ) = lim | inf Z|Ej|a : (3)

=0 \ |Bjl<e

de HPIMYM 00UUCAIOEMBCA 3G BCIMA HE DIABUL HIHC 3YUCAEHHUMU E-TLOKPUMMAMU MHO-
orcunu B npomistexamu E; i3 cimeticmea *B.

Amnastoriuno o3nadyerbes a-mipa [aycaopda BimrOCHO cimeiicTBa .

JIema 1. Jlosiavnut npomiocox U = (x1, 5] C (0, 1] moorcra nokpumu we Ginvue Hiok
MPOLOMA MHONHCUHAMY 13 cimeticmsa B, diamemp arxux we nepesuwyye |U|.

Teopema 1. /s koorcnoi muootcunu E C (0,1] ma dosiavrozo o > 0 miowe Kaacuwnoro
a-miporo Taycdopga H*(E) ma a-miporo Taycdopda eidnocro cimeticmea P mae micye
CNI6BIOHOULEHHA

HY(E) < H*(E, ) < 3H*(E). (4)

Teopema 1 nmokpariye Bigomi oninku fjast H*(E,P) y Bumagkax, koau P-npencras-
JeHHs € mojaTHuM pos3kaagom Jlopora |2, 5], knacuarum poskramom Enrens [1, 2] gu
poskiagom Cusbeecrepa [2], Ta y3aranbHioe 1X.

Teopema 2. Jlaa kootcnoi muoorcunu E C (0,1] ma doginvrozo o > 0 miowe a-mipamu
Laycdopda sidrnocno cimeticms P ma Po mae micue cnicsIOHOULEHHA

Ha(EaslnzHa(Eva)' (5)

Teopema 2 yrountoe pesyiabrar i3 [4] misa poskiaazais Onmenreiima ta y3arajabHioe foro
Ha OLIBII IMUPOKHUH Kac AomaTHUX po3kaaais Ileppona.

JlitepaTypa
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OIHOMAPAMETPUYHA CIM’A ®PAKTAJIbHUX ®YHKIIIN, [TOB’A3AHUX 3
(Q2-30BPAYKEHHAM YUCEJ
BanenTnna Hazapuyk
Inemumym mamemamuru HAH Vrpainu, Kuis, Ykpaina

Hexait Ay = {0, 1} — aBocumBosbHMi asdasit, Ly = Ay X Ay X ... — TIPOCTIp MOCTIi-
JIOBHOCTel ejleMeHTiB asidabiTy (HysiB Ta oguHuIb), ¢ — cim’s diniTHux dyHKIR ¢ 1BOX
BMIHHEX, & came @ : Ay X Ay — As.

Hexait ¢, € ® s Oyiab-sikoro n € N. Posnisaerbes hyHKIlis, 0O3Ha4eHa PiBHICTIO

— A@Q _ AQ2
fa(.flf - AOQQOJQ---Oén---) - A<p1(al,og)gag(ag,ag)...gpn(an,an)...7 (1)
ae AL, . — Qo-306paxenns uncen [I] 3 mapamerpom qo € (0;1) 1 q1 =1 — go, T06TO

0 n—1
Q2 _
A = 011—ay T ) nGi_a, | | dan
n=2 =1

. o Q _ . “ X
ia=Ag, ., . — dikcosannii napamerp 3 [0;1].
Osznavenns ¢yukmii f, piBHICTIO , B3araJii KaxKydu, € HeKOPEeKTHUM, OCKLIbKI JI/Is

: : _ AQ2 _ AQ2
¢dopMaIbHO pi3HUX 300parKeHb OJIHOTO 1 TOrO K YHUCJIa T = Am%”an(o) = Aalaz_.[awl](l)

Ma€ Micie HepiBHICTb f‘l<AaQ12...an(O)
CTOBYBaTH OjiHe 13 300pazKkenb (Jo-0IHAPHOIO YHC/Ia, a caMe Te, 1o MicTuThb tepiox (1).
Axmo a — gosinbhe wnciao 3 [0;1] i p,(u,v) = v Vn € N, 10 f,(x) = z, akmo x
on(u,v) =1 —vVn € N, to f(x) = I(z) — HemepepBHa cTPOro cruajaHa (HYHKILA, dKa
Ipu gy = % € CHHTYJISIPHOIO (HellepepBHO, BIMIHHOIO B/l KOHCTAHTH, MTOXiJHA SKOT piBHA
HYJIIO Maiizke CKpi3b y po3yMinui mipu JleGera).
3posymisio, 1o 3a ymoBu @, (u,v) = u abo ¢, (u,v) =1 —u, 1o f,(x) = const.

) # f‘l<Aan2...[an—1](l)>' ToMy JIOMOBHMOCH HE BHKODH-

Teopema 1. Hrwo p,(u,v) = uv das 6ydv-akozo n € N, mo npu a = A%) byrryia
fo(z) = 2; npu a = Agfaz.,.ana) dynruia f(x) € xyckoso-ainitnoro na [0; 1] ¢ ainidnorw wa
Kootcnomy yuaindpi (n + 1) paney. Hrwo orc op(u,v) =1 — uv i y 306pasicenni wucaa a,
nowunatouy 3 dearozo nomepa k € N, apr; =11 € N, mo dynxuia f,(r) cuneysapna na
Koorcromy yuaindpi (k + 1)-20 paney npu qo # %
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Hexaii o, (u,v) = uv ¥Yn € N. dkumo B QQ2-300parkenni yucjia ¢ CKiHYeHHA KiJIbKICTDH
OJIMHUITH, TO MHOKHHA, 3Ha4YeHb (DYHKIII f, € cKinueHnM 00’€IHAHHAM TOYOK; AKIIO KiTh-
KicTh HyJ1iB cepest mudp (Q2-300parkeHHsT a CKiHUYe€HHA, TO MHOXKWHA 3HAYEHD € 00’ THAHHAM
BiIPI3KiB; B PeINTi BUMAIKIB MHOKUHOO 3HaUeHb (DYHKINT f,(2) € MHOKHHA KAHTOPIBCHKO-
ro tuny (Hifge He MUIbHA MHOXKHHA HY/JI60BOI Mipu JleGera).

Y nmomoBidi OyayTh TpeacTaBIeH] pe3yabTaTH JOCTIIKEHHs JIesIKUX IMpeJICcTaBHUKIB
Kjaacy (byHKIii f,, 30KpeMa IpHUIIISEThCA yBara TUTAHHIO (DpaKTAIbHUX BIACTHBOCTEMH
MHOYKUH 3Ha4€Hb, MHOXKHWH DPiBHIB Ta rpadikiB pyHKILiii.

Jliteparypa
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ITrO INEPEXIIHI BIJOBPAXKEHHA
Bacunar Hecrepenko, Onena Poriii
Yepniseuvkul nHaytonasvhul yruisepcumem imeni Opia Pedvrosuna, Uepnisug,
Yrpaina

[TonsgrTa nepexignocti ana ¢pyukmii f : R — R 6yso BBegene Bonogumupom Maciiro-
yerkoM B mpaiii [I]. BoHo Jilerko mepeHoCuThes Ha BUMAIOK JiHCHOZHAYHAX (DYHKIIIH, sKi
BU3HAYEH]I HA JIOBIJIBHUX TOIMOJJOTTYHUX IPOCTOPAX.

Oznauennsa 1. Qynxyia f : X — R nasusaemuves nepexionoro 6 movwui x € X, axuwo das
006iAvH020 € > 0 icHY0Mb YUCAG Y1, Yo, Maki, wo f(x)—e <y < f(z) <y < f(x)+€ ma
icnye oxia U mouku x 6 X, maxud, wo UN [~ {y1,y2}) = 0. Txwo pynruis nepexiona
8 KOAHCHIT MONUL, MO 80HA HA3UBAEMBCA NEPETIOHOM0.

fk 3scyBasiocs, mepexigHicTh € J0CuTh MPOCTOI0 yMoBOIO. Tak koxkua (yHkiis f :
X — R cymoio gaBox nepexiguux ¢pyukii. Koxkna MOHOTOHHA (DYHKIA, YN KOXKHA He-
nepepBHa (pyHKINA, & TaKOXK KOKHA (DYHKIlS 13 3aMKHEHUM TpadikoM € nepexiaHoio.
OjyHak, He BCl PYHKIII € mepexiHuMu.

[TongarTa nepexigHocti O6y/I0 mepeHeceHO HA BHIIAIOK JOBLIBHUX TOIOJOTIYHHUX IHPO-
cropis y mpari [2].

Oznauenns 2. Bidoopaosicenna f: X — Y nasusaemuvca nepexidnum y mouui x € X,
AKULO 044 KootcHoz0 okoay V mouku f(x) e Y icnyromo oxin U mouxu x 6 X i eidkpumut
oxia W mouxu f(x) 6 Y, maxi, wo W CV i f(U) C WL (Y \W) i npocmo nepexionum,
AKUL0 BOHO € MAKUM Y KOHCHIT mouuyl 3 X .

[lTopsn 3 TOHATTIM IepeXiAHOCTI BHHUKIN AedKi 11 mocaabseHHsI, TaKi, dK cJabKa
nepexigHicTh Ta caabka KpasdimepexigicThb. Y Bce Tiii ke npani [2] 6yno mokazaHo, 1o
cinabKa KBasilmepexiJHiCTh MOB’s3aHa 3 BiJIOMOIO BJIACTHBICTIO Bif0OparkeHb ITiJ] HA3BOIO
"pracrusicTs Ty Yesapo': BijoOparkeHHS Ma€ BAACTUBICTH TUIy de3apo Tomi i TiabKn
TO/I1, KOJIX BOHO He € CJ1aOKO KBa3ilepexiTHHM.

71



BusiBusiocst, 1o 10CJijizKeHHsIM 110/II0OHMX BJIACTUBOCTEH BijoOpazkKeHb ITPUOJIN3HO B
ueit ke wac 3afimanucs i inmi maremaruxu. Tak B npani [3] H. Jlesin ysis momsarrs w*-
HEeINepeBPHOCTI 1 JIOBIB, IO /st JOBLIBHUX Tomooridaux mpoctopiB X i Y BimoOpazke-
g f @ X — Y € HemepepBHEM TOAI i TIIBKHM TOJi, KOJH BOHO CJIAOKO HellepepBHE i
w*-#enepepsHe. P. Mimua ta . Po3e y3araapHuIm MOHATTS w*-HeNepeBPHOCTI, YBIBIIH
B [4] mousTTS NMOKAMBHOT Ww*-HemepeBpHOCTI (a Mi3HiNTe, I TOHATTS JOKATHHOI BIIHOCHOI
HerepepBHOCTI ). L1l MOHSATTS 3aCTOCOBY BAIHC /7151 BCTAHOBJICHHST PE3YIBTATIB PO TEKOM-
MO3UIIII0 HEIepepBHOCTI, B SIKUX HEIEePepBHICTh PO3KJIa1aacsd Ha JBa THIN OCJIa0/eHb:
ocJiabJIeHHs TUITY HEpPexiIHOCTI Ta ocaab/eHHsd THILY 3B S3HOCTI rpadika.

B 2] Branocs orpumaTi HACTYNHUH pe3ysibTaT Ipo JEKOMIO3HUIII0 HellepepBHOCTI.

Teopema 1. Hexeli X — sokanrvho 38°a3uuti npocmip © Y — monoao2iuHut npocmip.
Bidobpaoicernmna [+ X — Y e nenepepsrum modi i misvky modi, KOAU 6OHO MGE CAGOKY
saacmueicms apby (06pas kootcrol 0b6aacmi € 36 A3H0W MHOHCURO010) | € NEPETIOHUM.

[leit pesynbTaT y3araJbHIOE BCl IOMEpeTHI BiIOMI pe3y/IbTaTH Ha IO TeMy, 30KpeMa,
JI00pe BiIOMHUI pe3ysIbTaT Mpo HENePEePBHICTH MIHCHOI (DYHKINI i3 3aMKHEHUM 1 3B’SI3HUM
rpadikoM.
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HEINEPEPBHUN I[IPOEKTOP ﬂBIﬁKOBOFO SOBPAKEHHA YNCEJI B JIAHIIOI'OBE
As-30BPAYKEHHS
Ounena Hikopak
VIV imeni Muzxaiina /[paecomanosa, Kuis, Yrpaina

Hexait Ay = {%, 1} — andanit, Ly = Ay X Ay X ... X Ay X ... — mpocTip mocaioBHOCTEH
exementis andasiry. Toai [T, 2] aus 6yap-sxoro x € [1; 1] icnye nocaigosnicts (a,) € Ly
TaKa, I

r=1/ay +1/ay+ ..+ 1/a, + ... = A L, e a; € As. (1)

a1as...an.
Poskaa uncita x B nanmiorosuii apio (1) HasuBaerbest aanuro2o6um As-npedcmasiertsm,
a CKOpoueHuii 3ammuc A2 — AaHU0208UM Ao-300DadceRHAM.

aiaz...an...
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[cHyIOTh YmCIa, Mo MAIOTh JABa JaHIIOroBux 306paxenus (Ao-6inapni). Ile ancia Bugy

A2 A2

alaguxxn_lé(%l) - alag_.an_ll(l%)'

Ao-GiHapHi Ymc/Ia yTBOPIOIOTH 3JIYEHHY BCIOAW MILIHHY Yy [%, 1] muO)KUMHY. Perra uncen
MAIOTh €anHe 300pazkenus. [x Ha3uBawTh As-yHaApPHUME.
Posriisnaernbes yHKIlisg, 03HadeHa PiBHICTIO

_ A2 _ AA2
f('r - Aalag..‘agn_lagn...) - A(%)lf&l(%)QQ'“(%)I—O{QH71(%)QQHH.’
o
e A? = Sn — gpacudHe ABiiKoBe 300paxkenns uncia ¢ € |0; 1].
a1...0n... 2 9
n=1

Osnauennst GyHKI [ € KOPEKTHUM, OCKLIBKE Ma€ MICIe PIBHICTH st OyIb-sIKOTO
Habopy (aq, ..., a2,)

f(A2 1(0)) =A%

2
aq...02n (%)1_0‘1‘,,(%)0‘2'”1(1

A
= f(A? = AT} :
b f( al...azno(l)) (3ylmer(d)een ()
Teopema 1. Qynkuyia [ € Henepeperoro cmpo2o cnadnoo CuneysapHoto dyrKyicto (He-
nepepeHon PYHKYIEI0, GLOMIHHOI0 610 KOHCMAHMU, NOXI0Ha K0T JOPIeHIoE HYA0 Matidce

CKPIsb Y posyminni mipu Jlebeza).

Teopema 2. I'pagix I'y dynryii € asmomodesvnoro mroorcunoro 'y = | ¢;;(L'f), de
(i,j)EAX A

/ 2i+j
o' =3+ T .
Gij * . _ 1 (4,7) € Ax A
y - 27171_;’_ 1 Y
27 J+y

Y JIONOBi/Il MPOMOHYIOTHCA PE3YABTATH JIOCIIZKEHHS CTPYKTYPHUX, JTHdepeHiaabHux
Ta iHTerpajJbHUX BJIACTUBOCTEH (PYHKIIT f.
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OBI'PYHTYBAHHS METOAY YCEPEJHEHHA B BATATOYHACTOTHUX CHUCTEMAX
[IEPIITOI'O HABJIM2KEHHS 3 IHTEI'PAJIBHUMU YMOBAMUN
Muxaiino Ilacryia
Yepniseyvkul Haytonasvhutl yuisepcumem im. Opia @edvrosuua, Yepnisui, Yrpaina
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Merou, ycepejinenns jijig 6araro4acToTHUX JiudpepeHiiajJibHuX PiBHAHL OOIPYHTOBA-
no B npanax A.M. Cawmoiinenka, P.I. ITerpumuna [I] Ta inmmnx suenux. Bararouacrorui
CUCTEMH i3 3ali3HeHHAM apryMeHTy ii iHTerpajJbHUMH YMOBAMH METOIOM yCepeIHEHHSI
nocaizxysamucs B npanax SLI. Biryma, 1.1, Cxyraps [2], [3]. 3azadi 3 6araTorouxosuMu
yMOBaM# po3risHyTi y mpamni [4].

Y maHiit pobOTI MeTon ycepeaHeHHs OOIPYHTOBAHUN M1 6AraTodacTOTHOI CHCTEMH
HEePIIOro HAOTMKEHHST BUTISITY

% = Xo(1,a) + eXq(7,a, p),
de _ w(7)
=
e 7 > 0, Bekrop—byukiii Xg, X1,Y] 1 w Busnadeni npu 7 € [0,400), a € D - obmexena
obracth B R", ¢ € R™, 0 < ¢ < gy < 1. /Ing po3B’3Ky CHCTeMW DIBHSIHB 3aJ1aHl
iHTerpajabHl YMOBHI

(1)

+ YI(TJ a? SO>7

/ f(r,a,p)dr = dy,
LY (2)
/0 [9(T,a)p + (T, a,p)ldT = da,

ne f,g,h — 3anani Bekrop-dyHKIil, BusHaueni npu 7 € [0, +00), d; € R™, dy € R™.
Bignosigua (1)) ycepemnena cucrema piBHSIHB 3a MBHIKAME 3MIHHUME (1, ..., Oy, Ha-
OyBa€e BUIJISALY
da dp  w(7)
— = Xo(7,@) + eXyo(r,a), — = —= 4 Yio(7,0), 3
= = Xo(r,) + Xao(r,0), =L 4 vig(r,9) 3)

i3 iHTerpaJbHUMHU YMOBaMH

/ fo(r,a)dr = dy,
L (4)
A[ﬂﬂ@@+%@ﬁﬁh=dm

BayBaxKuMOo, 0 ycepeJHeHa 3a1ada 3uaquo npocrima, 1k (1)), (2), ockinbku nosiasni
3MIHHI @ BU3HAYAIOTHCA HE3AJIEKHO BiJl MBUIKUX 3MIHHUX ©.
CxiagaicTio OOrPYHTYBaHHSI METOJy YCepeJIHEeHHs € HasBHICTh PEe30HAHCIB, yMOBa
AKUX
kiwi(1,a) + -+ + kpwm(7,0) =20, k1] + ... + |km| # 0.

YMOBY BUXOY 13 MaJI0l pe30HAHCHOI 30HW 3aIUIIEMO V BUTJIA/I]

det(Wy," ()W (7)) 7 0, Wy(7) = (- 5wu(7))j0mt (5)

a1 Beix 7 € [0, +00).
OcHOBHUM Pe3yJIbTATOM PODOTH € TEeOpeMa

Teopema 1. Hezali suxonyromuvea ymosu

1) eexmop-pynruii Xo, X1,Y1 6usnauweni i Henepepeni pasom i3 4aCMUHHUMU NOTi-
Onumu do nopadky m + 1 6 obaacmi [0, +00) x D x R™;

2) sexmop-PynKyia W 6UHAMEHA T HENEPEPEHA PA3OM 13 YACMUHHUMU NOTIOHUMU 6
obaacmi [0, +00] X D do nopadky m;
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3) icnye edunut poss’asok 3a0ai ,, Axut aestcumo 6 D pazom 13 p-0K0a0M;

4) eukonyemovca ymosa npu 0eAKOMY MIHIMAALHOMY P > M;

5) nopmanvha dyndamenmanvrua mampuys Q(7,t), Q(t,t) = E,, pienanna y eapiayi-
AL

dz 90X (a(r),T)
dt da :
CNPo6adAHCYe OUIHKY
|Q(T,t)|| < Ke =0 v 7 >¢>0.

Todi dasn docums manoeo £* € (0, o] icnye edunul poss’azor ycepednenoi 3adaui, marud
wo 0aa 6ydv-akoeo T € [0,400) BUKOHYEMBCA HEPIBHICMD

la(m37 + p,1b + ¢ e) —al(r; 7, €)|| < e, (6)

de o = %, ¢ > 0 1 He 3anrescums 610 €.
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OIITUMAJIBHE KEPYBAHHSI OYHKUIOHAJIBHO-IV®EPEHIIIAJIBHUM PIBHAHHAM
HENTPAJILHOT'O TUIIY HA HECKIHYEHHOMY IHTEPBAJII
Ouaer Ileperyna, FOpiii ITepectiok
Kuiscvrutl nauionasvruti ywisepcumem imens Tapaca llesvwenra, Kuis, Yxpaina

Posriignaerbest 3a1a4a ONTHMAILHOTO KepyBaHHs (DYyHKIIOHATIBHO-TU(hEPEHITIaIbHAM
PIBHAHHAM HEHTPaAJBLHOTO TUILY

(1)

{%(u(t) + g(tvut)) = Au+ fl(tﬂit) + fQ(t, ut)z(t),
u(t) = ¢(t), te[—h,0].

3 KPUTEPIIMHI SIKOCT1

J[e] = /0 (e tG(t u) + Bl 2(1))dt — inf 2)
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Ta

J[2] = /O (e GE w) + (D))t — inf, (3)

ne h > 0 - inrepBan 3anisnenns, t > 0, u; = u(t +6), 0 € [—h,0].

Hexait X - pedutekcuBHnmii 6aHaxoBuii mpocrip, A - JiHIAHANE omepaTop B HaHAXOBOMY
npoctopi X (A : X — X)) 3 Hopmoio || - || x 3 obractio D(A) ska € niinpmoio B X i 0(—A) €
ciektpom (—A), Re(o(—A)) > § > 0 ra A~! € komnakraum oneparopom B X. Tosi 3riaHo
[2] aist 6yns sikoro a € [0, 1] Mozkemo BuznaunTn 1poboBy creminb (—A)® oneparopa (—A)
KUl € 3aMKHEHUM JiHIAHIM omepaTtopoM 3 obiactio D((—A)%).

[Tosnaunmo gepes X, - 6anaxopuit npoctip D((—A)%) 3 HopMmoto ||u]|q = [[(—A)%u||.

Hast Beix t > 0 uy mamexkuts npoctopy C' = C([—h, 0], X) - HenepepBaux HyHKIIiH 31

CTAaHJAPTHOI0 HOPMOIO ||¢||¢ := gﬂ[la}fio] lp(@)]|x, D - nesika obmacts B [—h, 00| X C, 0D -
e[-h,

ii Meska i D = DU OD, T - MOMEHT TIepIIoro BUXOIy po3s’asky (t,u,) ma OD.

Binobpaxkenns f; i fo Busnadeni na D wacrynuum wymaoMm: f; : D — X, fo: D —
L(X, X), ne L(X, X) - upocrip ainifianx obMe:keHHX oreparopis, mo Aiforh 3 X B X 3
Hopmoio || - ||z, z(t) - mapamerp kepyBaHHs.

Po3p’sa30K 1mouaTKoBOI 3a/1a4i OyJ1eMO pO3yMITH B M’SIKOMY CEHCI.

Bagaul onrumansuoro kepysanus (1)-(2), (1)-(3)posrisaaorses npu ymosax:

A1) nomycrnmi kepyBanust € dynkiii z(t) € LP((0,00); X) (p > 1) 3 Bianosiguow HOP-
mowo [|z[|B = [77 ||z(8)|Pdt, 2(t) € F m.c., t > 0, ae F € 0nyKii010, 3aMKHEHOIO MHOKHHOIO
BX,0€ XiJ[z] <oc.

A2) fi, f2 € menepepsHi 10 ¢ mast ikcoBanux t, fi, fo € Bumipsi mo ¢ ayist BbikcoBaHHX
Q.

A3) 3K > 0 - const:

LA+ 11 @)l < K1+ [lelle)

nnst Beix (t, @) € D.
A4)
1f1(t 1) = filts o)l + (| f2(t, 01) = folt, p2) I < K1 — w2lle
st BCix (¢, 1), (L, p2) € D.
A5) Ja € [0,1], M, € (0,3) taxi, mo g : D — Xg;

A6) llg(t, 1) = g(t, pa)lla < Myllr — alle s Beix (E, ¢1), (£,2) € D;
A7) dbyukuis g(t, ) € nenepepsHoIo 110 t B HOpMi X, PIBHOMIPHO BIIHOCHO ]
A8) 3L > 0:

0

lo(t, ) — gt )| < L / 6) = V() d0 + Myl0(0) ~ w(O)]

s weix (4,9), (8,v) € D;
A9) BinoGpaxkenns G : D — R! € nenepepBHuM 3a cyKynmictio 3minunx, G(t, p) > 0.
Icnye ctana K Taka, 1Mo

G(t, o) < Ka(1+ |lelle):

A10) BigoGpazkenns B : [0,00) X X — R! € BuMipuuM 3a CyKymnHiCTIO 3MIHHUX, OILY-
KJIMM 110 3MiHHIT 2 g5 Beix t. [cHyroTh gomartHi cragi ag, aq Taxi, Mo

al|zl|” = B(t, 2) = aol[2|]”, > 0;
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9B

All) B(t,z) ana seix t > cunbno audepennifiopano 1o 2 i noxigna ®pente 5> 3aj10-
BOJILHSAE OIIHKY
0B 1
— < asl|z||}
|15 . < et
npu t > 0, a3 > 0 - crana, || - || x+ - piBHOMIpHA omepaTopHa HOpMa B MPOCTOPI JiHITHAX

HernepepBHUX (hyHKIIOHATIB HAT X .
OCHOBHHM Pe3yJIbTATPM € HACTYIIHA TeopeMa.

Teopema 1. Hezali suxonyromocs ymosu Al)-A11). Todi sadanwi onmumaniviozo kepyea-

nna (1)-@), @)-@) maromo poss’asku (u*(t), z*(t)), de 2*(t) - onmumanrvne xepysanna,
u*(t) - 6i0n06I0HA ONMUMANLHA MPAEKMOPIA, T* - MOMEHM NEPULO20 BUT00Y UF HA MEHCY

0D obaacmi D.

Bceranosneno BapiarliiifHi cIiBBIIHOIIEHHS, & caMe, J0BefeHa caabKa 301:KHICTH OITH-
MaJIbHUX KepyBaHb, CUJIbHA 3012KHICTH OUTHUMAJIbHUX TPAECKTOPIH, 301KHICTH KpUTEPIiB
JKOCT1 33/1a9 Ha CKIHYEHHUX 1HTepBaJax JI0 BiAMOBIIHUX ONTUMAJBLHUX KepPyBaHb, ONTH-
MaJIbHUX TPAEKTOPIiil Ta KpUTepisd 9KOCTI 3372491 HA HECKIHYeHHOMY 1HTePBAaJIi.

3a3HaumMO, IO MOMEHT BUXOJY T 3aJIeKUTh BiJl KEDYBAHHS 2z, IO CYTTEBO YCKJIIATHIOE
sajady. Bigomo, [I, mo Ha Bigminy Bij piBHsIHB Ge3 3ami3HEHHs, PO3B’SI30K MOYATKOBOI
33,144l MOKe 1 He gocararu obaacti D.

B po6orti [3] posrignaracs aHasoriuHa 3aa4a ONTHMAIBHOTO KePyBaHHS HA CKiHY€H-
HOMY iHTepBaJIi.

Jlitreparypa
[1] Hale J.K. Theory of Functional Dierential Equation, New York : Springer-Verlag 1977.

[2] Pazy A., Semigroups of Linear Operators and Applications to Partial Functional Di-
fferential Equations, New York : Springer-Verlag, , 1983.

[3] Perehuda O.V., Stanzhytskiy O.M., Klimchuk T.V., Ospanov M.N., Optimal Control
for Functional-Differential Equation of Neutral Type in Banach Spaces // Journal of
Optimization, Differential Equations and Their Applications. 2025. — V 33, Ne 1. P.
182-207.

e-mail: perehudao@knu.ua
e-mail: perestyuk.yuriy@knu.ua

JIOKAJIBHO CKJIAJHI CDYHKLHT 3 ®PAKTAJIbHUMU BJIACTUBOCTAMHN, OSBHAYEHI ¥
TEPMIHAX JIBOCHUMBOJIbBHUX 30BPAYKEHb YUNCEJI
Mukoga IlpanboBuTnii
VIV imeni Muzatina pacomanosa, IM HAH Ykpainu, Kuis, Ykpaina

Hexait 3amano: A = {0;1} — nBocumBoabHuil andasit, L = A X A X A X ... — npo-
crip mocaizoBHOCTER eeMenTiB ajdasity (Hys1iB Ta oguHuIG), (Go,q1), (do,d;) — napu
JOATHUX TIHCHUX duces, MeHmuX 1, ¢ = 1 — qo.

st noBiabHOT OCTinOBHOCTI () € L mOKIa1€MO

00 k—1
AngQ Q... — = 0141y + Z Apq1—qy H thl a1a2 Q... = aldl—al + Z[akdl—ak H dai}
— i—1
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i ozHaunmMo pyHkIio [ piBHICTIO

flw = Ag: )= A7 : (1)

a1Qg...0m... Q1Qg...0n...

: : _ AQ2 _ AQ2
. QCKIJH)KI/I 115t (Qo-OiHAPHOTO YUCTIA To = ACICQWC"(O) = chz“_[en_l}(l) (bORMyﬂa (1) mae
pisHi 3HAUEHHS, KOMU dy + di # 1, TO paau KOPEKTHOCTI O3HaYeHHsT (DYHKIIIT JJOMOBAMOCH

BUKODHUCTOBYBATH JIUIIE OJHE 3 300pazkerb (Jo-GinapHoro umncia, a came 3 nepiogom (0).

Teopema 1. 1. fdxwo do+dy =1, mo f(z) = x, Koau dy = qo; © [ € cmpozo 3pocmarouoro
cuneyaaproto gyrkyicto poanodiay wna [0, 1], nocid axoeo mae Gparmanvuy po3mipHicms
Indo0 dt
lnqgoqfl ’

2. Sxwo dy+d; < 1, mo muootcuna 3navens Gyrryii € nide He wWiabHOW GPAKMAALHOW
MHOACUHOI0, DOSMIPHICND AKOT € PO36 A3KOM pienanHa df + di = 1.

3. Sxwo do+dy > 1, mo muoorcunoro snavens gynkuii [ e eidpisor [0;
BUNAIKY PynKULa mae GPaxmanvri pieHi.

Taycdopga-Besurosuua Koau do # qo.

do
1—d;

|. ¥V yvomy

Y J0moBii JeTaJabHO aHAJI3YIOTbCS CTPYKTYPHL, TOIOJJOrO-MEeTPUYHI Ta (ppakTaabHi
BJIACTUBOCTI PiBHIB (bYHKIII Ta aBTOMOJEIbHI BJIACTUBOCTI rpadika, a TaKoXK 3aJaHHI
¢yHKIT cucTeMOI0 (PYHKIIOHAIBHUX PIBHAHD.

[Te omamM 3 06’¢KkTiB posrisiny € Bunajakosa esmunHa Y = f(X), ne X — Bunaj-
KOBa BeJIMYMHA, PIBHOMIpHO po3mnofiiena Ha Biapisky [0;1]. Ananisyerbcsa seberiBebka
CTPYKTYPa PO3MOALTY Ta CHeKTpaJabHI BJACTUBOCTI BUNAIKOBOI BEJIMINHH Y .

Bunamnok, konu dy + d; = 1 + dyd; € ocobnmuBuM, came oMy IJIAaHYETbCS V JIOMOBIIL
HPUJILINTH HAHOLIbIIe yBaru.

JlitepaTypa

[1] TIpanposuruit M.B. @pakragbHuil miaxia y JOCTIIZKeHHAX CHHIYJISPHUX PO3MOJLTIB.
— Kuis: HITY imeni M.II. /Iparomanosa, 1998. — 296 c.

[2] TIpanposuruit M. B. /IBocMMBOJIbHI cHCTeMH KOJIYBaHHS JIHCHUX YHCET Ta IX 3aCTO-
cyBanHd. — Kuis: Haykosa aymka, 2022. — 316 c.

e-mail: prats4444@gmail.com

CUCTEMU YNCJIEHHS 3 HEHVYJIBOBOIO HAJJINIITIKOBICTIO I X BACTOCYBAHHSI
Muxkouia Ilpansosurnii!, FOxig Bosk?, CeiTsiana BacbkeBuy®

Incmumym mamemamury HAH Yepainu'3, YV imeni Muzatica dpacomarosa’,
YOIIIIO imeni K.JI. Yuuncokozo®, Yxpaina

Hexait a — dpikcoBane gomarHe aificHe 4nciio, 6iabire 1; m — HaTypaJbHe 9ucyI0, OlIbime
a; A={0,1,...,m} — andasir; L = A X A X ... — MHOKHIHA TOCTiIOBHOCTEli 3 eJIeMEHTIB
asasity.

Posraamaernea sigobpazkenns v @ L — [0; -75], a came

o0
O m
fy(an) = CL_n - Aalaag..‘an..- =TEc |:O7 a — 1:| .
n=1
Cumposiunnit 3amme Af'e,  MI HA3UBAEMO Mq-300pajicentam TUCIa T, (t, TPH IHHOMY

HA3HBAEMO N-010 YU@poro JaAHOTO 300parKeHH .
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Jlerko jsioBecru, 110 ymMOBa M > @ rapaHTY€ ICHYBaHHS 4UCE]I, fKi MalTb OlibIe
JIBOX 300pazKeHb, 10 MOPOJZKYE HEHYIhOBY HAJJTHIIKOBICTH JAaHOTO (1M + 1)-CHMBOJIBHOTO
KOJIyBaHHS YUCE].

AHari3youn HaJJIHIIKOBICTh CHCTEME KOy BAHHS IUCe, MACHBHICTD, TOMOJIOIO-MeTPHYIHI
i bpakTanbHi BracTuBocTi MHOKHAH v~ (z), 1e x € [0; %], SKi HA3UBAIOTHCS Pi8HAMU 610-
00pasicerts, MU TPOITOHYEMO KOHKPETHI (OJHOZHAYUHI) TBEPIZKEHHS.

Jlpyeum 06’exmom 1oCTiIZKEeHHS € PYHKITIA

flo= A0 an) = Al
K& HEe Ma€ MMPOMIXKKIB MOHOTOHHOCTI 1 Ma€ KOHTHHYaJIbHI 1 HABITH (ppakTaabHi PiBHI.
Tpemim 06’exmom JOCTIIZKEHHST € BATIQIKOBA BEJINIUHA

£:é+§—§+...+§—z+...,
a a a

ne (&,) — MOCTIMOBHICTD He3a/IeKHUX BUMAIKOBUAX BEJUINH, M0 HAOYBaOTH 3HadeHb 0, 1,
2,...,s — 1 3 UMOBIpHOCTAMU Py, P1,..., Ps—1, K& 3TiIHO 3 Teopemoio /[xKeccena-BinTuepa,
Ma€e gucTuii JgeberiBChbKuil THIT pO3MOALILY (YHCTO AMCKPETHHH, 9ucTO abCOJIOTHO Hele-
pepBHHiT 460 YNCTO CUHTYAADHUIT). SHAfiIeHO T0CTaATHI YMOBH CHHTYISIPHOCTI i mocTaTHi
YMOBH a0COJIIOTHOI HellepepBHOCTI Po3noiny &, Bupa3 il xapakrepuctudnol dpyakiii. Bu-
najgok m = 1 B cuIy pi3HUX IPUYMH 3aCJIYTOBYE Ha OKpemy yBary. Ha kimpka 3amad y
MIBOMY BUIIQIKY, MU JTa€MO BUYEPITHI BiIIOBIII.

Jlema 1. Xapaxmepucmuuna dynxuyia fe(t) = Me™ posnodiay sunadkosoi seaununu &
Mae 8UpPa3

fe(t) = H on(t), de on(t) = po+ pres®
n=1

1 3040080ADHAE PIEBHICTMD
t it
fe(t) = () fe 2 ) de p1(t) = po + pree.

Bokpema, axwo p1(to) =1, mo fe(to) = fe(2) i fe(2am) = fe(2n).

e-mail: prats4444@gmail.com, freeeidea@ukr.net, svetaklymchuk@gmail.com
This work was supported by a grant from the Simons Foundation
(SFI-PD-Ukraine-00014586, P.M., V.S.)

HEJTOKAJIBHA 3A YACOM BATATOTOYKOBA 3AJAYA JIJIsI 2b-IIAPABOJIIYHUX
PIBHAHb 3 BUPOJAKEHHAM
IBan Ilykanbcekmuii, Borman fdnian
Yepniseuyvkul nHaytonasvhul yruisepcumem imeni Opia Pedvrosuua, Uepnisu,
Vrpaina

Hexait n, to,t1,...,tny11 dikcoBani uncia, 0 < to < 1 < ... < tyy1, 1 € (to,tns1),

n # tx, Ain{l,.., N}, Q - geaxa obmexena obmacth, dimQ < n — 1, D = {(¢,7)|
t € [to,tnt1), 2 € Q} U{(t,z),t =n,x € R"}.
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Posrusinemo B obacri I1 = [to, tyy1) X R™ 3amaqy 3uaxo/pkenns dynkuii u(t, ), sxa
sagoBosbise upn (t,x) € I1\ D, t # ¢, piBusnma

(Lu)(t,x) Z Ag(t, 2)0F — Z A, (t,2)0% | u(t,x) = f(t,x), (1)

|k|=2b Ip|<2b—1

i 6araToTOYKOBY YMOBY 3a 3MiHHOIO ¢
ulto, ) + Y dr(@)ulty, @) = p(x), =€ R\, (2)

Crenenesi ocobmBocti KoedinienTtis dhyngamenTaabHoro Bupasy Ly touri P(t, x)

IT\D xapakrepu3yBaTUMyTh (DYHKIIT S <5i(1), ) (B( ) ) <B(1) t) = |t—
npu [t —n| < 1, s (Bi(l),t> =1lupu |[t—n| > 1; s9 (ﬁi@),x) = pri () npu p(x) <1,
52 (B%,2) =1 wpu pla) = 1, p(e) = inf |v— 2|, B € (~o0,00), v € {1,2}, B =
(89, 89), 5 = (50, 5).

MMozuaummo wepes ¢, v, u](;l), i€ {l,..,n}, u(()”) — JificHi HeBix'emui ducaa, (] —
mijia gacruua yucaa [, [ > 0, {{} =1 —[l], P, (t(l),:c(l)), P, (t(Q) x(l)) H, (t(l),x(g)) -
noBinbHi Toukn i3 I1, (1) = (xgl), e ,91;7(11)>, z? = (xgl), e ,xf})l, x?), wfdzl, e ,:E%l)), Q
- I0oBiTbHA 3aMKHeHa 06sacTh, (Q C II.

O3HaYMMO IPOCTOPH, B SIKUX BUBYAETHCH 3aada —. CY(v; B; ¢; 1) ~ MHOZKUHA

$yrxniit v : u(t,z) € Q, Axi MalOTH HenepepsHi YacTHHHI nOXiAHI B obaacti Q\Qp Bu-
rosty 07 0Fu, 2bj + |k| < [l], aist aKkux ckinuenna HOpMa

lwivi B g Tl = D Nl ys 85 0 Wl oy + (w57: 85 5 T,

2bj+[k[<[1]

Je, HalpuKJIal,
[[; ;85 0; 1| = sup |u(P)| = [|lus 1],
PeQ

(wiy; B My = Y {Z sup [S(q;sl,82;[l],t“),5¢)x
0

2bj+|k|= r=1 (P1,H)CQ

xs1 ({1} (71 = B0) 1) sy ({1 (12 = 82) ,7) [ — 2|7 x
x |oi0ku (Py) — o1t <HT>\}+ sup S (g5 51, 505 1), F, 2 V) x

(P1,P,)€qQ
xsi ({0, 7) 2 ({1 @, 20) 10 — @} ook (P) — dfoku (P }
TyT O3HAYEHO S (a t) = min (51 (a,tM) 51 (a,tP)), S (g; 51,82 [1]; ¢, 2) = s1 (¢ + [(]y "V, 1) x
xsy (@ + [(]y?, 2 H 51 ( ) 5 (_m@ x) sa(a, @) = min (s (a,20) | 55 (a,2?)).

lono 3amadi . BBAzKa€MO BIKOHAHHMHE YMOBH:
a) Koe(blLueHTH pisusnns (1) Ay (¢, 2)S1(k; s1; 805 t, 2) € C*(I),

Ap(t7$>H51 (pz:ulf)l% )X XS <pz:ul(3)ax> € Ca(’%/@a Oa H)7 1 S |p| S 20 — 17 Ao(t,[[’) S

i=1
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K < 00 Ag(t,z)s1(u”, t)ss (uéz),x> € C(v; B;0;11), dy(x) € C*T*(R"™) i BuKomyeTbCH
yMoBa piBHOMipHOI napabosianocti [1] s pisaanus (1));

6) byuxuii f(t,x) € C*(v; B;2by;10), p(x) € C*F (’V; B; 0; R”)-

St&pZ dx(2)] [ |Z(tr, 7,t0,€)|dE <h < 1,8 =(0,82),5 = (0,7?),7") = maX{maXBf”),
i=1 R g

pi (m(o?) - 55”) e L
II’Ll,g;X 26— |p| 9 2b 9 9 v E { 9 }'

Z(t,z,T,&) — dynnamenTagapHuil po3B’a30K 3a1a4i Korri.
[TpaBuabHa Taka Teopema.

Teopema 1. Hexati das sadawi (1) ~([2)) suronari ymosu a)-6). Todi icnye cdunuii pose asok
3a0a4i f 6 npocmopi C?%(~; 8;0;11) i cnpasdorcyemuvcs nepienicms

lJus 73 65 0: 1|5y, < C <Hf;7;ﬂ;2bv;ﬂlla + H%%B;O;R”HM) : (3)

Jlng noBeneHHsT TeopeMH 1| BCTAHOBUMO CIIOYATKY PO3’SI3HICTH JOMOMIXKHUX OAraToTo-
YKOBHX 33 9aCOM 33/a4 3 IIaJaKkuMu KoediriearaMu. 3 MHOKUHU OJIePZKAHIX PO3B SI3KiB
BHIJIUMO 3017KHY TOCJIiIOBHICTD, FPAHUYHE 3HAYEHH AKOI OyJe pO3B d43KOM 3a/1a4i ,

@
Jliteparypa

[1] Mariitayx M.I. TTapaGosiuni cinryaspsi kpaiiosi 3agaqi. Kuis: Incruryr marema-
tukn HAH Vkpainu, 1999. 176 c.

e-mail: i.pukalsky@chnu.edu.va, b.yashan@chnu.edu.ua

HEINEPEPBHA HIJE HE ZLI/ICDEPEHU;IIU/IOBHA OYHKIIA, OBHAYEHA B TEPMIHAX
JIAHITIOTOBUX AS—,D;POBIB
Codia Parymuak
Inemumym mamemamuru HAH Yrpainu, YV imeni Muzatina pazomanosa, Kuis,
Yrpaina

Haramaemo, 1o HeCKiHYEHHUM JIAHITIOTOBUM JIPOOOM HA3UBAETHCS BUPA3 BULY

1
i = [0;a1, a9, ..., ap, ...].

CL1+

CL2+. 1
S
Qn

Hexait 2 < s — dikcoBane narypanbie dncio, A, = {eqs, €15, ..., €[s—_1]s} — aadabir
(nabip gificunx umcein), 0 < egs < €13 < ... < €_1)s, Ly = Ay X Ag X ... — npocrip
nocsaiosHocTedt esementis andasity, dos = {[0; (efs_1js, €0s)]}, dis = {[0; (eos, efs—15s)]}-
Toni, sikmio ayst Beix @ € {1,2,...;8 — 1} BUKOHYETHCS €;5 — €i-1]s < dis — dos, TO JJIeA
Oyib-aKoro = € [dos; dis] icHye nocaigosuicrs (a,) € Ly Taka, 1o

r=1/ay+1/as+ ..+ 1/a, + ... = [0; a1, az, ..., ay, ...]AS, ge a; € A, (1)

Poskaa st aucsia x B JIaHIIOTOBH jIpio HA3UBAETHCS AAHUN208UM A4-NPedcmasieHHAM,
a ckopouennii 3amuc [0; a1, ag, ..., Gy, ...] % — aanyroeoeum A,-306pascenmim.
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Teopema 1. /[as mo20 w00 MHONCUHG 3HAYEHD YCIT AAHUN02068UT As-0pobis 6yaa 610pi3-
KOM, G CUCTNEMA KOOYBAHHA “uces Ag-0pobamu Mara HYALOBY HAOAUULKOBICNG, HEOOTIOHO
i docmammnvo, Uob MUCAA €gg, €15, ..., €[s—1]s OYAU NOCAIOOSHUMU “UACHAMYU APUPMEMUNHOT

npozpecii 3 pisnuyero ds = dis — dos (68 yvomy 6unadky €0s€[s—1]s = (5_51)2)-

3iiiCHIMO IepeKOoIyBaHHA JIAHIIOTOBOIO A, -300pazkeHHsI 3acob0aMu KJIACHIHOIO S-
kosoro andasity A, = {0,1,2,...,s — 1}:
]A

As .
AN =z = [0;a1,a9, ..., ay, ...

S J—
a1 Q2...00n... 760671,8 - ana an 6 As-

Posrnanaerbes dyukiis f, o3HaveHa piBHICTIO:

As _AA
f(l’ = Aalag...an...) - Aﬁfﬁg..ﬂn...? (2)
0, gxmo a; =s—1, B, SIKITO Qv + Qi # S — 1,
ﬁl = ﬁnJrl =
1, gxmo o, # s — 1, 1—0,, «a9xmo o, + a3 =5 — 1.

Teopema 2. Qyuruyia [ € HenepepsHoto i Hide He MOHOMORKOMW. dKuio e < egs, mo [ €
Hide ne dugepernuitiosnor.

Y JI0TOBIJIl IJIAHYETHCSA BUCBITJIEHHS TOIOJI0TO-METPUYIHOI CKJIQI0BOI TE€OPil JIAHIIOTO-
BOTO A,-300parkeHHss ances1 Ta 11 BHKOPUCTAHHS /TSI 33IaHHS Ta, JOC/IiIzKeHHsT (DyHKITi
31 cKJIaHUMU AU epeHITiaTbHUMA BJIACTABOCTIMI.

JlitepaTypa

[Mpansosutuit M.B. Jleocumeosvii cucmemu kodysanns dilichur wucens ma ix 3acmo-
cysanna. — Kuis: HaykoBa nymka, 2022. — 316 c.

e-mail: ratush404Qgmail.com

CTPYKTYPA TA CTIAKICTH HEPYXOMHUX TOYOK ¥V IIAPAMETPU30BAHINI
AUHAMIYHIA CUCTEMI
Catyp Oxcana
Inemumym mamemamuru HAH Vrpainu, Kuis, Ykpaina

MogemoBanug €BOJIONIT CHCTEM, IO CKJIAJAI0THCA 3 0AararboxX B3a€MOJIII0YNX KOMIIO-
HEHTIB, € PyHJIaAMEHTAIbHUM 3aBJAHHAM Y YHCJICHHUX HAYKOBHUX raJiy3dx. Taki Mopesi
3aCTOCOBYIOTBCS JIJIsi OIMCY COIIAJIBHUX Ta €KOHOMIYHHX IPOIECIB, a TAKOXK JIJIS MIPOrHO-
3yBaHHs PO3IOJALTY PUHKOBUX YACTOK UM MOJITHYHOIO BILIMBY. B 1mift poboTi moc/timiKy-
erbest JucKperna Junamidna cucrema (nus. |1, 2]), mo onmcye nepeposnopin pecypeis B
npocropi crauip Q = {wy,...,w,}. Cran cucreMu 3aJa€ThCsl CTOXaCTHIHUM BEKTOPOM
p' = (pl,...,ph), ne pl — gacTKa pecypcy, sIKOW BOJOJIE i-if KOMIIOHEHT.

JunamMika BU3HAYAETHCsI HAOOPOM cTauX napamerpis {ci, ..., ¢, }, xe ¢; € [0; 1] mpes-
CTaBJIs€ iHBApIaHTHI B Yaci CIPHATINBI YMOBH, OB d3aHi 3 KOXKHHUM KOMIIOHEHTOM. EBo-
JIIOTIIST CUCTEMH OTHUCYEThCS PIBHAHHSIM:

n—14¢(l—7pt —
pitt =i ( ) e L= epi(1—p)). (1)
j=1

n—1+1L¢
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Y uiit poboTi npoaHa/i30BaHo, 9K HAbIp CcTa/ uX [IapaMeTpPiB ¢; BU3HAYAE €JUHUN CTIHKUI
PIBHOBaXKHUI CTaH cucreMu p™° = 1tli}m p'. Beranosieno ananituuny dopmyity aias p>,
o

JIOCJIIJIZKEHO CTifiKicTh piBHOBaru Ta omucano O6idpypkarii, Mo CTPYKTYPYIOTH ha30Buii
npocTip cucreMu. JJMHAMIUHI CHCTEME CXOXKOTO THITY po3riasHyTo B pobortax |3 [, Bl [6].

Teopema 1. Hezatip € R™, n > 3. Ipunycmumo, wo 0aa %09icho20 i = 1, n, novunaowu
3 desaro20 momenmy wacy t, sukoryemocs 00na 3 ymos: ki > Lt abo kb < LL. Todi kosrcna
MPAEKMOPLA OUHAMINHOT KOHPATKMHOT cucmemu 30t2aemobea 00 2PaHUNHO20 CMANY,
AKUT € HEPYTOMOI MOYKOI0!
p>™ = lim p'.
t—00
Jlna 6y0v-aKoeo i = 1,n suKOHyEmMbCA 00Ha 3 MAKUT PieHOCMEl:

1. p* =0, axwo ¢; < A(M*).

2. p=1-— A(f*), axuwo ¢; > N(M*),

de A(M*) = %, v(M*) — nomyorcricms mmoorcunu M*.
kEn* °k

g cucteM HEU3BKOI PO3MIPHOCTI Tel 3araJbHUN pe3yabTaT Ja€ MPOCTI aHAJITHIHI

po3B’a3ku. Hampukiaai, y cucteMi 3 IBOX KOMIOHEHTIB (n = 2) PIBHOBAXKHUI CTaH Mae

BUTVIAT P = (
criiikoto, Tozi sk rpanuysi cranu (1,0) ta (0,1) € HecTIiKUMEI peresiepaMu.

c1 co
c1+ce? cr1tca

). [l BHYTpINTHA HEPYXOMa TOYKa € JOKAJHLHO aCHMIITOTHIHO

Teepmxkeuus 1. /laa 6ydo-axoi posmiprocmi n > 2 ma 6ydv-aAKo20 Habopy dodamHus
konemanm {¢;} eduna nepyroma mowka p> 3i cmpozo JoOAMHUMU KOMNOHEHMAMY (6HY-
MPIwHA MOUKA) € AOKAADHO ACUMNMOMUYHO cmiliKoto. Bydv-aki epanuuni pieHosatci
mouku (de npunatimui 0dna Koopdunama pi° = 0) € necmitikumu.
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BUKOPUCTAHHA TEOPIT ®LJIBTPIB V JAEAKUX MATAHHAX MATEMATHUYHOT' O
AHAJII3Y
dmvurpo CemroTin
Xapwiscokuti Haytonarvrudl yrisepcumem iment B.H. Kapasina, Xapwis, Yxpaina

DinTLTPOM Ha HeTOpo:KHill MHOMKHIHI §) HA3MBAIOTh TaKy ciM'1o miamuoxnH § C 29, aka
337I0BOJIbHSE HACTYITHUM aKCiOMaM:

L 0¢3;
2. ABeF=ANBEeTF;
3.DcQ, ADD=DEeGF.

Hexait X,Y — tonmomoriuni npoctopu, f : X — Y — ¢dyuknia, y € X, § — diasrp na X.
ToBopsiTh, mo dyuKIis f 36iracTbes 10 y 3a dinbrpom § (mo3HadeHHs: y = lién f), akimo

JUTst TOBUIBHOTO OKOJy U ToukM ¥y icHye enement dinbrpa A € § rakuit, mo {f(t) : t €
A} C U. Bisbitie po Teopito MOKHA MPOYUTATH, HAIPUKIAT. Y IyJOBOMY MiJDYIHUKY
[1].

Hobpe Bigomo, mo i noxiana GyHKIN ogHiel 3MinHoI, i Bu3Havenuii interpaa Pimana
BU3HAYAIOTHCA K T'PAHUIN MEeBHUX BeudnH. ToOTO JaHi MOHATTS MOXKHA y3araJbHUTH,
SIKIIO 3aMIHUTH BiJIIIOBIIHI 30i2KHOCTI Ha 3012KHOCTI 3a BIIIOBIIHUME (PLIBTPAMU.

B po6orax 2] Ta 3] Mu HaBoAMMO KOHIENTIIT TOXi/THOT Ta BU3HAYEHOTO HTErpaia B Tep-
MiHax (IIbTPIB, TOKA3YEMO 3B 30K MizK KJIACHYHUMHU TTOHATTAM MOXI/IHOI Ta IHTErpasy 3
HOBUMH 00’€KTaM#, Ta BUBYAEMO BJIACTUBOCTL, IPUTAMAHHI OTPUMAHUM Pe3yJIbTaTaM.

Oznauennsd. Hexait f : R — R — ¢ynkiig, Bu3HaueHa B IeIKOMY OKOJI TOUKH Ty € R.
Hexait § — dinbrp wa R. Hoxidnoro dynxuii y = f(x) 6 mouyi xy 6idnocho giavmpa §
Oy/1IeMO Ha3uBATH

daf

d}_(mo) = hm D, (f,h),

Ae

Dro(f.1) = 3 (Fla + ) = fa0)).
Hexait f:[0,1] = R — dynknis. Hosnaunmo I = {a =§ < & < & < ..o <&, = b}

— posbuTTa Binpiska [a, b, T00TO,[a, b] = k61[§k_1, &x]. PosrisHeMo MHOKUHY TOYOK T =

{t1,ta, ..., t,}, Taki, mo masa gosinbaoro k € {1,...,n} tx € [&_1,&]. Jaa k € {1,...,n}
HO3HAYHAMO

= &k — p—1]-

Yepes T' P[0, 1] MmuOKUHY BCiX Biamitenux po3ouTTis Biapizky [0, 1]. Las posourts (I1,7T) €
T P[0, 1] no3unadumo

S(f,ILT) = thk

Osnauvenns. Hexaii f : [0,1] - R — dyukmis, § —dinerp wa T P[0, 1]. Byaemo na-
suBaTu QYHKIIIO f iHmezposroto eidnocro diavmpa § (KOpoTIe: F-IHTEIPOBHOIO), SKIIO
icaye take uncio I € R, mo

1= liénS(f,H,T).
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Hucsno I upu nupomy OyjeMo HasuBaTu inmeezpasom gynkuii [ eidnocrno diavmpa § (§-
inrerpanom byl f). [Nosnauenns:
1
I = / fdg.
0

Teopema. Hexait f, g : R — R — dyukuii, BudHa1ueHi B egkoMy OKOJI TOUYKH To € R.
Hexait § — pinerp HA R, 0, f € R. Toxi

AP0 ) = 0 L (w0) + 5% a0,
IHIMUME CJIOBaM#, TOXiaHa 3a (PiAbTPOM Bijx cyMH ABOX (DYHKINN — 16 cyMa MOXIJIHUX 33
hiTBTPOM BiJ IUX ABOX (PYHKIII.

Osnavenns. Hexait § - &binsrp na TP[0,1], f,g : [0,1] — R — dynkuii, f,g —
inrerposui Bigpocuo dinbrpa §, o, f € R. Toxi (af + fg) Takox iHTerpoBHA BiIHOCHO
ditpTpa §.

df

Tesu nidzomosaeno 6 pamrax sukonanmnsa depocbrodacemmnoi memu Minicmepemea oceimu i

nayky Yrpainu N BD/32-2021(11).

1. Kagenp B. M. Kypc dynknionasibuoro anasisy ta Teopii mipu. - JIbsis: Bujasenb
I. E. Yumkukon, 2012, — 590 c. — (Cepist "YHiBepcurerchKka 6ibaiorexa”).

2. Seliutin D. On integration with respect to filter, Visnyk of V.N. Karazin Kharkiv
National University. Ser. Mathematics, Applied Mathematics and Mechanics. 2023.
Vol. 98. P. 25-35. DOI: 10.26565/2221-5646-2023-98-02.

3. Seliutin D. On differentiation with respect to filter. https://arxiv.org/pdf/2506.17751

e-mail: d.seliutin@karazin.ua

OUIHKU BIAXWJIEHb CYM DYP’€ HA KJIACAX BEWIA-HALs Wy,
Amnaroaniii Cepamok, Irop CokosrieHKO
Inemumym mamemamuru HAH Vepainu, Kuis, Ykpaina

Hexait L,, 1 < p < 0o, — mpocTip 27-nepiofnIHUX CyYMOBHUX B pP-My CTeHeHi Ha

[—7, 7) DyHKIGHE ¢ 3 HOPMOIO
7 1/p
lell = ([ 1etorar)

Lo, — mpocTip 2m-nepioIuYHuX BUMIPHUX Ta iCTOTHO OOMeEXKeHUuX (PYHKINH ¢ B gKOMY
HOPMa, 3aJaHa PiBHICTIO

¢]loo = esstsuplso(t)!;

C — mpocTip 27-nepionIHuX HemepepBHUX (PYHKIN ¢ 3 HOPMOIO
lplle = max|p(t)].
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Hexait, pani, Wg ,r > 0,8 € R,1 < p < oo, — kjacu 2m-uepioguunux QyHkuiit f,
10 300paKyIOThCd Y BUIISA/II 3TOPTKH

flz) = % + % / o(x —t)B, 5(t)dt, ag € R, /gp(t)dt =0, (1)

3 aapamu Beitna-Hana B, g suraany

B, 5(t) = Z k™" cos (k:t — ﬂ2_7r) , >0, BeR, (2)
k=1

bynkuniit ¢, Mo 3a10BOIBHAIOTE YMOBY ¢ € B, 1€
Byi={pe L, |ol, <1}, 1<p<oo (3)

Knacu Wy, nasusators kiacamu Beitna—Hans, a dbyHKIIO ¢ B 300pakeHH1 Ha3WBAaIOTH
(7, B)-noximuoto B cenci Beitna—Hang byuxuii f i nosnagators uepes f.

Argmo r € Ni g = r, To dyskuil Burasty € BijoMumu sgjapamMu beprysii, a
BiOBIIHI Kj1acu ngp 30irafoThCd 3 BIIOMUME KJIacaMu W; 2m-nepiognaaux QYHKIH f,
SKi MAlOTh abCOMOTHO HemepepBHi moxigui 10 (r — 1)-ro MOpsAKy BKJIIOYHO i Taki, 10
| £, < 1. Ilpu mpomy Maiizke cKpisb BuKoHyeTbes pismicts fU)(z) = fr(z), r € N.
Agmo 7> 01 8 =r, ro kiuacu Wj € slnomumu kiacamu Beitisa W)

IIpu noBinpaEx 1 < p < oo, r > }D, [ € R BUKOHYIOTHCSI BKJIaI€HHSA Wg, C C. Pozrasg-
JaTUMeThCs BUTIAJIOK 7 > 2 i, oTxKe, Kjaacu Beitnga-Hang B miit cuTyarii cKIa1aTuMy ThCs
JIAIITE 3 HemepepBHUX (DYHKITII.

Hexait f € L. Yepes S,,_1(f) = Sn—1(f; ) nosnavators vacruuny cymy Pyp’e nopsiz-
Ky n — 1 ¢yskmii f:

i
L

Sn1(f32) = % + (ay cos kx + by sin kx), (4)
1

i

ne ay i by — xoedinientn Oyp’e byuKIil f.
Hexait M — aesaxwit pynxmionaspauii kiiac 3 npocropy C. Po3risgaerses Besimanna,

En(N) == sup |pn(fi2)| = sup [f(z) — Sp—1(f; 7)] (5)
fen fen

1 TOCTIKY€EThCS 3a/1a9a TPO BIAIIYKAHHST aCAMITOTHYHOI piBHOCTI fy1st Bewantan &, (M)
y BUIAJKY, Koju y posi I sucrynaors kinacu Befina—Hana Wi, r > 2,8 € R. Tlen-
TPaJIbHUM Pe3y/IbTaToOM € TeopeMa [2] sKa 103B0JIs€ OTPUMYBATH PIBHOMIDHI 110 BCiX PO3-
IJI4IyBAHUX THapaMeTpax aCUMITOTHYHI PIBHOCTI /g BeJIUIWH En(WgJ) npu n — o0 i
r — 0O B 3aJIE’KHOCTI BiJI CITIBBIIHOIIIEHDh MIXK TTapaMeTpaMu 7 i n.

Teopema 1. Hexatir > 2, f € R i n € N. Todi mae micue dopmyaa

, In /1 = 1 r
S5 =057 (; 0 ( 5t ;>) ’ ®)

6 akit 0 = §r7n75 € (—2 2).

T

3 reopemu 1, a Takoxk Teopemu 1 poboru [I| ta Teopem 1 i 2 poboru [2] BuniuBae
3arajbHe TBepIzZKeHHS.
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Teopema 2. Hexatir > 2, € R ¢« n € N. Todi mae micue dopmyna

E(Wja) = - (m " O(l)%) , 7)
de ) n
m, 2<r<n+1,
- I or/m 2
Sy b e mElSr<at s )

1 -T
(1 + —) , n? <r,
\ n

a O(1) — seauuuna, pi6HOMIPHO 0OMENHCERG BIOHOCHO BCIT PO32AADYSAHUL NAPAMEMPIE.

st poboTa € YacTHHOIO MPOEKTY, AKHil oTpuMaB (dinancyBanusg 3a l1po-
rpaMoIo JOCJIIZKeHb Ta iHHoBaliit €spormeiicbkoro Coro3y «l'opuszont
2020» B pamkax rpanToBol yroau Mapii CkiaomoBebkoi-Kropi Ne 873071,
SOMPATY.

Pobora rakox dactkoso migrpumana the VolkswagenStiftung project "From Modeling
and Analysis to Approximation” i rpanramu Big ®@yumanii Caiimorca (SFI-PD-Ukraine-
00014586, AS) and (SFI-PD-Ukraine-00014586, IS).
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MO,ZLEI[IOBAHHH PO3B’A3KY OJHOPITHOT'O ITAPABOJITYHOT'O PIBHAHHSA 3
BUITAJKOBOIO TTIOYATKOBOIO YMOBOIO
l'amuna CaumBka-Tumunmak, Karanin Kydinka, Muxaitno Magai
Yotceopodcorutl nayionarvrutl ynisepcumem, Yorceopod, Yrpaina,
Sakapnamcevruti yeopcorud inemumym im. Pepernva Paxoui 11, Bepezose, Ykpaina

Pesysibrarom 1€l poboTu € modya0Ba MOJENI, K& alPOKCUMYE PO3B 430K DIBHAHHS
TEIJIONPOBITHOCTI 3 BUIAJAKOBUMHU modaTKoBuMu ymosamu Oputiva. VY [1]| 3maiizeno ymo-
BH, 32 IKHX PO3B’SI30K KpaitoBol 3a,1a4i /18 OJHOPIIHOIO MapaboiYHOrO PiBHSAHHS iCHYE 3
HMOBIPHICTIO OJUHHUIIA 1 MOKe OYTHU TpeCTaBJIeHUI Y BULIsIII IEBHOTO HEIlepepBHO re-
penriftopaoro psiy. Jleski MeToau Mojei0BaHHs BHIIAIKOBUX IIPOIECIB Ta BUIAIKOBUX
nosiiB MokHa 3Hafitm B poborax FO. B. Kozadenka Ta fforo yunis (mampukmian [2]). V
nux poborax aBTOPHW HeE JIUIE OyIYIOTh MOJE CTOXaCTUIHUX TPOIECIB Ta TOJIB, aje i
JOCTIIZKYIOTh TOUHICTh Ta HAMIHHICTD MUX MOJIEJei.
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OCHOBHEM pe3yJIbTATOM IIHOIO JIOCJIKEHHSI € IMO0YyI0Ba MO/ PO3B’A3Ky mapado-

JIITHOTO PIiBHSHHS 13 3a/aHOI0 Ha/liifHICTIO Ta TO4YHICTIO. Po3risgHeMo gudepeHiiajibHe
PIBHSHHS:

O?V(t,x) OV(t,x)
or: Ot
V(t,0)=0 V(t,7)=0, V(0,2)=¢&(x),

=0

ae () € Ly,(Q).
Hexait {(x) — Bunagkoruii mporec 3 npocropy Opumiva L, (). Ins nporecy & mu
o0y IyEMO MOJIEIb:

™

Ioznaunmo

N-1

Vy(t,a) =) Ge ™ Xy ();
k=1

i

N-1

Vi(t,z) = e X (). (1)
k=1

B pobori orpumano ymoBH 3a gKUX Mojeab (1| anpokcuMmye po3B’d30K JAHOTO OJHO-
piiHOrOo TapadOJIIYHOTO PIBHSHHS 13 3a/IAHOI0 HAIWHICTIO Ta TOYHICTIO B PiBHOMIipHIit

METPHIII.
JlitepaTypa

[1] Kosauenxo FO.B., Kyuginka K.I1., Crusra-Tumumax 1. Bunadkosi npouecu 6 3adavax
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[2] Kozagenko FO. B., Mamko A. O., Pozopa I. B. Modeawsarnsa sunadxosur npoyecie
ma noaie, K.: BIILL 3aapyra, 2007. — 230c.
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ICTOTHO OCOBJIMBI CDB’HKL];IT B ACUMIITOTHIII PO3B’A3KY PIBHAHHYA TUIIY
OPPA—BOMMEPCDEIIBAA 3 IJUOEPEHIIAJIBHOIO TOYKOIO 3BOPOTY
BanenTun Cobuyk, Ipuna 3enxeHchka
Kuiscoruti nauionasvruts yrnisepcumem iment Tapaca llesvwenra, Kuis, Yxpaina
Kuiscorut noaimexnivnut itnemumym iment leopa Cikopcvkozo, Kuis, Yxpaina

Pisusinus Oppa-3ommepdesibia € OJHUM 3 KJIIOYOBUX PIBHSHBL TEOPil riapoguHami-
9HOI cTifikocTi. CIeKTP BUPOIZKEHOTO OlepaTopa CKIAMACTHCS 3 ABOX I'PYIl €T€MEHTIB:
cTabinbHol Ta HecTablibHOl. KokHa 3 1UX rpyn B aCUMITOTHIN PO3B’ 43Ky 3aJa€ TOPSII0K
POCTY BITHOCHO MAaJIoro mapameTpa. ['ooBHA mpobiaema, sika BUHUKAE /)T BEKTOPHUX PiB-
HAHBb BUIINX TOPAJIKIB 3 TOUYKAMH 3BOPOTY, TMOJIATAE B OMUCAHHI Ta JOCIIKEHHI 1ICTOTHO

0CcODIMBUX (PYHKIII, IKi BUHKAIOTH IIPH TOOYIOBI ACUMITOTHKU PO3B’SI3KY.
ITocranoBka 3amadi
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Posrusinemo cucremy cunryssipuo 36ypennx audepenniaabuux pisusub (CC3/P):

eY'(z,e) — A(x,e)Y (z,¢) = H(x), (1)

npu € — 0, v € [-1,0], Y(z,e) = colomn(y,(x,€),y2(x,€),ys(x,€),ys(x,€)) - mykama
sekTop-yHkuis, H(z) = colomn(0,0,0, h(x)) — 3anana BekTop-QyHKIIiA,

0 € 0 0
0 0 e 0
Az, e) = Ag(x) + Ay = 0 0 0 ]
—c(z) —b(x) —a(z) O
BiZoMa MaTpuiis, egeMeHTH 9koi a(x) = xa(x), b(x), c¢(r) — HeckindeHHo AU epeHIiioBHI

dbyuknii wva Biapisky [-1; 0].
Omutiiemo mpocTip, B 9KOMY Oy/1eMO PO3B’si3yBaTH JTaHy 33129y

le = oqk(x,e)Ul(t) €’Yﬁlk($ 6)U{( )
Do = agp(2,€)Us(t) + €7 Bar (2, ) Us(t),
Dsy, = fi(z,e)v(t) + 7gi(z, )V (1),
D4k = W (il? 5)

ne Ui(t), (i = 1,2) — dbyuxuii Eiipi-Jlanrepa [2].

Touka ¢ = 0 € ocobmBo TouKOW0 piBHAHHs (1)), & TOMY JyIst HBOrO piBHSIHHA He
BUKOHYETHCH KJIACHYHA TEOPEMa, PO aHAJIITUYHY 3aJ€KHICTh PO3B 43Ky BiJl MaJIOro Ia-
pameTrpa. ¥y po3B’SI3KOBI PIBHAHHS 151 TOYKA TTOPOJIKYE JIesTKi 0cOBJIMBOCTI, siKi Oy/1eMO
HAa3UBaTH tcmommo ocobausumu gynryiamu (I0D), 10610 GyHKIISIME, IKi HE € aHA-
JITHIHUMH BITHOCHO MAaJIOro mapamerpa € > 0.

B spanomy BuUnaJiKy Jijisi OJHOPIIHOT 33/a4i MU BUKOPUCTOBYEMO MOJIEJbHUIT OLIepaTOp
Eiipi-Jlanrepa

U"(t) —tU (t) = 0. (2)

Tomy icrorHo ocob/uBi MyHKII, dKi BUHUKAIOTH B PO3B’d43KaX OJHOPLJIHOT 3a/a4i Ma-
I0TH BUTJIS,

& oo
e
Ai (t) ke & Bi(t) = k€78,
<2ffz ) VRV 2
Ty
1 o
Ai(—t) = — ¢ siny - (—1)" e 7% —
ﬁﬁ{ 1; i
— cos 7y Z (=1 copar & k_l},
k=0
1 o
Bi(—t) = Cos7y - —-1)" ¢ 2+
i(=t) ﬁ\%{ v %( )" car§
sin Z ) copp1 & 2_1},
Je
2 (2k +1) (2k +3)... (6k — 1) 2 ™
:1 = — 3/2' — . :—t3/4 —.
=1 &=31"% o 216" - &! I
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JIuist HeOIHOPIHOT 3a/1a41 BUIJISI/LY Oy/1eMO BUKOPUCTOBYBATU MOJIE/IbHUT o1lepaTop

U’ (t) —tU (t) =7 1.
IcrorHO OCOB/IMBA (DYHKINIS, KA BUHUKAE Y PO3B’s3KaX HEOIMHOPIIHOI 3a/1a4l

t

V(1) = Bit) / Ai(r)dr — Ai(t) / Bi(r)dr,

Ko ¢ € [0; +00).

Ockinpku v (t) = hrﬂoﬁ (t), To
E—>

i 1.
V(t) = —W_l/ 5 CcOs (§33 + st) ds.
0

Jliteparypa
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TPUTOHOMETPUYHI IIOMNEPEYHUKHN KJIACIB IIEPIOJUYHUX ®YHKIIN BATATBOX
BMIHHUX TUITY HIKOJIBCbKOI'O-BECOBA ¥V IIPOCTOPI B,
Karepuna Coutiu
Boauncokuti Haytonarvrutl yrisepcumem iment Jleci Yepaiuxu, JTyuer, Yepaina

JocniIKyI0Thbcsl TPUTOHOMETPUYHI MOMEPETHUKH KJIACiB B;?,a [1] mepioguunnx byH-
Kiiii 6ararbox 3minmux (d > 2) y upocropi B, (zuB., nanpukiaz, [2]). Hopma B mpomy

d
npocTopi € 6iabmr cuabHOW, HiXK L,~HopMma. Hamam Q(t) = w(]] ¢;), 1e w(T) — 3anana
j=1

byHKIA 0/1Hi€T 3MIHHOI THITY MOJLYJId HEIIEpEePBHOCTI MOPSIKY [, dKa 3a/0BOJIbHIE YMOBH
Bapi-Creukina (S*) Ta (5;) [3].

O3HAYUMO aPOKCUMATUBHY XapaKTEPUCTUKY, sTKa HAMH JOCJIIIZKYEThCS.

Hexait I' C By~ aeakuii dynknionanpnuil kiac. Toxai tpuronomerpuyanuil nonepe-
unnk Kiaacy F'y npocropi B, (nosnauenns dl (F, B, 1)) BusHaqaeThes 3a HOPMYIO0

A1(F, Byy) o= inf sup inf |1 = 1(6,,)] |, 1)

m fEF t(am)
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ae t(0n) = t(Om, v) = D70, c;ef ™) 0= (k' . k™) — BeeMOmIMBI HAGOPH BEKTODIB
k= (k:{, e k:i), j =1, m, 3 uitouncaoBoi pemtitku Z%, ¢; — TOBLIbHI KOMIUIEKCHI YACT 1
(K, x) = klz) + ... + Kag.
Tpuronomerpuunnii nonepeunnk d. (F, L,) Oys BBesennii B pobori [4].
ChopMmymroeMo OTpUMAHII Pe3yaIbTar.

Teopema 1. Hexati d > 2, 1 < ¢ < p < o0, (¢,p)€{(1,1),(c0,0)}, 1 < 0 < 0, a
d

Qt) = w(][] tj), de w(r) 3adososvnae ymosy (S*) 3 deaxum a > 0 i ymosy (S;). Todi
j=1

das 6ydv-axoi nocaidosnocmi m = (My,)°2 | HAMYPAGALHUT “UCEA MAKOT, Wo M = 2npd-1
cnpasediuse CniesioOHOWEHHA

AL (Byg, By1) =< w(27")nD00), (2)

. . . . T Q
Cuipcrapusmm (2) 3 BifmoBiaHOW ominkoio nonepeunuka d,, (B, L) [1] orpumaemo
HACTYIIHE.

Hacainok 1. 3a sunamkom eunadky 0 = 1, ouiHku MPuzoHOMEMPUYHUL TLONEPEYHUKLE
waacie By y npocmopar By i Ly € pisnumu 3a NoPAOKOM.
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MOLLEHI-OBAHHH [IOIIMPEHHA EHI,ZLEMIT I3 BPAXYBAHHSAM EKOJIOI'TYHUX
DOAKTOPIB
Ykpaiunens OJer
Yepniseuvrul Hauionarvrnut Yuieepcumem iment Opisa @edvrosuna, Yeprisui,
Vrpaina

MaremMaTruaHOMY MOJIETIOBAHHIO MOMIUPEHHS elijeMii TPUCBIYEHO 3HAYHY KLIBKICTH
npaitb, nanpukaa [I], [2]. V pizaux moaudikamniax Mozemeit BpaxoBano Taki hakTopu K
BTpaTa iMyHITeTY, IHKyOaIiffHuil 1mepiod Ta iHINI YMHHUKH, K1 OMHCYIOTHCSA PIBHAHHIMHI
i3 3ami3HeHHSIM apryMeHTy abo audepeHmiaabHO-QYHKIIOHATBHEME crHcTeMam [3)].
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Binbuicrs Bigomux miaxoiis 6asyerbes na kiaacuuniit SIR-mogedi, ne S(t), I(t), R(t)—
KIJIBKICTh COPUIHATANBUX, 1H(DIKOBAHUX Ta THX, XTO OJyKaB Ha MoMmeHT dacy t. Ha me-
pedir emijemil BIUIMBAIOTH YUCAEHHI 30BHINIHI (pakTOpU, 30KpeMa MeJIMYHi, COIiaJ bHi Ta
oprauizamiiui. /logaTkoBuM (paKTOPOM € CTaH JOBKILIs, 30KpeMa IIpu XBopobax, Mo ypa-
JKAIOTh JTUXaJIbHI MIJIAXHA.

Y pobori 3anpononoBano Moaudikaiio SIR-Momeni momupenns emigemii, sKa Bpaxo-
BY€ HEraTUBHUI BILIUB 3a0py/IHEHHS HABKOJIUIITHBOIO CEPEJIOBUINA 3 y3araJbHEHUM ITOKAa-
sankoM E(t), t > 0, Burasry

E(t) = o Ey(t) + -+ - 4+ anm En (1),

ae a; > 0,3 " a; =1, a E;(t) omucyors pisni KOMIOHEHTH 3a0py/IHEHHS.

Hexait K > 0 — noporosuii piBenb 3a0pyaHeHHs Takuil, mo upu F(t) > K pusuk
indikysanns 3poctae, a upu 0 < F(t) < K — 3Menmyerbes. BpaxoByodu, 1o BiHOBIIe-
HHs JIOBKLIJISI 3a3BHYail Ma€ KOJTUBHEI XapakTep i cTaburmi3yeThes BimHocHo F = K mnpu
t — oo, npunycrumo, 1o E(t) 3agoBosbHsie piBHstHHS XaTdincona [4]:

dE(t) (1 CE(t-A)

= A K

p ) E(t), t>0, (1)

ne r > 0 — xoedimient pocty, a A > 0 — cepenniii yac BiAHOBIEHHS €KOJIOITYHOTO CTaHY.

MoaudikoBana SIR-Mozesb i3 BpaxyBaHHAM 30BHIIIHIX (paKTOPIB BILIUBY Ta BTPATH
iMyHITETY 3a 4ac 7, a TaKOXkK i3 BpaxyBaHHIM HApOJKYBaHOCTI i cMepTHOCTi, HabyBae
BUTJIALY:

%ﬁt) =b—BSH)I(t) —al(t—7)+e(E(t) — K) — pS(1), 2)
dil—gf) = BS(t)I(t) —v(E)I(t) — pl(t), (3)
d]jl—iw =(E)I(t) — ol(t —7) — e(E(t) — K) — pR(t), (1)

e b > 01 p > 0 - koedirieHTn HAPORKYBAHOCTI 1 cMepTHOCTI B nomysisii, koediri-
€HT 7 00epHeHO mpomopuiiiHuii cepefHbOMY vacy nepebiry 3axsoproBanus 1', qe y(FE) =
—’;HM(E(Et)—K)’ B, v, Yo 171 - momarTHi KoedimienTH.

Hnst cucremn (2)—(4) crann piBrOBarm BU3HAMAIOTHCS yMOBAME

b—pSI—al +e(E—K)—puS =0,

"o (5)
SI — I —pul =0.
P = E—R)
Cran piBHOBarmM
L=0, BEi=K, Si=3 R =0 (6)

BIJIOBI A€ BIACYTHOCTI eIrijieMii.
[Tpu I # 0 oTpUMYEMO TIE OJMH PO3B’SI30K

_ _ Yotnm _ Bb—p(yo+p)
By=K, S=%5% L=

JKWH iCHYy€ TP BUKOHAHHI YMOB

Yo+pu<B,  0<Bb—ply+p) <Blo+u—a).

92



V poboti goBeseno icHyBanHs Ta 0OMezKeHiCTb po3B’a3Kis cucremu pisnsnb (2)—(4).
JlocaimzkeHo cTifikicTh cTaHiB piBHOBArU. 30KpeMa, sIKImo 6a30Be PEenpOLYyKTUBHE THCJIO

(Bb = p)*(1 +mK) — pyo

Ry =
" p(l+mnK

<1,

TO cTaH pPiBHOBAaru (@ JIOKAJIbHO ACUMITOTHUYHO CTiiikuit. 3Moae/1b0OBaHO IUHAMIKY da-
KTOPIB MOJIeJIi, a TaKOXK JIOCJIizKeHO 00J1acTi CTIHKOCTI CTaHiB pIBHOBAIH.

OrpumaHi pe3ysbTaTi A03BOJSIIOTH OMIHUTH YMOBH, 33 TKWUX €IijIeMisd He BUHUKAE abo
HOIMUPIOETHCS, MPOAHAIIZYBaTH BILTUB €KOJOTIYHUX (DAaKTOPIB HA JIMHAMIKY IOIIMPEHHS
ermiieMiit.
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CJIABKO3BYPEHA JIIHIMHA KPAVMIOBA 3AJIAY /1J1s1 BATATOYJIEHHOI'O
AUPEPEHLIAJIBHOI'O PIBHSAHHSA JTPOBOBOI'O MOPAAKY 3 MOXIIHUMU KAMIYTO
BikTop ®@epyk
Inemumym mamemamuru HAH Vrpainu, Kuis, Ykpaina

Posrasnaernsest cirabko30ypena JiHiiiHA KpaiioBa 3aja4da s OaraToqIeHHOro jude-
PEeHIIaIbHOrO PIBHAHHS JIPOOOBOTO MOPSIAKY

—_

n—

“Diza(t) + ) (ar(t) +ebu(t) “Dgta(t) + (an(t) + eba(t)) x(t) = f(t), (1)

B
Il

lx(:) =q+eJz(-), (2)

)
el >a, >a,1>...>a0 >0, a;/a; €Q, 0,5 € {1,2,...n}, “Dit — niBocropouni
noxigni Kanyro, ax(t) € Cla,b], be(t) € Cla,b], k = 1,n, f(t) € Cla, b,

L=col(li, lo, ..., L,):Cla,b] > R”, J=col(Ji, Jo, ..., Jp): Lafa,b] — R”
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— obMmezkeHi JiiHIfiHI BeKTOPHI (pyHKIIOHA/IH,

ll/7J1/ . C[aab] %R7 V:ma q:COI (q17 q2, ..., QP) ERP7
€ — MaJIuil mapamerp.
JlocaimKyeThest BUMIAIOK, KON HEOMHOPIIHA MOPOKYIOUa 3a1aua, To0To 3amava [1]

n—1

“Dipa(t) + Y ar(t) Dgha(t) + an(t)z(t) = f(1), (3)
k=1

lz(-) =q (4)
He Ma€ PO3B’sI3Ky, a OJAHODIAHA IOPOLKYIOUa Kpafiosa 3aaua (3), (f(t) =0, ¢ =0)
Ma€ ciM’t0 po3B’s3KiB. 3Haiigeno ymosu Ha Jjinifini 36ypenns by(t) € Cla,b], k = 1,n Ta
J,, v =1,p, 3a 9kux KpaiioBa 3a7a4a , € PO3B’sI3HOI0 Ta 1MOOYIOBAHO 11 3arajabHMii
PO3B’SI30K y BHUIVIAJL paay JlopaHa 3a cTeneHaMH MaJIOro IapaMmeTpa € 3 CHHIYJISPHICTIO
B Touti £ = 0. OTpuMaHi pe3yJIbTaTu y3araJbHIOIOTh BIIIOBIIHI pe3yIbTATH I BULIAIKY

onHi€ei apobosoi noxiguol Kamyro Beranosieni y pobori [2].

Jlireparypa
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ITro pobory Oy/10 9aCTKOBO MiATPUMAHO ITPOEKTOM “fIKicHMIT aHasi3 Ta KepyBaHHs B
HeJIIHIHHUX IHTerpo-udepeHItiaTbHiuX PIBHAHHAX 13 IMITYJIbCHUMU T& CTOXaCTHIHUMU 30Y-
perrsvu’ JIO “BUITI KHY im. T. [lleuenka npu HAH Ykpainn’, nep:kaBHuii peecrpa-
mittaunit HFomep 0124U002140.

e-mail: feruk.viktor@gmail.com

F'OMOTOIMIYHUI TUII CTABIJII3ATOPIB CDS/HKLHI/”I MOPCA-BOTTA HA IOBEPXHHAX
Borgan ®erenko
Incemumym mamemamuru HAH Yrpainu, Kuis, Ykpaina

Hexait M — rmajka i komnakTHa moBepxHs. ['pyna mudeomopdizmis D(M) mosepxHi
M upuposno nie Ha npoctopi rragkux dyukniit C°° (M) 3a TaKMM OPABHIOM:

v C®(M) x D(M) — C®(M),  ~(f,h) = foh.

[MosHaunmo wepes S(f) crabitizarop raajgxol dbyskiii f BigHOCHO Iii v, To6TO S(f) =
{h € DIM)|foh = f}. Hagimumo D(M) cuiapHoi0 TOMOJOTIEI0 YITHI, I TOMOJIOTid
innykye pesky tomosorito Ha S(f). [lozmaunmo wepes Siq(f) 38’3y kommonenty S(f),
110 MicTUTb id,y.

Hacrynuaa reopema y3arajbHIOE Biomuii pe3ysbrar nupo romoropiuauit tun Siq(f) ais
JIOKAJIbHO-TTOCTIHUX Ha Mexki ¢yukiiit Mopca na M.

Teopema 1 ([1]). Hezati M — opicumosna, eaadka i komnaxmna noseprus, f: M — R
— ynruyia Mopca-Bomma na M, axa € aokasvro-nocmitnoro wa OM. Todi Siu(f) e abo
CIMARYSAHUM NPOCTNOPOM, 60 € 20MOMONIuHO exsicarenmuum xoay S*. Mpuvomy Siq(f)
e cmazysanum, axkuwo f mae npunatimmi odne cidno.
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ACUMOTOTUYHA TMOBEAIHKA P, (Y], Y, £00)-PO3B SI3KIB JIUGEPEHIIAJIBHOTO
PIBHAHHS APYTOT'O IMIOPAAOKY, IPABA YACTHUHA SAKOT'O € JOBYTKOM
HEJIIHINHOCTEN PI3BHOI'O TUIIY
Oabra Yemnok
Leporcasnuti 3axnrad «llisdennoykpaincvrud nayionasvhud nedazo2ivnutl yHicepcumem
wment K. JI. Ywuncorozos, Odeca, Yrpaina

Posriisnaernbesa audepenniaabie piBHAHHSA

y" = aop(t)po(y')e1(y), (1)

y saxomy a9 € {—1;1}, dbyuxmii p : [a,w[—=]0,+00[ (w0 < a < w < +00) Ta @; :
Ay, —]0,400[ (i € {0,1}) € HenepepsauMHU y CBOIX 00sacTax Bu3HAUeHHs, Y; € {0, 00},
npoMikoK Ay, — neskuit oHoGIIHIIT oKia Touku Y;, ¢ € {0,1}.

Kpim Toro, Gymemo Bazkaru, mo byukiist p1: Ay, —]0, 400[ € IpaBUIBHO 3MIHHOIO
(mus. [I], c. 17) nopsiaky o upu upsimysanui aprymenty 10 Y, a dbysakiis @o: Ay, —
10, +00[ mBiui HenepepBHO AudepentiiiioBHa Ha Ay, Ta 33J0BOJBHSIE yMOBH:

lim o(y) € {0,400}, () £0mpuy Ay,  lip 2WHG )

/ 2
50 20 (o)
g piBHSIHD THUITY PO3TJIIHEMO HACTYIHUN KJIaC POB’SI3KiB.

Osunauenns 1. Poss’asor y pisnanna (1)), eusnavenud na [to,w[C [a, w], nasusacmoca
P, (Y1,Yy, No)-pose’askom (—oo < N\g < +00), AKUO CNPABEOAUSUMY € HACTYNHE MEEP-
OHcenm

O .t A @) = vV (=01 L YO
Yy '[07w[—> Yi—i» tlTIZ}y (t)_ 1—i (Z— s ); 1m = AQ- (3)

it " ()y(t)

Hnga nocrimxysanux P, (Y7, Yy, £00)-po3s’a3kis y pobori 2] 6yn0 Bcranosaeno Ha-
CTYTHI allplOpHI AaCUMITOTUYHI CITIBBIIHONTEHHS:

Y0 _ o OO s
~ -~ Ll = (1) mpu tTw, (4)
e
t, AKIIO W = 400,
Ww(t) =

t—w, 9KIIO w < 400.

Mg dpopMymioBanHg OCHOBHUX Pe3y/IbTaTiB HAaBEIEMO HACTYIIHE O3HAYCHHS.
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Osnauvennsa 2. Hexat Y € {0,+oo}, Ay — deaxut odnobiunut oxin Y. Tosopamo,
wo nosiavho aminna npu y — Y  (y € Ay) dynkuyia 0 1 Ay —|0;+o0| sadosiavrsae
ymosy S npu npamysarni apeymenmy 0o 'Y (due., nanpukaad, y [2]), axwo dasn 6ydv-axoi
HOPMAATI306aHO0T NOGIALHO 3minnol npuy — Y  (y € Ay) dynruii L : Ay —]0; +oo[ ([3],
c.2-3) mae micue cniesidHowerA

O(yL(y)) =0(y)(1 +o(1)) npuy—Y (y€ Ay).

JloBeileHO HACTYIHY TeOpeMy, sKa TaKoxK BKa3ye€ Ha HeOOXIJTHI YMOBH iCHYBaHHS y
PiBHSIHHS P, (Y1,Yy, £00)-po3B’s3kiB.

Teopema 1. Hezxatl o1 # 1, dynruia o1(y)|y| =" 3adosoavnae ymosy S npuy — Y, (y €
Ay,). Todi, xooicen P,(Y1, Yy, £00) — poss’asor dudepenyianvrozo pieHanms MODHCE
bymu npedcmaesaenuli iy 6uzaAdl

y(t) = mu(t) L(1), (5)

de L : [to,w|— R — deiui nenepepsno dudeperuitiosna Gynkyia maxa, uo

yWr,()L(t) >0, L'(t)#0 npu t€t,w (to<t <w), (6)
. ' . _ - mu(t) L)
1#3 L(t) € {0; £oo}, ltlflle T (t)L(t) = Y, ltlTILI}W =0. (7)
Hpu yvomy, y 6uUNadKY iCHYGaAHHA CKIHYEHHOT GO0 HECKINYEHHOT 2parul
() L7(t)
lim ——~ 8
te D) ®)
MA0Mb MICUE HACMYNHE CNIGBIOHOULEHHA
()L (t
ltle%(t)O =1, al'(t)>0 npu te[t,w[to<t <w), (9)

apl/(t)
7oL 01 (ma(8)) - 20 (L (1) |14+ =0E0] )

Ozuauenns 3. Bydemo 206opumu, wo sukonyemovcesa ymosa N, axkuio 0as 0esroi nene-
pepsno dudeperuyitiosnoi Pynkuii L(t) : [to,w[—> R(to € [a,w]), axa 3adosoavrae ymosu
-(O) ma (L0), mac micye sobpasicenna

apL/(t)

(t) = 1+ 7(t)], (11)
T L0y lt) - o (L00) [1+ =0]

p(t) = [1+4+0(1)] npu tTw. (10)

de r(t) : [to,w[—] — 1; +00] — Henepepsna Pyrruia, axa npamye 0o wyas npu t T w.

Jg bopMyItoBaHHS HACTYIIHOT TEOPEMH BBEIEMO MTO3HAYEHHS

01(y) = e1(y)|y| ™, X(t) = L(t) - ex(t), (12)
o0 (y) !
L) (X)) (2m)
H@‘mwMWMMM’m@‘@@y 5 (13)
eo(y) ) 'v=X(
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_ . (L) m(H)L" (1)
Posraganemo BUIIa /0K, KOJIN
(L) s
ln =7 S H (0] =0 (15)

Takoxk HaaIi BBaXKaTH, IO iCHYE CKiHYeHHA ab0 HeCKiHYeHHA I'PaHUIA

X(t)

lim <1 +a+ 5 o

ttw

) (enlt) — 1) - ex(t) - H(t) = . (16)

Teopema 2. Hexatl o1 # 1, ¢ynxuia 01 3adososvhaec ymosy S, 6UKOHYEMBCA YMOBG
N ma (15). Todi dudepenyiadavne picnarms mae npunatimni odun P, (Y7, Yy, £00)-
PO36°A30K, 0AA AKO20 MAWMB MICUE HACTMYNHE ACUMNIMOMUYHE 306paxcerHs npu t T w:

y(t) = molt) - L)1 +o(1)), (1)
o — s s PXO)
() = X0+ Gy IO -o(1), (18)

Biavw mozo, axuo w < +00, Mo npu 8uKoHarHi 00HIct 3 YMO8

abo 1 <y <0, abo vy =0 ma ag - pg > 0,

dueperyianvre pishannui (1) mae oononapamempuuny P, (Y1, Yy, £00)-pose’askis 3
acumnmomusrumy 306pascenmamy (L7)-(18)), a axwo w = +oo, mo maxuzr posze’asxie
1ICHYE JBONAPAMEMPUHA CIM A Y GUNAOKAL, KOAU

abo 1 <y <0, abo vy =0 ma ag - o <0,
I OOHONAPAMEMPUNHA CIM A Y 6UNAIKAT, KOAU
—o0 <7 < —1abo0 <y <4o0.

Otke y Teopemax OyJI0 BCTAHOBJIEHO HEOOXI/THI i JOCTATHI YMOBH iCHYBaHHSA y DiBHS-
HHS P, (Y1, Yy, £00)-po3B’sa3KiB, a TAKOXK aCHMOTOTHIHUX 300parkeHb mpu t 1 w st
X PO3B’S3KiB Ta IX MOXITHUX MEPIITOTO MOPSIKY.
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EKCHOHEHLLIAJTBHA ANXOTOMIA B CEPEAHBOMY KBAIAPATUYHOMY OJIf
HECKIHUYEHHOBUMIPHUX CTOXACTUYHUX CUCTEM
dmurpo Ilredan, Auapiit CTaHXXUIIbLKU
Kuiscorutl nauionasvruts yrnisepcumem iment Tapaca llesvwenra, Kuis, Yxpaina
Inemumym mamemamurxu HAH Ykpaina, Kuis, Yxpaina

Posrisiatorbes cj1abKi po3B’3KM CUCTEMU JIHIHHUX CTOXACTUYHUX JuepeHIiaibHIX
piBugHb [TO

dr(t) = (A+ B(t)) x(t)dt + D(t)z(t) dW (1), (1)

BU3Ha4YeHol Ha miBoci [0, 00), 1e X — cenapabebHuil rinbbeproBuii mpoctip, A — renepa-
Top KomnakTHol Hamisrpymu S(t) = ¢4t > 08 X, D(t), B(t) € L(X) — nerepminopani
obmezkeHi JiHiiHi oneparopu mpu ¢t > 0, a W (t) — ckanspuuit onHoBUMIpHUIiT BiHepiBCHK Tl
nporiec, 3aJaHnii Ha iMoBipHicHOMY tipocTopi (2, F, P).

Cucremy OyIeMO HA3UBATH €KCNOHEHUITHO JUTOMOMINHOI0 6 cepednbomy Keadpa-
muvyHoMYy Ha TiBOCi, Ko icayoTh cram Ch, Cs, a > 0 Ta po3burts npoctopy X y mpsamy
cyMmy ABox mianpocropis X Ta X~ Takux, 10 A4 JTOBLIBHOTO PO3B A3KY 3 II09ATKOBOIO
ymoBoio z(0) = x € X~ cupaBeinBa OIIHKA

Ellz(t)|* < Cre™||z]|?, ¢ >0,
i 1 pos3e’si3ky 3 2(0) = x € X BUKOHYeTHCS

Ellz(t)]* > Coe*[lz]?, ¢ >0,
gae C,Cy, a0 > 0 He 3a7€eKaTh BiJ .

Teopema 1. Hexadi onepamop A na X, ¢ zenepamopom Co-nanisepynu T(t) = e, npu-
womy T(t) womnaxmua das woorcrnozo t > 0, i cnexmp o(A) ne nepemunac yasny icy:

c(A)NiR=g@.

Todi, axwo onepamopu B(t) i D(t) cucmemu (L) no onepamopnit nopmi npamyromo
do nyaa npu t — 0o, mo icnye to > 0, nowunarouu 3 axoeo cucmema (1) e excnonernuyitno
QUTOMOMINHON 6 CePeIHBOMY KEaAIPAMUYHOMY.

IlIpukmaa. PosrisgaeMo 3a/1a4y Ha BiIPi3Ky 3 TpaHUYHUMH yMoBamu /[lipixire:
du(t,z) = (uge(t,z) + Au(t, z)) dt + f(t)u(t,z) dW (), t>0,0<z<m, (2)

u(t,0) =0, u(t,m) =0,

e A € R\ {n?: n € N} — nmapamerp, f(t) — nenepepsna hpyHKISA, MO OPAMYE 0 HYJIs
upu t — oo. Toui, noksasuu X = L2(0,7) Ta A = %4—)\[ na D(A) = H*(0,7)NH(0,7),
3 TEOpEME MAEMO, 110 piBHAHHA (2)) € eKCIIOHeHnifiHo quxoTOMIuHNM TpH ¢ > to.

Pobory Bukonano 3a nigrpuvku HamionagsHoro hOHLY TOCTiIZKEHD Y KpaTHU, MPOEKT
2023.03/0074 «HeckinueHHOBUMIDHI €BOJIIONIiH]I PIBHSIHHST 13 HaraTO3HAYHOIO Ta CTOXACTH-
YHOI0 JUHAMIKOIO».
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PRINCIPAL IDEALS OF THE MAGMA MONOID
Yakiv Baiduk
Kyiv School of Economics, Kyiv, Ukraine

Let X be some set. Denote by M the set of all binary operations on X. Define a
binary operation [J on M in the following way [I, Definition 1.1]:

a(odx)b := (a0 b) x (boa)
for all o,x € M and all a,b € X. It turns out, that [J is an associative operation on M.

Proposition 1 ([I, Theorem 1.2|). For any set X, the pair (M,0), denoted further as
simply M, is a semigroup. Moreover, the left zero operation m/(a,b) := a is the identity

for O in M.

We aim at characterizing principal left and right ideals of arbitrary binary opearions
in M. To do so for left ideals, we need to define a special equivalence relation on X x X.

Definition 1. Let x € M. Define the equivalence relation w, on X x X as (a,b)m (u,v) <=
axb=uxv and bxa =v*u.

Theorem 1. The principal right ideal generated by * is
*M = {o € M|m, C 7m.}.

To characterize principal right ideals one needs to consider a special directed graph
derived from a given binary operation.

Definition 2. For a binary operation *, define its pairmorph graph G(x) as a directed
graph with the vertexr set V = ()2() U (X) and the arcs of the following three types:

« ({a,b} {w o) € 4 = (axbbra) € {(wv), (0, 0)};
i ({a,b}7{y})€A < a*b:b*a:y;
e {z} {y}) e A = zxz=1y.

Proposition 2. There is a bijection between M and the set of all (not always proper)
2-colorings of all possible pairmorph graphs.

Theorem 2. The principal left ideal generated by x s
Mx = {o € M|im,o C imyx},

where imy* is the set of all non-source vertices in G(x).
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ON FINITE-DIMENSIONALITY OF CLOSED SUBSPACES IN L,(M,dp) N Ly(M,dv)
Alexander Balinsky, Anatolij Prykarpatski
Mathematics Institute at the Cardiff Unwversity, Cardiff CF24 4AG, Great Britain
National University Lviv Polytechnic, Lviv, Ukraine, and the University of Science and
Technology, Cracow, Poland

It is a well known interesting problem to find effective criteria for closed subspaces
in L,, endowed with some additional functional constraints, to be finite dimensional. In
the work we are interested in some sufficient constraints on closed functional subspaces
Sy C L,, whose finite-dimensionality is not fixed a priori and can not be checked directly.
This case often happens in diverse applications, when a closed subspace S, C L, is
constructed by means of some additional conditions and constraints on L, with no direct
exemplicating the functional structure of its elements. We consider a closed topological
subspace S,(JQ) of the functional Banach space L, (M, du) and, moreover, one assumes that

additionally S](Jq) C L,(M,dv) subject to a probability measure v on M. Then we have
shown that closed subspaces of L,(M,du) N Ly(M,dv) for ¢ > max{1,p},p > 0, are finite
dimensional. The finite dimensionality result concerning the case when ¢ > p > 0 is open
and needs more sofisticated techniques, mainly based on anlysis of the complementary
subspaces to L, (M, du) N L,(M,dv).

Introduction

The problems, concerned with finite dimensionality of closed functional subspaces in L,
(in part, in L,(0,1; C), are of long time interest in analysis, being related with their many
applications in operator and approximation theories [2, [5, I8, [7, 12], in dynamical systems
theory [8, 11, 13|, 14, 17, 21] and other applied fields. As an example one can recall here
a central problem in Banach space theory to classify the complemented subspaces of L,
up to isomorphism; the finite dimensional analogue is to find for any given S, C L, a
description of the finite dimensional spaces which are Sy-isomorphic to S,-complemented
subspaces of L,. These problems were thoroughly studied before [I], in particular finite
dimensional versions of this complemented subspaces of the L, problem, yet in neither
case their classification is far to be closed.

It was observed that sometimes happens that the finite dimensional version of an
infinite dimensional problem leads to a theory which is much more interesting than the
infinite dimensional theory. Recall here the problem of describing the subspaces of L,
which embed isomorphically into a “smaller” L, space; namely, the space [,, for which
there is a fairly good answer [I]. Recall that a density on a probability space M is a
strictly positive measurable function h : M — R, for which [ hdu = 1. Such a density

h induces for fixed 0 < p < oo an isometry J}(Lp) from L, (M, dp) onto L, (M, hdp).
The next result, due to D. Lewis [I5, [10], gives useful information about chosen a priori
finite dimensional subspaces S, C L,.

101


https://doi.org/10.4134/BKMS.2008.45.4.651

Theorem 1. Let i1 be a probability measure on M and let S, be a N-dimensional subspace
of Ly(M,du), 0 < p < oo, with full support. Then there is a density h > 0 so that the image
J}(lp)Sp has a basis {1, P2, ..., on } C Lo(M, hdp), which is orthonormal in Lo(M, hdp) and
such that Y. |p;|* = N.

Assuming, that S, is already a subspace of L, for some finite dim .S, € N, one can pick
randomly a few coordinates and hope that the natural projection onto these coordinates
restricted to .S, is a good isomorphism. If we do it with no additional preparation, this will
not work. Indeed, the subspace S, may contain a vector with small support, say one of the
unit vector basis elements of I¥ | in which case the chance that a coordinate in its support
is picked is small, of course if no such coordinate is picked, the said projection cannot be
an isomorphism on S,. The point is that one wants to change .S, first to another isometric
copy of S, in which each element of S, is spread out. This can be done by a change of
density. This method was used with other tools to produce the best known results.

Finite-dimensionality of closed subspaces in L, N L,

As the imbedding structure of a priori taken finite dimensional subspaces in L, is in
many cases very important and instructive, nonetheless finding the effective criteria for
closed subspaces in L,, endowed with some additional functional constraints to be finite
dimensional remains very important and hard both from theoretical and applied points
of view. Below we will be interested in some sufficient constraints on functional closed
subspaces S, C L,, whose finite-dimensionality is not fixed a priori and can not be checked
directly. This case often happens in diverse applications, when a closed subspace S, C L,
is constructed by means of some additional conditions and constraints on L, with no direct
presenting the functional structure of its elements. In particular, we consider a topological
subspace S,(Jq) of the functional Banach space L,(M, du), where p is a probability measure
on measurable space M. Moreover, one assumes that additionally Sz(,Q) C L,(M,dv) subject
to a probability measure v on M. Then we prove the following theorem first announced
in [3].

Theorem 2. Let a closed topological subspace S,gq) C L,(M,du) belong to Ly(M,dv),
g > max{1l,p},p > 0, where measures p, v are probabilistic and the measure u is absolutely

continuous with respect to the measure v on M. Then the subspace S,()q) is finite dimensi-
onal, that s dim S;,(,q) < 00.

Let us consider a closed topological subspace S,()q) of the functional Banach space
L,(M,dyu), where o is a probability measure absolutely continuous with respect to the

measure v on M, and satisfying, in addition, the constraint Sg(jq) C L,(M,dv) subject to
a probability measure v on M. In order to state Theorem [2, formulated above, we need
some lemmas.

Lemma 1. For any g > p > 0, there exists a bounded positive constant K, 4, such that
A lgw < Kpall fll1w (1)

for any f € S ¢ L,(M,dp) N Ly(M,dv).

As a usuful consequence from Lemma || and the obvious norm property ||f||1 < ||f]l,
for any f € Li(M,dv) we can deduce that SIS‘” C Li(M,dv) N Ly,(M,dv), what makes it
possible to single out from the subspace SSI) C L,(M,dv) linear independent functions
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;€ S]Sq) C Li(M,dv),j =1, N, for some N € N and construct the closed N-diemensional

subspace
SO = spanc{p; € S € Li(M,dv) : |lg;lh, =1,j =T, N}. (2)

For fixed N € N the subspace S;?])V c S\ ¢ Ly(M,dv),q > max{1,p},p > 0, characteri-
zes the next lemma.

Lemma 2. Given the N-dimensional subspace S]S?J)V c S\ c Ly(M,dv) N Ly(M,dv),
defined by (@, q > max{1l,p},p > 0. Then there exists an N-dimensional subspace

Sl ¢ Lo (M,dv) such that

p,

SU0 = spanc{v; € SN C Loo(M,dv) : j = T, N}, (3)

dim S;f"])v’* = N, and whose basis functions satisfy the biorthogonality condition

{/ Urpidv =0y, J k= L_N} (4)
M

forall j,k =1, N. Moreover, owing to the canonical isomorphisms Ly(M,dv) ~ Lz(M,dv),
1/G+1/q =1, and Li(M,dv) ~ Lo (M,dv), the corresponding subspace S;()q)’* C Loo(M,dv)N
Li(M,dv) is also closed and SI(,?])\}* c 550"

Remark 1. It is interesting to note here [2] that the spaces Loo(M,dv) N Lg(M,dv) and
Loo(M,dv) U Li(M,dv) are not isomorphic.

Josedenna. Proof of Theorem |2l As follows from Lemma , the closed subspace S;q)’* C
Loo(M,dv)NLg(M,dv) a priori contains the finite dimensional subspace SIE?J)\}* C Loo(M,dv)N
Ls(M,dv), dim SZ()?])\}* = N. The latter makes it possible to reduce the finite dimensionality
problem subject to the closed subspace S,gq) C Ly(M,dv) N L,(M,dv) to the one of the
closed subspace S{7 C Loo(M,dv) N Lg(M,dv), following the Grothendieck [9] scheme.
First, we observe that the embedding mapping S\ C Li(M,dv) — Sl Loo(M, dv)
is a closed operator, giving rise owing to the Banach closed operator theorem to the
inequality

l9llee < Rl|gll5 (5)

for any g € Sng)’* C Loo(M, dv) and some positive and bounded number R < oco. Moreover,
making use of the Young inequality, for any oo > ¢ > 0 one can find such a positive
constant [5 < oo that

l9lloc < Rqllgll2 (6)

for any g € S,(gq)’* C Loo(M, dv). Taking into account that, owing to , any g € S,()q)’* C
Ly(M,dv)N Lo (M, dv), one can choose the finite dimensional subspace such that the

set of functions ¢ := {¢; € S,S‘”’* 17 =1,N} to be ortonormal, that is
/ ipdy = b (7)
M

for all j,k =1, N. Let now @ C D;(0) be a countable everywhere dense subset of the
unit disc D;(0) of the Euclidean space EY := (C¥; (-|-)). Then for every vector ¢ € D;(0)
one gets that the function g. := (c[t)) € Lo(M, dv), that is ||g.||» < 1, for owing to ()

9]l < Ry (8)
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Taking into account that the set ) C D;(0) is countable, one can find such a measurable
subset M’ C M that the measure v(M') =1 and |g.(u)| < Rj for all vectors ¢ € ) C
D;(0) and all points u € M’. Since at a fixed point u € M’ the mapping D;(0) > ¢ —
|g.(w)| € R is continuous on D;(0) C EV, one can extend this function on the whole disc
D;(0), getting the inequality

|9e(uw)| < Rq (9)
already f)or all ¢ € D;(0) and v € M’. Making use of the arbitrariness of the vector
c € Dy(0), it can be chosen as ¢ := ffp((“u)” € Dy(0) N S, u € M, giving rise to the
following inequality |¢(u)| < Ry, or

[Y(u)|* < R (10)

Having integrated the inequality over M ~ M’ one obtains that N < Rg < 00.

The latter means that dim Sﬁq)’* < max N < oo, being equivalent to the condition that
dim S§” < max N < oo, thus proving the theorem. O

As a consequence, we have also stated that the closed subspace S,()q) C L,(M,dp)n
L,(M,dv) is isomorphic to Lay-subspace of Lo (M,dv)N Lg(M,dv),1/q+1/¢§=1.

Conclusion

We have studied a classical problem of finding effective criteria for closed subspaces in L,,
endowed with some additional functional constraints, to be finite dimensional. We consi-
dered a closed topological subspace SIS‘” of the functional Banach space L,(M,du) and,
moreover, assumed that additionally S,(,Q) C L,(M,dv) subject to a probability measure
v on M. Then we have shown that closed subspaces of L,(M,du) N Ly,(M,dv) for
g > max{1l,p},p > 0, are finite dimensional, if the measures p,v are probabilistic on
M and the measure p is absolutely continuous with respect to the measure v on M.
The finite dimensionality result concerning the case when ¢ > p > 0 is open and needs

more sofisticated techniques, mainly based on anlysis of the complementary subspaces to
L,(M,dp) N Ly(M,dv).
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STRICTLY CONVEX METRIC ABELIAN GROUPS ARE NORMED SPACES
Taras Banakh, Oles Mazurenko, Olesia Zavarzina

Ivan Franko Lviv National University, Lviv, Ukraine
V.N. Karazin Kharkiv National Uniwversity, Kharkiv, Ukraine.

Definition 1. A metric space (X,d) is strictly conver if for all points x,y € X and
radii r1,r2 € Ry U {0} such that d(z,y) = 1 + ro, the intersection of the closed balls
Blz,m] N Bly, | contains exactly one element.

Theorem 1. Every strictly convexr metric abelian group is a normed real vector space.

Problem 1. Is every strictly convexr metric group abelian?
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A CHARACTERIZATION OF 3-DIMENTIONAL AFFINE SPACES
Taras Banakh, Vladyslav Pshyk
Ivan Franko Lviv National Unwersity, Lviv, Ukraine

In this talk we will present a simple characterization of an affine 3-dimentional space
X by merely 4 axioms describing properties of lines. A liner is a pair (X, £) consisting of
a set X of points and a family £ of subsets of X, called lines.

A set of point A C X in a liner (X, £) is called flat if a line L € L is a subset of A
whenever it has at least two common points with L. For a set of point A C X we denote
by A the smallest flat subset of X that contains the set A. The rank of a subset A C X is
defined as the smallest cardinality | B| of a subset B C X such that A C B. Flat subsets
of rank 3 in liners are called planes.

The principal result of this talk is the following theorem characterizing 3-dimensional
affine spaces over corps.

Theorem 1. Assume that a liner (X, L) satisfies the following four azioms:
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e (Euclid) Any two distinct points belong to a unique line;

e (Playfair) For every plane P C X, line L C P and point x € P\ L there exists a
unique line A in X such that x € A C P\ L;

e (Hilbert) If two planes in X have a common point, then they have at least two
common points;

e (Rank) There exist four points that do not belong to any plane.

Then there exists a 3-dimensional vector space V' over a skew-field R and a bijective
function f : X — V such that
{fIL]:Le L} ={z+Rv:zeV,veV\{0}}
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ANALYTIC FUNCTIONS IN A UNIT POLYDISC: CONDITIONS OF BOUNDEDNESS OF
L-INDEX IN A DIRECTION FOR THE SUM OF FUNCTIONS WITH BOUNDED L-INDEX IN
THE DIRECTION
Andriy Bandura!, Oleh Skaskiv?

L Ivano-Frankivsk National Technical University of Oil and Gas, Ivano-Frankivsk,
Ukraine
2Ivan Franko National University of Lviv, Lviv, Ukraine

Let 0 = (0,...,0), b = (by,...,b,) € C"\ {0} be a given direction, R, = (0, +00),
D" ={z € C":|z| <1,j € {1,2,...,n}} be the unit polydisc, L : D" — R, be a
continuous function such that for all z = (21, 29,...,2,) € D"

f = const > 1. (1)

An analytic function F' : D" — C is called a function of bounded L-indezx in a directi-

on b, if there exists mg € Z, such that for every m € Z, and every z € D" one
O F(z OFF(z " z
L;;Lm((z))‘ < max { |k!bLk((z))| 0<k< mg} , where 0F(2) = F(2),0uF(2) = 3, Gy,

Oz; I
j=1

OEF(z) = 8b<8’g_1F(z)>, k > 2. The least such integer mg = myg(b) is called the
L-index in the direction b of the analytic function F' and is denoted by Ny(F,L) =

mg. For a given z € D" we denote D, = {t € C : z+tb € D"} and A\(n) =

L(Z—I—tlb) .
SUP.epn SUPy,; t.eD, {L(z—l—tzb) [t

has

1—ta| < min{L(zﬁlg),L(zmb)}} . The notation Qp(D") stands for
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a class of positive continuous functions L : D" — R, , satisfying and (Vn € [0, 5]) one
has Ap(n) < +00. Denote A = {z € D" : (z,b) = 0}, where (2,b) := 37, 2;b;. Let
2% € A be a given point. If F|(2° 4 tb) # 0 as a function of variable ¢t € C, then there
exists tg € D,o such that F(2° + t4b) # 0. Then we denote

8 1 — |29 + bt| 0
F b
{2L(20+tb)’ 2/b;] F(+tb) 20,

Theorem 1 ([I]). Let L € Qun(D"), o € (1/8,1) and F, G be analytic function in D"
satisfying conditions:

1<j<n

B(2°,t) = {to € D,o: |to —t| < min

1) G(z) has bounded L-index in the direction b € C" \ {0}.

2) for every z = 2° +tb € D", where 2° € A, and some t, € B(2°t), and r = |t —

0k G(20+tb
to| L(z° +tb) one has max“,_to‘fu - |F(2°+t'b)| < maXo<r<ny(Ga,Lo) %.
, max{|F(ZO—|—t’b)|: |t/ —to!*%tlo)b)} . . )
c:= su < oo where ty is chosen in 2).
) zoéi (0 1 o) ’ )

If |e] < 552, then the function H(z) = G(z)+eF(z) has bounded L-index in the direction
b with Nb(H L) < Ny(Ga, La), where G, (2) = G(z/a), Lo(2) = L(z/a).
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ASYMPTITOC REPRESENTATIONS OF REGULARLY VARYING SOLUTIONS TO
DIFFERENTIAL EQUATIONS OF THE FOURTH ORDER WITH NONLINEARITIES, CLOSE
TO REGULARLY VARYING
Maria Bilozerova, Natalia Sharai
Odesa I.I. Mechnikov National University, Odesa, Ukraine
Odesa 1.1. Mechnikov National University, Odesa, Ukraine

Zln |y ) (1)

where ay € {—1,1}, v € R, pu €]0;1[, p : [a,w['! —]0,4+00] (w00 < a < w < +00),
i + Ay, —]0,+00] (i = 0,1,2,3) are the continuous functions, Y; € {0,400}, Ay is
either the interval [y?, Y;[? or the interval |Y;, 4], is considered.

The differential equation

3
y @ = aop(t) [ [ £i(y™) exp (

1=0

f w > 0 we will take a > 0.
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We suppose also, that every ¢;(z) is regularly varying as z — Y; (z € Ay;) of index
3
o;and > o; # 1.
i=0

Acco}ding to properties of regularly varying functions (see for example the monograph [2])
the equation (1)) is in some sense similar to the well known differential equation of Emden-
Fowler type.

Definition 1. We call defined on [to,w[C [a,w[ solution y of the equation (1) the
P, (Yo, Y1,Y5, Y5, \o)-solution (—oo < \g < 400) if next conditions take place

y D Jto, w[— Ay, liTmy(i)(t) =Y, (i=0,1,2,3), (2)
tTw

" t 2
O
i yW(t) y" (1)
The improvement of mathematical models of physical phenomena contributed to the
growth of the number of results for equations of greater than the general form. In the works

V. M. Evtukhov and A. V. Drozhzhyna (see for example [7]) the differential equation of
general form

(3)

y" = f(ty,y, ...y )

was researched. Here f : [a,w[xAy, X --- X Ay | —> R is a continuous function, —oco <
a <w < +00, Ay,_, is some one-sided neigbourhood of Y;_;, Y;_; equals to zero or to o0,
i =1,...,n. The subject of the research is P,(Yy, ..., Y, 1, Ao)-solutions of this equation,
conditions of their existence and also asymptotic as t 1 w representations of such solutions
and their derivatives up to the order n — 1. The class of P, (Yy, ..., Y, 1, Ao)-solutions was
introducted in works of V. M. Evtukhov and it appeared to be an enough wide class of
monotone solutions. It includes regularly, slowly and rapidly varying as ¢ 1 w solutions
and also some types of singular solutions. every of the mentioned above n + 2 types of
P,(Yo,Y1,...,Y, 1, Ao)-solutions of the differential equation of the n-th order of general
form is studied separately by the fulfillment of the condition (RN),,. The kernel of the
condition is the fact, that onto the any of such solutions the equation is in some sense
asymptotically near to the equation

y™ = aop(t) [ [ i1 (497Y) (4)

j=1

where ag € {—1;1}, p : [a, w[—]0, +oo] is a continuous function, ¢;_; : Ay, | —]0, 4-00]
is a continuous regularly varying function of the order o;_; as Yy —s Y, ,7=1,...,n.
In the equation (1) the nonlinearity is not near to the form (4) because of the type of

the function exp <7 |Z§’:0 In ‘y(i) ‘ }M>

Definition 2. We call the solution y of the equation (1), that satisfies (2), the P, (Yo, Y1, Ya, Y3, \o)-
solution (—oo < Ao < +00) if the next condition takes place

TCA0) (5)

ey (t) y" (¢)

The next theorem is proved for noncritical P, (Yp, Y1, Ys, Y3, Ag)-solutions to the equati-
on (1).

2IfY; = +oo(Y; = —o0) we take y? > 0 (y? < 0) correspondingly.
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Theorem 1. The next conditions are necessary for the existence of P, (Yo, Y1, Ya, Y3, Ag)-
solutions (Ao € R\ {0,1,3,2}) of the equation (1)

ORI pU—
1' d 0 = 0 ]_ O w t n—1 - 1 = }/; 6
TR o0, 1 e () | o
y?y?+1a0i+1<)\271 - 1)7Tw(t> > O as t € [a’aw[v (7)

where y3 = ag, i =0, ..., 3.
If the equation

3 3 k 3
> o H Ham+/\ (L+ ) ] (ao: + 2
=1 =1

has no roots with zero real part, then the conditions (6), (7) are sufficient for the exi-
stence of P, (Yo, Y1, Y, Y3\g)-solutions of the equation (1). For any such solution the next
asymptotic representations as t T w

|Z/(n 1) ( |0 exp( Zln}y

) = Yolo(t)[1 + o(1)],

yO) [ - Dm®] [1+o(1)],

where i = 0,...,2, take place.
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NUMERICAL HOMOGENIZATION AND MULTISCALE MODELING OF POROUS MEDIA
Dmytro Bobyliev
Kryvyi Rih State Pedagogical University, Kryvyi Rih, Ukraine

The analysis of porous media with heterogeneous microstructures requires effective
methods capable of bridging multiple spatial scales. Consider the elliptic boundary value
problem

— V- (A(E) V' (2)) = f(z), z€QCRY ulpn =0, (1)
where A(z/e) is a rapidly oscillating tensor describing permeability or stiffness. Direct
simulation for small € is computationally infeasible.

The homogenized approximation u°(x) satisfies

— V- (AVU(2) = f(z), u’|on =0, (2)
where the effective tensor A* is computed from the cell problems
— V- (A)(ei + Vyxi(y)) =0, yeY =[0,1), (3)
with periodic boundary conditions. Then
A= [ A+ Vi) - (e + Tos(0) do ()

The negative sign in front of the divergence operator reflects the physical principle
that flows occur in the direction opposite to the gradient of potential, for instance heat
flux or Darcy flow in porous media. From the mathematical viewpoint, it ensures that
the operator is elliptic and positive definite in the Hilbert space Hj (), thus guaranteeing
well-posedness of the problem.

Computational experiments confirm convergence of u® to «° in the H' norm with
error O(e). Finite element simulations with adaptive refinement demonstrate efficiency
in capturing fine-scale oscillations and computing macroscopic transport coefficients. For
multiscale porous structures, numerical experiments illustrate that permeability tensors
calculated through homogenization provide reliable approximations of effective flow rates
compared to direct simulations.

Several numerical strategies have been developed to implement this approach, includi-
ng the Multiscale Finite Element Method (MsFEM) and the Heterogeneous Multiscale
Method (HMM). These frameworks allow constructing special basis functions or coupling
fine- and coarse-scale solvers, significantly reducing the computational cost while retaining
essential information from microscopic structures.

Applications include groundwater flow, composite membranes, biomechanics of ti-
ssues, and mechanics of engineered porous solids. The methodology also has potential
in geophysics for oil and gas recovery, in civil engineering for modeling concrete and
asphalt, and in environmental science for predicting contaminant transport in soil.

Future perspectives involve stochastic homogenization to capture uncertainty in random
microstructures, machine learning techniques to accelerate the construction of effective
coefficients, and the use of high-performance computing for large-scale three-dimensional
problems. Such developments will further strengthen the role of numerical homogenization
as a key tool in multiscale modeling of complex porous systems.
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WEAKLY PERTURBED BOUNDARY VALUE PROBLEMS FOR SYSTEMS OF
INTEGRO-DIFFERENTIAL EQUATIONS IN THE GENERAL CASE. AN EQUIVALENT
SYSTEM OF ALGEBRAIC EQUATIONS
Ivanna Bondar
Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine

Consider a boundary value problem for a linear system of integrodifferential equations
with a small parameter e:

b b

() — (1) / [A(s>x(s)+3(s)¢<s)}ds: Ft)+e / [K(t, s)x(s)—l—Kl(t,s)jc(s)]ds, (1)
lx(-e) =a+celz(,e) € RY (2)

Using perturbation theory methods, the coefficient conditions for the existence of a soluti-
on to the boundary value problem , are found in the general case. The structure
of the solution set for this problem is constructed in the space Ds[a,b] n-dimensional
absolutely continuous differentiable vector-functions x = x(¢,¢) : z(-,€) € Dsla, b], (-, €) €
Lyla,b], z(t,-) € C(0,gp]. It is proven that for arbitrary inhomogeneities on the right sides
of equations , , there exists a unique solution in the form of a convergent series
z(t,e)= Y. &zt c) for e € (0,e.] C (0, &)
i=—(k+1)

Here, A(t), B(t), ®(t) are m x n, m xn, n x m-dimensional matrices whose components
belong to the space Ls[a, b]; the column vectors of the matrix ®(¢) are linearly independent
on [a,b], f(t) is an n-dimensional vector-function from Lsa,b]; ¢,¢; are linear bounded
g-dimensional vector functionals, a = col(ay, oo, ..., ) € RY. K (t,s), Ki(t,s) are (n xn)-
dimensional matrices whose components are defined in the space of functions integrable
on the interval Ls[a, b].

An equivalent algebraic system for the given problem is constructed. This work was
carried out within the framework of the research project for young scientists of the NAS of
Ukraine for 2024-2025 (0124U002111), and was also supported by the Simons Foundation
Grant (1290607, .A.B.).
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BEST WEIGHTED APPROXIMATION OF SOME KERNELS ON THE REAL AXIS
Stanislav Chaichenko*, Viktor Savchuk**, Andrii Shydlich***
* Donbas State Pedagogical University, Sloviansk, Ukraine;

** Institute of Mathematics of the National Academy of Sciences of Ukraine, Kyiv,
Ukraine;

“* Institute of Mathematics of the National Academy of Sciences of Ukraine, Kyiv,

Ukraine, National University of Life and Environmental Sciences of Ukraine, Kyiv,
Ukraine

We calculate the exact value and find the polynomial of the best weighted polynomial
approximation of kernels of the form IC;\lVS(t, A, B) = (tzf/{%? where A and B are fixed
complex numbers, A > 0, s € N, in the mean square metric.

Let us note, for A = s = 0 and B = 2, the kernel K, (¢, A, B) coincides with the
Poisson kernel P,(\) = /\2 +t2 as functlon of the variable A. A special case of kernels
Kﬁ’s(t,A,B) are integral kernels defined in the upper half-plane by the well-known bi-

harmonic Poisson integrals

B(f;t;)) = ”3/ St g

T o (X2 4+ N2)2

which give the solution of the biharmonic equation V*(V2U) = 0, V := 88—;2 + 88—;2,
in the upper half-plane of the complex plane (A > 0) under the boundary conditions
limy o+ U(z, A) = f(2), limy o ZU(z,A) = 0.

Denote by P,_; the set of all algebraic polynomials with complex coefficients of degree
at most n — 1 and consider the quantity

. ~| A+ Bt
&W%mw:uﬁ</ h—————mﬂ

2 dt )1/2
pEP,_1 12 4 \2)s+l )|?

|pn(t

of best weighted approximation of the kernel IC’\ st A B) by all possible polynomials from
the set P,_; in the mean square metric with the weight | ()‘2, pn(t) = po [ 1o, (t — ax),
where a;, = ag + 10, B > 0, k=1,2,...,n, and py # 0 i 1s a constant.

Theorem 1. Let A, B be any fized real numbers, X > 0 and s € N. Then for any n € N

2 A _ l+k
gn(lcn,s)lﬂn - (2>\)23+3 |p0’2 Z Z GkGla

k=0 =0

where:un()Va) = H |:a2+(ﬁk+>‘)2]7 aj:aj—i_iﬁj: ﬁj >0,7=012...,n,

N

S—

Gr = Gr(\,a) = (T9)irF v g (08) (BA( s(s45)-2 1A)

(2X)F+7 s(s+7)

Il
o

J

Similar extremal problems for the kernels ) (¢, A, B) was solved: in the case of s = 0
in [I] (see, also [2]), in the case of s =1 in [3].
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ALGEBRAIC SOLUTIONS AND THE PROBLEM OF THE CENTER FOR PLANAR
POLYNOMIAL DIFFERENTIAL SYSTEMS
Dumitru Cozma
Ton Creangd State Pedagogical University of Chisindu, Republic of Moldova

1. The problem of the center. We consider a planar system of differential equations

dx d
- = Ply), 50 = Q). M
where P(z,y), Q(x,y) are coprime polynomials in (z,y) € R? with real coefficients. The
degree n of this polynomial system is the maximum degrees of the polynomials P and @),
n = maz{degP(z,y),degQ(z,y)}. Associated to this polynomial differential system there
is the polynomial vector field X = P(z,y)Z + Q(z, y)a%.

Let O(0,0) be a singular point of differential system (L)), i.e. P(0,0) = Q(0,0) = 0,
and consider the linearization of (1) at O(0,0):

dx N dy
— = T Qa, —_— =
di 10 01Y, dt

ble + b01y. (2)
The most important question which is still open for planar systems of differential
equations is the following one [1], [3]:

Problem 1. Under which conditions do the original system and the linearized system
(@ have the same qualitative behavior and the same topological structure around a singular
point O(0,0) ¢

This problem has been solved for (1)) unless if the singular point O(0,0) is of a center
or a focus type, i.e. the eigenvalues of the linearized system are purely imaginary \; o =
+if3, i = —1, B # 0 and n > 3. In this case, by using a nondegenerate transformation of
variables and a time rescaling, the system can be brought to the canonical form

U+ B =Py, P=—r+Y Q) =0y, O

where P; and (); are homogeneous polynomials of degree j with real variables and coeffi-
cients. A singular point O(0,0) is either a focus or a center for , called a weak focus, a
fine focus or a monodromic singular point.
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The problem of distinguishing between a center or a focus is called the problem of the
center or the center—focus problem. The interest in solving the problem of the center for
differential systems arose as part of investigation of the local 16th Hilbert problem.

Lyapunov proved that the problem of the center is equivalent to the problem of local
integrability of a differential system in the neighborhood of a singular point O(0,0).
A singular point O(0,0) is a center for system if and only if the system has in some
neighborhood of O(0,0) a nonconstant analytic first integral

F(x,y) Ex2+y2+ZFk(x,y) =C (4)

or an analytic integrating factor of the form

k=1
where F},, p are homogeneous polynomials of degree k.

2. Focus quantities. Lyapunov proved that the problem of the center can be reduced
to the problem of solving an infinite system of polynomial equations whose variables are
parameters of the differential system. It is known that there exists a formal power series
F(xz,y) = > Fi(x,y), defined in a neighbourhood of the origin, such that the rate of
change of F(z,y) along trajectories of system is

dF .
E:Ll(a:2+y2)2+L2(x2—|—y2)3—|—... ) (6)

where the quantities Ly, k = 1,2,... are polynomials in the coefficients of system
called the Lyapunov (focus) quantities. The stability of the origin is determined by the
first nonvanishing Lyapunov quantity.

The origin is a fine focus of order m if Ly =0, k =1,m — 1 and L,, # 0. In this case
at most m small amplitude limit cycles can bifurcate from a fine focus of order m.

Theorem 2. The origin is a centre for differential system (@ of and only of all the
Lyapunov quantities vanish (Ly =0, k=1, 00).

By the Hilbert’s basis theorem, there is a natural number N such that L, = 0 for
all k if and only if L, = 0 for all £ < N. It is only necessary to find a finite number
of Lyapunov quantities, though in any given case it is not known a priori how many are
required. We come to the following Open Problem [3]:

Problem 2. For any degree n of the differential system (@ to find such N = N(n) that
vanishing the first N Lyapunov quantities itmplies the existence of a center.

The problem of the center was solved for: quadratic differential systems, N = 3; cubic
symmetric differential systems, N = 5; the Kukles differential system, N = 8.

3. Algebraic solutions. An important problem concerning the integrability of di-
fferential systems is whether the trajectories to can be described implicitly by an
algebraic formula, for example, ®(x,y) = 0, where ® is a polynomial.

Definition 1. An invariant algebraic curve of system (@ is the solution set in C? of an
equation ®(x,y) = 0, where ® is a polynomial in x,y with complex coefficients such that

o 0P
Xd=P—+4+Q— =Ko
7+ Q 9 : (7)

for some polynomial in x,y, K = K(x,y) of degree n — 1 with complex coefficients, called
the cofactor of the invariant algebraic curve ®(x,y) = 0.

115



Definition 2. An invariant algebraic curve ®(z,y) = 0 is called an algebraic solution of
(3) if (z,y) is an irreducible polynomial in Clz, y).

Let & = 0 be an algebraic solution for of degree m. This algebraic solution is:
1) an invariant straight line if m = 1, and it has the form ajgz + agiy + 1 = 0;
2) an invariant conic if m = 2, and it has the form
ax0x® 4+ anzy + oy’ + a0 + agy + 1 = 0;
3) an invariant cubic if m = 3, and it has the form
az0x® 4+ a1 2?y + a12xy® + ag3y® + axr® + anzy + agey® + aiox + any + ago = 0.
Since Darboux found in 1878 connections between invariant algebraic curves and the

existence of first integrals of planar polynomial differential systems, the theory of invariant
algebraic curves is still full of open questions [2], [4].

Problem 3. Give a method to find an upper bound M to the degree of the algebraic
solutions for a fized polynomial system of degree n > 2.

Problem 4. What is the mazimum number a(n) of algebraic invariant curves in the
set of all polynomial differential systems of degree n > 1 having finitely many invariant
algebraic curves ?

For a given polynomial system of degree n the calculation of the invariant algebraic
curves is a very hard problem because in general we don’t have any evidence about the
number of invariant algebraic curves and the degree of a curve.

4. Darboux integrability. Invariant algebraic curves are central object in the theory
of integrability of polynomial differential systems. This motivates the growing interest
of researchers in application and development of the algebraic method of integrability
for polynomial systems. This kind of integrability is usually called Darboux integrability,
and it provides a link between the integrability of polynomial systems and the number of
invariant algebraic curves they have [2], [3].

Suppose the polynomial differential system of degree n has ¢ invariant algebraic
curves ®;(z,y) =0, j = 1, q. Darboux proposed to search for a first integral (an integrati-
ng factor) in the form

@‘13‘1 (1)32 R (I)aq’ (8)

q

where ®; are invariant algebraic curves and ®; € Clz,y, o; € C.

Problem 5. For polynomial systems of degree n determine the relations between the
number q of invariant algebraic curves, their degrees and the existence of first integrals.

A partial answer to this problem was given by Darboux in the following Theorem [2].

Theorem 3. Suppose system has q distinct irreducible invariant algebraic curves
O, =0,5=1,...,¢. If ¢ > %n(n + 1), then either we have a Darbouz first integral or a
Darbouz integrating factor.

The method of Darboux is very useful and elegant one to prove integrability for some
families of differential systems if we have "enough"invariant algebraic curves. This moti-
vates the following problem for polynomial differential systems .

Problem 6. Find the polynomial differential systems (@ with a fewer number of invariant
algebraic curves than n(n + 1)/2 for which a singular point O(0,0) is a center.
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In [2] Schlomiuk proved that the method of Darboux can be applied to prove centers
in all cases of the quadratic systems: any quadratic system (n = 2) with a singular point
of a center type is Darboux integrable.

5. Cubic differential systems with a center. As application we consider the cubic
system of differential equations {(3), (n = 3)} with a singular point of a center or a focus
0(0,0), written in the form

d
d—zf =y + ax® + cxy + fy? + ka® + ma’y + pry® + ryP,
9)
g (
d—gz = —(x + g2® + dry + by* + sx° + g2’y + nxy® + ly?),

in which variables and coefficients are assumed to be real.

For cubic differential system @ we study the following problems:

(i) Find the subclass of systems @]) which has a given number M of invariant algebraic
curves of respective degrees dy,ds, ..., dy;.

(ii) For this subclass find the integrability conditions such that the singular point
0(0,0) is a center.

We discuss the difficulty of these problems and present the results concerning the
relation between the existence of invariant algebraic curves, the Lyapunov quantities and
the integrability of polynomial differential systems. It was proved:

Theorem 4. Let the cubic differential system @ have two invariant straight lines (real
or complex conjugated) and one invariant cubic. Then a singular point O(0,0) is a center
if and only if the first three Lyapunov quantities vanish (N = 3).

Theorem 5. Let the cubic differential system @ have two invariant straight lines (real
or complex conjugated) and one invariant conic. Then a singular point O(0,0) is a center
if and only if the first four Lyapunov quantities vanish (N = 4).

Theorem 6. Let the cubic differential system @D have one tnvariant straight line and
one invariant cubic. Then a singular point O(0,0) is a center if and only if the first five
Lyapunov quantities vanish (N =5).

It was determined the conditions under which the cubic differential system @D has
Darboux first integrals of the forms:
1)
1915205 = C,  ar, a0, B €R, (10)

where [y =0, Iy = 0 are invariant straight lines and ®, = 0 is an invariant conic;
2)
113208 = C, oy, a9, €R, (11)

where [y =0, Iy = 0 are invariant straight lines and ®3 = 0 is an invariant cubic;
3)
190 =C, o, €R, (12)
where [; = 0 is an invariant straight line and ®3 = 0 is an invariant cubic.

Finally, we consider several families of cubic differential systems (9) and show that the
existence of invariant algebraic curves influences the number of limit cycles.

Acknowledgements. This work was supported by the National Agency for Research
and Development of the Republic of Moldova under project number "25.80012.5007.76SE
Qualitative and algebraic investigation of differential models".
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FACTORIZATION OF ORTHOGONAL PROJECTORS
Vitalii Dehnerys
Ivan Franko Lviv National Unwversity, Lviv, Ukraine

Definition 1. We say that an operator A € B admits U L-factorisation if there exist
A, € BT, A_ € B~ such that A=A A_.

Definition 2. Let A € B and A > 0. We say that A admits a special factorisation if there
exists Ay € BY such that A = A A%

Problem 1. Does every orthogonal projector P € B with dimker P < oo admit a special
factorisation in the form P = V'V*, where Vis an isometric operator in BT ?

Lemma 1. For an arbitrary v € Ay (k=1,...,m+ 1) the operator
is invertible in Gy,.. Moreover, the function x — A, (z) is continuous on Ay,

Definition 3. Denote by A° : R — B(G) the function acting by the formula
A(z) = A (2) ® O, reN, k=1,....m+1,
where Oy is a null-operator in F},.

Remark 1. It follows from Lemma that the function x — A’(x) is continuous on every
interval A, and its points of discontinuity can only be points &, j =1,...,m. Moreover,
in view of Lemma [1] and

A(z) = / O*(4)D(t)dt, x €R,

—0o0

we have for almost every x € Ap(k=1,...,m+ 1) the equality



Theorem 1. The formula

<Vﬁuw:f@»—/w®mw¥w@%wﬂwﬁ, tCR, fed. 0

defines an isometric upper-triangular operator such that VV* = P.

Lemma 2. Assume that the operator V is introduced by the formula and U .=1-V.
For an arbitrary f € Cy the equality

WU =UFIHSIUS
holds.

Corollary 1. The operator V that is defined by the formula 18 an 1sometric upper-
triangular operator.

Lemma 3. For every g € Cy the equality
* * * 2
1UglI* = (U*g)g + (9| U"g) || Pq]|"

(Pt:=1-P).

holds.
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MODELING BIOMASS AND PRODUCT ACCUMULATION DYNAMICS IN DESMODESMUS
ARMATUS MICROALGAE CULTURE USING A STIMULATING SUBSTRATE
Andrii Dorosh, Iryna Dorosh, Thor Cherevko, Andrii Pertsov

Yuriy Fedkovych Chernivtsi National University, Chernivtsi, Ukraine

Mathematical modeling of biological processes has a long study history and remains
widely applied. The complexity and uniqueness of ecological and biological systems largely
define the specific challenges of their modeling [.

Various mathematical models have been developed to describe the dynamics of both
microalgal biomass growth and the accumulation of target products [2, B]. Each model
represents a simplified abstraction of the actual system and therefore requires validati-
on and calibration using experimental data. Moreover, model parameters often need
adjustment depending on the particular species of microalgae and the environmental
conditions under study [4].

Experimental results indicate that the Pert model [5] is suitable for cases involving
a stimulating substrate, since stimulation of product accumulation occurs only up to a
certain threshold. At higher substrate concentrations, inhibition of biomass growth can
be effectively described using the Bergter equation [6].

In this context, the mathematical model of carotenoid and biomass accumulation under
the influence of activating substrates is expressed as a system of equations:

dC  pumKes

U Ket KoslP RO
dP qls
o _ kP 1
i T KeisC C; (1)
ds P Gp
i RN 2 W
d (YCS + ng> )
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where S is the substrate concentration, P is the concentration of the target product,
and C is the biomass concentration.

Solving the system will make it possible to obtain the dynamics of all the main
parameters of this process and determine the initial conditions at which the optimal values
of the final product are achieved.

To model the dynamics of carotenoid biosynthesis processes, software applications have
been developed using Python and Wolfram Mathematica with user-friendly interfaces
that allow tracking changes in the dynamics of the mathematical model when any of the
parameters change, for example, the initial amount of biomass, substrate, etc. Sliders for
each parameter allow users to quickly and conveniently change their values and observe
their impact on the model behavior.

The results obtained when modeling the accumulation process of carotenoids and
biomass in D. armatus culture in both applications correlate with experimental data.

The developed software products with graphical interfaces for configuring process
parameters and observing dynamics in real time are designed for users without a mathema-
tical background and have convenient tools for analyzing and visualizing results [7]. They
can be used for laboratory research on optimizing microorganism growth conditions, as
well as for educational purposes for students.
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ABOUT THE SOLUTIONS DIFFERENTIAL EQUATIONS OF VARIBLE ORDER
Yaroslav Drin', Irina Drin?, Svitlana Drin?

YYuriy Fedkovych Chernivtsi National University, Chernivtsi, Ukraine
2Chernivtsi Trade and Economic Institute of the State Trade University, Chernivtsi,
Ukraine
3 National University of Kyiv-Mohyla Academy, Kyiv, Ukraine

In this paper we obtain algorithm for solving a class of linear variable-order fractional
differential equations. We utilized a combination of Caputo fractional derivatives with
the Haar wavelet collocation method to numerically solve linear variable order fractional
differential equations.

The following fractional derivative of variable order «(t) > 0 is introduced by Caputo
[1] in the form

t
f(m)(T{Z‘dT
o — m—1<a(t) <m,Rea(t) >0,me N,t >0,
D07§5t)f(tax) — (m— at) E)f —1— () ()
8’"f(tx)
8tm )

a(t) =m,
there 2 affﬁx is the m-partial derivative of f(¢,x) with respect to ¢, if 0 < a(t) < 1 then
= 1, similarly if 1 < a(t) < 2 then m = 2.
In Haar wavelet two functions, scalling hy(t) [2] and mother function hy(t) 3], play an
essential role:

1, t e [a,‘%’b),

hi(t) :{ Lt €la,b), ho(t) = —1, te [=bb),

0, elsewhere, 0. elscwhere,

Problem. We consider the problem for the equation in form
0?U(t, )

ox?
U0,z) =\, U(0,t) =U(l,t) =0,

DUt x) = U(t, 2)b(t) + m=10<z<lt>0

A€ R, >0, b(t) — are known, and we obtain the approximate solution U(t,x) by the
application Haar wavelets collocation method [4].
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ON CLASSIC FUNDAMENTAL SOLUTION OF THE CAUCHY PROBLEM FOR ONE CLASS
OF DEGENERATED PARABOLIC EQUATIONS OF KOLMOGOROV TYPE WITH BLOCK
STRUCTURE AND ITS APPLICATIONS
Vitaly Dron, Ihor Medynskyi
Institute for Applied Mathematics and Mechanics, Lviv, Ukraine

We consider a class of the equations

(S5 3 an(t.2)0k )ult,2) =0, (t,2) € My (1)
|k1]<2b
where Sg = 0, — Z (Z bs]x13> S i (i §x25>8$3j, n, ni, ne and nz be given

7j=1 j=1 ‘s
positive integers such that ny > ny > n3 > 1 and n = n; + ns + ng; spatial variable
= (7)1

x = (21,22, 23) € R with components z; : S Tjn;) € R, 5 € {1,2,3}; multi-
index k := (ky, ko, k3) € Z7 with k; == (kj, .. kjn]) € ZY, k| == lkp|+...+kjn,l, j €
{1,2,3}; Iy .= {(t,z)[t € Hix e R"}, it H C R

The differential expression Sp has its matrix form Sg = 0, — (v, BD,), where B is a
n X n-matrix which has the following structure:

O B' O
B=|0 O B?|, (2)
O O O

B', B? are matrices which composed of real numbers bj;, i € {1,...,m1}, j € {1,...,na},
bfj, i€ {l,...,n2}, 7 € {1,...,n3}, O is a null-matrices of corresponding dimensions,
Dy := col(Oryys s Onyy s Orgys vy Oy s gy s ooy Oy, ), (4, 0) 18 @ scalar product in R™.

We will use the following conditions:

A;. In the matrix (2)), the blocks B* and B? are written in the form (gi) and <B2>
respectively, where matrices B{, B, B? and B3 have dimensions ny x ny, (ny —ng) X na,
ns X nz and (ny — n3) x ng respectively, and they satisfy the such conditions: det B! # 0,
ie{1,2);

A,. There exists a constant § > 0 such that for any point (¢,z) € Il 7y and oy € R™

the inequality
Re Z ar, (t, ) (io)F < 520

k1 |=2b

holds.
The class of the equations under conditions A; and A, is a generalization of the
class of degenerate parabolic equations of Kolmogorov type Ey; from the monograph [1].
Also we will use the following conditions with X (h) := (Xy(h), Xa(h), X5(h)),
Xy(h) = (X (1), X (1), 3 € (1,23}, Xy (B) = 215, € (Loom}, Xay(h) =, +

ni

hz bijri, § € {1, ..., na}, Xaj(h) := w35 + hZ b} + b2 Z Z b3;bisri, J € {1, ..., n3},

=1 s=

h S R Aglf( ) = f('7(x1712’x3)) f( 7(§1ax27x3))7 a:Qf( > ) : f('v<xlax27x3)) -
FCo (@1, &0, m3)), AL f(x) = f(o (21, 2, 23)) — (-, (21, 22,83)), {2,€} C R my =i+
1/(2b) — 1, € {1,2,3}:

Aj. The coefficients of the of the equations (that is, the functions ay,, |k1] < 2b)
are bounded, continuous on ¢t on the segment [0, 7] and they satisfy the Holder condition
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with respect to spatial variables in the following sense:

dH, > 0, 3Ja; € (0,1] V(t, x) € Hpg, Va1 € R™: |AZa(t,z)| < Hylwg — 21|,

HHQ > 0 ElOéQ € (m1<m2) ,( ) 1] (t l’) € H[O,T]7 VZQ € Rng) Vh € [O,T] :
|AZ2 (t7 )‘ < H (hmzaz + ‘X2< ) - 22’012)’

E|H3 > 0, ElOég € (m2<m3) 1, (TTLQ) 1] (t l’) € H[O,T]? VZ3 € RnB, Vh € [O,T] .
|AZa(t,x)| < Hy(h™ + | X3(h) — 2]*).

A,. The coefficients of the equations (that is, the functions ay,, |ki| < 2b) satisfy
the Holder condition with respect to spatial variables in the following sense:
dH, > 0 V(t,fﬁ) € H[O,T}a Vz; € R™, 4 € {1,2}, Vh € [O,T] :

|AZAZa(t, x)| < Halwr — 2™ (B2 4 [ Xa(h) — 2|*),
dHs >0 V(t,x) € o, Vz € R™, i€ {1,3}, Vhe[0,T]:

|AZAZa(t, x)| < Hslor — 21" (B 4 [ X3(h) — 25|™),
where the constants «q, as and a3 are the same as in the condition As.

Theorem 1. Let the coefficients of the equation (1)) satisfy the conditions A1—=Ay4. Then
there is a classical fundamental solution of the Cauchy problem (CFSCP) Z for the equati-
on (1) and

|8’;Z(t,x;7-, §)| < C(t - T)_N[_MkEc(tax; T, f)a m1|k:1| + |k2| + |k‘3| <1,

k:(klyk%ki’)) GZZ—’ O§T<t§T7 {ZL’,g}CRn7 (3)
1SpZ(t,a;7,6)| < C(t — 7)™ M E (t,2;7,6), 0<T<t<T, {x,6} CR",
3 3 .
where M := " mn;, My := ) (2b(i — 1) + 1)|k;|/(20) for k € ZT}; E.(t,x;7,§) ==
i=1 i=1

= exp{—c(t — 7)o — &7} i(éF(m:s%)(t — 7)) (L(imsas + 1)) 7 Eegi (8, 237, ),

=1

3
E.(t,z;7,€) = exp{—cZ(t—T)l_qi]Xi(t—T) —gin}, 0<7<t<T, {x,& CRY;
q:=2b/(2b—1); C, C, ¢ are some positive constant, T' is Euler Gamma function.

To prove the Theorem we used the results of the work [2].
We studied the properties of the CEFSCP and used it to construct an integral representati-
on of the classic solution of the Cauchy problem for the equations .
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SOME NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS IN A MODULE OF
COPOLYNOMIALS OVER A COMMUTATIVE RING
Sergiy Gefter, Aleksey Piven’
B. Verkin ILTPE of NASU, V. N. Karazin Kharkiv National University

Let K be an arbitrary commutative integral domain with identity of characteristic 0
and let K|z, ..., 2, be a ring of polynomials with coefficients in K.

Definition 1. By a copolynomial over the ring K we mean a K-linear functional defined

on the ring K|z, ..., z,], i.e. a homomorphism from the module K|z, ..., z,| into the ring
K.

We denote the module of copolynomials over K by K[xy,..,z,]. If T € Kz, ..,z,|
and p € K|zy, ..., ], then for the value of T on p we use the notation (7', p). We also write
the copolynomial T' € K|z, ..., z,) in the form T'(x), where x = (21, ..., z,,) is regarded as
the argument of polynomials p(z) € K|z, ..., x,] subjected to the action of the K-linear
mapping 7.

.- .. o Ja
Definition 2. For a multi-index a = (ay, ..., a,,) € N the derivative DT = m
1 2 Udn

n

(la| = >~ «;) of a copolynomial T is defined in the same way as in the classical theory of
j=1
generalized functions: (DT, p) = (—=1)I*/(T, D*p), p € K|y, ..., x,].

Example 1. The copolynomial d-function is given by the formula (§,p) = p(0), p €
Klxy, ..., x,].

Definition 3. Let T € K|[z1,...,2,) and s = (s1,...,$,). Consider the following formal

Laurent series from the ring Sls;ﬁﬂK[[i, i, o é]]
— (T.2%)
oy =Y )
|ar|=0

where ¢ = (1,...,1) € Nj. The Laurent series C(7")(s) will be called the Cauchy-Stieltjes
transform of a copolynomial 7.

Proposition 1. For any T € Klzy,...,x,|" the equality C’(%) = 2(C(T), (j =
1,...,n) holds.
The Cauchy-Stieltjes transform and Proposition[I]allow to introduce the multiplication

operation on the module of copolynomials such that this operation is consistent with the
differentiation.

Definition 4. Let 71,15 € K|z1, ..., x,)', i.e. T1, T, are copolynomials. Define their product
by the following equality: C(T1Tz) = C(T1)C(Ty), i.e. TYTy = C~1 (C(T1)C(T3)), where
C: Ky, ., xn) = ;K[ 5, - 3] s a Cauchy-Stieltjes transform.
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Example 2. Let n = 1. We find the square of -function:

ClE)s) = (D) = 5 = () = (-C) = c-9),
1.e. 52 _ _6/.

The ring of formal power series of the form u(t,z) = > ug(x)th with coefficients
k=0

ug(z) € K[z1, ..., x,] will be denoted by Kz, ..., z,]'[[t]]-
The partial derivative with respect to ¢ of the series u(t,x) € Klxy,....,z,)'[[t] is

defined by the formula % = > kug(x)t*"1. The partial derivatives D with respect to
k=1

variables x1, ..., z,, of the series u(t, z) € K[x1,...,x,]'[[t]] is defined as follows: DYu(t, z) =

S (Dug)(z)tk.
k=0
Theorem 1. Let K D Q and a € K. Then the Cauchy problem in K[xy,. .., z,)|[[t]:

ou o"u
au

9 Ox1- 0z, u(0,2) = d(x)

o0
has a unique solution. This solution has the form u(t,x) = > upd* 1 (x)tk, where ug = 1
k=0

and up € K satisfy recurrence equation

k
uppr = (k+ D)7 (=1)"a Y (2f + D ujup—y, k=0,1,2,...
j=0

Theorem 2. Let a € K. Then the Cauchy problem in K[z1,...,z,]'[[t]]:
ou o Ou

ot = CUrall g u(0.2) = 6()
7j=1
has a unique solution. This solution has the form u(t,z) = Z —Ak(g:{nz)ak(;nk—i_l(x)tk;
where Ap(r,m) = —"— ("""} are Fuss—Catalan—Raney numbers and —A’“(:I:I’”Q) A
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In the theory of nonlinear dynamic systems, which are described using differential
equations with polynomial right-hand sides, the identification of hidden periodic regimes
(so-called limit cycles) is still relevant. These periodic dynamic trajectories emerge in the
vicinity of equilibrium points in a phenomenal way. They are the ones that determine the
characteristic features of self-oscillatory behavior, which are inherent only to purely nonli-
near objects as a result of the emergence of Andronov-Hopf bifurcations. The methods
for studying bifurcations of this type are quite well known for cases where the emerging
limit cycle is the only one with a well-defined type of stability [1]. Tt should be emphasi-
zed that the most important problem in the study of Hopf bifurcation is the search
for the maximum number of limit cycles that can arise from the equilibrium point wi-
th small perturbations of the parameters of the system under study. This problem was
completely solved only for the quadratic case of polynomial systems, which were consi-
dered by N. N. Bautin’s and E. A. Andronova’s [2]. They proved that the maximum
number of limit cycles that can arise from an equilibrium position (a singular point of
the focus type) in objects described by a system of two differential equations with a
quadratic part is three. The authors of this study have studied in detail a special case of
the Andronova’s system, which has two equilibrium points of the focus type, and have
proven that three limit cycles arise around each of these foci [3]. However, it should be
noted that the Bautin’s and Andronova’s systems contain only five nonlinear parameters,
i.e. these systems are special cases of a general type system in which all six coefficients
of the quadratic terms are nonzero. Thus, the search for a rational way to determine
the cyclicity of a singular point for a six-parameter system of differential equations with
quadratic right-hand sides is relevant.

Let us consider a system of two differential equations containing polynomials of no
higher than the second degree:

dx 5

E = axr + YY + 05201152 + 112y + Qp2Y

dy
Fri 0z + By + Paor® + fr1xy + Bo2y?
where all coefficients of quadratic terms are not equal to zero.

It is obvious that system (1) has a trivial equilibrium position x = 0, y = 0. In the
neighborhood of this singular point the characteristic polynomial for system (1) has the
following form:

N —(a+B)A+aB -5 =0. (2)

Assuming that 8 = 2u— «, where p is a small variable, then in this case the characteri-
stic polynomial (2) takes the form:

A —2u\ — 46 — a® + 20 = 0. (3)

If 4 = 0, then the characteristic polynomial (3) has imaginary solutions: A\ » = +iw,
where w = /—v0 — a?. This means that for this type of equilibrium of the system (1)
at the point (0;0) is a complex focus, because when differentiating expression (3) with
respect to the parameter we obtain:

Al ey (4)
dpl,— w

The presence of a complex focus in system (1) gives grounds to assume the existence
of one or more limit cycles in the system under consideration.
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For further analysis of the problem under study, it is necessary to transform system
(1) to the Poincaré normal form. This can be done using variable substitution: x = vz,
y = —ax, — woy. Moreover, using the relation —vJ — o? = 1 we obtain that w = 1. This
allows us to significantly simplify subsequent computational procedures. Assuming that
p =0, system (1) can be written as follows:

dx, x? x2

_dt = —29 + &20—21 + a11r122 + a02—22

. 2 : (5)
o xy Ty

2 boo—L + b bys 2

P 1 + by 5 + 0117122 + 0p2 5

where the parameters asg, a11, g2, bag, b11, boz are expressed algebraically in terms of the

original parameters aso, 11, o2, G20, 11, Soz.
We transform system (5) into a complex differential equation using the variable z =

T+ 1 Ty
dz + G + zZ + = (6)
—_— =z _ ARNA _
dt 920 B g11 go2 9

where Z = 1 — i - x9, and the parameters of equation (6) have the following form:

920 = 0-25(6620 — apz + 2b11 + 1 - (bao — bo2 — 26111)),
g1 = 0.25(&20 + ap2 + 7 - (b20 + bog)),
Jo2 = 0-25(6620 — apz — 2b11 + 1 - (bao — bo2 + 2011))-

To determine the maximum limit cycle multiplicity for equation (6), it is necessary to
calculate the values of the first three Lyapunov focal quantities. In accordance with the
work of H. Zoldek [4], we obtain:

1
L = —§Im(g20g11),

1

lr = _E1m<(920 —4911) (920 + G11)G11902) » (7)

5 _ —
ls = —6—41111((49%1 — 902) (920 + §11)311920)

Thus, in accordance with (7), it can be assumed that there is such a type of relationship
between the parameters of equation (6):

goo = kg1, (8)
from which it follows that:
1. for a complex value of the coefficient & there is only one limit cycle;
2. for a real value of k (but k # —1 and k # 4) there are two limit cycles;
3. if k =4, there are three limit cycles;
4. if k = —1, the system is conservative.

Using relations (6) and (8), we obtain parametric conditions for the existence of three
limit cycles:

{2()11 = 3@20 + 5@02 (9)

2&11 = 5b20 + 3b02
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System (9) describes the dependence of two parameters of the six-parameter quadratic
system of differential equations (5) on its other four parameters, which are free. This is
a consequence of the fact that the first two Lyapunov quantities are equal to zero. The
obtained result confirms the conclusions of N. N. Baunin and E. A. Andronova about the
degree of limit cycle multiplicity equal to three for a system of two differential equations
with quadratic nonlinearity.
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INVERSE FREE BOUNDARY PROBLEMS FOR DEGENERATE PARABOLIC EQUATION
Nadiia Huzyk
Hetman Petro Sahaidachnyi National Army Academy, Lviv, Ukraine

In a free boundary domain Qr = {(z,t) : 0 < x < h(t),0 <t < T}, where h = h(t) is
an unknown function, it is considered an inverse problems for determination of the time
dependent functions by = by(t), by = by(t) in the minor coefficient in one-dimensional
degenerate parabolic equation

U = P a(t)upy + (b1 (£)7 + bo(t))ug + c(x, t)u + f(z,1) (1)

with initial condition
u(:z:, 0) = SO(I% LS [Oa h(())]v (2)

boundary conditions
w(0,6) = (1), u(h(t),1) = palt), t € [0, (3)

and overdetermination conditions
h(t)

/u(x,t)dx = us(t), telo,T]. (4)

0
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h

—~

)

/ zu(x, t)dr = pyu(t), te[0,7T], (5)
h(t)
2*u(z, t)dr = ps(t), t€0,7). (6)

o —

It is known, that a = a(t) is a strongly positive continuous function and degeneration of
the equation is caused by power function ¢°.

Using the apparatus of Green’s functions for the initial-boundary value problems for
the parabolic equation and Schauder Fixed Point Theorem the existence of the local
solution to the problem (I)-(6] is established for both cases of weak (0 < 3 < 1) and
strong (8 > 1) degeneration. The proof of the uniqueness of the local solution to these
problems is based on the properties of the solutions to the homogeneous integral equations
with integrable kernels.
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MOUFANG LINERS
Oleksii Ilchuk
Hetman Petro Sahaidachnyi National Army Academy, Lviv, Ukraine

Subject of my work is the structure called Moufang Liners. Liners are the set endowed
with ternary relation satisfying two basic geometric properties:

e for every two distinct points exists unique line passing through them;
e for every line there exist two distinct points which belong to it.

With this geometric stucture, all other known properties of different geometries can
be seen as a specific subset of all liners, for which certain additional axioms are satisfied.
Using notion of liners, I've studied Moufang planes - classical object in geometry and
generalized requirements for geometry to be Moufang and established some additional
results for Moufang planes as well as preserving already known ones.

Main results in my work are two following theorems:

Theorem 1. The projective completion of reqular Moufang affine liner is the Moufang
projective liner.

Theorem 2. The affine liner is Moufang if and only if it is a shear liner.

Shear liners are specific liners arising from automorphisms of a plane (or space) which
have hyperplane of fixed points.

e-mail: alexilchuk]@gmail.com

SCHEME FOR APPROXIMATING THE NON-ASYMPTOTIC ROOTS OF
QUASI-POLYNOMIALS OF HIGH ACCURACY
Svitlana Ilika, Oleksandr Matviy, Larysa Piddubna
Yuriy Fedkovych Chernivtsi National University, Chernivtsi, Ukraine
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Consider the linear system of differential-difference equations

dx :
i Ax(t) + Z Bix (t — 1), (1)

=1

where A, By, i = 1,k fixed n x n matrix, s ER*, 0 < 1 <y < ... < 1 = 7, ©(t) € [1,0].
Analyzing the schemes of approximation of linear differential-difference equations, it
was found that the approximate value of asymptotic roots of their quasi-polynomials can
be found using the roots of characteristic polynomials of the corresponding approximating
systems of linear differential equations [1]-[2].
We present a scheme for approximating the non-asymptotic roots of quasi-polynomials
of high accuracy for equation (/1)) in the form [3]

dZO(

o = Az(t) + Z Bz, (
Zi}f); om0, 2
Zmd—;]) = 2#2 [zj—1(t) — 2;(t)] — 2p2m4;(1),

j:17m7 :U’:T; li:[Tim], m € N.
T T

Lemma 1. The following relation holds for the characteristic polynomial of system (@

Dams1(A) = det ((A _\E) (1 + %) (1 + 3_7;))” .

() (o) () ) e

Lemma 2. For a fired A\ € Z a sequence of functions

D2m+1(>‘)
((+5) )™

coincides with the quasi-polynomial of system (@) when m — 0.

Ho(\) = m € N, (4)

References

[1] Matviy O.V., Cherevko I.M. About approximation of system with delay and them
stability. Nonlinear oscilations. 2004. 7, No.2. 208-216.

[2] Tika S.A., Piddubna L.A., Tuzyk I. 1., Cherevko .M. Approximation of linear
differential-difference equations and their application. Bukovinian Mathematical
Journal. 2018. 6, No.3-4. 80-83.

[3] Cherevko I., Tuzyk I., Tlika S., Pertsov A. Approximation of Systems with Delay
and Algorithms for Modeling Their Stability. 11th International Conference on
Advanced Computer Information Technologies ACI'T’2021, Deggendorf, Germany, 15-
17 September 2021. 49-52.

e-mail: s.ilika@chnu.edu.ua, o.matviy@chnu.edu.ua, [.piddubna@chnu.edu.ua

130



ON THE HOMEOMORPHISMS ARISING FROM THE CAUCHY PROBLEM FOR
PARABOLIC IN THE SENSE OF EIDELMAN SYSTEMS OF ARBITRARY ORDER
Ivasiuk Halyna, Fratavchan Tonia, Protsakh Nataliia
Yuriy Fedkovych Chernivtsi National University, Chernivtsi, Ukraine
National University "Lviv Polytechnic”, Lviv

We consider the Cauchy problem for a system of partial differential equations

O ug(t, x) Z Z al (t, ) VO us(t, @) = fult,z), (t,z) €Iy,

j=1 llall<2bn,,
(a0<nj)

8f_luk(tyx)|t:0 = QOZ(I'), LS Rn? JUBS {17 ey Mg — 1}7

where all notations correspond to [I], [2].

The system is assumed to be uniformly parabolic in the sense of Eidelman in the layer
Iy = R™ x [0, T]. The coefficients satisfy Holder conditions in the spatial variables and
are continuous in time. The solution of the Cauchy problem is represented through the
Green’s matrix of the system as

N
ug(t, ) :Z /dT/Gk]ta:Tff]T§d§+Z/Gk”tx§<pJ(f)df ,

Jj=1

where G = (G, G4, ..., Gy) is the Green’s matrix, which generates the integral operators

t
Go'f = / dr / Gy’ (t, a7, ) (1, €)dE, G, = / G (t, ; €); (§)dE.
0 R Rn
The main result is the proof that the operator induced by the solution of the Cauchy
problem defines a homeomorphism between the corresponding Holder spaces. Namely,

— — o 5—2bn;+A o St+A
kj kj

Gyl . HS™ — g2metstA gl [ — H

[¢] o

where s € Z*, s > max(2bn;), A € (0;1).
J

o S+A
The spaces H*™ and H  consist of functions that satisfy homogeneous initial or

final conditions, respectively. This allows one to study different problems for the systems
and to develop a functional-analytic approach to their solutions.
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ASYMPTOTIC GAIN PROPERTY FOR NON-AUTONOMOUS INCLUSION OF
REACTION-DIFFUSION TYPE
Oleksiy Kapustyan, Taras Yusypiv
Taras Shevchenko National University of Kyiv, Ukraine

We investigate global resolvability and stability of attractors for parabolic inclusion
with multi-valued interaction function of reaction-diffusion type and non-autonomous
disturbances. For the class of L2-disturbances we prove existence of global solutions in the
phase space L?. In the class of translation-bounded disturbances we prove that obtained
global solutions generate the family of multi-valued semiprocesses which possesses uniform
attractor. Finally, for L°°-disturbances we show that the global attractor of unperturbed
system is stable w.r.t. disturbances in the asymptotic gain sense [IJ.

Global attractors play an important role in the qualitative theory of dissipative infinite-
dimensional dynamical systems [2]. In recent years, many works have appeared in which
the classical theory of global attractors was extended to problems with non-autonomous,
stochastic, impulsive, and multi-valued perturbations 3] 4, 5]. For evolutionary inclusions,
such results were first obtained by V.S. Melnik and J. Valero, who introduced the concept
of a multi-valued semiflow generated by integral solutions of inclusions of subdifferential
type [6]. In subsequent works, the topological and metric properties of attractors of dissi-
pative inclusions, their structure and stability in the sense of Lyapunov were investigated
[7]. For inclusions with multi-valued non-autonomous right-hand sides of linear growth
in [8], results on existence of uniform attractors of the corresponding semiprocesses were
obtained. In the present work, we investigate an evolutionary inclusion with a multi-
valued interaction function of the polynomial growth in the presence of non-autonomous
perturbations. The global solvability in the phase space L? and the existence of a uniform
attractor for the corresponding family of multivalued semiprocesses is proved. Using the
general approach developed in [9] [10, [11], the robust stability of the global attractor of
an unperturbed system with respect to the magnitude of non-autonomous perturbations
is shown.

In the bounded domain €2 C R™, m > 1, we consider the problem

& Aue flu)+dt.a), (tz)eQ=(0,+00)xQ,
uloa =0, 1)
u|t:0 = Uo(l’),

where d € L2 (R; L*(f2)) is a non-autonomous disturbance function, uy € L*(Q2), and the

multi-valued function f satisfies the following assumptions:

f R — Cy(R) is upper semicontinuous,
3C > 0, ay,as > 0, p > 2, such that (2)
Vs eR, V&€ f(s) —C—as|P <E&-5<C—agls|’.

Here C,(R) denotes the set of all non-empty, convex, compact sets in R, upper semi-
continuity is understood in the standard sense [12].
Assume that d € L*>(0, +oo; L*(2)), and

|0 := esssup [|d(?)]| < R, (3)
>0
where R > 0 is a fixed number.
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Theorem 1. Under conditions , there exists v € IC such that Yuy € X
T (10t 0, ) o < 7([1d]c), 4

where © is the global attractor of the unperturbed problem .

This research was supported by NRFU project 2023.03/0074 "Infifnite-dimentional
evolutionary equations with milti-valued and stochactic dynamics".
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APPROXIMATE OPTIMAL CONTROL FOR NONLINEAR HYPERBOLIC INCLUSION WITH
FAST-OSCILLATING COEFFICIENTS
Nina Kasimova
Taras Shevchenko National University of Ky, Ky, Ukraine

Problem 1. Let Q € R" be a bounded domain. In cylinder Qr = (0,T) x Q we consider
the following optimal control problem for hyperbolic inclusion:

yu(t,z) € Dy(t,x) + f (L yt, x) + gly(t, )ult, z),

Ylao =0, (1)
Z/|t=0 = yo(@a yt‘t:o = yl(x)
uwe U C L*Qr), (2)
Hoow) = (o, x)dw—wl)

(3)
(f qa(2)y(T', x)dx — wz) f x)dtdr — inf .

Here € > 0 is a small parameter, yo € H}(Q), y1 € L2(Q) are given initial data, oy > 0,
as >0, Y €R, ¥y € R are given constants, q1,q € L*(Y) are given functions. Functions
f Ry xR — conv(R) and g : R — R and control u satisfy the following conditions:

(f) mapping (t,y) — f(t,y) satisfies the continuity condition in Hausdorff metric, and
the following growth condition:3C5, Cy > 0 such that

Vi 0Vy eR[[f(t,y)ll+ = sup [Ellr < Cillyllr + Co, (4)

sef(ty)

where ||€||g denotes the Euclidian norm of £ € R;
(9) g is continuous function and there exists Cs > 0 such that:

Vy € R |lg(y)|lr < Cs; (5)

(U) U is closed and convex set, 0 € U.
We assume that uniformly w.r.t. y € R we have

dist gy %/f(s,y)ds,f(y) — 0, T = oo, (6)

where disty (A, B) is Hausdorff metric between sets A and B, f: R — R.

We consider the problem of finding an approximate solution of — by transition
to the averaged coefficients. The main results establishes the solvability of problem f
and that fact that the optimal value of the perturbed problem 1is close to the optimal
value of the corresponding problem with averaged coefficients. Namely, the following two
theorems take place.

Theorem 1. Under conditions (f),(g), (), (U) for every e > 0 there exists at least one
solution {y=, u} of the problem (1))-(3).
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Theorem 2. Suppose that the assumptions (f),(g),(U),(v) and (6) are fulfilled, and,
moreover, that for every u € U there exists a unique solution of the averaged problem. We
additionally assume that ¥Vn >0 36 > 0Vt > 0 Vz,y € R we have

ly — zllr < & = distu(f(t,y), f(t,2)) <n. (7)

Then
J(y*,u®) = J(y,u) as € — 0. (8)
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INVESTIGATION OF DIFFERENCE EQUATIONS WITH RATIONAL RIGHT-HAND SIDES
Ivan Klevchuk
Yuriy Fedkovych Chernivtsi National University, Chernivtsi, Ukraine

We investigate of some properties of solutions of nonlinear difference equations |1, 2.
A period doubling bifurcation in a discrete dynamical system leads to the appearance of
deterministic chaos. We use permutable rational functions for study of some classes of one-
dimensional mappings. Also n-dimensional generalizations of permutable polynomials may
be obtained. We investigate polynomial and rational mappings with invariant measure
and construct equivalent piecewise linear mappings. These mappings have countably many
cycles. We applied the methods of symbolic dynamics to the theory of unimodal mappings.
We use whole p-adic numbers for study the invariant set of some mapping in the theory of
universal properties of one-parameter families. Feigenbaum constants play an important
role in this theory. We investigate of Mandelbrot sets and Julia sets of some mappings in
complex plane.
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A NOVEL STATEMENT OF SAR IMAGE DESPECKLING PROBLEM IN WEIGHTED
SOBOLEV SPACES
Peter Kogut
Oles Honchar Dnipro National University, Ukraine

Mostly motivated by the practical applications especially in the field of satellite remote
sensing of agricultural territories, we develop a novel approach to SAR image despeckli-
ng based on minimization of a special anisotropic energy functional.We propose a new
statement of this problem in the weighted Sobolev spaces, provide a rigorous mathemati-
cal analysis of the proposed optimization problem, establish sufficient conditions of its
solvability, show that the objective functional is Gateaux differentiable, and derive the
corresponding optimality conditions. To illustrate the validity of the obtained results, we
give some examples of numerical simulations with the real satellite SAR images.
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We mainly focus on the variational approach to the SAR image despeckling problem.
Namely, to remove a speckle noise from SAR images, we propose the following variational
model: we define a reconstructed SAR imahe v"*“ as the minimizer of the cost functional

1 e} ~
J(v) == —/ (Vou, DIVub™|Vv) dx + —/ (v —Dsar)” da (1)
2 Q 2 Q
in the suitable functional space V. Here, Ug4r stands for the image obtaining through a
median filtering operation with the original SAR image vgar, and D[Vul*] is a symmetric,
bounded and strictly degenerate matrix in the following sense

(& D[Vug™€) > p(x)[g]* in Q, VEER® (2)

where, in general, the weight function p(z) := (1 — 7(|]Vu2®(z)|?)) does not belong to
any class of Muckenhoupt weights A,,.
We show that this problem can be reformulated as follows

1 «Q ~ .

La(u) := §HVAUH2L2(Q;R2) + EHU - USARH%%Q) - ueéfgg(ﬁf (3)
where A = Dz [Vure] € L2(Q, +; R¥2) N C(Q; R¥¥?), and W1*(Q) stands for a special
weighted Sobolev space.

Our main result is: Let vgag : ' — R be a given SAR image, and let Us4p € L*(Q)
be its median filtered version. Let tyy = [ug, ug, uB]t € L*(©2;R3) be an optical image of

the same territory . Then there exists a unique element u%;, € W,*(Q) such that

L) = it La(w). (4)
ueW ()
List of the references:
1. N. Ivanchuk, P. Kogut. On Anisotropic Variational Model for SAR Image Despeckling,

Journal of Optimization, Differential Equations and Their Applications, 33 (1), 2025,
86-109.

ILL-POSEDNESS OF THE PURE-NOISE DEAN-KAWASAKI EQUATION
Vitalii Konarovskyi
University of Hamburg, Hamburg, Germany,
Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine

The Dean-Kawasaki equation

oF
O = %Aﬂt + V- (ﬂtvﬂ(ﬂt)) + V- (Vimée) (1)

is a central equation in macroscopic fluctuation theory, used to describe the evolution of
particle density in a fluid, where particles interact through a potential F. The equati-
on combines diffusive, interaction-driven, and stochastic components to model collective
particle behavior at a mesoscopic scale. Note that & denotes a space-time white noise
and a > 0 is a parameter. A specific mathematical interest in arises in part from
the structure of the noise term and its relation to the goemetry of the Ls-Kantorovich-
Rubinstein-Wasserstein space Py(R) — the space of probability measures on R? with finite
second moments. Indeed, in the free case (F' = 0) and for o = 1, any solution x to (1)) can
be interpreted as a stochastic perturbation of the gradient flow of the Boltzmann-Shannon
entropy on Ps, where the perturbation is driven by a noise £ whose distribution reflects
the energy dissipation of the system.
Following [2] we will work with the definition of martingale solutions.
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Definition 1. A continuous measure-valued process i is a solution to the equation (1),
if for each p € CE(R?) the process

M0 = o) = [ (5 o) = (Vo vIEED ) Vi e

is a martingale with respect to the filtration o (us, s <t), t > 0, with quadratic variation

t
M = [Vl s t0.
0

Here (p, p) denotes the integration of @ with respect to the measure p.

In the case where @ > 0 and F' is sufficiently smooth and bounded, Konarovskyi,
Lehmann and von Renesse showed in 2], 3] that the Dean-Kawasaki equation admits
solutions if and only if the parameter « is a positive integer and the initial measure g is
the purely atomic measure with all atoms having mass é

The main contribution of this talk is to complete the picture by addressing the previ-
ously unexplored case o = 0.

Theorem 1. Let a = 0 and assume that the functional derivative g—i 18 bounded and
Borel measurable. Then the Dean—Kawasaki equation admits no solutions for any

initial condition po satisfying po(RY) > 0 with positive probability.

The result is based on joint work with Lorenzo Dello Schiavo [1].
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ON GRAPHS WITH SMALL TRIAMETERS
Sergiy Kozerenko, Danylo Konchakivskyi
Kyiv School of Economics, Kyiv, Ukraine

All graphs in this work are assumed to be finite and connected. On the vertex set
of a graph G, we define the graph metric dg(u,v) as the length of the shortest path
between u and v. The radius of G is the number rad(G) = min,ecy () max,cv (e da(u, v).
The diameter of G is the number diam(G) = max, yev(e) da(u, v). One can observe that
rad(G) < diam(G) < 2diam(G). It turns out that there are no other connections between
these two numbers, i.e. for any r,d € N with » < d < 2r, there exists a graph GG having
rad(G) = r and diam(G) = d.

The triameter of a graph G was defined in [1] as the following number:
tr(G) = maxypwev(@)1da(u, v) + da(u, w) + dg(v,w)}.

It is not hard to show that 2diam(G) < tr(G) < 3diam(G) for any graph G.
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Proposition 1. For all numbers d,t € N with 2d < t < 3d, there exists a graph G with
diam(G) = d and tr(G) = t.

In [1], the following lower bound for the triameter was obtained: tr(G) > ¢(G), where
g(@) is the length of the smallest cycle in G. In fact, Das [1] posed a problem of establishing
lower bounds for general graphs in terms of other parameters, such as A(G), §(G) (the
largest and the smallest degrees of vertices in G, respectively). We show that it is not
possible (the other interesting problems from [1] were tackled in the work [3]).

Proposition 2. For all numbers A, 0 € N, there exists a graph G with 3 < tr(G) < 5.

It is well known that almost every graph G is connected with diam(G) = 2. This
means that almost every graph G has tr(G) < 6. It is clear that tr(G) = 2 if and only if
G = Ks, and tr(G) = 3 if and only if G is a complete graph with n > 3 vertices. In [2],
Das also completely characterized graphs with triameters 4 and 5.

Problem 1. Characterize graphs G with tr(G) = 6.

Our main result is the description of block graphs with triameters up to 8. We note
that it is rather easy to show that Pj is the only block graph of triameter 4.

Theorem 1. Let G be a block graph. Then
1. tr(G) =5 if and only if G = K1 + (K, U K,) for max{a,b} > 2.
2. tr(G) =6 if and only if G = Py, or G has a unique cut vertex of block-degree > 3.

3. tr(G) = 7 if and only if G # Py and G has ezactly two cut vertices, each of block-
degree exactly 2.

4. tr(G) = 8 if and only if G = Ps, or G has exactly two cut vertices and at least one
of them has block-degree at least 3.
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APPROXIMATION OF LINEAR SYSTEMS WITH DELAYS AND THEIR
QUASI-POLYNOMIALS
Oleksandr Krasnokutskyi, Igor Cherevko
Yuriy Fedkovych Chernivtsi National University, Chernivtsi, Ukraine
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Consider the initial value problem for a linear system of differential equations with
delay

dx i
EZ:AMﬁ)+Z;Am@—n% t € (0,7, (1)
o(t) = p(t), te[-7,0], (2)

where A;, i = 0, k are fixed n x n matrices, z € R, 0 <7y < --- < 7, = 7, and (t) is
defined on ¢(t) € C([—T,0]).

Let us associate with the original problem (1)—(2) the following Cauchy problem for
a system of ordinary differential equations

dzo(t) b m
z :%%@+;;&%@,h_[7], (3)
Tl et~ 50), G=Tm. n="" men,
50 = (-2). j=um g

The connection between the solution of the Cauchy problem (3)—(4) and the original
problem (1)—(2) is established by the following result.

Theorem 1 [I], 2]. The solutions of the Cauchy problem (3)—(4) approximate the
solution of the initial-value problem (1)—(2), and the following convergence holds.

mG—%>—4w

The characteristic polynomial of the approximating system (3) takes the form

-0, j=0,m, te€[0,T], m— oco. (5)

AE — A 0 —-A - — Ay
—uE  (p+NE - 0 0
0 —uE - 0 . 0
U, () = det : : . : - : = 0. (6)
0 0 o (uHNE - 0
0 0 .. 0 - (u+NE
All elements in the determinant (6) are n X n matrices. The nonzero blocks in the first

row correspond to positions [;, i = 1, k.
To simplify the determinant in (6), we decompose the matrix into four blocks

A=(OAE—4Ay), B=(0 - 0 —A - —A4,),

—uE (L+NE --- 0 0

0 —uE - 0 0
C=| o | o= o (1 VB 0

0 0 0 w;ME
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Here, both A and D,, are square matrices. The determinant det(D,,) # 0 for fixed A,
except possibly for a single value of m.
Using properties of block matrices, we obtain the identity

() = det (é me) — det (A — BD;'C) det(D,). (7)

Considering the structure of D, and identity (7), we obtain an explicit representation
of the determinant (6).

Lemma 1. For the characteristic equation of the approxzimating system (9), the following
explicit representation holds.

U,,(\) = det (AE —A-YA (L)l> (i + A)™™. (8)

A+ A

To study the connection between the characteristic equation (8) and the quasi-polynomial
system with delay (1), let us introduce a sequence of functions

Vi (M)

Hp(A) = [TES

m € N. (9)

Lemma 2. For a fized A\ € N, the sequence of functions (9) converges to the quasi-
polynomial system (1) as m — oo.

This lemma implies that, to approximate the roots of the quasi-polynomial system
(1), it is sufficient to consider the roots of the characteristic polynomial ¥,,()), since the
zeros of the functions H,,(A\) and ¥,,(\) coincide due to identity (9).
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PROBLEM WITH INTEGRAL EQUATIONS FOR EVOLUTION EQUATIONS OF THIRD
ORDER
Grzegorz Kuduk
Faculty of Mathematics and Natural Sciences University of Rzeszow

Let B be a Banach space, A : B — B linear operator, for this operator arbitrary powers
A" n = 2,3, ... be also defined in B, denote be z(\) the eigenvector of the operator A,
which corresponds to its eigenvalue A € A C C. We consider for ¢t € ([T1,T3])U([T3,T4]) C
R the equation
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I (%,A) Ut) = [% + a(A)% + b(A)jt +e)| U = F), (1)

satisfies conditions:

Ty Ty
/tkU(t)dt+/tkU(t)dt =i, k=1{0,1,2}, i=1{1,2,3}, (2)
T T3

where a(A),b(A), c(A) are abstract operators, with entire symbols a(\),b(\), c(A\) #
const, for A € A, ¢; € B, for i ={1,2,3}, T\, T, T35, T, > 0, ([T1,T3]) U ([T3,T4]) C R.

Denote be P is set P = {\ € C: A(\) = 0}, where A()) is main determined of the
system

Definition 1. We shall say that vectors ¢y, € B, for k={0,1,2}, from B belong L C B. If
dependent exists on linear operators Ry, (X) : B — B, A\ € A and measures i, such that

o= [ Ro ey, ®)
Definition 2. We shall say, that for arbitrary fized ([T1,Ts]) U ([T3,T4)) C R, vector f(t)

from H belongs L C B, if on A C C there exist a measure p(\) and linear operator
Fy(t,\) : H— H such that f(t) can represeited in the form of Stiltjes integral

f@=Aﬂ@WMMMM (4)

Lemma 1. Function M,,(t,\), for X € A satisfies differential equations, and integral
condilions

dt3 + Zaﬂ dt3— j] m(ta )‘) =0, (5)
T2 T4
/ tn_le(ta )\)dt + / tn_le(t7 /\)dt = 6m,n7 (6)
T1 T3

where Oy, is delta Kroneckera, for m,n = {0,1,2}.

Lemma 2. Function G(t,v,\) on the set ([11,T3]) U ([T3,T4]) x C x (C\ P) satisfies
differential equations

B 43 .
d‘[j3 + 1 Q; ()\) W {G(t, v, )\)l‘()\)} =e s (7)
j=
and satisfies homogeneous integral conditions
Ty Ts
/th(t, , )\)dt+/th(t, y =0, k= 1{0,1,2), (8)
Ty T

where x(N) is the eigenvector operator A, which corresponds to its eigenvalue X € C\ P.
for givenv € C, A\ € C\ P.
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Theorem 1. Let in the problem (1)-(2), the vectors ¢y and f belongs L. There @y, for
i ={1,2,3}, can be represented in the form (3), and f can be represented in the form (4).
Then the formula

v =3 / R (VM (8, () b (3) + / Fy (v, VGt v, N (N) s (),

defines solution of the problem (1)-(2), M,,(t,\) is a solution of the problem (5)-(6),
G(t,v, \) is a solution (7)-(8).

Solution of the problem (1)-(2) according to the differential-symbol method [1-3]. This

problem is a continuos work [2, 4, 5, 6].
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Under conditions of rapid development of quantum computing, cloud technologi-
es, and widespread use of ToT devices, ensuring cryptographic security of information
systems becomes a critically important task. Traditional public-key cryptosystems such
as RSA or ECC turn out to be vulnerable to attacks on quantum computers due to Shor’s
and Grover’s algorithms. This makes it essential to develop post-quantum cryptographic
systems based on mathematical problems that remain hard even for quantum computers.
Among such approaches, code-based cryptosystems hold a special place, particularly
the McFEliece and Niederreiter cryptographic constructions, which rely on the difficulty
of decoding linear codes in the general case. Consider the formal description of the
mathematical model of the asymmetric Niederreiter cryptosystem, which is formally defi-
ned by the following set of elements [I, 2| [3]:

— set of plaintexts: M = {My, M, ..., My};
— set of ciphertexts (syndromes): S = {51, 52,...,5+},VS; € GF(q),i € (1...q");

— set of direct cryptographic transformations: ¢ = {¢1, s, ..., .}, where @; : M —
Sri=1,2,...,¢;

— set of inverse cryptographic transformations: ¢! = {17!, o7t ... 0,71}, where
o 1S, = M,i=1,2,.. ¢

— set of public keys: KU,, = {KU,,, KU, , ... KU,, } == {Hf;f_l, HEC?, H§C}

where H )E(GC - is an r X n parity-check matrix with elements from GF(q);

(3

— — a; — coefficients of the curve polynomial a; ...ag,a; GF(q), uniquely defining a
specific set of curve points in the space P?;

— — set of private (secret) keys: KR = {{X,P, D}, . {X,P,D},,...{X,P,D} } =
(X', PP, D},

Based on balanced encoding, the information sequence is transformed into an error
vector, which is used in the mathematical model for cipher text generation.

The formal description of the mathematical model for cipher text generation is defined
by the rule:

Sx; = ¢u (M, HYY") = M; x (H)%C“)T,

where the Hamming weight (number of non-zero elements) of vector e does not exceed
the error-correcting capability of the employed algebraic block code
d—1

v@'rOéw(M»gt:{TJ

The cardinalities of sets M and C are determined by the allowed weight spectrum
w (M;), thus, in the general case (for all permissible values w (M;) we have:

¢
m:Z(q—l)i x C!,
=0

; . . . . ; |
where C, — is the binomial coefficient, C] = +-"=;.

The public key is generated by multiplying the parity-check matrix of the algebraic-
geometric code by masking matrices:
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HEC" = XU x H x P*x D", u€1,2,..,s,

where HEC — is the n x (n — k) parity-check matrix of the algebraic-geometric block code
(n, k,d) with elements from GF(q).
On the receiving side, the authorized user employs the private (secret) key:

S* = C%, x Hy,,
that is, finds such a vector C%,, that:

Cx, x Hy, =0

Next, the decoding procedure proceeds as in the McEliece code-based construction.
To recover the original balanced information sequence M; it is sufficient to multiply the
vector MY again by the masking matrices DV and PY | but in reverse order:

M; = M* x P* x D" = M; x (D*)"" x (P*)™! x P* x D* = M.

During decryption of the cipher text (after obtaining the error vector), the inverse
balanced encoding algorithm is applied. In the course of the study, asymmetric code-based
cryptographic constructions based on elliptic codes were developed, along with algorithms
for encoding and decoding of codewords. Based on the derived relationships defining the
interplay between parameters of elliptic codes and asymmetric code-based cryptographic
schemes, an analysis of computational complexity of encoding and decoding processes was
performed.
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On the probabilistic basis (€2, §, F, P) consider a controlled stochastic dynamical system
of random structure given by a stochastic differential equation

du(t) = a(t, £(t), 2(t), u(t))dt + b(t, £(t), x(t), u(t))dw(t), t € RL\K, (1)
with Markov switches
Ax(t) = g(ty—, E(t—), Mg, x(te—)), tr € K ={t, 1}, (2)
and initial conditions
z(0) =20 € R™, £(0)=y€Y,n=hecH. (3)

Here £(t),t > 0, is a Markov chain with a finite number of states Y = {1,2,..., N} and
generator Q = {q;;},4,7 = 1,..., N; {n, k > 0} is a Markov chain with values in the space
H and transition probability matrix Py; x : [0, +00) x  — R™; u(t) € R™ is the control;
w(t),t > 0, is an m-dimensional standard Wiener process; the processes w, £, and n are
independent. Measurable functions a : Ry X Y xR"™ — R™ b : R, XY xR™ — R”™ xR™,
and g : Ry XY xH xR™ — R™ satisfy the boundedness and global Lipschitz conditions
[1]. Consider the scenario with a concentration point of jumps, i.e.,

lim ¢, =t" < oc0.
n—oo

Assume the following conditions are satisfied:

nyk < 00,V = sup |g<tk7y7 h7x>| (4)
k=1 z€R™, yeY,heH

and

N [e’e)
laig)l<ln€—|—NEZLk):—oo,NS::mf{kzlzz:%n<e}. (5)
k=1 m=k
For the system — with the conditions and the problem of optimal stabili-
zation for stochastic dynamical systems characterized by Markov switches and concentrati-
on points of jumps has been solved. Utilizing Lyapunov function methods, we derive suffi-
cient conditions for exponential stability in the mean square and asymptotic stability
in probability. We provide in [I] explicit constructions of Lyapunov functions adapted to
scenarios with jump concentration points and develop conditions under which these functi-
ons ensure system stability. For linear stochastic differential equations, the stabilization
problem is further simplified to solving a system of Riccati-type matrix equations.
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SEPARATELY CONTINUOUSLY GENERATED PAIRS AND SIGMA-CONTINUITY
Anastasiia Lianha, Oleksandr Maslyuchenko
Yuriy Fedkovych Chernivtsi National University, Silesia University in Katowice

In [1] it was proved that for any pair of Hahn (g, k) on [a, b] (see below) there exists a
separately continuous function f : [a,b] X [¢,d] — R such that for any z € [a, b] its maxi-
mum and minimum with respect to the second variable equals to g(z) and h(z) respecti-
vely. We generalized this result for functions defined on the product of two topological
spaces in |2, B]. Here we present some further results in this direction.

Definition 1. Let X and Y be topological spaces, g, h: X — Rand f: X xY = R. We
define the functions Ny, Vy : X — R by

Np(z) = inf f(z,y) and Vi(z)=sup f(z,y), xe€X.
yey yey

A pair (g, h) is called

e a pair of Hahn if g(x) < h(x) for any x € X, g is upper semicontinuous and h is
lower semicontinuous;

e separately continuously generated (or CC-generated in shgrt) with respect to
Y if there exists a separately continuous function f: X XY — R such that g = N\
and h = V.

A function f: X — Y is called o-continuous if there exists a sequence of closed sets F,
in X such that X = |J F, and the restriction f

n=1

F, s continuous for any n € N

Recall that a topological space X is called scattered if for any nonempty subset A of
X there is an isolated point in A.

Theorem 1. Let X be a metrizable compact, Y be an infinite compact and g,h : X — R
be functions.

(1) IfY is non-scattered then a pair (g, h) is CC-generated with respect to'Y if and only
iof it is a pair of Hahn.

(13) If Y is scattered then a pair (g,h) is CC-generated with respect to 'Y if and only if
it s a pair of Hahn of o-continuous functions.

Example 1. Let X be a metrizable compact without isolated points. Then there exists a
pair of Hahn (g,h) on X such that both function g and h are not o-continuous.
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CLASSIFICATION OF SMOOTH STRUCTURES ON NON-HAUSDORFF ONE-DIMENSIONAL
MANIFOLDS: FROM LOCAL TO GLOBAL
Mykola Lysynskyi, Sergiy Maksymenko
Institute of Mathematis of NAS of Ukraine, Kyiv, Ukraine

In [1L 2] there were given a classification of differentiable structures on two non-
Hausdorff one-dimensional manifolds: a line with two zeros L and a non-Hausdorff letter
Y. Tt turned out that the developed techniques extends to the following more general
situation.

Let X be a topological manifold, U,V two open subsets such that X = U UV, and
W = UnNV. Suppose for some k = 1,...,00 the sets U and V are endowed with C*-
structures (1.e. C*-atlases a and j respectively) which agree on the intersection UNV (i.e.
the identity map idy : W — W is a diffeomorphism with respect to the induced atlases
alw and Blw).

Then one of the results of [2] classifies C*-structures on X which induce a and 3 on
U and V respectively up to a C* self-diffeomorphism X — X leaving U and V invariant.

The aim of this talk is to illustrate that the above statement allows to classify di-
fferentiable structures on non-Hausdorff one-dimensional manifolds X with more compli-
cated “non-Hausdorff points” than the ones of L and Y. Moreover, in the case when such
non-Hausdorff points can be separated by pair-wise disjoint open neighborhoods {U;};ea,
it makes also possible to reduce a classification of C*-structures on X to a classification
C*-structures on each of Uj;.
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PSEUDOBOUNDARY OF THE HILBERT CUBE AS A SPACE OF IDEMPOTENT MEASURES
Marko Iurii
Ivan Franko National University of Lviv, Lviv, Ukraine

Given a compact Hausdorff space X, we define a regular probability measure on X
as a real-valued nonnegative normed linear functional on the space C'(X) of continuous
functions on X. By analogy, an idempotent measure on X is a functional p on C(X)
satisfying:

1. pu(ex) = ¢, for all ¢ € R, where cx denotes the constant function on X with the
value ¢;
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2. p(max{p, v}) = max{u(p), w(¥)};
3. ple+ @) =c+ u(p)

(see [I] for the basic information on spaces of idempotent measures).

It is convenient to use a representation of idempotent measures on X as special closed
subsets of X x [0,1]. For a metric space X, by I(X) denote the set of all closed subsets
A C X x [0,1] satisfying:

1. X x {0} C 4;
2. A is saturated, i.e. for every (z,t) € A and every t' € [0,¢], (z,t') € A;

3. there is # € X such that (z,1) € A.
Given A € I(X), we define the support of A as follows:

supp(A) = cl({z € X | 3t > 0 such that (z,t) € A}).

By I5(X) we denote the set of all A € (X) such that supp(A) is compact.
Let

5= {(z:)2y € " | B, (iz)” < o0}

Theorem 1. Let X be a locally compact o-compact non-discrete metric space. Then _fg(X)
18 homeomorphic to 3.

The proof is based on results from infinite-dimensional topology [3]. We use the fact
that the space of measures under consideration is an absolute retract [2].
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ON EXTENSIONALLY NORMAL SPACES THAT ARE NOT NORMAL
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The problem of extending functions with preserving certain properties is a classical
topic in topology and analysis. Among such properties, preserving oscillations of functions
under extension appears to be a particularly natural problem. This is closely related to the
study of the oscillations, which was investigated in the numerical papers of the authors.
In particular, the construction of functions with given limit oscillations was studied in
1, 2.

For a set D in a topological space X and a function g: D — R, the function

wy(z) = inf Sup l9(u) —g(v)|, €D,

is called the oscillation of g, where U, denotes the family of all neighborhoods of x in X.

The oscillation within the domain provides a way to estimate the size of discontinuities
of g. On the other hand, the oscillation of g on the boundary of its domain allows to
analyze which properties of g can be preserved when extending it to the whole space. The
restriction W, = wy|p, p is called the limit oscillation.

It is well known that the Titze-Urysohn extension theorem characterizes the normality
of topological space. In [3] it was introduced the following class of generalized normal
spaces concerning with the Titze-Urysohn theorem.

Definition 1. A topological Ti-space X is called extensionally normal if for every
closed subset Y C X and every function g: Y — R there exists an extension f: X — R
such that the restriction f|x\y is continuous and the oscillation wy(x) equals to wy(x) for
allz €Y.

So, if we assume the continuity of ¢ in the previous definition, we obtain the Titze-
Urysohn extension property, which is equivalent to the normality. Actually, the authors of
[3] used the term “property (T)” for this class of spaces. This property was also studied by
us in [4], where it was called w-normality. However, since the symbol w has many other
uses and associations (e.g. the countable ordinal), we now prefer the term eztensional
normality, which more clearly emphasizes the extensional aspect of this notion.

The following problem was formulated in [3, Problem 7|.

Problem 1. Is every normal space is extensionally normal?
Some partial result concerning with this problem was announced in [4].
Theorem 1. Every metrizable space is extensionally normal.

The proof of the theorem in [4] was based on the notion of cluster set and our previ-
ous result from [5]. Now we propose the direct method of proof relying on the Dugunji
construction of continuous extension.

Let X be a metric space , Y be a closed set in X and ¢g:Y — R be an arbitrary
function. Consider a locally finite partition of unity (¢s)ses on X \ Y subordinated to
the covering B = {B(z,3d(z,Y)) : . € X \ Y} of X \Y. Set U, = supp ¢,. For any
s € S there is x4, € X \ Y, such that U; C B(xs, id(:)ss, Y')), and there exists ys € Y with
d(zs,ys) < 2d(xs,Y). The Dugunji extension of g is defined by

d>ops(@)flys) , v € X\Y
X :AYX xr) = ses
f(x) x9(z) { i) sey

Theorem 2. Let X be a metric space, Y be a closed subset of X, g: Y — R be a function
and f: X — R be the Dugungji extension of g. Then the restriction f|x\y is continuous
and wy(x) = wy(z) for all v € Y. In particular, every metrizable space is extensionally
normal.

149



Our approach to obtain the extensional normality needs more strong property than
the usual normality. The following result, which follows the ideas of [6, 2.1.10], gives many
examples of non-extensionally normal spaces.

Theorem 3. Let X be an infinite Ti-space such that there exist a discrete subset S and
a dense subset T of X with 215 > 2ITI. Then X is not extensionally normal.

As an immediate consequence, we obtain the following result.

Example 1. The Stone-Cech compactification BN of the countable discrete space is not
extensionally normal.

Since the Stone-Cech compactification is compact (hence normal) space, the previous
example yields the negative answer to Problem[I} The question of whether more restrictive
properties ensure extensional normality remains open.

Problem 2. Does there exist a hereditarily normal space (or even perfectly normal space)
that is not extentionally normal?
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Let n > 2and f: X™ — Y be a mapping. We call a mapping g : X — Y defined by
g(x) = f(z,...,x) for every x € X, the diagonal of f.

The investigation of diagonals of separately continuous functions of two real variables
began in Baire’s Ph.D. thesis. It was proved in [I] that diagonals of separately continuous
functions f : R?> — R are exactly functions of the first Baire class. This result was
generalized by H. Lebesgue for real-valued functions of n real variables. Namely, it was
proved in [5] that for n > 3 diagonals of separately continuous functions f : R" — R are
exactly functions of the (n — 1)-th Baire class.

To date, the following results have been obtained on the description of diagonals of
mappings from certain classes.

Theorem 1. 1. For any metrizable space X and any metrizable equiconnected space Y

the diagonals of separately continuous mappings f : X™ — Y are exactly mappings
of the (n — 1)-th Baire class ([4, Theorem 16]).

2. For any metric space X and any normed space Y the diagonals of mappings f :
X2 — Y which are continuous with respect to the first variable and pointwise Li-
pschitz with respect to the second variable are exactly stable limits of sequences of
continuious mappings ([2, Theorem 5.5]).

3. For any metric space X and any normed space Y the diagonals of separately poi-
ntwise Lipschitz mappings f : X?> — Y are exactly stable limits of sequences of
pointwise Lipschitz mappings ([6, Theorem 5.2]).

4. For any normed space Y the diagonals of separately absolutely continuous mappings
f:]0,1> =Y are exactly absolute Baire one mappings ([3, Theorem 4.6]).

For a set A C Y we denote by A the set of all stable limits of sequences of mappings
from A.
For metric spaces X and Y we denote by

PLy(X,Y) = PL(X,Y)
the collection of all pointwise Lipschitz mappings f : X — Y. For every n € N we put
PL,(X,Y) =PL, (X,Y)".
Let My(X) and Ao(X) be the collections of all closed and open subsets of a metric

space X respectively. For every n € N we put

M, (X) = {ﬂAk A € Ay (X), k=1,2,... }
k=1

and

A, (X) = {UAk:AkEMn1(X), k:1,2,...}.
k=1

Theorem 2. Let a € N, X be a metric space, Y be a normed space and f : X — Y.
Consider the following conditions.

1. f € PLo(X,Y).
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2. There exist an increasing sequence (X)), of sets Xy € My_1(X) and a sequence

(fe)e2, of mappings fr € PLa—1(X,Y) such that X = | Xx and f|x, = flx, for
k=1
every k € N;

3. There ezist a sequence (X)i2, of sets Xy, € Mo(X)NAL(X) and a sequence (fr)72,

of pointwise Lipschitz mappings fi, : X — Y such that X = |J Xy and f|x, = felx,
k=1
for every k € N;

4. There exists a sequence (Xj)32, of sets X € My(X)NAL(X) such that X = |J X
k=1
and all functions f|x, are Lipschitz.

Then (1) < (2) = (3) = (4). If Y is a normed space, then (3) = (1) for every

a € N and (4) = (1) for a« = 1. Moreover, if Y is a Banach space, then (4) = (1) for
every a € N.

Theorem 3. Let m > 2, X be a metric space, Y be a normed space and g € PL,,_1(X,Y).
Then there exists a separately pointwise Lipschitz mapping f : X™ — Y with the diagonal

g.
Problem 1. Let m > 2, X be a metric space, Y be a locally convexr F-space and g €

PL,,_1(X,Y). Does there exist a separately pointwise Lipschitz mapping f : X™ — Y
with the diagonal g%

Problem 2. Let m > 3, Xy, ..., X,, be metric spaces, Y be a normed space (in particular,
Y=X;=-=X,=[0,1]) and f : X1 x -+ x X, = Y be a separately pointwise
Lipschitz mapping. It is true that f € PL,, (X3 x -+ x X,,,,Y)?
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SPARSIFICATION OF COMPACT ULTRAMETRICS
Oleh Nykyforchyn, Volodymyr Pehhryn
Vasyl Stefanyk Carpathian National University, Tvano-Frankivsk, Ukraine

We generalize a method for sparsification of utrametric matrices proposed by Gorman
and Lladser [I]. We consider a non-empty compact subspace X of D, where D = {0, 1}.
Foralln € N={0,1,2,...}, let pr,, be the projection D* — D" to the first n coordinates.

Denote X, = pr,,(X) C D" for all n € N, and X, = XoU X; U X, L. ... Observe that
Xo = D% = {e}, where ¢ is the empty sequence.

We consider the infinite rooted tree T" with the vertices X, the root ¢, and the edges

between all pairs of (z1,...,x,) € X,, and (z1,...,2Zp, Tys1) € X,i1. The infinite simple
paths starting at the root correspond to the points (z1, 2, x3,...) of the compactum X.
For any z = (z1,%9,...,%,) € D" denote z|0 = (71, ,...,2,,0) € D" |1 =

(11, 29,...,2n,1) € D" and T = {7 € X U\)rn(j) :/\a:} Clearly T # @ for x € D" if
and only if x € X,,. The set X' = {x € X, | 2|0 # &, z|1 # @} consists of all bifurcation
vertices of the tree 7.

The induced topology on X is metrizable by an ultrametric determined with a sequence
rg > 11 > 7T9 > 13 > ... of positive numbers converging to 0. Namely, let

g((xly'r% L3 - - ')7 (yh Y2, Y3, - - )) = Tk,
where k£ = maX{i c {1, 2, 3, - } | (Ih To, ... 7'7;7)) = (yl; Yz, ... 73/1')}7
here we assume max @ = 0.

Remark 1. Any compact ultrametric on a set X can be represented this way by choosing
appropriately an embedding X — D“ with the sequence (ro,r1,72,...) .
Theorem 1. There is a unique reqular measure ju on X that satisfies the conditions:

e (X) =1 (ie., uis a probability measure);

o if v = (x1,...,2,) € X', then pu(z|0) = p(z|l) (each bifurcation verter divides a
measure into halves).

For all x € X, the inequality p(z) > 0 is valid.
We define a scalar product on the set C'(X,R) by the formula

fg= /X £(2)9(2) dy(z).

Theorem 2. The functions w, : X — R defined for all x € X' as follows:

1 .~
—, I € x|0,
u(lw)
ws(T) = —, ZTeul,
p(z)
0 otherwise,

together with the function w = 1 form an ortonormal system with respect to the above
scalar product.

These functions are analogues of Haar-like wavelets considered in [I]. We will discuss
their application to efficient encoding of the ultrametric d.
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ON’AIHSMPATHT]UDTRAPARABOLK]EQUATK»JWHTHjHOLDERJCOEFFKHENTS
INDEPENDENT OF THE DEGENERATION VARIABLES
Halyna Pasichnyk
Yuriy Fedkovych National University, Chernivtsi, Ukraine

In a layer {(¢t,x)|t € (0,7], x € R"} of finite thickness " > 0 we consider the
ultraparabolic equation

(s =Y a5t 1)0z,, 00, — > a(t, 21)0s,, — ao(t,wl)) u(t,z) = 0. (1)

js=1 j=1

in which
n9 ns
S = 8t - E xljc?mj - E $2j8$3j;
j=1 j=1

ni, No, N3 are given natural numbers such that ny < ny < ny; n := ni+ns+ng; the variable
x € R” consists of three groups of variables z; := (xy1,...,2,,) € R™, [ € {1,2,3}, so
that © := (x1,29,x3). The coefficients of the equation are increasing functions of
|z1| = +00. Their growth depends on the increasing function D with |z;]| — +o0.

The equation is assumed to be dissipative ultraparabolic with the dissipative characteri-
stic D [1].

In this case, the coefficients of the equation are Holder, their differentiation is not
required. In this case, an additional condition is imposed on the dissipation characteristic.
Under these conditions, the fundamental solution G(t,z;7,¢), z,§ CR", 0 <7<t <T,
of the Cauchy problem for the equation is constructed using the Levy method. For
the parametrics we take G(t, x;7,&;&), where G’(t, x;7,&;91) is the fundamental solution
of the Cauchy problem for the equation with coefficients that depend on ¢ and ;.

Estimates of derivatives SG, 0,,G, | € {1,2,3}, j € {1,...,m}, 04,0.,.G, {j,s} C
{1,...,n1} are also obtained.
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BOUNDARY VALUE PROBLEMS FOR LINEAR AND NONLINEAR DISCRETE AND
CONTINUOUS SYSTEMS
Oleksandr Pokutnyi, Yulia Zahorulko
Institute of mathematics of NAS of Ukraine, Kyiv, Ukraine

This report investigates boundary value problems (BVPs) for both linear and nonlinear
discrete systems with a focus on input-to-state stability (ISS). We begin by analyzing
homogeneous and nonhomogeneous linear systems, deriving explicit solution formulas
using mathematical induction. Solvability conditions for these systems are established,
providing necessary and sufficient criteria for the existence of solutions. The study is then
extended to nonlinear discrete systems, where perturbation terms are introduced, and
equivalent transformed BVPs are derived. By applying solvability conditions, we analyze
the transition from nonlinear to linear cases as perturbations approach zero. The results
contribute to the understanding of ISS properties in discrete-time dynamical systems and
serve as a foundation for stability analysis and numerical methods in solving BVPs in
discrete settings.

In the presented report we try to investigate the following boundary-value problem
for the following systems of differential and difference equations, which model the simple
version of the neural networks

wy(t,e) = dilizi(t,e) — ecidia?(t, €)+
zi(n +1,¢) = diliz;(n, ) — ecidix} (n, e)+

+ed;zi(t, €) Z a;; fi(z;(t,€)), (2.2)

j=1

with additional boundary conditions
z;(0,e) —x;(T, ) = ay, (2.3)

where a;; can be considered as a control parameters. In this model z;(t, €) denotes the state
of the i-th neuron at time ¢, d;x; and c;x; represent the amplification and behavior functi-
ons at time t, respectively, € is a small parameter. Moreover, in further considerations,
we suppose that d;[;T # 0. Condition (2.2) represents the two-point boundary condition,
«; are the set of parameters. We can consider such boundary-value problem as in the
finite-dimensional case (i = 1,n), as in the countable case (i = 1,00) and in the case
when we consider the given problem in the case of Hilbert or Banach spaces (in this case,
quadratic nonlinearity can be interpreted in another way).

In the paper which we can see below the main results were proved. We are going also
use the proposed technique for the investigating another type of neural networks such as
considered below.

The work was supported by SOMPATY No. 873071.
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APPROXIMATION OF NEUTRAL-TYPE DELAY STOCHASTIC EQUATION WITH AN
EQUATION WITHOUT DELAY
Oleksandr Pravdyvyi, Oleksandr Stanzhytskyi, Olha Martynyuk
Taras Shevchenko National University of Ky, Ky, Ukraine
Yuriy Fedkovych Chernivtsi National University, Chernivtsi, Ukraine

The main goal of our work is to study approximation of neutral-type delay stochastic
equation of form

d(u(t)—g(u(t—nh))) = (Au(t)+ f(u(t—h),u(t)))dt+o(u(t—h),u(t))dW(t),t € [0,T], (1)

u<t) = ¢<t)?t € [_ha OL (2)

with an equation without delay.

Here A is an infinitesimal generator of a strong continuous semigroup {S(¢),t > 0}
of bounded linear operators on separable Hilbert space H.The random noise W (t) is a
@-Wiener process on separable Hilbert space K. For some h > 0 we denote by C} =
C([—h,0], H) the space of continuous H-valued functions ¢ : [—h,0] — H with a norm

9]

c, = sup |[¢(0)]],
0e[—h,0]

where || - || stands for the norm in H. The solution u(¢) of (1) we consider in a sence of a
mild solution. The solution of is sometimes referred as state process. We also denote
uy == u(t + 0), where 6 € [—h,0) . The functions f,g map H x H to H, and o : H — LY,
where L) = L(Q%K, H) is the space of Hilbert-Shmidt operators from Q%K to H. Finally,
¢ : [—h,0] x Q — H is the initial function, where (2, F, P) is a complete probability
space.

In future H and K are separable Hilbert spaces with norms || - || and || - |[x. Let
(Q, F, P) be a complete probability space, and @ be linear bounded covariance operator,
such that tr(Q) < co. Introduce

W(t) == i VRB(t)es, >0,

which is Q-Wiener process on t > 0. Here 5;(t) are standard, one dimensional, independent
Wiener processes, {e;,k > 1} is an orthonormal system in K, and a sequence of real
nonnegative numbers \; satisfying

Qek = /\kek, k= 1, 2, ceey
and

[e.9]
Z /\,1€ < Q0.
k=1

Also let {F;,t > 0} be a normal filtration satisfying
1. W(t) is Fi-measurable;
2. W(t+ h) — W(t) is independent of F; for all h > 0 and t > 0.
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Let Uy = Q2(K) and LY = Ly(Uy, H) be the space of all Hilbert-Schmidt operators
from Uy to H with the inner product (@, ¥) o = tr[®Q¥*] and the norm [|®|[g , respecti-
vely.

We assume, that A is the infinitesimal generator of an analytic semigroup S(t) = e
of bounded in H operators. From [1] it is equivalent to the fact, that (—A) is a sectorial
operator.

We assume, that S(t) is semigroup of compact operators, hence from Theorem 3.2 [2]
it is continuous in the uniform operator topology.

From [2] we can deduce that for all a € (0,1) the fractional power of operator (—A)
is a closed linear operator with domain D(—A®).

Denote by H® the Hilbert space D(—A)* endowed with the norm

[l == [[(=A)"u]|.

At

To ensure the existence and uniqueness of solution we have to impose additional conditions
on the operator A and mappings f, o, g.

1. If o(—A) is a spectrum of (—A), we have that
Reo(—A) >0 >0,
and A generates a semigroup of compact operators S(t) in H.
2. For all u,v,uy,v; € H we have
[ (u,v) = fun, 00)]] < L(lJu = wa|[ + [[v = v ]),

and
o (u,v) — o (ur, v1)llzg < L([|lu — w] + [lv — vi]]).
for some L > 0.

3. There exists a € (3,1) that for all u,u; € H the function g satisfies
[lg(w) = g(ur)lla < Myllu — ]
for some M, € (0,3).

It is easy to see, that condition 2 implies linear growth of f, o in H and condition 3 implies
linear growth of g in H,.
In the sequel we will use the following proposition from [I].

Proposition 1. [, Th 1.4.3] There ezists Cy > 0 such that
I(=A)*S(t)]] < Cat™e™™, t > 0.

In particular,
ISl < Coe™", ¢ > 0.

We will introduce a mild solution of equation ([I)-(2) in the following way.

Definition 1. A continious F; adapted stochastic process u : [—h,T| x Q — H is called
a mild solution for — for t € [0, T] if it satisfies the integral equation

u(t) = S(t)(¢(0) — g(¢(=h))) + g(ult — h)) — /0 AS(t = s)g(u(s — h))ds
+/0 S(t—s)f(u(s —h),u(s))ds + /0 S(t— s)o(u(s — h),u(s))dW(s),
and u(t) = ¢(t) a.s. fort € [—h,0]
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The following Theorems are are the direct corollaries of the corresponding results from
[3] and [4, Th 4.6] and Lemma 4.4 [4].

Theorem 1. [3, Th 2.6] (Existence and uniqueness of mild solution)
Suppose the conditions 1-8 holds. Then for oll T > 0 equation has a unique mild
solution u on [0,T), such that

sup Elju(®)|” < R(T)(1+E[¢]¢), (3)

te€[0,T]
for some constant R(T') > 0.
Next we introduce important lemma, which will be used in proof of main result.

Lemma 1. (Continuity modulo lemma) Assuming the conditions of Theorem 1 holds,
then for the solution of equation — u(t) the following holds

sup B supu(ts) — u(ty)|* < C(T, [4]lc,, 1) =0, 1 =0, (4)

t1€[—h,T]  ta€ltr,t141]

For equality ([1)-(2)) we will build the following system, which we will call approximation
equation.

Fix natural number m and split segment [—h, 0] with points —%j,j = 0..m. Define
processes z;(t) € H as solutions of following Cauchy problems

/

d(z0(t) — g(2m(1))) = (Azo + f(20(t), 2m (1)) dt + 0 (20(t), 2 (2)) AW (1),

dz;(t) = 3 (zj(t) = (1)), te[0,T], (5)

 2i(0) = (b(—%), J=0..m.

: , . : : dz(t
Here zy(t) is considered in weak sence, next m solutions in regular sence, where ZCJl—t()

strong in H norm derivative. From [5], it follows that problem have unique solution
on [0,7].

Definition 2. System 18 called approximating system for — m mean square if

h
sup Ellu(t — —j) — z;®)|> =0, m— o0, j=0.m.
t€[0,T] m

Next, we can introduce our main result
Theorem 2. If conditions of Theorem 1 hold system s approximating system in mean
square for — in sence of Definition 2 uniformly for j = 0..m

h
sup sup E|u(t — —j)— 2> =0, m — .
j=0..m t€[0,T) m

This research was supported by NRFU project No. 2023.03 /0074 "Infinite-dimensional
evolutionary equations with multivalued and stochastic dynamics".
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LOCAL NEARRINGS WITH ADDITIVE GROUPS OF ORDER 128 AND EXPONENT 8. II

Iryna Raievska, Maryna Raievska, Yaroslav Sysak
Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine

There exist 2328 non-isomorphic groups of order 128 = 27 from which 162 are 2-

generated groups (5 groups are of exponent 64, 18 groups are of exponent 32, 65 groups
are of exponent 16, 72 groups are of exponent 8, and 2 groups are of exponent 4) [I].

Proposition 1. The following 2-generated groups of exponent 8 are the additive groups
of zero-symmetric local nearrings of order 128:

IdGroup Structure Description Number of LNR
[128,2] ((Cg X CQ) X 04) x Cy > 41184
[128,4] (CQ X Qg) x Cg > 46912
[128,5] Cg X CQ) x Cg > 1536
[128,6] (Cg X 04) x Cy > 73728
[128,7] (Cs x C2) % Cy > 4160
[128,8] (04 X Cg) x Cy > 10240
[128, 12} ((Cg X CQ) X Cg) x Cy > 1336
[128, 13} (Cg X Cg) x Cg > 19136
[128,27] (Cs % Ca) % C4 > 20736
[128, 38} ((08 X CQ) X 02) X Cy > 80384
[128,48} (((Cg X CQ) X CQ) X CQ) X CQ > 102240
128,49 (04 x Oy X Cg) x Cg > 99680
128,50 ((C4 X CQ) X Cg) X CQ > 16992
128,51 (Cg X Qg) x Cy > 16992
128, 56 (Cy x Ca) % Cx > 196608
[128, 57} (04 X 04) X OS > 127488
[1287 126] (CQ((C4 X CQ) X CQ) = (CQ X CQ)(C4 X Cz)) X Cy > 72032

Conjecture. The following 2-generated groups of exponent 8 and only they are the

additive groups of zero-symmetric local nearrings of order 128:
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e the groups from Proposition 1;
o (Cs x C3) x Cs [128,9;
[ <C4 b Cg) X 04 [128, 28]
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A REMARK ON THE FUCIK TYPE PROBLEM
Felix Sadyrbaev, Oleksandr Pokutnyi
Daugavpils University, Daugauvpils, Latvia
Institute of mathematics of NAS of Ukraine

Czech mathematician S. Fuc¢ik started to consider differential equations of the form

2" = —prt + A7, 2t =max{z,0}, z7 = max{—=z,0} (1)
[1]. It consists of two equations: one is x” = —pux for positive x, and for negative = the
equation 2 = —Az. The equation (1)) is called Fu¢ik equation. It is almost linear in the

sense that it still possess the property of positive homogeneity, that is, for every solution
x(t) the function cz(t) is also solution, but the sum of two solutions z1(t) 4+ z2(¢) may not
to solve the Fucik equation.

The spectral problem appears if the Fu¢ik equation is considered together with the
boundary conditions

z(0)=0, =z(1)=0. (2)

The respective spectrum (a set of all pairs (g, A) such that the problem (I)), (2) has a
nontrivial solution) is called Fuc¢ik spectrum (see also [2] - [3]).

In the given report we consider generalized Fucik type problems of the following form

—pr+(p—2A), z>1,
2 = flz) = Az, |z| <1, (3)
—pr—(p—2N), z<-1
or

" = amax{r + 1,0} — fmax{—(x +1),0} + ymax{zx — 1,0} —  max{—(x — 1),0},
z(0) =z(1)=0

and show the connections between them. It is to be mentioned, that the above problems
are more complicated, than the classical Fu¢ik problem and require thorough analysis.
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FEJER-TYPE SUMMABILITY METHOD FOR PERIODIC RATIONAL FOURIER SERIES
Viktor Savchuk
Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine

Let a = (ag, a1, as, ...) be a system of complex numbers in D = {z € C: |z| < 1} and
let T:= {t € C: |t| = 1}. The Takenaka-Malmquist system on T is defined by

V1 —ao|? ke V1 — |ag]? -
¢0<l’> = —|a0’ k(x) = elkx—|ak| Bk(el’”), k= 1, 2, .

1 —ecirgy ' 1 — eiay

cey

and ¢_p(z) = e @op_1(x), k=1,2,..., where
k-1

, 1 —eizq,
Bu(e") =] —==-

— elTq.
j:Ol era;

Let f be a 2m-periodic continuous function on R. Then the Fejér-type means (summabi-
lity method) for f is defined by

T D) = i [ S

In the present talk, we’ll consider the convergence problem for o, , on the space of
2m-periodic continuous functions on R.

—, x €R.

sin T 2T

’ — B,(ei")|* dt

Theorem 1. Let ¢ be a Takenaka-Malmquist system generated by a sequence of points
ag, a1, . . . in the unit disk D. Then for every continuous 2m-periodic function f on R, we
have

lim [f(x) = one(f)(2)] =0

n—o0

uniformly in x € R if and only if

1 a”

Z T P =+oo for all § € [—m, 7).
o This work is part of a project that has received funding from the European
o Union’s Horizon 2020 research and innovation programme under the Marie

Sklodowska-Curie grant agreement Number 873071, SOMPATY.
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BEST APPROXIMATIONS FOR THE COMBINATION OF CAUCHY—SZEGO KERNELS
Maryna Savchuk, Viktor Savchuk
National Technical University of Ukraine "Igor Sikorsky Kyiv Polytechnic Institute Kyiv,
Ukraine,
Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine

The Cauchy-Szego6 kernel is the function

C(t, z) =

1 -1tz

defined on T x D C C?, where T:={t € T: [t| =1} and D:={z € C: |z| < 1}.
For some function ¢ € LY(T), ||¢|l1 > 0, complex numbers A € C and 2z € D, by
weighted combination of the Cauchy—-Szego kernel and its derivative we mean the function

Co (1) == p(t )(,iC(t 2) + AC(t, z),

defined on T. Denote H} = {h € H' : h(0) = 0}, where H' is the Hardy space in the disk
D.

In the present talk, we give an explicit form for the value of best approximation of
Cy..» by functions form Hj defined by

y-(A) == inf{HC%Z,A + hH1 :heH)}.

An inner function is a bounded holomorphic function ¢ in D whose radial limits
©*(t) = lim, 1 @(rt) satisfy the equality |p*(¢)| = 1 for almost all ¢ € T.

Theorem 1. Let z € D and ¢ is an inner function. Then for all X € C we have
1 AP =2

_ 2 ’
G%Z(A): 1 ‘Z| 4 5
AL N

if 0=y

1— |z*

The extremal for e, .(\) is only the function

ht) = 5% (>8 C(t,z) + MzC(t, 2),

where )
A1 —
= 2 1 —2|Z 2
el are A if I\ > —m—.
b f ‘ ’ — 1 _ |Z’2
We apply this result to establish a sharp inequality for holomorphic functions in the
unit disk, leading to a new version of the Schwarz-Pick inequality.
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ASYMPTOTIC REPRESENTATION OF SOLUTIONS DIFFERENTIAL EQUATIONS OF THE
THIRD ORDER
Nataliya Sharai, Volodymyr Shinkarenko
Odesa National 1.1. Mechnikov University, Odesa, Ukraine

We consider the differential equation

y" = aop(t)ylIny||7, (1)

where ag € {—1,1}, 0 € R, p : [a,w][—]0, +00[—is a continuous function, —oco < a <
w < 400
This equation belongs to the class of equations of the form

y" = agp(t) ¢(y), (2)

where the function ¢(y) is regularly varying of order v as y — 0, or y — =400, and
is also continuous in a one-sided neighborhood of one of the indicated singular points.
The interest of researchers in the study of the asymptotic properties of solutions to such
equations is primarily due to the fact that, because of the properties of regularly varying
functions (see, for example, the monograph by E. Seneta [I]), they are, in a certain sense,
asymptotically close for v # 1 to the generalized Emden-Fowler type equation

y" = aop(t)]y| signy,
and for v =1 to the linear differential equation

/.

y" = aop(t)y, (3)

Numerous studies of which are presented in the well-known monograph by I. T. Kihuradze
and T. A. Chanturia [2].

Among the works devoted to the study of the asymptotic behavior of solutions of
differential equations of type (2), particular attention should be given to the case n > 2,
in the work of V. M. Evtukhov and A. M. Samoilenko [3]. However, the results given in
that and other papers do not cover equations of the type (1), which are asymptotically
close as y — 0 and y — £o0 to the linear differential equation (3).

A solution y of equation (1), defined and non-zero in the interval [t,,w[C [a,w], is
called a P,(\g)-solution if it satisfies the following conditions:

2
. (k) _ or O, _ . (y”(t)) _
1#3 y(t) { or £ oo (k=0,1,2), 1t1TroIJ1 y"(t)y'(t) Ao (4)

In works [4], [5] for equation (1) conditions for the existence of P, ()¢)-solutions, were
established in the case)\y € R, as well as asymptotic expansions for such solutions and their
derivatives up to the second order inclusive. At the same time, the number of solutions
with the corresponding asymptotic representations was determined.

The purpose of our report is to establish and refine the necessary and sufficient condi-
tions for the existence of solutions of differential equation (1), P, ()\¢)-solutions in the
special caselg = +o00, as well as to obtain asymptotics for ¢t 1 w with representations for
such solutions and their derivatives up to the second order inclusive.

We introduce the function I as follows:

t

I1(t) = [ p(r)wl (1) In |, (7)]|dr.

a
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Theorem 1. For the ezistence of a P,(£o0)-solution of differential equation (1), it is
necessary and sufficient that the conditions

ltiTmp(t)Wi(t)l In|m,($)||” =0, Lm I(t) = Foo (5)

Moreover, each such solution admits, as t T w, the following asymptotic representation:

(k—1) o (£)]3F
e = = E I CEE) )

In|y"(t)] = a0 277" I(t)[1 + o(1)]. (7)

Corollary 1. For the ezistence of a P,(£00)-solution of the linear differential equation
(3), it is necessary and sufficient that the conditions

w

lim p(£)73 (£) = 0, / (B2 (£)dt = +o0. (8)

tTw
a

For each such solution, the following asymptotic representation holds as t T w

o) _[r@P v
- 2 [1+o0(1)] o () [1+0(1)] (9)
il y'(6) | = 5 [ p(r)md(r)ar 1+ o). (10)

a

This theorem, in the case w = +oo, complements the results for linear differential
equations with asymptotically small coefficients, presented in the monograph by I. T.
Kihuradze and T. A. Chanturia [2] (see Chapter 1, item 6.5, pp. 184-186).
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NONLINEAR APPROXIMATION OF WEIGHTED WIENER CLASSES OF FUNCTIONS OF
SEVERAL VARIABLES IN DIFFERENT METRICS
Andrii Shydlich
Institute of Mathematics of the National Academy of Sciences of Ukraine; National
University of Life and Environmental Sciences of Ukraine, Kyiv, Ukraine

Let L, = L,(T%) (p € [1, 00], T® := [0, 27)?) be the space of all Lebesgue-measurable on
R? 27-periodic in each variable functions f with the usual norm || f||1,. Let also ¢ = ¢(t),
t> 1, be a positive decreasing function, ¥ (0) := ¢(1).

Consider the weighted Wiener classes

Foo={feLi o [{FE)/Ikl) brezalli,@a < 1},

where ¢, € (0, 00], f(k), k € Z°, are the Fourier coefficients of f and | - ||;, is the usual
(quasi)-norm of the sequence spaces ,,.
Further, let

om(f), = inf

P Ym,Ck

FO = 7 ™)

ke'Ym

denote the best n-term trigonometric approximation of a function f, where ~,, is a collecti-
on of m different vectors from the set Z¢ and ¢, are arbitrary real numbers.

Theorem 1. Assume that p,r € [1,00], ¢ € (0,00), ¥ = ¥(t), t > 1, is a convex
decreasing to zero function such that ¥(t)/1¥(2t) < Ky. Then for any 1 < p < 2 and
0<q< %1,

=

Ol FL), = Sup oy(f), = d(mi)m?TE. (1

feFy,

If 1 <p<2andq> ", then relation (1) holds in the case

Y @)/ (t) = Ko > B, J'(t) =9/ (t+), (2)
where [ = d(% — é) If 2 < p < o0, then relation (1) holds for functions ¢ satisfying
condition (2) with B = d(1 — 7).

For ¢(t) =t7*, @ > 0, and r = oo relation (1) was obtained in [IJ.
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SOLVING THE SYSTEM OF N SECOND ORDER DIFFERENTIAL LINEAR EQUATIONS
WITH THE "CYCLIC"CONDITION FOR THE COEFFICIENTS AT THE ZERO ORDER IN

DERIVATIVE
Andrii Sizhuk
Kyiv National Taras Shevchenko University, Kyiv, Ukraine

Let k and r,, where the lower index « runs from 1 to N, denote arbitrary three-
dimensional vectors (in a Descartes coordinate system). Then, their scalar product kr,
represents the corresponding space phases. Assume, the values of the vectors are given as

the parameters of a system. In such notations the following holds.

N

Theorem 1. For the given "cyclic"condition Zsin(kra) cos(kr,) = 0 and the coeffici-

ents g >0, D >0 (g, D are real numbers), the system of equations

Ve al d
@@X(t) = —2¢ ; Bs(t) cos(k(re — 15)) — QDEBQ(t),

with the limit behavior for the function B of the variable t
lim S, (t) =0
t—o0

and the initial conditions 5,(0) =0, for a = 1..N,

d

%506(0) =ig{cos (kry) +isin (kry)},

has the solution in the following form:

ﬁa<t) =
= —2¢> { cos (kr,) C'[H (4, D,t) — H (Qy_, D, t)]

+sin (kr,) C' [H (Q’2+, D, t> —H (Q;_, D,t)] }
+ (%BQ(O) + 2Dﬁa(0)) % (1—e 2P0,

Here

H(Q,D,t) = é [Q +12D (e(m) _ 6—(2Dt)) - 55 (1 _ e—(QDt))} :

Qgi:—Dﬂ:\/D2—Q%;

0y = g\/2Zcosz(kra);
Q,., = —D++/D?— Q2

Q, = g\/QZsiHQ(er);
The Theorem 1 can be proved by introducing the notation
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Definition 1.

Zﬁa cos (kry,) (8)

N
and taking into account the "cyclic"condition Zsin(kra) cos(kr,) = 0. This yields

(04
the following relatively simple linear differential equation:

d2
dt?

B.(t) = —2¢> ) _ cos’(kra)B, (t) — 20%30 (t). (9)

Therefore, taking into account the initial conditions 55 (0) = 0 for a = 1..N, the solution
of the above equation is as follows

B. = Z Ba(t) cos(kr,) = C (exp (o4 t) — exp (22-1)) . (10)

By analogy,

B, = fa(t)sin(kry) = C’ (exp (Q;+t) — exp (Q;,t)) . (11)

Here, C and C” are constant, that yet to be defined. It is easy to see, that Q’;—i—Q% = 2¢°N.

Inasmuch as cos (k(r, —rs)) = cos (kr,)cos (krs) + sin (kr,)sin (krs), then, after
substitution of the found superpositions and into the initial equation (1)), we
derive the following integrable differential equation:

d? d
@ﬂa(t) + ZDEBa(t) = —2¢* {cos (kr,) B.(t) +sin (kr,) B,(t)} . (12)
Integrating the left and right sides of the equation above over time yields
d
Eﬁa(t) + 2D6a(t) = Ta (t) ) (13)
where
d
To (£) = =2¢° {cos (kra) Fu(t) + sin (kra) Fo(t)} + —5a(0) +2DBa(0),  (14)
and
t
Foalt) = [ 1Bttt (15)
0
After integrating the above functions B, (), found in or , we derive the following:
1 1
F.(t)=C {— lexp (Qa4t) — 1] — =— [exp (Qa_t) — 1]} ; (16)
Qoy Oy
/ 1 ! 1 !/
R0 = { g oo (90) 1]~ g [ (25 ) 1]} )

Within the given initial restrictions, the solution of such linear first order differential
equation, as , has the form:

1

Palt) = exp (2Dt)

/ [T, (t) exp (2Dt)] dt. (18)
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The integration in the last expression can be performed, yielding

/ [T, () e®PY)] dt

1 1 1
— _2 2 k N ((2D+24)1) 1) — — (2D¢) -1
o {eostien 0 {5 |5 )= 35 €7 =)
1 1 1
o ((2D+Q2-)t) 1) — — (2Dt) 1
0y {QQ —ap ¢ ) =3p (€ )] } (1)
. 1 1 ((2D+95,)t) L o
kro)C' 4 —— | — 2t ) - 1
sin (ko) {Q2+ [Q2++2D (6 o5 (¢ )
1 1 ((2D+Q,7)t> L/ (epp
7 7 2 - 1 T A -1
0, {QQ 2D (6 op
d
s o (2Dt) 1
(550004 2D5,0)) 55 (€ < 1) 4 Co
Therefore,
Ba(t) =
= —2g? { cos (kro) C' [H (Qus, D, t) — H (Q_, D, 1)]
+sin (kr) O [H <Q/2+, D,t) _H (Q;,, D, t)} } (20)
d 1
el - _ _—(2Dt) —(2Dt)
+ <dtﬁa(0) + 2Dﬁa(0)> 5D (1 e ) + Cpe ,
where . . .
— @) _ —@Dt)y _ _~ __—(2D¢)
H(Q,D,1) Q[Q+2D(e ey - L )] (21)

And the initial condition §,(0) = 0, for & = 1..N, determines the coefficient Cy to be
equal to 0.
Thus, the statement is proven.

Remark 1. The interesting practical question lays in the estimation of the relation
between the found solution, satisfying the cyclic configuration for the space phases kr,,
and the non-cyclic configuration. What is the accuracy of the approrimation by the cyclic
solution for a "non-cyclic"solution in the case of quite large number N. In addition, when
r, are unit vectors for a« = 1..N, the corresponding spatial configuration represents the
problem on a unit circle. Also, v, satisfying the cyclic condition, can be aligned along
one direction. The investigated system of equations corresponds to the model two-level
N-atomic system interacting with the quantize electromagnetic field, initially excited into
one-photon Fock state, as it was shown in [1).
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FANO AND BOOLEAN LINERS
Oksana Skyhar
Tvan Franko Lviv National University, Lviv, Ukraine

In the talk we shall discuss some properties of Fano and Boolean affine and projective
planes.

A liner is a set of points X endowed with a family of subsets £ called lines, such that
any distinct points x,y € X belong to a unique line Ty € L, and there exist three points
that do not belong to a single line.

A liner X is k-long if every line in X contains at least k points.

A liner (X, £) is

e a projective plane if it contains no disjoint lines;

e an affine plane if for any line L and point x € X \ L there exists a unique line that
contain the point x and is disjoint with the line L.

It is known that every 4-long affine plane II is a subliner of a unique projective plane,
called the projective completion of 11.
A liner X is called

e Boolean if every parallelogram in X has parallel diagonals;

e Fano if for every quadrangle abed in X, the set (abNcd) U (acnbd)U (adNbe) is
contained in a line and is not a singleton.

It is easy to see that Boolean liners are Fano.

Theorem 1. The projective completion of any 4-long affine Fano plane is a projective
Fano plane.

The question of algebraization of Fano and Boolean linears gives rise to two hypotheses:
e A projective plane is Fano iff it is coordinatized by a skew-field of characteristic 2.

e An affine plane is Boolean iff it is coordinatized by a quasifield of characteristic 2.
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ON SYNTHESIS OF LYAPUNOV FUNCTIONS VIA EVOLUTIONARY SEARCH
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We introduce a genetic programming approach based on evolutionary search for the
automated synthesis of polynomial Lyapunov functions that certify exponential stability
in nonlinear dynamical systems. Classical methods for Lyapunov function synthesis often
require analytical insight or optimization over restricted function classes. In contrast, our
method formulates the problem as a symbolic search over a space of polynomial expressi-
ons, represented as binary trees composed of variables, constants, and algebraic operations.
Stability conditions — such as positive definiteness and orbital derivative dissipation — are
encoded via a Lyapunov fitness functional that penalizes violations of these properties.
This formulation transforms the task into a minimax optimization problem evaluated
over a sample — based domain, enabling efficient numerical approximation. The genetic
programming algorithm evolves candidate functions through mutation, crossover, and eli-
tist selection, guided by this fitness metric. We validate the method on several benchmark
systems — including linear models, the damped pendulum, polynomial vector fields, and
the Van der Pol oscillator in reverse time — demonstrating that our approach can discover
valid Lyapunov functions within a small number of generations. Unlike black-box techni-
ques such as neural networks, our method yields interpretable, symbolic solutions that
can be analyzed or verified analytically. Future extensions may address control Lyapunov
function synthesis, adaptive parameter tuning, and scalability to high-dimensional systems
through compositional representations. Our study [1] highlights the potential of evoluti-
onary computation in control theory, offering a flexible, data-driven framework for analyzi-
ng nonlinear stability.

1. Pykhnivskyi R., Ryzhov A., Sobchuk A., Kravchenko Y. Evolutionary Search for
Polynomial Lyapunov Functions: A Genetic Programming Method for Exponential
Stability Certification, Azioms, 14(5), 343 (2025).
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EXISTENCE AND ASYMPTOTIC BEHAVIOUR OF a-ENTROPY SOLUTIONS TO A
NONLOCAL THIN FILM EQUATION IN MULTI-DIMENSIONAL DOMAINS
Roman Taranets
Institute of Applied Mathematics and Mechanics of the NAS of Ukraine, Sloviansk,
Ukraine

We consider an initial-boundary value problem for a class of nonlocal thin film equati-
ons governed by the spectral fractional Laplacian with homogeneous Neumann boundary
conditions. We were the first to establish an a-entropy estimate for nonlocal thin film
equations, which yields essential a priori bounds for the regularity and long-time behavior
of weak solutions. By developing a localized version of this estimate, we prove finite speed
of propagation, showing that the support of nonnegative solutions remains compact for
positive times. Furthermore, we find a sufficient condition for a waiting time phenomenon,
whereby the solution remains identically zero in a region for a nontrivial time interval.
These results highlight new features in the interaction between nonlocal effects and classi-
cal thin film dynamics. This is joint work with Antonio Segatti (Universita di Pavia, Pavia,
Italy).

This research was supported by NRFU project No. 2023.03/0074 “Infinite-dimensional
evolutionary equations with multivalued and stochastic dynamics”.
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MATHEMATICAL MODEL OF ASYMMETRIC CRYPTO-CODE SYSTEM BASED ON
ELLIPTIC ELONGATED CODES
Serhii Yevseiev, Stanislav Milevskyi, Vladyslav Sokol, Tymur Kurtseitov
National Technical University “Kharkiv polytechnic institute”, Kharkiv, Ukraine
National Defense University of Ukraine Kyiv, Ukraine

The evolution of telecommunication infrastructures and the fast-paced progress in
computer technologies have generated new demands for the fundamental parameters
of service quality. Key benchmarks in the assessment of relevant standards include the
guarantee of data authenticity during transmission as well as the protection of the entire
cycle of processing and storage. To achieve the necessary level of cryptographic reliabili-
ty while simultaneously supporting the growth of transmitted data volumes, the authors
propose a modified asymmetric crypto-code scheme (MACCS) based on extended elliptical
codes, derived from the McEliece construction [T}, 2} 3].

The mathematical representation of the modified asymmetric crypto-code system for
information protection, which applies algebraic block codes within the McEliece code-
theoretic framework and relies on elongation (i.e., an increase in the number of information
symbols), can be formally described as a composition of the following components:

— a set of plaintexts

M = {M,, My, ..., My}, where M; = {10, L. Ihrj,[k,l}, VI, € GF(q), h;
— information symbols equal to zero, |h| = %k, ie. I; = 0,VI; € h, h, — information
symbols of lengthening k, |h| = %k‘,

— a set of closed texts (codegrams)

C= {C’l, Cy, ..., qu}, where C; = <c}0,czrl,..., czrﬁc}n_l) , ¢k, € GF (q);

— a set of straight mappings (based on the use of generating matrix public key)

¢ =A{d1, P2, ..., s}, where ¢, : M — Cj ,i=1,2, ..., s;

— a set of reverse mappings (based on the use of masking matrix private key)

L={or", o3, ..., o), where ¢ 1 Oy, — M,i=1,2, ..., s;

— a set of keys, parametrizing straight mapping (the public key of an authorized user)

Ko = {K,, K, , ..., K, } = {GY?, . GY?., ..., GF .}, where GX%,
generating n x k matrix masked as a random algebra geometrlc block (n, k d) code

with elements from GF (q), i.e. ¢; : M —> Chryi=1,2, ..., s;

a; — a set of coefficients of the polynomial curve aq, ..., ag,V a; € GF (q), uniquely
defining a specific set of curve points from the space P?;

— a set of keys, parameterizing reverse mappings (personal (private) key of authorized
user)

K*={K},K}, ...,K:}={{X,P,D}, ,{X,P,D},, ...,{X,P,D}.},
{X,P,D}, ={X', P, D'},

where X* — masking nondegenerate randomly equiprobably formed by source of keys
matrix k x k with elements from GF (q); P" - permutational randomly equiprobably
formed by source of keys matrix n x n with elements from GF (q) ; D' — diagonal formed
by source of keys matrix n x n with elements from GF (q), i.e.

o; MZ—12
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Complexity of performing reverse mapping ¢, ! without knowledge a key K € K™ associ-
ated with solution of theoretic complexity problems in random code decoding (generic
position code).

In asymmetric crypto-code system based on McEliece TCS modified (elongated) algebro-
geometric (n, k, d) code Cj,, with rapid decoding algorithm is masking random (n, k, d)
code C; by multiplying generating matrix G of Cj_j, code on the secret masking
matrices X", P* and D", what provide formation of open key for authorized user:

CPO = Xv. GFC. p . DY we{l,2, ..., s},

where GEC — generating nx k matrix of algebrogeometric (n, k, d) code with elements from
GF (q), built on the basis of the polynomial curve coefficients ay, ..., ag,V a; € GF (q),
chose by user, uniquely defining a specific set of curve points from the space P2
Forming secret text C; € Cj, by the entered plaintext M; € M and given public
key G?}C’“ai, u € {1,2, ..., s} is performed by forming of shortened code word and then
elongation of masked code with adding to its randomly formed vector e = (eg, €1, ..., €,_1):

C; = ¢u (M;, G%) = M;- (G%)"

For each formed secret text C; € (), the appropriate vector e = (eg, €1, ..., €,_1) acts
as a single session key, i.e. for specific £}, vector e is formed randomly, equiprobably and
independently of the other secret texts.

The channel receives C5 = Cj — Cy_pn; + Ch, .

At the receiver’s end, an authorized party possessing knowledge of the masking procedure
as well as the position and quantity of zero information symbols is able to apply a fast
decoding algorithm for algebraic—geometric codes (of polynomial complexity) in order to
reconstruct the original message:

In order to reconstruct the original message, the authorized party substitutes the
elongation symbols with the corresponding non-zero information symbols.

CF = Ch, = Cyop,,

from recovered secret text C; reduces the effect of the secret of permutational and diagonal
matrices P* and D":

C=C;- (D) - (P = (MZ- (@) + e) (D (P =

:<Mi-(X“-G~P“- ) (P =
= M, (X7 (@) (P (DT (D)7 (P e (DM (P =
=M; (X" (@ +e- (DY) (P“)_
decodes received vector with Berlekamp-Massey algorithm:
C =M - (X" (G") +e- (D) (P

i.e. get rid of the second term and from the multiplier (G)”“” in the first term at right
side of equation, and then reduces the effect of masking matrix X".
Received result of decoding M} is need to be multiplied by (X*)™"

MP (X = M.

(2
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Received solution is plaintext M;, to which are added lengthening symbols: M; =
M; + h, — the essence of sent message.

The proposed mathematical framework for codegram encoding and decoding within
the developed McEliece-based MACCS system provides the possibility of high-speed data
handling in real-time operation. The computational burden of generating and interpreti-
ng codegrams is determined by the encoding and decoding procedures of the modified
(elongated) elliptic codes and exhibits a polynomial dependence on both the code length
and its error-correcting capacity.

The theses were prepared within the framework of project 2025.06/0047 "Informati-
on Technologies for Cryptographic Protection and Data Authentication in Mobile and
Satellite Communication Systems."This project was funded by the National Research
Foundation of Ukraine.
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ON %-MEASURES AND #-CONVEXITY
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Tvan Franko Lviv National University, Lviv, Ukraine

A triangular norm is a binary, continuous, associative, commutative, monotone operati-
on on [0, 1] for which 1 is a unit. It is proved in [I] that every triangular norm * determines
the class of x-measures, i.e., functionals  on the space C (X, [0, 1]) of continuous functions
from a compact Hausdorff space X to [0, 1] that preserve constants, maxima, and such
that p(cx @) = ¢ u(¢p).

Also, every triangular norm * determines the class of the so called *-convex subsets in
the powers [0, 1]7. The notion of x-convex set is related to that of max-plus convex set [2]
and B-convex set [3]. Actually, the x-convex sets can be regarded as the algebras of the
monad generated by the functor of *-measures. Since there are constructions that allow
combining different triangular norms, it becomes possible to combine different types of
convexity.

The aim of the talk is to describe the topology of the hyperspaces of x-convex subsets
in [0,1]".
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