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Wavefront aberration in the reconstructed images of holograms on DMDs
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Abstract—Wavefronts of the reconstructed images from holograms displayed on both rhomb and square pixel type Digital Micromirror Devices (DMDs) are visually identified with a color phase map obtained with a Shack-Hartmann wavefront sensor to show wavefront aberration induced by DMDs’ unique pixel structure and working principle. The wavefronts of different holograms show color phase maps very similar to each other. However, the phase maps clearly reveal the presence of the aberration and indicate that the square pixel DMD that is around two times bigger in dimension compared with the rhomb one, reveals that its wavefronts are aberrated more than those of the rhomb. In addition to this revelation, they also inform that the aberration is appearing along the DMDs’ pixel rotation directions. This aberration causes blurring and distortion of the reconstructed images. Nevertheless, when the phase maps are compensated by that of the reflected beam from the On-states of the DMD surfaces without any hologram loading, the reconstructed images become more distinguished and identified for both DMDs.
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I. INTRODUCTION
L
ike a Fresnel zone plate, a point hologram recorded with a collimated reference beam that is normally incident to the surface of the hologram can be used as a standard pattern for other point objects. The surface profile of an object intended to be made to a hologram can be discretized to an array of dots, in which each of the dots can be considered as a point. Then a point hologram of the distance corresponding to each point forming the object is added to each other by shifting it to the distance between the dots for the object's CGH calculation. Hence, the hologram of an array of points consists of a number of the localized standard patterns corresponding to that of the points in the array. 
To reconstruct the CGH, it is displayed on a spatial light modulator (SLM) in electro-holographic displays [1], and the collimated reconstruction beam of the same wavelength, but directed opposite to the reference beam, reconstructs the real image of the object at the object location. The phase-conjugated beam from the hologram will consist of the number of the localized standard patterns. However, for the case of a DMD as the SLM, the reconstruction beam should be directed in the same direction as the reference beam. Nevertheless, DMD can still reconstruct the real image because each pixel of DMD is a surface coated mirror, and the hologram fringe pattern has a physical shape due to the switching action of each pixel. Hence the beam propagation direction of the incoming reconstruction beam is reversed, and phase conjugated image is generated by the pixels forming the physical shape of the fringe pattern. In this way, the effect of reducing the focus distance of the reconstructed image to a half by the reconstruction beam passing the hologram two times will not be aroused [2]. 
The beams from the DMD surface consist of three different patterned beams: the first one is the beam directly reflected from the pixels forming the physical shape; the second one is the beam diffracted from the physical shape and the third one is the diffracted beam generated by the regular pixel arrangement of the physical shape. The beam reflected from DMD will bring the trace of the physical shape because the illuminating beam is only reflected by the shape. The diffracted beam generated by the regular pixel arrangement consists of an array of rectangles duplicating the display surface of the DMD. Each rectangle in this array is inscribed by the fringe pattern of the hologram. The reflected beam from the shape will be overlapped on the 0th order diffracted beam, because they are directing to the same normal to the surface of the shape. Since the beam reflected from the shape is collimated by the reconstruction beam, it is matched to the surface of the 0th order diffracted beam irrespective of the propagation distance for the ideal case. The reconstructed image is the diffracted beam from the shape and is accompanied by each of the rectangles.
As described above, DMD is a unique SLM, which displays images by a high-speed On-Off action of the pixels consisting of its active surface. Each pixel is directing the illuminating beam on its surface to either 2ⅹm˚ for On-state or –2ⅹm˚ for Off-state direction with the reference beam when “m” is the rotation angle of each pixel. This On-Off action makes the DMD a binary display device [3]. To display a gray level image, the On-Off action is repeated consecutively for 8 times. The typical value of m is ±12˚. DMD has two different pixel arrangements: one is having a rhomb shape pixel and the other – a square shape. The rotating axis of each pixel is one of its diagonals for both arrangements. 
Hence, the On-Off action directs an image projected normally on its surface to both ±24˚ in horizontal directions: one image represents the bright part of the image while the other – the dark part. I.e., if the hologram fringe pattern is in a binary form, one image corresponds to bit “1” and the other – to bit “0”. The pixel arrangement itself physically forms the image shape corresponding to bit “1” in one direction and bit “0” in the other direction. Thus, the images will not differ greatly, because they correspond to its bright and dark parts, respectively. Consequently, two similar images separated by 48˚ in horizontal direction [4] for the rhomb and by either 45˚ or –45˚ direction for the square are projected. When the image displayed on DMD is a hologram, which is calculated with a collimated reference beam normally incident to the active surface of the DMD, the reconstructed image will appear at 24˚ and –24˚ directions along the horizontal axis, with the reflected beam directly from the mirrored surfaces of the pixels. Each direction pixels will represent either the bright or the dark part of the hologram fringe pattern. 
If the hologram is for a point object, it will have a certain part of a point hologram pattern due to the finite size of the DMD. Since the phase-conjugated rays from the point hologram pattern form the reconstructed image, the phase-conjugated rays will have the beam inscribed with the pattern that is the same as the point hologram. The phase-conjugated beam would be uniformly contracted to the object position to reconstruct a point image comparable to the object point. 
This phase-conjugated pattern can be identified by putting a diffuser/a detector at any position of the path to its focus [5]. However, the converging angle of the contracting conjugated beam is expected to be bigger than that defined by the dimensions of the DMD display surface, because the conjugated beam has a bigger dimension than the display surface due to the recovered part of the hologram pattern in the reconstruction process. This will be the reason why the contracting of the phase-conjugated beam cannot last to the object position, but stops before reaching the object position and then expands. In addition, the shape of the conjugated beam at the stopping position should have the contracted shape with that of the hologram pattern, but the presence of astigmatism prevents from having the shape. 
The pixel rotation along one of its diagonals causes virtual shrinkage of the hologram pattern in the rotation direction in DMDs. This shrinkage makes the focus distance of the plane of the rotation direction to be slightly shorter than that of the rotation axis plane. This can be a reason causing the astigmatism. This astigmatism forces the reconstructed image to be the circle of least confusion (CLC) between two focused lines perpendicular to each other. Since these focused line images are the result of pressing one direction harder than the other, the hologram pattern is not smoothly, but forcefully contracted. Hence, the CLC has a finite size and has a compressed hologram pattern. The CLC also appears at shorter distance than the object distance. The first focused line expands and rotates to form the CLC, but the 2nd focused line expands to recover its hologram pattern [5]. The continued expansion finally forces it to disappear. Due to this astigmatism and the converging angle difference, the wavefront of the conjugated beam is aberrated and therefore, the reconstructed image will be distorted. In addition to this, the wavefronts of the reflected beam and the diffracted beam will be added to the reconstructed image. Thus, the wavefront of the reconstructed image will be distorted due to the added and aberrated wavefronts. There were efforts to eliminate the phase distortions in DMDs as a beam shaping device [6, 7] but none are found for DMDs as a SLM.  
In this paper, the wavefronts of reconstructed images from a hologram displayed on both rhomb and square type DMDs are measured using a Shack-Hartmann wavefront sensor [8,9] supplied with a mirrorless camera [10]. The quantity of the wavefront aberrations introduced by the DMDs is shown by a color phase map, and the method to minimize the aberration is introduced. The method consists in compensating the measured wavefronts by the white beam reflected from the On-state of each DMD pixels without any hologram loading to clear out the wavefront aberration caused by the DMD themselves. The white beam effectively reduces the wavefront aberrations in the reconstructed image similarly to adaptive optics [11,12] and makes the image more identifiable.
II. LIGHT FIELDS ALONG THE PATH TO THE RECONSTRUCTED IMAGE IN DMDS
When the reconstruction beam illuminates the hologram displayed on a DMD, light fields demonstrating the image reconstruction process of the hologram appear along the path of reconstructing the object image. Fig. 1 shows the light fields appearing at the specified distances from the hologram along the path for the reconstructing image, for the case of an on-axis hologram of a point object, which is on the normal axis of the hologram, at the distance of 500 mm from the hologram. 

[image: jpg_f1]
Fig. 1. Light field distribution along the path for reconstructing image of a point object for the case of the on-axis hologram. The object distance 500 mm from the hologram along the normal axis of the hologram.

The DMD used has a rhomb shape pixel array of 1280 x 800 with the pixel size of 7.637 ㎛ [13]. This results in 10 mm (Horizontal) x 6 mm (Vertical) as the DMD’s surface dimension with 10.8 ㎛ as its diagonal. Each pixel rotates with the vertical diagonal as its rotation axis [3]. The light field at 100 mm shows the 0th- and four 1st-order diffracted beams shown at the four corners of the image. The patterns in these beams reveal the hologram fringe pattern overlapped with several other reconstructed fringe patterns. Since the intensity of the 0th-order beam is much higher than that of 1st-order beams, the overlapped patterns are not clearly shown in the 1st-order beams. For the case of 0th-order beam, there are four working independently point hologram fringe patterns specified by rectangles in broken boundary lines. The rectangles 2, 3 and 4 represent the phase-conjugated hologram fringe patterns that have already been contracted due to the 100 mm travelling, the beam reflected from the DMD surface, which is inscribed with the hologram fringe pattern, and the hologram fringe pattern added with partly recovered fringe pattern, respectively, as explained before. 
It looks that the hologram regenerates the phase-conjugated rays, generates newly several other phase-conjugated beams with shorter focus distances, and partially recovers the missing part of the fringe pattern as soon as the reconstruction beam illuminates it. The amount of the recovered part of the fringe pattern increases more until the reconstructed image appears but after the 2nd line image at 485 mm formed, it no longer exists. The size and pattern of rectangle 3 remains the same during the entire process because it is reflected from the DMD surface by a collimated reconstruction beam. 
Rectangle 2 is contracted to a horizontal line image at 455 mm, to a CLC image at 470 mm and to a vertical line image at 480 mm. The distance of 470 mm is slightly shorter than the designed one of 500 mm. These three focused images reveal the presence of astigmatism. After the 2nd line image, rectangle 2 recovers its original size but with inversed pattern of the original hologram pattern and then expands more until it disappears as shown in the images at 600 mm and 660 mm. 
Rectangle 1 represents one of new point hologram patterns that are focused at shorter distances as in the Fresnel zone pattern [14]. For rectangle 1, its CLC image appears at 230 mm. The line images appear at 225 mm in vertical and at 240 mm in horizontal. The line image order is opposite to that of rectangle 2 case. After the 2nd focused line, the original pattern expands to exceed the DMD surface and then disappears. The horizontal line in the center of the image at 100 mm shows another extra pattern focused at slightly shorter than 100 mm when considering the line image order of rectangle 2. Therefore, the light field expands more than the DMD surface size due to the recovered parts of the fringe pattern and expanded phase-conjugated fringe patterns focused at shorter distances than the designed object distance. 
Since the expanded phase-conjugated fringe patterns are overlapped with the phase-conjugated beam of the object point, they can add extra wavefronts to that of the phase-conjugated beam. However, they may not change the wavefront of the phase-conjugated beam because they are independently working with the phase-conjugated beam, i.e., they are diverging while the phase-conjugated beam is converging. The converging angle of the phase-conjugated beam for the 1st and 2nd line images cannot exceed 0.6296˚ and 0.5907˚, respectively, when their focusing distances and the DMD dimension are considered. The converging angle for the CLC image may not be greater than two angle values when considering the finite size of the image. 
The light fields for the square pixel DMD are not different from those in Fig. 1, except their bigger CLC image and the line image directions of ± 45˚ [3]. The DMD with square pixels has the pixel size of 10.8 ㎛, which corresponds to the diagonal size of the rhomb pixel and the resolution of 1920 x 1080 [15]. The surface area of this DMD is approximately 20 mm (Horizontal) x 10 mm (Vertical). The rotation axis of each pixel is its diagonal, so the rotation axis is directed to -45˚ in CCW direction. The DMD surface sizes indicate that the converging angle will be within 0.3438˚(Vertical) and ±0.573˚(Horizontal) for rhomb pixel DMD, and ±1.1458˚(Horizontal) and 0.573˚(Vertical) for square pixel DMD when the object point is located on the normal line of the DMD surface at 500 mm distance from the surface. When the object position is at the left (top) or right (bottom) edges of the DMD surface, the angles will be doubled. For the case of an off-axis point, the angle can be almost two times greater than the vertical converging angle of each DMD. Table 1 summarizes the expected converging angles of the reconstructed image for the DMDs used assuming that the object position is 500 mm from the DMDs. 

Table 1. Converging angles defined by DMD dimensions
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When the wavefronts of reconstruction, object and reference beams at different coordinate positions in hologram recording and reconstruction geometries are expressed as and , respectively, the wavefront of the reconstructed image represented as  for the virtual image and  for the real image are expressed as [16],



                         (1)
where, , , ,  and  represent the position of a point in hologram on DMD surface, the wavelength of reconstruction wave, the ratio of reconstruction to reference wave wavelengths and hologram magnification, respectively. When the wavefront aberration introduced by the DMD and the reconstruction beam is expressed as , the wavefront of the reconstructed image will be expressed as  for virtual image and  for real image. When the reference and reconstruction waves are collimated,  and  become infinite, and hence  and  will be set to zero. Furthermore, when reference and reconstruction beams have the same wavelength, and the hologram is not magnified, i.e., , Eq. 1 becomes 
,                           
(2)
for the virtual image and 
,                          
(3) 
for the real image.
The image location is represented as ( for the virtual and (for the real images. Considering Eqs. 2 and 3, and the wavefront aberration, the light field of conjugated beam forming the reconstructed image, for the case when the reference and reconstruction waves have unit amplitudes, will be expresses as,
,                                                                                                                           
(4)
where  represents wavefront aberration introduced by the expanded phase conjugated fringe patterns. In Eq. 4, the approximation is working because  is small enough to be neglected as mentioned before;  is lesser than 2.3˚ even considering the reconstructed image located at either side of the DMD with 500 mm distance, and  cannot exceed  because the CLC distance 470 mm does not exceed the object distance 500 mm very much. Eq. 4 indicates that the wavefront aberration can be eliminated by subtracting it.
III. WAVEFRONT SENSOR
The wavefront sensor is a Shack-Hartmann wavefront sensor used for estimating the wavefront aberration added to the reconstructed image and for eliminating it. The sensor consists of a microlens array plate with 77 x 51 microlenses and a detector with 6000 x 4000 resolution. Each lens in the array has a square shape with 300 ㎛ length for each side and focal length of 2 mm. The detector is a part of a mirrorless camera that has a pixel size of 3.89 ㎛ [10]. The typical inner body structure of the mirrorless camera has the shape of a rectangular parallelopiped cave. At the end of the cave, the detector with the dimension of 23.5 mm x 15.6 mm is located. This dimension is bigger than those of the DMDs, but the light fields from the DMDs’ surfaces can still cover the dimension because of the recovered parts of the fringe pattern and expanded phase-conjugated fringe patterns focused at shorter distances than the designed object distance, as mentioned above. 
However, since the intensities of these expanded light fields are small, the focused light spots incurred by these light fields are not always processed. The threshold intensity value of the light spot determines its involvement in the processing. The microlens array is located at 2mm above the detector’s pixel surface. Since 77 x 51 lens array covers 6000 x 4000 pixel array, each microlens in the array covers a pixel cell of 77 x 77 pixel array. The center of the cell is on the optical axis of the microlens. According to the microlens’ focal length and detector’s pixel size, the pixel array can cover up to ±4.29˚ of wavefront deviation and each pixel corresponds to approximately 0.11˚. 
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Fig. 2. Schematic of the experimental set-up for measuring wavefront aberration and the Shack-Hartmann wavefront sensor installed in a mirrorless camera.

The converging angle of the reconstructed image as shown in Fig. 2 can exceed 2.3˚, which are calculated considering that the object points are located at either left or right edge side of the square pixel DMD, due to recovered and expanded hologram patterns as shown in Fig. 1. However, ±4.29˚ is still large enough to cover the wavefront of the reconstructed image from the hologram displayed on the DMDs used here considering the converging angles of DMDs specified in Table 1. 
Fig. 2 shows the schematic of the experimental set-up for measuring wavefront aberration and the Shack-Hartmann wavefront sensor installed in a mirrorless camera. When a collimated beam normally illuminates the on-state DMDs surfaces, the reconstructed image is directed to both 24˚ and -24˚ from the normal direction. The sensor is located at the image plane of the hologram near the CLC with the angle of 24˚ in horizontal direction: the sensor’s optical axis matches the normal direction of the On-state DMD pixels. This 24˚ difference makes the set up easier because of the separation between the reconstruction beam and the reconstructed image. This angle difference provides about 210 mm separation between the beam and the image at 500 mm distance. This separation leaves enough space to install the sensor without disturbing the reconstruction beam. That is why the holograms are calculated to reconstruct the image at 500 mm. 
When a well-collimated light beam is incident on the microlens array, it will be focused at the focal point of each microlens in the array and a light spot will appear at the center of each cell for the ideal case. However, when the collimated beam passes through or is reflected from an object, the focused light spot on each cell is no longer in its center, because the wavefront of the collimated beam had already been aberrated by the object’s optical characteristics. Hence, the position of the spot in each cell reflects the wavefront aberrations acquired by the object. Fig. 3 shows two focused light spots arrays corresponding to the white beams of both DMDs. The numbers of light spots in the arrays should approximately be 66 x 33 for the square pixel DMD and 33 x 20 for rhomb pixel DMD, if they correspond to the real sizes of the DMDs. However, the clearly visible light spots arrays for the square and the rhomb appeared to be 73 x 45 and 34 x 22, respectively, as shown in Fig. 3.

[image: jpg_f3]
Fig. 3. Two focused light spots arrays corresponding to the white beams of square and rhomb pixel DMDs. The small light spots arrays are magnified images of the boxes indicated by the arrows.

For the rhomb pixel DMD, many faint light spots outside of the clearly visible spots are shown in the enlarged view of the square in the light spots array. This means that the number of light spots will be more than 34 x 22. Thus, the light spot numbers are much bigger than those defined by the physical size of the DMDs due to the recovered hologram parts and the expanded early focused conjugated patterns. 
The enlarged views of the square in each focused light spots arrays show that each spot has a non-negligible area within its cell and light lines in both vertical and horizontal directions due to the diffraction effect. The number of spots used for further processing is 69 x 43 out of 77 x 51 to eliminate light spots formed by the damaged lenses in the near edges of the microlens array plate. Several light spot lines close to four edge sides are removed. The number of the removed light spot lines in each side is selected based on the brightness of the focused spots. The total number of the removed lines in each direction is 8. The 69 x 43 array corresponds to 20.7 mm x 12.9 mm. This dimension is still bigger than that of the the square pixel DMD.
To find the wavefront aberration from the light spot images, the accurate determination of the position of each light spot in its cell is necessary. For this purpose, the actual position of the light spot should be found first. This is a problem of finding the centroid. The centroid can be found in two ways. The first way is the conventional method of three-step calculations such as 1) the sum of each light point position multiplied by light intensity for all light points constituting the spot; 2) the sum of light intensity of the light points in the spot and 3) dividing 1) by 2) [17]. The second way consists in finding the crossing point of the diffracted lines. 
In Fig. 4, the centroid positions calculated by the two ways with the spots array on the left are compared with the spots within the square in the square pixel DMD in Fig. 3. The left 5 x 5 light spots array represents those within the square but they are processed to make the pixels making up each spot have the highest gray level value, i.e., 255, if their intensities are not less than 90% of the highest intensity of the spots array but less than 0. The spots array in the right side is the centroid map of the spots in the left side. The red, green and blue squares represent the center of each cell, and the centroids calculated by the first method and by the line-crossing method, respectively. 
The square has 7 x 7 pixels. The vertical and horizontal lines are drawn with 77-pixel distance. They define the cell boundaries. Since the 7 x 7 pixels are too small to identify the difference between the two ways, the magnified images are shown in the upper left side of each cell. As it is shown in the centroid maps, the centroids from the two ways match well even if the light spot has unclear light lines in both horizontal and vertical directions, as in most spots in the 1st to 5th lines, except the 2nd line because the square boxes are filled with cyan, i.e., green + blue. But for the 2nd line, and the 2nd and 3rd spots of the 3rd line, two centroids show clear differences between them because the light spot has several bodies, so that no common vertical and/or horizontal lines can be drawn. The reasons of causing these problems are not yet clear. So the conventional way is used to build phase maps shown further.
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Fig. 4. Centroid positions calculated from two ways with the light spots array in left.
IV. WAVEFRONT ABERRATION IN RECONSTRUCTED IMAGE, INDUCED BY THE DMD
To find the wavefront aberration in the reconstructed image, five holograms of an on-axis point (1 P), three on-axis points in horizontal (3 P (H)) and vertical (3 P (V)) directions, five points (5 P) by combining three-point holograms and one off-axis point (1 P (off)) are calculated. Two other holograms composed of several hundred points such as a dolphin and a plane are also made for the square pixel DMD. These holograms are displayed on both DMDs, and the wavefront of the light fields along the path of the reconstructed image is measured with the sensor. The output from the sensor is an array of a focused light spots as shown in Fig. 3. By considering the DMDs size difference, the distance between points is set to 250 pixels for the square pixel DMD and 167 pixels for the rhomb one. These pixel distances correspond to 3 or 4 cells for 250 pixels and 2 or 3 cells for 167 pixels. When considering the pixel size of each DMD, the 250 and 167 pixels correspond to 2.7 mm and 1.275 mm, respectively. Fig. 5 shows the parts of light spots arrays showing the reconstructed images of point holograms when a collimated reconstruction beam is normally incident to the surface of the DMDs. 
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Fig. 5. A part of light spots arrays showing reconstructed images of the point holograms.

The light spots consisting of the reconstructed images are brighter than other spots because of more light rays directed to the microlens, which is responsible for each brighter spot. Among the light spots constituting the reconstructed point images, the following have almost the same intensity: all four light spots for 1 P; three light spots in the left and bottom for 1 P (off); three top light spots in the right side of the left image point for 3 P(H) and 5 P; and four light spots in the bottom point image of 3 P (V). They are the brightest in each hologram’s reconstructed point image(s) for the rhomb pixel DMD. 
For the square pixel DMD, the central light spots in the center point image of each hologram reveal the highest brightness. These brighter light spots indicate that the light spots constituting the reconstructed images are 7(Vertical) x 5(Horizontal) for the square pixel DMD and 2 x 2 for the rhomb pixel one as indicated by broken rectangles and squares. However, for the 3 P (V) and 5 P of the square pixel DMD, the top and bottom point images have only 7 x 4 light spots. These 4 light spot columns are aligned to the most left (right) column of the center point image for top (bottom) point images, respectively. These spots indicate that the reconstructed image of a point has the maximum size of 2.1 mm x 1.5 mm for the square pixel DMD and 0.6 mm x 0.6 mm for the rhomb pixel DMD. The gap between points is a 2-cell distance in vertical direction for both DMDs. However, in horizontal direction, it is 4 cells for the square pixel DMD and 2 cells for the rhomb one, though there is an exception for 5 P on the rhomb pixel DMD, i.e., a 3-cell gap between the left and center point images. 
The center point distance between point images is the 9-cell and 4-cell width for the square and rhomb pixel DMDs, respectively, in both horizontal and vertical directions. Since 9 and 4 cells correspond to 2.7 mm and 1.2 mm, respectively, they match very closely their corresponding object point distances. The 3-cell gap in 5 P hologram could be introduced to compensate the mismatch between the pixel and microlens distances, 0.075 mm (1.275 mm – 1.2 mm). 
[bookmark: _GoBack]To eliminate  and other added wavefront terms in Eq. 4, the DMDs are set to On-state without any hologram loading and then the wavefront of the reflected light from each DMD is measured with the wavefront sensor. The reflected light will be named a white beam in this paper. The white beam comprises the wavefront of the reconstruction beam modified by the pixel characteristics of each DMD. Hence, the wavefront of the white beam will be the aberrated wavefront of the reconstructed beam by the pixel characteristics. Thus, subtracting the centroid deviation of each hologram’s reconstructed image from the white beam will produce the effect of eliminating the  in Eq. 4 that is induced from both the reconstructed beam and the pixel characteristics. This subtraction plays the same role as the adaptive mirror in the adaptive optics system [11]. The result obtained from the subtraction is specified here as compensated. 
To visualize the centroid deviations, a color phase map is drawn as shown in Fig. 6. Fig. 6 shows the color phase maps of the collimated beam as the reconstruction beam and the white beam for both DMDs, derived from the light spots arrays in Fig. 3. The phase map represents the centroid position deviation from the center of each cell with different colors in the amount proportional to deviation. The map is drawn to the unit of 2.5 pixels visualizing the wavefront deviations. For the better visualization, each cell is colored depending on its centroid position deviation. The white, blue, green, red, sky blue, pink and yellow colors in the square pixel DMD represent 2.5, 5, 7.5, 10, 12.5, 15 and 17.5 pixels deviations from the cell center, respectively. 
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Fig. 6. Color phase maps of the collimated beam and the white beam for both DMDs.

For the square pixel DMD the colors are arranged in concentric rings with the white in its center area, while for the rhomb one, – in concentric squares with the white in its center. Since the wavefront deviation angle corresponds to 2.5 pixels is 0.279˚, the wavefront deviation angles of different colors are 0.278˚ multiplied by the number obtained from dividing their corresponding pixel numbers by 2.5. The rhomb pixel DMD reveals 4 colors – white, blue, green and red – in horizontal direction, and 3 colors – white, blue and green – in vertical direction. This indicates that the total wavefront deviation angles in horizontal and vertical directions do not exceed 1.116˚ (4 x 0.279˚) and 0.837˚ (3 x 0.279˚), respectively. Since the 17.5 pixels correspond to 1.953˚, the maximum wavefront deviation angle of the square and the rhomb pixel DMDs are ±1.946˚ and ±1.112˚. The phase maps of the two beams are very similar to each other but the collimated beam shows better concentric ring pattern than the white beam. When the centroid deviation of the white beam is subtracted from that of the collimated beam, the compensated phase map will represent the wavefront aberration introduced by the DMD itself. 
For the square pixel DMD, the wavefront deviation angle is mostly under 0.556˚ and is introduced mostly to the upper right corner and lower left corner areas. The cells showing higher wavefront aberration are also presented. However, since they are mostly in the bottom line, they do not add any wavefront aberration to the reconstructed image. This aberration is probably related with the DMD’s pixel rotation, because -45˚ direction, as specified by an arrow, is the normal direction of the pixel rotation. 
For the case of the rhomb pixel DMD, since the phase map of the collimated beam is bigger than the DMD surface area, only the central part of the phase map corresponding to the DMD surface area, represented as a rectangle is compensated. The cells composing the rectangle are mostly white, i.e., under 0.279˚ wavefront deviation angle, and a few of them are under 0.558˚, but they are scattered. However, the scattered distribution looks somewhat dispensed to the left and right sides of the rectangle, though it is not very apparent. This means that the aberration also appears along the pixel rotation direction. In Fig. 7, the phase maps of 5 holograms from Fig. 5 are shown for both square and rhomb pixel DMDs.
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Fig. 7. Phase maps of the 5 holograms in Fig. 5 for both square and rhomb pixel DMDs: (a) and (c) initial phase maps, and (b) and (d) Compensated phase maps
Fig. 7 (a) and (c) are the phase maps from their corresponding centroid maps. Fig. 7 (b) and (d) show the compensated phase maps: the centroid deviation of each cell in each hologram’s light spots array is subtracted by that of its corresponding cell in white beam’s light spots array. The box in each phase map specifies the reconstructed image. The reconstructed image of each point is identifiable because it has colors other than the white color areas surrounding it. However, since the white color area barely surrounds the reconstructed image, the reconstructed image is not separated completely from its surroundings. Nevertheless, the image point is almost completely separated from its surroundings because the white area increases much more by extending its area from the upper left corner to the lower right corner for the square pixel DMD and by covering the entire surface of the rhomb pixel DMD as shown in Fig. 7 (b) and (d), respectively. The white area is stretched to -45˚ direction for the square and vertical direction for the rhomb as specified by the arrow. These directions correspond to the pixel rotation directions of their corresponding DMDs. However, this white color extension does not apply to the off-axis point case because the light fields from the hologram are concentrated on its reconstructed image, and the lower part of the reflected beam is responsible for the upper part of the focused light spots array. These reasons result in either very faint or no light spots in the lower part of the reconstructed image and further increased wavefront aberration in the upper part of the compensated phase map. This is shown in Fig. 7(b) and (d) for 1P (off). To demonstrate the compensation effect more clearly, only the reconstructed images in Fig. 7 are compared to each other. This is presented in Fig. 8. 
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Fig. 8. Magnified images of the reconstructed image in each box in Fig. 7: (a) Rhomb Pixel DMD and (b) Square Pixel DMD
Fig. 8 presents the magnified images of the reconstructed image of each box in Fig. 7. The images are cut to have two extra cells in each side for the rhomb pixel DMD and one extra cell for the square pixel DMD. The cells representing the image point are specified with dashed squares. 
Fig. 8 (a) is for the rhomb pixel DMD case. The difference between the phase map from the centroid map (it will be referred to as initial phase map) and the compensated phase map for 1 P is not apparent, and it looks even worse for 1 P (off) case. However, as the number of the image points increases, the image points are more distinctively identified, especially for 3 P (V) and 5 P for the compensated phase map. For 3 P (V) and 5 P, the wavefront deviation angle can be up to 1.953˚ (yellow cell in the most right side of the image point). This angle is much bigger than the converging angle defined by the DMD size. The wavefront deviation angle range of the phase map from centroid map is within 0.279˚ to 1.674˚(Pink in 3 P(H and V) and 5 P, but for the compensated map – 0.279˚ to 1.953˚. This deviation angle is much bigger than the converging angle 1.146˚(10 mm) defined by the DMD size. 
Since these reconstructed images consist of many cells, when average wavefront deviation angle for each image point is calculated, it is given as 1.395˚. This angle corresponds to 12.2 mm. This size can be brought by the recovered parts of the hologram as shown in 100 mm distance of Fig. 1. However, a question still remains: why the size increases as the distance increases while the phase-conjugated pattern shrinks. The reconstructed image now accompanies less background cells, i.e., noises, than the initial phase map. The reconstructed images are more distinguished and are identified by the compensation. However, the distinguishedness and the identifiability are much improved, but it cannot be claimed that the wavefront aberration introduced by the DMD is completely removed. This is because the pixels consisting of the hologram fringe pattern are around a half in number of those for the white beam due to the On/Off switching action of DMDs. 
This will be the same for the square pixel DMD as shown in Fig. 8(b). The initial phase maps are noisier than those of the rhomb one: since the point images are too mingled with the background cells, only the center point images in 3 P(V and H) and 5 P are barely identified. But the point images in the upper and lower parts, and the left and right are enough separated from the background cells to be clearly identified for the compensated maps, for 3 P(V and H) and 5 P. Even for 1 P, the point image is defined better for the compensated map than the centroid map. 
However, for the 1 P (off), it is opposite to the 1 P case. As shown in Fig. 8 (b), the compensation is more effective for the square pixel DMD than for the rhomb pixel DMD, though they are still noisy. This compensation informs clearly that the wavefront aberration is more introduced by the square pixel DMD. The wavefront deviation angle range is 0˚ to 1.395˚ for both compensated and the initial phase map. The 1.395˚ is much smaller than the converging angle 2.292˚ from the DMD 20 mm. Furthermore, for the 3 P(V and H) and 5 P, the wavefront deviation angles of the cells are mostly under 0.558˚ (blue and green colors). This angle range is the same as that from the initial phase map case in the rhomb pixel DMD, but the maximum deviation angle is much smaller than that of the square pixel DMD. 
To show the effects of the compensation more comprehensively, two off-axis holograms with more than 100 object points, such as an airplane and a dolphin, are prepared only for the square pixel DMD. These images are not prepared for the rhomb pixel DMD, because the white beam can cover only small part of the sensor area as shown in Fig. 3. These images can cover much wider areas of the sensor than the point images in Fig. 5. In fact, the dolphin image covers most of the sensor area. This means that the white beam compensation will be more effective for these images. 
Fig. 9(a) and (b) show the focused light spot array, phase maps for both initial phase map and the compensated one, and a 3-D colored surface map from the centroid map are given for the airplane and dolphin holograms, respectively. The 3-D colored surface map is named as “surfc” in Matlab [18]. Here “surfc” image is not different from the phase map but the color combination is better than that of the phase map, and the edges of the reconstructed image are more enhanced. 
As shown in Fig. 9, the light spots arrays clearly demonstrate the presence of an airplane and a dolphin but the initial phase map can only show the tail part and the bottom wing part of the airplane, and left half profile of the dolphin. Hence, they are hardly identified as an airplane or a dolphin. However, when they are compensated, identifiable airplane and dolphin images are recovered. The images from “surfc” provide more visible airplane and dolphin images than the phase map. It is noticed that the airplane is formed only by the blue color and the dolphin – by mostly blue and green with very few red and sky blue colors for back and fin. For the compensated map, the entire airplane becomes identifiable though the airplane is formed by only blue color cells. Thus, the wavefront deviation angle of these images is mostly under 0.556˚. This deviation angle is the same as that of the 3 P(V and H) and 5 P in Fig. 8(b).
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Fig. 9. Focused light spot array and phase maps for both the initial and compensated phase maps, and “surfc”: (a) Airplane and (b) Dolphin
Fig. 10 shows phase maps and “surfc” images of the airplane and dolphin images, compensated by both collimated and white beams to compare their qualities. In these maps and images, the airplane’s and dolphin’s profiles that appeared at their focused light spots arrays are overlapped on them. To show how well the images appeared at the phase maps and “surfc” images, they are matched with their corresponding profiles. The images appeared at the phase maps and “surfc” demonstrate that the white beam compensated image matches the profiles better than the collimated beam compensated image. For the case of the airplane, the phase map image of the airplane closely matches its profile for the white beam compensated image, but it is hard to find a recognizable match for the collimated beam. 
The “surfc” image shows the same trend as the phase map. For the dolphin case, its belly fin, nose and mouth parts are defined more clearly for the white beam compensated than those from the collimated beam. The “surfc” image shows the same features. From these images, it can be said that the square pixel DMD introduces recognizable wavefront aberration. The aberration amount is enough to cause image blurring in the reconstructed image. For the rhomb pixel DMD, no collimated beam case is tested, because the DMD surface area is too small for the sensor area. Because of this size, the off-axis image cannot be made to cover most of the sensor area like the square pixel DMD does. However, as mentioned before in Fig. 8(a) explanation, the wavefront aberration introduced by the rhomb pixel DMD will be smaller than that introduced by the square pixel DMD. 
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Fig. 10. Comparison of phase map and “surfc” images compensated by the white beams with by the collimated beam: (a) Airplane and (b) Dolphin
V. Conclusion
The wavefront aberration and its amount can be visualized by color phase map obtained with the centroid deviation of the focused light spots from a Shack-Hartmann sensor. When this map is compensated by that of the white beam reflected from the surface of the pixel array at On-state of DMDs under the illumination of a collimated beam on its normal direction, the map clearly visualizes the wavefront aberration on the reconstructed image from the hologram on the DMDs. The DMDs can introduce some amount of the wavefront aberration to the reconstructed image. However, its large part can be removed by the white beam. If the two DMDs having square pixel and rhomb pixel are considered, the square pixel DMD introduces more wavefront aberration than the rhomb pixel. This is probably caused by the bigger image size of the square pixel DMD brought by its larger surface and pixel sizes compared with those of the rhomb pixel DMD.
The next task is getting the answer to why the converging angle defined by the DMD size and the wavefront deviation of the reconstructed image do not correspond to each other.                                                                                                                                                                                                                         
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